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Abstract: In this study, a new structure for the septic
B-spline collocation algorithm in n-dimensional is pre-
sented as a continuation of generating B-spline functions
in n-dimensional to solve mathematical models in n-dimen-
sional. The septic B-spline collocation algorithm is dis-
played in three forms: one dimensional, two dimensional,
and three dimensional. In various domains, these con-
structs are essential for solving mathematical models.
The effectiveness and correctness of the suggested method
are demonstrated using a few two- and three-dimensional test
problems. The proposed new structure provides better results
than other methods because it deals with a larger number of
points than the field. To create comparisons, we use different
numerical approaches accessible in the literature.

Keywords: collocation method, n-dimensional B-spline func-
tions, mathematical models

1 Introduction

Many researchers have solved some mathematical models
in different dimensions using some analytical and numer-
ical methods such as the (3+1)-dimensional Date—Jimbo-
Kashiwara—Miwa equation [1], (3+1)-dimensional Boiti—
Leon-Manna-Pempinelli equation [2], (2+1)-dimensional
Schrédinger’s hyperbolic equation [3], and non-Newtonian
fluid models [4,5]. Most mathematical models in several
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fields, such as fluid mechanics and physics, are challenging
to deal with analytically, prompting some researchers to con-
sider numerical solutions. The finite differences approach, as
seen in previous studies [6,7], is one of the strategies used in
solving n-dimensional models. Various academics have also
attempted to adapt some approaches for solving mathematical
models in one dimension to solving models in n-dimensional,
such as spectral methods [8,9]. However, most nonlinear
models were challenging to solve using spectral approaches.
Gardner and Gardner studied a two-dimensional bi-cubic
B-spline finite element for solving two-dimensional problems
[10]. To solve several diverse mathematical models, some
researchers used the hi-cubic B-spline finite element method
[11-13] and bi-quintic B-spline collocation method [14-16].
Raslan and Ali began to consider generalizing all types of
B-spline functions. They talked about n-dimensional quadratic
B-splines [17], new structure formulations for the cubic B-spline
collocation method in three and four dimensional [18], con-
struction of extended cubic B-splines in n-dimensional for sol-
ving n-dimensional partial differential equations [19], and a
new structure for n-dimensional trigonometric cubic B-spline
functions for solving n-dimensional partial differential equa-
tions [20]. The B-spline collocation method and other methods
have been used in many articles to solve many mathematical
models such as quintic B-splinemethod [21], cubic B-spline
method [22,23], and novel collocation techniques [24-26].

The idea of solving mathematical models in different
dimensional remains an idea that haunts most researchers
in various fields. Although in previous articles we have pre-
sented solutions to these problems by generalizing B-spline
collocation functions, we are continuing with these general-
izations to deal with models that contain ranks higher than
the fifth degree. In this article, we present a generalization
of the septic B-spline function, where this method can deal
with equations of the seventh order and below.

The structure of this article is as follows: In Section 2,
n-dimensional septic B-spline formulas are presented. In
Section 3, the numerical outcomes are presented. Section 4
introduces numerical examples. Finally, the conclusion of
this work is presented.
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2 n-dimensional septic B-spline
functions

In this section, we present the n-dimensional septic B-splines.

2.1 One-dimensional septic B-spline [27,28]

Letl < x < m and £(x) are those septic B-spline with knots
at the points x,. Then, the set of septic B-splines £_3(x),
L£0(x), Lo(X), ., Ln-1(X), Ly(X), Ly+2(X), Ln+3, S€rves as a
basis for functions specified over a range of values. The
HY(x) approximation to H(x) is given by:

N+3

HY(x) = Z ToLo(x), (Y]
0=-3

where %, is the unknown term and £y(x) is a function
given by:

a; = (X — Xg-4), Xo-4 = X < Xp-3

@ = a — 8(X - Xp-3), Xo-3 £ X < Xg—2
as = a, + 28(x = Xg-2)', Xo-2 £ X < Xg1
1 a, = as - 56(x = xo-1),
Lolx) = 77|Ds = bs = 56(xg-1 - x),
bs = by + 28(Xg-2 — XY,
by = b1 - 8(Xg-3 — XY,

bl = (XQ—3 - X)71

Xo-1 S X < X,
XgSX<Xe1 @
Xo+1 S X < Xgea

Xo+2 S X < Xgu3

Xg+3 < X < Xgs4

0 otherwise.
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We use (1) and (2) with substitution by collection points to
dH, a’H,
find Hy, 5~ and -7
Hy= Tg-3 + 120Fy + 1191F, + 2416F,
+ 1191% g1 + 120% g4z + Tous,
dH,  7(Tg-3 + 56Tg-p + 245Tp-g — 245T 41 = 56Tgez — Tous) 3)
dx h ’
dH,  42(Tg-3 + 24Tgp + 15Tpq ~ 80T, + 15T 441 + 24T + Tge3)

dx? h?

as follows:

The aforementioned analysis yields the following theorem.

L dH,
Theorem 1. From (1) the approximation formulas to H,, Eg,

& A
and # are given in terms of %, at (3).

2.2 Two-dimensional septic B-spline

This subsection shows the formula for a two-dimensional
septic B-spline on a rectangular grid divided into regular
rectangular finite elements on both sides. h = Ax, k = Ay by
the knots (Xo,y,), where ¢ = 0,1,.., N, ¢=0,1,..., M. The
approximation HY(x, y) to H(x, y) is given by:

N+3 M+3

HY(X,y) = 2 2 T, ¢O(x,y), @)
0=-3¢=-3

where %, are the amplitudes of the septic B-splines.
B,,¢(x,y) are given by:

Bo.c(x,¥) = LX) E).
Moreover, £.(x), £,(y) have the same shape as septic B-

splines in one dimension. Then, the formulations of Hy_,

0Hy OHyo 0%y, 0%Hy, O0°Hyg

ox ’ ay > ox*’ ay? ’ oxay’™”

are given by:

HQ,C = 19‘3,4"3 + 120&9_3‘_2 + 1,191‘59_3‘_1 + 2,41639_3’C + 1,191‘59_3]“1 + 12039_3’&2 + Tg_g’ﬁ,g + 12019—2,(;—3
+ 14,400y pep + 142,920y po 1 + 289,920 T 5 + 142,920y pcer + 14400Ty pi + 120T, 5,13
+ L191% - -3 + 142,920 T -1 -2 + 1,418,481 F - -1 + 2,877,456 %51, ¢ + 1,418,481F -1 1 + 142,920 F -1 2

+ 1191 Tgo e+ 2416 Tg 3 + 289,920 ¢y + 2,877,456 Tg 1 + 5,837,056 Ty e + 2,877,456 T co1

©)

+ 289920y ¢y + 2416Tgers + 1191 Tgurcs + 142,920 Tgrp g + 1418481 Tge1 g + 2877456 i1,
+ 1418481 Tgur o + 142,920 Tgrp ez + 1191 T gt cos + 120Fgupcs + 14400 Tgrgcy + 142,920 Tgrge s
+ 289,920194.2’@ + 142,92039*’2,01 + 14,4OOTQ+2,C+2 + 1ZOTQ+2,C+3 + IQ+3,C‘3 + 1ZOIQ+3’C_2 + 1’19139*’3:4“1

+ 21416‘:59"'3,(' + 1,191Sg+3,q+1 + 12039+3,g+2 + SQ+3,(;+3.
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OHy
ox

0H,,
oy

, 7
= —E(‘Ig_g’§_3 + 12059_314_2 + 1,19159_314_1 + 2,416‘39_3’( + 1,1911,9_3‘“1 + 12019_3’“2 + 19_3’03 + 56‘39_2,(_3

+ 6,720 Tg-g,c-2 + 66,696 Tg-g,c-1 + 135,296 Tgog,c + 66,696 Tp-g o1+ 6,720 Toog caa + 56Tg-,cr3 + 245T 41 -3
+ 29,400y 1 - + 291,795T 4101 + 591,920 Ty-1c + 291,795Tg-1c41 + 29,400 Tgq v

+ 245Ty 1 cr3 — 245Tgr1 -3 = 29,400 T gu1 -9 = 291,795Tgu1¢-1 = 591,920 Tpepc = 291,795T g1, 41

~ 29,400 Tquy ez — 245Tga1c43 — 56Tqrgc-3 = 6,720 Torgc-a — 66,696 Torg -1 — 135,296 Torzc — 66,696 Tyrz et
~ 6,720 Tgrgcra — 56Tgracrs = Torae-s = 120Tgrac-g = 1191Tgrg -1~ 2416 Torae = 1,191Tge3 041 =~ 120Tgrg c12

- ‘Zg+3,c+3):

7
= _E(Tg_j,’c_g + SGTQ_g,C_Z + 245‘3:9_3’§_1 - 245‘3:9_3,@.1 - 561’2‘3@*2 - fg_g,@.g + 120‘29‘2:6‘3 + 6,72019_2’4\_2

+ 29,400 %52 -1 = 29,400 % g c+1 = 6,720 T2 c42 = 120%5-2 c43 + 1,191T -1 -3 + 66,696 Ty-1 -2
+ 291,795% 5 1,01 — 291,795 Ty 11 — 66,696y 1.c42 — 1191 Ty 105 + 2416 Tge 3 + 135,296,
+ 591,020 Ty c_1 — 591,920 Tg co1 - 135,296 Tgcrz — 2416Tgcrs + 1191Tgur,c 3 + 66,696 Tgr e

+ 291,795 gu1,c-1 = 291,795 T gr1 g1 — 66,696 gur,cr2 — LI91Tgrrrs + 120Tg1nc3 + 6,720Tgusc 2
+ 29,400Fg1gc1 — 29,400 Tgug co1 = 6,720Tgugcrz — 120Tgugcr3

+ Tou3 -3+ T(8%g43,0-2 + 35%g43,0-1 = 35T gu3 r41 = 8T gaz r42) = Toa3g43)-

(6)

0’Hye 4

x>

62HM _
ay?

2
= _2(‘19‘3,?3 + 12019‘3,6‘2 + 1,19119_3,6_1 + 2,41619_3,(‘ + 1,191‘:,9_3’“1 + 12019_3’@.2 + 19_3’03 + 24‘3:@‘2,?3

h
+ 2,880%-5¢-2 + 28,584F; 5 -1 + 57,984F 9 ¢ + 28,584F 5 c41 + 2,880 %y ¢ + 2459 cr3 + 15F -1 -3

+ 1,800 -1,-7 + 17,865Tg1,-1 + 36240 Tgo1 ¢ + 17,865Tg-1,ce1 + 1800 Tgo crz + 15Tgo1,ce3 — 80T -3
~ 9,600 Tg ey — 95,280 Tge-1 — 193,280 T ¢ — 95,280 Ty 1 = 9,600Tg ez = 80T g3 + 15T gu16-3

+ 1,800 T gu10-2 + 17,865Tge1,6-1 + 36,240 Tgurc + 17,865 Tgupcor + 1800 Toupcrz + 15Tgur ce3 + 24Tguc-3
+ 2,880 Tgagcon + 28,584 Tgunco1 + 57,984 Tgunc + 28,584 Tgugcor + 2880 Tpuncrn + 24Tgunge3 + Torse-s
+120Tgra0-2 + 1191Tgug e+ 2416 Tguge + 1191Tgugcrr + 120Tges.cr2 + Torgcra).

42
= F(TQ‘3,C‘3 + 24‘3:9_3‘_2 + 15TQ—3,C—1 - SOTQ_g,C + 1559_3,01 + 2419-3);4.2 + Ig_g,ug + 120‘59-2};-3

+ 2,880 Tg-9c-2 + 1,800Tg-gc-1 — 9,600Tg-g¢ + 1,800 Tyog a1 + 2,880 Tpogern + 120T g g cr3

+ 1191 Tgo1 3 + 28,584 T o109 + 17,865F4-1c-1 — 95,280 Tg-1,c + 17,865T5-1,c1 + 28,584F5-1.c+2

+ 1191 Tgog cr3 + 2416 Tg -3 + 57,9842 + 36,240 Ty -1 — 193,280 Ty + 36,240 Ty i1 + 57,984, 42
+ 2416y o3 + 1191Tgu1 -3 + 28,584 Tguq -3 + 17,865Tgu1,c-1 — 95,280 Tgu1 ¢ + 17,865 T gu1c1

+ 28,584 % i1 .ce2 + 1191 T g1 03 + 120 g0c-3 + 2,880 Tguncoa + 1,800 Tgunc1 — 9,600 s

+ 1,800 Fguzcrt + 2880 Fguncer + 120Fguncr3 + Fouge-s + 24%gug0-0 + 15Fguz -1 — 80T gusc

M

+ 15$Q+3,§+1 + 24{3:Q+3,C+2 + (3:@+3,q+3);

The aforementioned analysis yields the following 2.3 Three-dimensional septic B-spline

theorem.

Now, we obtain the septic B-spline in three measurements

Theorem 2. From (4), the approximation formulas to Hy., approximates on a framework divided up into limited com-

OHy OHy, 0%y, 0°Hy, O0°Hye

ax ’ ay
at (5)-(7).

B

e Phe T are given in terms of T ponents of sides h = Ax, k = Ay, and q = Az by the knots
ox* © oy Y (Xo Y» Z5), where @ = 0,1,...,N,¢=0,1,..., M,s = 0,1,..., R
can be interpolated in terms of piece-wise septic B-splines.
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If H(x, y, z) is a function of x, y, and z, it can be shown there exists a unique approximation H¥(x, y, z) as

N+3 M+3 R+3

HN(X,)’, z) = z z z ‘Zg,c,sBQ,c,s(X,yy z), (€]

0=-3¢=-3s=-3

where T, . s are the septic B-spline amplitudes By ¢ s(X, y, Z) given by:

Bg,c,s(x:y: z) = Sg(x)2cw)£s(z)-

OHy ¢ s

Also, £4(x), £4), and £4(z) have the same shape as septic B-splines in one dimension. The compositions of Hy s, P

OHycs OHycs 0%Hogs 0%Hgcs 0%Hygs 0%Hygs 0°Hocs
ay ’ a9z’ oax*2 ’ ay? ’ 9z’ oxgy ’ 0xoz 7

, are given in terms of T, . s by:

Hyes = To-3c-35-3 + 120T0-30-36-2 + 1191Tg30-35-1 + 2416 Tg-50-35 + 1191Tg5-3641 + 120T0-3,-35+2
+ Tyoge-ase3 + 120Tg-50-06-3 + 14,400 Ty g g2 + 142,920 Ty-596-1 + 289,920 Tyo3,-96 + 142,920 Ty c-2541
+ 14,400 Ty-3,09642 + 120Tp-5c-2503 + 1,191 Tgo50-15-3 + 142,920 Ty-3-16-2 + 1,418,481 T 3161
+ 2,877,456 Ty-g,c-15 + 1,418,481Ty 51641 + 142,920 Tyog 1602 + L191T g5 c-1643 + 2416 Tyo5c6-3
+ 289,920 Ty-3,c5-2 + 2,877,456 Tg-3 051 + 5,837,056 Ty-g.cs + 2,877,456 Tp-,c.541 + 289,920 Tgoz csv2
+ 2416 Fy-5.c603 + 1191 Tgog,ce15-3 + 142,920 Tyog o162 + 1,418,481 T -5 v16-1 + 2,877,456 Tps cris
+ 1,418,481 T g5 ca101 + 142,920 Tgog.ca102 + 1,191 Tgog.c41603 + 120T0-3 cug,6-3 + 14,400 Tyos crns-2
+ 142,920 Ty-3crg5-1 + 289,920 Tyogcvgs + 142,920 Tyos crnsrt + 14400 Tgog cvgsrn + 120Tg-3,cr25+3
+ Tyosoras-s + 120Tg-3c035-2 + 1191Tg-3.cr35-1 + 2416Tg3.003s + 1,191Tg-3,cr3501 + 120Tg-3,c35+2
+ Tyogerases + 120Tg9 0563 + 14,400 Ty g 552 + 142,920 Tygcg6-1 + 289,920 Tyog 36 + 142,920 Ty g c-3.541
+ 14,400 T g9 3502 + 120Tg2c-35+3 + 14,400T g9 0963 + 1,728,000 Tyog c-g.5-2 + 17,150,400 Tpg c-2.5-1
+ 34,790,400 Tygc-25 + 17,150,400 Ty-g, 5,641 + 1,728,000 Tyog c-g.6v2 + 14,400 Tyog c-g.643 + 142,920 Ty c1.5-3
+ 17,150,400 Ty-g,¢-1.6-2 + 170,217,720 Ty-g,¢-1,6-1 + 345,294,720 Ty-g 1.6 + 170,217,720 Ty c-1.641
+ 17,150,400 Ty-g, 1,642 + 142,920 Tpg c-1.6+3 + 289,920 Tppcis-3 + 34,790,400 Ty ¢ s-g + 345,294,720 Ty-p 51
+ 700,446,720 Ty-g,c.s + 345,294,720 Ty-g c.501 + 34,790,400 Tyopcs02 + 289,920 Tgo e svs + 142,920 Tyog c15-3
+ 17,150,400 Ty-g,c+1.6-2 + 170,217,720 Ty-g.cr1,6-1 + 345,294,720 Ty co1s + 170,217,720 Ty ca1.61
+ 17,150,400 Ty-g c+1,652 + 142,920 Tpg cr1.603 + 14,400 Tgog cags-3 + 1,728,000 Ty-p cr5-2 + 17,150,400 Tyo ca,6-1
+ 34,790,400 Tyg cr2s + 17,150,400 Ty 12541 + 1,728,000 g crnsrz + 14,400 Tyop crzsvs + 120Tg-,cr35-3
+ 14,400 Tyop cras-g + 142,920 Ty cagst + 289,920 Tgos cazs + 142,920 Tyog crgses + 14,400 Ty g crr2
+120T0-5,ch3.603 + 1191 Tgoq -g.6-3 + 142,920 Tpqc35-n + 1,418,481T 1 o551 + 2,877,456 Tg-1c-36
+ 1,418,481 T g1 c-301 + 142,920 Tg-1c-5.502 + 1191 Tgo1c-5.603 + 142,920 Tyog c-g.6-3 + 17,150,400 Ty-q c-25-2
+ 170,217,720 Tg-1,c-9.5-1 + 345,294,720 Ty 25 + 170,217,720 Tg-1 9541 + 17,150,400 Ty-1c-+2
+ 142,920 Tyo1 9603 + 1,418,481Tg-1-15-3 + 170,217,720 Ty-1 152 + 1,689,410,871F -1 ¢-1.6-1
+ 3,427,050,096 Ty-1,c-15 + 1,689,410,871F -1 c-1,641 + 170,217,720 Ty -1.602 + 1,418,481 T g1 c1.643
+ 2,877,456 Ty-1c5-3 + 345,204,720 Ty-1c5-3 + 3,427,050,096 Ty-1 c.s-1 + 6,951,933,696 Ty-1c.6
+ 3,427,050,096 Ty-1,c 541 + 345,204,720 Ty gvz + 2877456 Tyo1 gvs + 1,418,481T 1 cr16-3
+ 170,217,720 Ty-1 c+15-2 + 1,689,410,871F -1 c41.6-1
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+ 3,427,050,096 Ty-1 cr1.s + 1,689,410,871T -1 crp601 + 170,217,720 Tyo carsvz + LA18,481T 5o (11 643

+ 142,920 Tyo1 cogs-3 + 17,150,400 Ty-q crgs-g + 170,217,720 Ty-q crzs-1 + 345,294,720 1,426

+ 170,217,720 Ty-1, 10,501 + 17,150,400 Tyo1 cagsrn + 142,920 g cogsns + 1191 Tgoq crgsms + 142,920 Tpoq cr3soa
+ 1,418,481 Ty 1 o351 + 2,877,456 Tpoqcrss + 1,418,481 Ty 1 crgser + 142,920 Tpoq crasra + L191Tp 1 crases

+ 2,416 T c-35-3 + 289,920 Ty c-35-2 + 2,877,456 Tgc-35-1 + 5,837,056 Tgc-3s + 2,877,456 Tg -3.541

+ 289,920 T -3.502 + 2416 Tg 3543 + 289,920 Ty cg6-3 + 34,790,400 Ty 967 + 345,294,720 Ty c-25-1

+ 700,446,720 Ty 5,6 + 345,294,720 Ty c-g.641 + 34,790,400 Ty -5 542 + 289,920 Ty 9643 + 2,877,456 Tgc-1,6-3

+ 345,294,720 Ty c-15-2 + 3,427,050,096 Tg -15-1 + 6,951,933,696 T c-15 + 3,427,050,096 Ty 161

+ 345,294,720 Ty -1 502 + 2,877,456 Tg 1543 + 5,837,056 T ¢ 5-3 + 700,446,720 Ty 5-

+ 6,951,933,696 Ty -1 + 14102327296, s + 6,951,933,696 Ty s01 + 700,446,720 Ty ¢ s42 + 5,837,056 Ty ¢ 543

+ 2,877,456 Ty cr15-3 + 345,294,720 Ty ci15-2 + 3,427,050,096 Ty o151 + 6,951,933,696 T co1s

+ 3,427,050,096 Ty c+1.641 + 345,294,720 Ty co1.602 + 2,877,456 T ca143 + 289,920 Ty cags-3 + 34,790,400 Ty c405-2
+ 345,294,720 Ty cog,5-1 + 700,446,720 Ty cvgs + 345,204,720 Ty crgse1 + 34,790,400 Ty cagsez + 289,920 Ty o543
+ 2,416 T cag5-3 + 289,920 Ty cras-g + 2877456 Tocrgs-1 + 5,837,056 Tg crzs + 2877456 Ty oz si1

+ 289,920 Ty crzsez + 2416 Ty cezse3 + 1191 Tgr1c-35-3 + 142,920 Tper o352 + 1,418,481 T ey 351

+ 2,877,456 Tqu1c-3s + 1,418,481 Fgu1 3501 + 142,920 Tgu1c-35en + 1191 Tgur 3503 + 142,920 Tgr1 c-5-3

+ 17,150,400 Tys1,¢-g,6-2 + 170,217,720 Tgay c-g,6-1 + 345,294,720 Tys1 -g.6 + 170,217,720 Tyr1,c-g.61

+ 17,150,400 Tys1 5,502 + 142,920 Tgu1c-2.603 + 1418481 T g1 c-16-3 + 170,217,720 Tpo c-15-2
+1,689,410,871Tge1c-1.5-1 + 3,427,050,096 Tpi1 1.6 + 1,689,410,871Tgup c-1541 + 170,217,720 i1 o164

+ 1,418,481 T ey 1543 + 2,877,456 Tguncs-3 + 345,294,720 Tguy 52 + 3,427,050,096 Ty 51

+ 6,951,933,696 Tgs1,c.s + 3,427,050,096 Tyu1 501 + 345,294,720 Tguyc.sva + 877,456 Tguc 543

+ 1,418,481 T ey ga15-3 + 170,217,720 Tguy 1 5-2 + 1,689,410,871 Ty caso1 + 3,427,050,096 Tysr o1 s

+ 1,689,410,871 Tgu gt 501 + 170,217,720 Toup corser + 1418481 T g1 cr1503 + 142,920 Tpun caz5-3

+ 17,150,400 Tys1 cog,s-2 + 170,217,720 Tgay ogso1 + 345,294,720 Tory ags + 170,217,720 Tyry cagsi1

+ 17,150,400 Tgeq crg 502 + 142,920 T crnses + L191T g craso3 + 142,920 Tguy crzsz + 1,418,481 Tgu1 4351

+ 2,877,456 Tge1cras + LA18,481Tgu crase1 + 142,920 Tgur crasrz + 1191 Tge1 crases + 120Tqugc-3.6-3

+ 14,800 Tgup c-35-2 + 142,920 Tyrg c-g51 + 289,920 Toug 35 + 142,920 Tpup ez se1 + 14,400 Tgu 3542

+ 120 gu5,c-35+3 + 14400 Tguzc-g5-3 + 1,728,000 g c-25-2 + 17,150,400 Tgug 51 + 34,790,400 Tpez -

+ 17,150,400 Tgsg c-9,561 + 1,728,000 Tgsgcg.542 + 14,400 Toug g 53 + 142,920 Tgugc15-3 + 17,150,400 Fgug c15-2
+ 170,217,720 Tqug 151 + 345,294,720 Tgug c1.6 + 170,217,720 s 1601 + 17,150,400 Tgrg 1642

+ 142,920 T 1503 + 289,920 Tpencso3 + 34790,400 Tyug g + 345,294,720 Tgug e s + 700,446,720 Tyrg o s
+ 345,294,720 Tyrg 501 + 34,790,400 Tgug ¢ svn + 289,920 Tgug o3 + 142,920 Tpup crps-3 + 17,150,400 Fgug co15-
+ 170,217,720 Tyrg,ca1s1 + 345,294,720 Tgug crrs + 170,217,720 Tpun crpsrr + 17,150,400 Tprg o 02

+ 142,920 Toep cr1 503 + 14400000 cen5-3 + 1,728,000 Tguz cazs-z + 17,150,400 Toug cags-1 + 34,790,400 Tus caas
+ 17,150,400 Tpsp, crz.501 + 1,728,000 Tpig crzsrz + 14,400 Tougcrnses + 120Tg.cr3s-3 + 14,400 Torg vz s-s

+ 142,920 T g cr3s-1 + 289,920 Tguncazs + 142,920 Tgug cezser + 14400 Touzcazser + 1205000 o303 + Torag-35-3
+120Fgu3-35-2 + L191Tgugc35-1 + 2416 Tgus 35 + L191Tgu3 3501 + 120Tgu3,c-3542

+ Tprge-as03 + 120Tgu3c-g6-3 + 14,400 T gusc-gs + 142,920 Tprgegsm1

9
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+ 289,920 Tyrg g6 + 142,920 Tpus c-g6e1 + 14,400 Tguac-gsrz + 120Tgugcg,603 + 1191 Tgugc1.6-3 + 142,920 Tougc-15-2
+ 1,418,481 Tgr3-15-1 + 2877456 Tprg 16 + LAIBABI Tprgeopern + 142,920 Tprge-p6r2 + 1191 Tgu3-1.603

+ 2416 T ez so3 + 289,920 Fguzc5-2 + 2,877,456 Tquz g so1 + 5,837,056 Touzes + 2877,456 Tpus o1 + 289,920 Tgus 542
+ 2416 T ez 503 + 1191 Tgraconss + 142,920 Tgegcrisr + LA18481Touacunst + 2877456 Tyus ot

+ 1,418,481 Tg13 ch1501 + 142,920 Touacarsra + 1191Tguacrrsrs + 120Tgrsrns-s + 14,400 Tguz crns-a

+ 142,920 Tgu3 ez 5o1 + 289,920 Tges cans + 142,920 Tguz conset + 14,400 Toug crgser + 120T 003002543 + Tarace3s-3
+120Tgr3.cr35-2 + 1191 Tgugcrase1 + 2416Tguscras + 1191 Tguacansrt + 120Tgracrnsrs + Toracrasss

OHy ¢ s
ox

7
= _E(‘ZQ—S,c—S,s—S + IZOTQ—S,Q—B,S—Z + lylglgg—S,c—S,s—l + 21416‘59—3,(—3,3 + lylglzg—S,c—S,sﬂ

+120Ty 53502 + To-gc-35+3 + 120Tg30-0,6-3 + 14,400 Tg-5c-05-2 + 142,920 Ty-3-56-1 + 289,920 Ty-3 a6
+ 142,920 Tyo5. 09601 + 14400 Tgogc-nsv2 + 120Tg30-0603 + 1191T g5 16-3 + 142,920 Tgogc1.5-2

+ 1,418,481 Ty 5151 + 2877456 Tyg-16 + 1,418,481y 51611+ 142,920 Ty c1.642 + 1,191 T g 5,c1,643

+ 2416y 5053 + 289,920 Tgo5c6-0 + 2,877,456 Tg-505-1+ 5,837,056 Ty-30s + 2,877,456 Tys.61

+ 289,920,530 502 + 2416 Ty-30503 + L191Tgog censo3 + 142,920 Tyoggansoy + LA18,481T g 3 cr1 51

+ 2,877,456 Tg-g.ce1s + 1,418,481 T g5 cr1g01 + 142,920 Tgog crrsvn + 1191 Tgogcr1svs + 120Tg-5 040,603

+ 14,400 Ty-5,c125-2 + 142,920 Tyog cunst + 289,920 Tgogcans + 142,920 Tyo3c4g.601

+ 14,400 Fg-3 12542 + 120Tg-3cr2503 + Toozerzss + 120Tg-3.cr3s-2 + 1191 Tgog cezso1 + 2416 Tgo3 cr3s

+ 1191Ty-5 03501 + 120Tg-5,cr3502 + Toos,crasss + 56Tg-ac-35-3 + 6,720 Tgogc-35-2 + 66,696 Tg-gc-35-1

+ 135,296 Tg-g,c-3.5 + 66,696 Tg-g,c-3511 + 6,720 Tpg 3502 + 56Tg-0c-35+3 + 6,720 Tg2¢-2,6-3

+ 806,400 Ty-9,-5,6-2 + 8,003,520 Tg-g,c-25-1 + 16,235,520 95,6 + 8,003,520 Tgo,c-25+1 + 806,400 Tg-s 2542

+ 6,720 Tg-g,c-25+3 + 66,696Tyc-1,5-3 + 8,003,520 Tg-g,c-15-2 + 79,434,936 Tygc-1.6-1 + 161,137,536 Tp-3.¢-16

+ 79,434,936 Ty 1541 + 8,003,520 Tgog 1542 + 66,696 Ty2c-1.603 + 135,296 Tp-g.c5-3 + 16,235,520 Tp-g.c.5-2

+ 161,137,536 Tp-9,¢.5-1 + 326,875,136 Ty-,c.s + 161,137,536 Tyg .61 + 16,235,520 Tp-g. 542 + 135,296 Tg-g 43

+ 66,696 Tg-,cr15-3 + 8,003,520 Ty-g ce1s-2 + 79,434,936 Tgo crrs-1 + 161,137,536 Tygcr1s + 79,434,936 Tyog o101
+ 8,003,520 Fg-g c1 542 + 66,696 Tgog 41543 + 6,720 Fg- c+25-3 + 806,400 Tg- crns-2 + 8,003,520 Tz 45,51

+ 16,235,520 g9 c25 + 8,003,520 g crg.641 + 806,400 Tyog cunera + 6,720 Tgog crnsss + 56Tg-g.c43.6-3

+ 6,720 Tg-g,cr35-2 + 66,696 Ty-0cr35-1 + 135,296 Tp-g.crzs + 66,696 oo cazsrt

+ 6,720 Tgog crasry + 56Tggceners + 245Tgo1c-35-3 + 29,400 Ty 1 c-g5-2 + 291,795F 1 c-36-1 + 591,920 g 36

+ 291,795 T -1 c-3.501 + 29,400 Tyo1c-3542 + 245Tg1,c-3.603 + 29,400 Tg-1c-26-3 + 3,528,000 Ty-1 -96-2

+ 35,015,400 Tg-1¢-2.6-1 + 71,030,400 Ty-1 ¢3¢ + 35,015,400 Ty-1 c-2641 + 3,528,000 Ty c-psv2 + 29,400 Tg-1 2,643
+ 291,795Tg-1,c-15-3 + 35,015,400 Tyo1 152 + 347,527,845F 51 ¢-16-1 + 704,976,720 Tp1 -1

+ 347,527,845T 41 c-1.601 + 35,015,400 T g1 c-1.602 + 291,795 T -1, -15+3 + 591,920 Tyo1,0.5-3

+ 71,030,400 Ty ¢ g-5 + 704,976,720 Ty-1 c5-1 + 1,430,078,720 Ty-1cs + 704,976,720 Ty c 611

+ 71,030,400 Tyo1 ¢ sva + 591,920 Tgoy ¢ 503 + 291,795 T o ga15-3 + 35,015,400 Tgq crps-2 + 347,527,845 T g-1 c15-1
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+704,976,720 Ty-1.c+1.s + 347,527,845 Tg-1 cr1,601 + 35,015,400 Tgo cr1 502 + 291,795 T 1 o163 + 29,400 Tgoy cr2s-3
+ 3,528,000 Tg-1c2,5-2 + 35,015,400 Ty cags-1+ 71,030,400 Tyog ogs + 35,015,400 Tyoy ez g0t

+ 3,528,000 Fg-1 ez se2 + 29,400 Tyog canse3 + 245Tgo1 cr3s-3 + 29,400 Tg-q crgs-a + 291,795T 1 4351

+ 591,920 Ty ¢35 + 291,795T 51 crgse1 + 29,400 Tyo crasrn + 245T g1 crgses = 245Tgr1c-35-3

— 29,400 Tgu1c-35-2 = 291,795Fgu1c-35-1 = 591,920 Toupc-35 = 291,795 Tgur c-3541 = 29,400 Tgug -35+2

= 245Tg41c-35+3 — 29,400 g1 0-55-3 = 3,528,000 Tqu1c-5-2 = 35,015,400 Tysq ¢-,5-1- 71,030,400 T a1 06

~ 35,015,400 Tge1c-25+1 = 3,528,000 Tgupc-s42 = 29,400 ga1 9,643 = 291,795F g1 c-15-3 — 35,015,400 Tgu1 c-16-
~ 347,527,845 T gs1¢-1,6-1 = 704,976,720 Tgu1c-1.6 = 347,527,845 Tgu1c-1.641 = 35,015,400 Tguyc-1.642

= 291,795 Tge1 -15+3 — 591,920 Tge1.¢5-3 = 71,030,400 Fgu1c5-2 = 704,976,720 Tgs1 ¢ 5-1 — 1,430,078,720 Tgur c s
~ 704,976,720 Tgs1c541 — 71,030,400 Tgu ¢ 502 = 591,920 Tgsr 543 = 291,795Fgu1c15-3 = 35,015,400 Tgur co1.5-
~ 347,527,845 Tgs1,c+1,5-1- 704,976,720 Tor1 co1s = 347,527,845 Tgu1 o101 = 35,015,400 Tpop o102

= 291,795 T gs1 ¢+15+3 — 29,400 g4 c25-3 = 3,528,000 Tguy crns-z — 35,015,400 Tgsq crgs-1 — 71,030,400 Tour gas
~ 35,015,400 Tgs1,c+25+1 = 3,528,000 Tgey crsra = 29,400 Tyur crnses = 245Tgi1cras-3 = 29,400 T g1 crgsma

= 291,795 T gs1 43,51 — 591920 Toer ga3s — 291,795 Tger ga3.501 = 29,400 T g1 cr3 54

~ 245Tg41cr35+3 = 56Tgenc-35-3 = 6,720 Tgugc-35-2 = 66,696 T c-35-1 = 135,296 Tprgc-3.6 = 66,696 Tgug,c-3.5+1
= 6,720 Fgus,c-3502 = 56Tgezc-35+3 — 6,720 Tguzc-25-3 = 806,400 Tguzc-r5-2 = 8,003,520 T c-25-1

16,235,520 Tgs20-5,5 — 8,003,520 Tgu 541~ 806,400 Tguz 3562 = 6,720 Tgu c-0.5+3 = 66,696 g c-1,6-3
8,003,520 Tyrg,c-15-2 = 79,434,936 Tguc-1.5-1 = 161,137,536 Tyunc-1.6 = 79,434,936 Tprgc-1.641

8,003,520 Tgrz,-15+2 = 66,696 Tgagc-1,643 — 135,296 Tgsnc5-3 = 16,235,520 T gsgc5-2 = 161,137,536 Touz e s-1
326,875,136 Tgug,c.s — 161,137,536 Ty c.s01 = 16,235,520 Tpin ez = 135,296 Tgucio03 = 66,696 Tgug ca1s-3
8,003,520 Tysg,c+1.5-2- 79,434,936 Torg, o151 = 161,137,536 Tgug,crrs = 79,434,936 Tyun cr1s1

8,003,520 Tgrz,ce15+2 = 66,696 Tgurcitse3 = 6,720 Tpuzcans-3 = 806,400 Touzcins—2 = 8,003,520 Fgur cs-1
16,235,520 sz, cr2,6 — 8,003,520 Tgucrnsrt = 806,400 g crnsra = 6,720 Tprncrzses = 56Tguncras-3

~ 6,720 Tgup,cr35-2 = 66,696 Tga0cr3s-1 = 135,296 Tpincrgs = 66,696 Tprncrssrt

— 6,720 Tgug,ce3502 — 56Tguacrasss — Torac-ss-3 — 120Tqusc-35-2 = L191Tgege-g5-1 — 2416 Tgeg -z

= 1191 Tge3c-3501 — 120T043,c-3542 — Torac-35+3— 120Tgu3.c-05-3 — 14,400 Tgss,c 959 — 142,920 Tguzc-p51

~ 289,920 Tyr3c-0,6 — 142,920 Tgus,c-2541 = 14,400 Tgugc-asr2 = 120Tgs3,c-2,643 = 1191 Tgugc-1.5-3

- 142,920 T3 c15-2 — LA18A81 Tyug 151 — 2877456 Tgugcrs — 1418481 T gu3 1601 — 142,920 Tgu3 e 164

= 1191 Tgeg 1503 — 2416 Tgeg 53 — 289,920 Tgugcs-g — 2,877,456 Torscsm1 — 5,837,056 Touzes

= 2,877,456 Tquz ¢ 541 — 289,920 Tougeser = 2416 Tguzcse3~ 1191 Tgug crns-s — 142,920 Torg co15-2

— 1,418,481 Tgr3 o151 — 2877456 Tyss crns — LAI8ASI Toug crpser — 142,920 Toeg crpsrz — L191Tges o103

— 120 g3,c25-3 — 14400 Tpez cags-z = 142,920 Fgu3,cens-1 = 289,920 T ez, cans — 142,920 Touz gansit

= 14,800 Tgs3,cr25+2 — 120Tge3cr0,503 — Toracr30-3 — 1205 043,003.0-2 = 1191 Tgu3,003.0-1 — 2416 Tgu3 430

(10)

- 1)1913:Q+3,(‘+3,U+1 - 120TQ+3,§+3,S+2 - (3:@+3,c+3,s+3)’
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0Hy ¢ s

7
0y = _E(Tg—3,c—3,s—3 + 120i@—3,c—3,s—2 + 1’191‘3:9—3@—3,5—1 + 2,416(19—3@—3,5 + 1a191ig—3,c—3,s+1 + 12019—3,(—3,&2 + ig—S,c—3,s+3 + 56‘1@—3,(—2,5—3

+ 6720 Ty 352+ 66,696Fg 50 261+ 135296, 3¢ 05 + 66,696Fg 50 2601 + 6,720Fg 3¢ 2602 + 56Tq 3¢ 2,63 + 245Tg 3¢ 153

+ 29400y 3¢ 152 + 291795Ty 50 101+ 591920 T 5c 15 + 29,795 5,c 1,501 + 29,400 Ty 3¢ 162 + 245Tg 3¢ 1603 ~ 245Tp 5cr153
- 29400y 3ce1s2 — 291,795y 50101~ 591920 T 5crns — 29,795Tg 5crr001 — 29400 Ty 5cr1erz ~ 245Tg acr1sr3 — 56T scr2s3
- 6720y 5cns2 — 66,696y 3051~ 135296 T 5025 — 66,696Ty 3crns01-6.720Tq 5crns02 — 56Tq 502,853 — To_teriss

~120Fy 3crss2 — 1191y acinst — 2416F 3cu5s — 1191Tg 5 cin1 = 120Tg 503502 = To aerasss + 120Tg o 353

+ 14400y 5 302 + 142,920 Ty 5 351 + 289,920 Ty e 35+ 6,720 Ty pc 553 + 806400Ty 3¢ 262 + 8,003520Tg ¢ 251

+ 16,235,520, 5,c.25 + 8,003,520 Ty gc 2501 + 806,400 Ty pc 5612+ 6,720 Ty 5.c 2613 + 29,400 Tg 5 153 + 3528,000Tg 3¢ 152

+ 35015400 Ty 5,c 151 + 71,030,400y 5c 15 + 35,015,400 Ty 5c 1501 + 3,528,000y 5c 1502 + 29400 Ty 3¢ 1603 ~ 29.400F g pcirss

- 3,528,000 5,cr15-2 — 35,015,400y 5.ci151 ~ 71,030,400 Ty c1s — 35,015,400 5 crpsnt — 3,528,000 pcriser

~ 29400y 5co1613- 6,720 T 6253 ~ 806,400 50262 — 8,003,520 T 5crns 1 — 16,235,520 T4 5,126 — 8,003,520 Ty 5 cre01

~ 806,400 Ty_crnsr2 — 6720 Tg-ncrzsrs — 120T g pcrsscs — 14400Ty g crzss — 142,920 Ty g crzset — 289,920 Tg pcrns

- 142,920y 5 conse1 ~ 14400Tg g crsrr — 120Tg gcrnens + L191Tg 1o 553+ 142,920 Ty 1o 35z + 1A18481Ty 1 551

+ 2,877,456 Ty 1056 + LA18481 Ty 1 5ot + 142920 Tgg o602 + 1191 T 15603 + 66,696 T 1053 + 8,003,520 Ty 156

+ 79,434,936 Ty 1,c_ps 1+ 161,137,536 Ty_1.c_s + 79,434,936 Tg1.¢ 611 + 8,003,520 Ty 1 5012 + 66,696y ¢ p5e3 + 291,795Tg1.c 1,03

+ 35,015,400y 1152 + 347,527,845T -1 151 + 704976720 Ty_yc-15 + 347,527,845 Ty 101601 + 35,015400 Ty 1.c_150

+ 291,795y 11,003 — 291,795 T g 1,co1503 — 35,015,400 T 1 112 — 347,527,845 T 1 coren — 704,976,720 T 1 11

~ 347,527,845 1 cor01 — 35,015,800 Ty 1 co1ge2 — 291,795Fy 1 crr03 = 66,696y 1.crns3 — 8,003,520 1 crns 2 — 79,434,936 Ty 1 crr 1
- 161,137,536 Tg_1.cr0s — 79434936 Ty1,co06+1 — 8,003,520 g1, cs26+2 — 66,696Tg 10203 = 1191Tg 16353
142,920y 1 rs - LAIBASI Ty 1 o1 — 2877456 T 1.crns — LAIBABI Ty 1 aert — 142,920 Tyo1crgsr — 1191 Tgor crnsss

¥ 2416 Ty 50 + 289,920 Ty ¢ 55 s + 2877456 Tgc 51 + 5,837,056 Ty 55 + 2877456 Toc 001 + 289,920 Tg e 3502 + 2416 Toc 3013

+ 135206y, ps 3 + 16,235,520 Tgc ps s + 161,137,536 Tge ns1 + 326,875,136 Ty g6 + 161,137,536 Tgc 501 + 16,235,520 Ty g1

+ 1352960 5003 + 591,920 Tg 103 + 71030400 T ¢ 167 + 704,976,720 Tq ¢ 1,51 + 1,430,078,720 Tq c1.

+ 704,976,720 Ty 151+ 71,030,400 Ty 157 + 591920 Ty g 15+3 — 59,920 Tqcrns s — 71,030,400 Ty crps s — 704,976,720 Ty crns s (1)
- 1430,078,720 Ty, co1.s — 704,976,720 Ty ors61 — 71,030,400 Ty cur502 — 591,920 Ty crises — 135206 T crns 3 — 16,235,520 T ez 2

— 161,137,536 T c+p5-1 ~ 326,875,136 T crps — 161,137,536 Tq crnsnt — 16,235,520 T crnsez — 135,296 Ty crnvs = 2416T g a3

- 289,920 T 1302 — 2877456 Tgcrzst — 5,837,056 T crs — 2877456 Tgcrnant — 289,920 T rr2 — 2416 Tgcrgans + 1191 Tgrc 503
+ 142,920 D1 e 552 + LAIBASI Tour e 361 + 2877456 Tgur e ps + LAIBASI Tour 301 + 142,020 Tgrrcgvz + 1191 Tgrc 5003

+ 66,696 Tgr1c 503 + 8,003,520 Tgs1cgs s + 79434936 Tgs1c gs 1+ 161,137,536 Tgur s + 79434936 Tgr1c g61 + 8,003,520 Tgrrc s+
+ 66,696 Tgur,cn003 + 291,795 T gr1c 153 + 35,015,400 Tgrpcrsp + 347,527,885 T gurc 151 + 704,976,720 Tyr1 o1

+ 347,527,885 Tgr1c 1501 + 35015400 gt e 1,002 + 291795 go1c 1553 — 291,795 Tgur o103 — 35,015,400 Tgr1 gonss

- 347,527,885 Tgs1 o151 — T04,976,720 Tgrcons — 47,527,845 Tgrco1se1 — 35,015,400 Tqur crrsvz — 291795 T gor coirs

— 66,696Tgr1¢0283 — 8,003,520 Tgur crnss — 79,434,936 gt crns 1 — 161,137,536 Tqur crns = 79,434,936 Tqur crpset = 8,003,520 Tqur crnse
— 66,696 Tgu1,crnse3 — 1191 Tgrrcons s — 142920 Tgrrcons s — LAIBABI Torr const — 2877456 Tgrrcras

- LA18481 T gt crner1~ 142,920 Tgur easv2 — 119 Tortgraens + 120Tgrncsoms + 14,400 Tprpe gs s + 142,920 Tpupe sst

+ 289,920 Tgrnc 3s + 142,020 Tgrnc a1 + 14,400 Tqurc ssrz + 120Tgunc 3503 + 6,720 Tgrnc 583 + 806,400 Tqusc 02

+ 8,003,520 Fquggn5e1 + 16,235,520 Fgugcas + 8,003,520 Fgenenser + 806,400Tgun-gsrn + 6,720Tgurc-063 + 29,400 Tgu o153

+ 3,528,000 guc 152+ 35,015400Tgusc 151 + 71030400 Tqupc 15 + 35,015,400 Tgugc 1561 + 3528,000Tgusc 152 + 29,400 Tgrncr63
— 29400 Tgusceres — 3,528,000 Tqucrns s — 35.015400Tguscrrot ~ 71030400 Tguscors — 35,015,400 Tgrperisst — 3528,000 Tyrpcrisra
- 29400 Fguscer0v3 — 6,720 Tguscrnss — 806,400 Tgrncins s — 8,003,520 Tqrscrns 1 — 16235520 Torcens — 8,003,520 Tgrcrzent

— 806,400 Tgrpcezsv2 — 6,720 Tgrnrners = 120Tgrneesss = 14400 Tgupernss - 142,920 Tgrpcrast - 289,920 Tgu o

- 142,920 Tygopenee1 — 14400 Tgus crnaez — 120Tgrnconsrs + Torneas st 120Tgracns 2 + 1191Tgrscns 1+ 2416Tgusc as

+ 1191 T g cpe1 + 120Tquc 3602 + Torngsers + 6Tgracges + 6720 Tqrac sz + 66,696Tgrsc g1 + 135296 Tgusc s

4 66,696 Tgrsc 2601 + 6720 Tqucnsrs + 56Tquacnsrs + 245Tgrnc1s3 + 29,400 Tgrge 152 + 291,795Tgrsc 101 + 591920 Tgrpeore

+ 291,795 gug 01501 + 29,800 Tgrse1gen + 245Tgrgetg03 ~ 245Tgrgcens-s ~ 29,800 Tgrscrng-s — 291,795Fgus corgn — 591,920 Tgus rs
— 291,795 T grg o180 — 29400 Fgus cr1erz — 245Tguscr1ers — 56Tgracrnss — 6,720 Tguscras-2 ~ 66,696Tgrscrnst — 135,296 Trsers

= 66,696 Tg+3 2541 ~ 6,720 Fg43 ce2502 = 56043 cra5+3 = Torzorzs-3 ~ 120%043,0435-27 2416 Tgu3 ch3s = 1191 %043 13541 = 120% 543 43542

- (Ig+3,c+3,s+3)~
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OHy, ¢,
oz

+ 29,400‘3:9_3@_25_1 - 29,400‘39_3@_25” - 61720‘3Q—3,C—2,S+2 - 120‘3:9_3@_2’54.3 + 1,191‘39_3‘_1’5_3 + 66,696Tg_3£-113_2 + 291,795{19_1(_1’5_1

7
= _E(‘Ig—&c—S,s—S + 56‘19—3,(—3,5—2 + 2453:9—3,@—3,5—1 - 245{3:g—3,c—3,s+1 - 563:@—3,@—3,s+2 - Tg—S,c—3,s+3 + 120§Q—3,c—2,s—3 + 6:720§Q—3,c—2,s—2

291,795 -5,¢-1.601 ~ 66,696 Tg-5c-1542 ~ 1191 T 51603 + 2416 g 5053 + 135,296 T 45,062 + 591,920 Tg-505-1 — 591,920 430501
135,296 Ty 50602 — 2416Tg 5,503+ 1191 Ty 500163 + 66,696 5,c15-2 + 201,795y s co15-1 = 291,795T 4 5cr1601 = 66,696 s,c+1552
1,191iq—3,c+1,s+3 + 120‘19_3,44.2,5_3 + 6,720‘:{9_3,44.2,5_2 + 29,400(3:9_3,54.2]5_1 - 29’40019‘3,6*‘215*‘1 - 6’720(19—3,6*'2,8*'2

- 12059—3,(4-2,54—3 + TQ—3,(+3,S—3 + 56(29—3,33,5—2 + 245IQ—3,C+3,S—1 - 24559—3,(;4—3,54—1 - 56Ig—3,g+3,s+2 - ig—&g+3,s+3 + 1203:@—2,&3,5—3

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

6.720Tq 2c 352+ 29400Tg 3¢ 351 — 29400y 5 3011 — 6720Tg 3¢ 352 — 120Tg 5c 3er3 + 14400y 5¢ 553

806,400 Ty-g6-25-2 + 3528,000T 496551 ~ 3,528,000 T4 065501 ~ 8064005 9612 — 14,800 T g e p503 + 142920T g 96153
8,003,520 Ty 5, 152 + 35,015,400 Ty pc 151 — 35,015,400 Ty e 1501~ 8,003,520 Ty pc 1502 — 142,920 T g c 153+ 289.920 Ty 53
16,235,520 %y pcs2 + 71,030,400 3¢5 1 — 71,030,400 T 5,501 — 16,235,520 Ty 5.c02 — 289,920 Ty c5v3 + 142,920 5, c115-3
8,003,520 T 5,co102 + 35,015,400 51151 ~ 35,015,400 Ty pcorset — 8,003520 Ty pcrngrs — 142,920 T g criers + 14400y 5cirs s
806,400 Ty-5cr252 + 3,528,000Fg g craset = 3,528,000 Fg-crnse1 ~ 806,400 T g arsrr ~ 14400F - crnses + 120Tg5 01353
6720 Ty scrzs2 + 29400 T 5 crzs1 — 29400 5 cr3e1 — 6720 Ty 5 crzsrs — 120Tg gcrnsrs + 1191 Tg 1 c 553 + 66,6960 1c 552
291,795y 1.¢-351 — 291,795 1.c 5,51 = 66,696 Ty 1¢ 3502 — 1191 T 1 ¢ 5,805+ 142,920Fg 1.c 253 + 8,003,520 T 16262
35,015,400 T 1. 261 - 35,015,400 Ty 1 ¢ p501 ~ 8,003,520 Ty s n5+2 ~ 142,920 Ty 1.c_p5+3 + LAIBABI Ty 1 103
79,434,936 g 1,c-1.0-2 + 347,527,845 Ty 1.c151 — 347,527,845 Ty 1. c 1501 — 79,434,936 T 1 1002 ~ LAI8ABITy ¢ 1008
2877456 Ty 1,03 + 161137536 Ty 152 + 704,976,720 Tq 1,01 ~ 704,976,720 Ty c.501 — 161,137,536 T 1612 — 2877456 g1 c.003
1418481y 1 c1g 3 + 79,434,936 Ty 1 cops s + 347,527,845 1 co1s 1 — 347,527,845 Ty 1 cope01 — 79,434,936 Ty 1 copse2
1418481, 1 11003 + 142,020 T 1 ¢z s + 8,003,520 Ty 1crz2 + 35,015,400 Tg 1 crnet — 35,015,400 T 1 coe01
8,003,520 Ty 1 ¢s7842 — 142,920 Ty 1crg005 + 1191 T 1 crnes + 66,696Tg1.cx552 + 291,795T g 1crget — 291,795Tg 1 cr3e01
66,696y 1,cop5r2 — 1191 Tg 1crars + 2416 T e 503 + 1352060 552 + 591920 Tgc 35 1~ 591,920 Ty 5,561 — 135,296, 35+
2416 Ty 3603 + 289,920 g 553 + 16,235,520 g c 50 s + 71,030,400 Tgez51 — 71,030,400 T c o5t — 16,235,520 Tg v

289,920 Ty 503 + 2877456 Ty 153 + 161,137,536 Ty e 152 + 04,976,720 Tye 151 — T04,976,720 Ty e 1501 — 161137536 Tqc_1.612
2,877,456 T c-15+3 + 5,837,056 %, ¢ 5-3 + 326,875,136 T ¢ 52 + 1,430,078,720 Ty  s-1 — 1,430,078,720 T ¢ 541 — 326,875,136 T ¢ 542
5,837,056 T ¢ s+3 + 2,877,456 T c+15-3 + 161,137,536 T c41,5-2 + 704,976,720 T c41,5-1~ 704,976,720 %y c11,5+1 = 161,137,536 T c41 542
2,877,456 T cor503 + 289,920 g crpe s + 16,235,520 T crns s + 71,030,400 T as 1 — 71,030,400 T crpget — 16,235,520 Ty crse
289,920 Ty crp03 + 2416 Tgcrne s + 135,296 Tg crns s + 591,920 Tq cuns 1 — 591,920 T crper — 135296 Ty crners — 2416 Tqrners
1191 Tgo1 g 503 + 66,696Tgurc 552 + 291795 T gr1c 501 — 291,795Tgur e 551 — 66,696 Tgrrc5.02 ~ 1191 Tqur e 5503

142,920 Tgu1,cps-3 + 8,003,520 Tgr1cz52 + 35,015,400 Tgrc 51 — 35,015,400 Tgr g z61 — 8,003,520 Tgrtc ez

142,920 T g1 c_pv3t LAI8ABI Tour ¢ 153 + 79,434,936 Tqur e 152 + 47,527,845 Tgur e 151 — 347,527,885 T o1 c 1001

79,434,936 Tq1,c-1.02 ~ LAI8ABI Torpc 1003 + 2877456 Tqur css + 161,137,536 Tgr gz + 704976720 Tgr1 g1

704,976,720 Tyo1,c.001 — 161,137,536 Tgr1c.802 — 2877456 Taer cors + LAIBABI Tyur corss + 79,434,936 Tqur corz
347,527,845 g1 c 115 1= 347,527,845 T 1 corv1 — 79434936 Tger cotsnz — LAIBABITgur crrges + 142,920 Tgrr crns 3
8,003,520 T g1 crps-2 + 35,015,400 g1 crns 1 — 35,015,400 Fger crnet — 8,003,520 Tyrgrzsrr = 142,920 Tgrrcrnsrs + 1191 Tqur crnas
66,606 Tgr1c55-2 + 291,795 T g1 cr3s1 — 291795T g1 crneet — 66,696 Tgrrcer2 = L1 Toricrasss + 120Tgrng5s3

6,720 Tquzc-35-2 + 29400Fgusc 361~ 29,400 Tgu 3501 — 6,720 Tgus e 3612 — 120Tgusc 3603 + 14400 Tgu g3

806,400 Tgrc-52 + 3,528,000 gz c-05-1- 3,528,000 Tyrpe-g.601 — 806,800 Tgr-erz = 14400 Tyrpegvs + 142,920 Tgrpe1ss
8,003,520 Tgrpc 152 + 35,015,400 Tgrpc 161 — 35,015,400 Fgupe 151 — 8,003,520 Tyrpetsv2 — 142,920 Tgrpcr003 + 289,920 Tgurcos
16,235,520 Tqus052 + 71,030,400 Tgrp e — 71030400 Tquscor1 — 16,235,520 Tqurcarz — 289,920 Tqucsrs + 142,920 Tpuncrns s
8,003,520 Tguars-2 + 35,015,400 Tgrpgersor ~ 35,015,400 Fgupcrnget ~ 8,003,520 Tupcriger ~ 142,920 Fqug crigrs + 14,400 Tgrgarsos
806,400 Ty cez52 + 3,528,000 Tgus crasmt = 3,528,000 Tguscrnse1 — 806,400 Tgrscrnsrs ~ 14,400 Tgugcr ozt 120T e cozs-s

6,720 Tpsz,+35-2 + 29,400 Tgap ce35-1 = 29,400 Tgap ca3 501 = 6,720 Tpag cazsez — 120Tgun ca3543 + Touze-35-3 + 56T p43,0-35-2

+ 245%+3,g—3,s—1 - 245(;(g+3,/;f3,s+1 - 56‘29+3,cf3,s+2 - Zg+3,/;*3,s+3 + 120TQ+3,¢2,5*3 + 617201@3,(*2,5*2 + 29:400‘Ig+3,§f2,sf1

29400 Tgr5c 5,81 — 6,720 Tgrs g8z — 120Tgescg005 + 1191 Tguseraos + 66,696Tgusc 152 + 291,795Tgr3c-1.8-1- 291,795 Tgusc 1501
66,696 T r3,c-1.602 ~ 1191 Tquc 103 + 2416Tgr5,c53 + 135,296 Tgrncs 2 + 591,920 Tgrgcs 1 ~ 591,920 Tgrscoet — 135,296 Tquscr
2416 T gu5,0503 + 1191Tgr5,co53 + 66,696Tquscrrs s + 291795 guacris 1 — 291,795T e corer1 — 66,696 Tgrs crsrs

1191%043c41,543 + 120%043 co25-3 + 6,720 Tps3 a2 + 29,400 g3 ez s-1 = 29,400 T3 crasvr = 6,720 Tpuz crnsia

— 120%g43,042543 + Toeace3s-3 + 56T g3 ce35-2 + 245% a3 ce35-1 — 2453043541 — 56T a3 cr3 542 = Tora,ce3+3)-

— 9

(12)
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The aforementioned analysis yields the following theorem:

Theorem 3. From (8) the approximation formulas to Hy s,
0Hyes OHyes OHgcs 0%Hocs 0°Hyes 0°Hycs 0%Hyes 9°Hogs

ax ’ ay ’ oz 7 ax* 7 o9y ’ 9z2 7 oxay ’ oxoz '
given in terms of Ty s at (9)-(12).

, are

3 Numerical outcomes

Now, to determine whether or not this method, which was
developed by presenting its constructions in n-dimensional
space, is correct and effective. In this section, we provide
several numerical examples in various dimensions to
demonstrate the accuracy of this method. In addition
to the comparison of our results with those previously
obtained, we also exhibit some of the obtained figures.
We should point out that all of the examples were
created using the Mathematica 12.1 package and ran on a
standard computer (Intel(R) core(TM) i7-351U, CPU@1.90 Hz
2.40 GHz).

The first test problem: [8,9,13,17,18,29]

We take the two-dimensional problem in the fol-
lowing form:

ho(X, y) + hyy(x, ) = sin(zx) sin(zzy) = 0,

13
x,y € [I,m]. {13
The following is the exact solution to that problem:
sin(7x) sin(7ty)
h(X,y) = _Tﬂy. (14)

We take the boundary conditions to the third problem in
the following form:

Table 1: Numerical results for the third issue are available at y = 0.4
and x,y € [0,1]

X Numerical results Exact results Absolute error
0.2 -0.028320 -0.028320 8.07856 x 10-11
0.4 —-0.045822 —-0.045822 1.30714 x 1010
0.6 -0.045822 -0.045822 1.30714 x 10-10
0.8 -0.028320 -0.028320 8.07856 x 10-11

DE GRUYTER

h(l,y) = h(x,1) =a, h(m,y)=h(x,m)=p. (5)

By substituting from (5)—(7) into (13) with (15), we obtain
the numerical results as in Table 1.

The results of the two-dimensional septic B-spline
approach at 15 x 15 are shown in Table 1. In terms of out-
comes, we can presume that they are satisfactory. We com-
pare the suggested method’s results to those of several
approaches [8,9,13,17,18,29] that are presented in Table 2
and use mesh 15 x 15 grid points.

Now, we show the numerical results and absolute
errors at y = 0.4 (Figures 1 and 2). Also, Figure 3 depicts
a three-dimensional graph of numerical results.

The second test problem:

We take the two-dimensional nonlinear problem in the
following form:

ho(x,y) + exp(x®hyy(x, y) + sin(h(x, y)) - f(x,y)

(16)
=0, x,y€[lLm],
where
Fx,y) = eX'(=(1 - e™)x%(1 - eY) sin(xy)
- (1 - et™)el Y sin(xy)
+2(1 - e)xel™ cos(xy)) - (1 - e an

— el—y)yZ sin(xy) — el—x(l _ el—y) sin(xy)
+ sin((1 - e"™)(1 - ') sin(xy))
+ 2e17X(1 - eY)y cos(xy).

The following is the exact solution to that problem:
h(x,y) = sin(yx)(1 - exp(1 - x))(1 — exp(1 - y)). (18)

We take the boundary conditions to the third problem in
the following form:

h(l,y) = h(x,l) =a, h(m,y)=h(x,m)=p.

By substituting from (5)—(7) into (16) with (19), we obtain
the numerical results as in Table 3.

The results of the two-dimensional septic B-spline
approach at 50 x 50 are shown in Table 3. From outcomes,
we can presume that the method is satisfactory. Now, we
show the numerical results and absolute errors at y = 0.4
in Figures 4 and 5. Also, Figure 6 depicts a three-dimen-
sional graph of numerical results.

19

Table 2: Maximum absolute error based on the approach used to solve the problem

The proposed
method

Cubic B-spline
approach [18]

Quadratic B-spline
approach [17]

MCBDQM

approach [13]

SCA based on
Haarwavelets [9]

Haar wavelet
approach [8]

Spline-based DQM
approach [29]

8.07 x 10~1 1.67 x 1074 3.72 x 1073 211 x 1075

162 x 1074 3.08 x 10~* 3.08 x 10~*
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0.00[a
~0.01}
—~
! 0.02
3\ ' == Exact
& -003 == App.
~0.04]
~0.05k ]
0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 1: The graph of numerical results and absolute error at y = 0.4.

The third test problem: [17,18]
We take the second test problem in the three-dimen-
sional in the following form:

(X, Y, Z) + hyy(X, y, 2) + hp(X, Y, 2) = f(X,y)

Derivation of septic B-spline function in n-dimensional to solve n-dimensional partial differential equations

-—_ 1"

14x10710F
1.2x10710¢
1.x10710 ¢
8.x107 1}
6.x107 1}

4.x101 L

Absolute error

2.x10 1L

0,

The exact solution to that problem is given as follows:
h(x,y,2z) = (x = x)(y = y?)(z - z2)e**V*2,

We take the boundary conditions to the fourth problem in

(22)

(23)

(20) the following form:
=0, x,y,z€[l,m],
h(l,y,z) =h(x,l,z) = h(x,y,]) = q,
where h(m,y, z) = h(x,m, z) = h(x,y, m) = B.
fx,y) = xyz(eXV*#)(3yxz + yx + zx — 5x + zy — 5y @1 By substituting from (9)—(12) into (20) with (23), we obtain
-5z +09). the numerical results as in Table 4.
0.00F
~0.01}
; 0.02 == Exact
q: == ADp.
e
= -0.03F -
-0.04 7
—-0.05 -— 1 1 1 1 1 =

0.0 0.2

Figure 2: The graph of numerical results at x = 0.4.
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y 1.0

h(x,y)

X 1.0

Figure 3: Three-dimensional graph for numerical results.

X

Figure 4: The graph of numerical results and absolute error at y = 0.5.
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Table 3: Numerical results for the third issue are available at y = 0.5
and x,y € [0,1]

X Numerical results Exact results Absolute error
0.2 0.079328 0.079371 4.28156 x 10-5
0.4 0.105922 0.105956 3.39476 x 105
0.6 0.094261 0.094287 2.61754 x 1075
0.8 0.055914 0.055931 1.71551 x 105

« 0.00006 -

o

qh; 0.00005 £

o 0.00004 £

o=

= 0.00003F

8 0.00002 F

e}

< 0.00001

0.00000 E . \ . .
0.0 0.2 0.4 0.6 0.8 1.0

0.08}

0.06 |

h(0.5,y)

0.04

0.02f

0.00

Figure 5: The graph of numerical results at x = 0.5.
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Figure 6: Three-dimensional graph for numerical results.

Table 4: Numerical results for test problem atz =y = 0.5 and x,y,z € [0,1]

- 13

== Exact

0.00005

X Numerical solution Exact solution Absolute error Quadratic B-spline method [17] Cubic B-spline method [18]
0.1 0.016868 0.0168984 3.00566 x 105 3.24947 x 105 3.48009 x 10-°
0.2 0.033142 0.0332012 5.91788 x 10~° 6.49943 x 105 7.05722 x 1073
0.3 0.048073 0.0481595 8.65621 x 105 9.65554 x 105 1.06205 x 10~
0.4 0.060716 0.0608280 1.11853 x 104 1.27075 x 104 1.41846 x 10~*
0.5 0.069891 0.0700264 1.35497 x 104 1.57835 x 104 1.79618 x 104
0.6 0.074136 0.0742955 1.59281 x 104 1.92337 x 1074 2.24718 x 104
0.7 0.071658 0.0718456 1.86992 x 10~ 2.37433 x 104 2.86918 x 104
0.8 0.060271 0.0604965 2.24725 x 104 3.04639 x 104 3.82276 x 104
0.9 0.050423 0.0376082 2.77977 x 1074 411161 x 104 5.34402 x 104
B 0.00035¢
H 0.06 t 0.00030¢
o @ (00025}
(&)
'-‘c’ 04} £ 0.00020}
ol S 0-00015¢
E 02 ¢ 0.00010F
o}

=== App.

0.2

0.4

X

0.6

0.8 1.0

Figure 7: The graph of numerical results and absolute error at y = z = 0.5.
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0.08
h (x,y,0.5) %%i

0.02.

0.00

0.0

10 0.0

Figure 8: Three-dimensional graph for numerical results.

Table 4 shows a comparison of our results with
those obtained using quadratic B-spline and cubic B-spline
approaches with meshes of 20 x 20. In terms of the results,
we can see that they are acceptable based on our observa-
tions. At y =2z =05, Figure 7 displays the numerical
results and absolute errors. Figure 8 depicts a three-dimen-
sional graph of numerical results.

The fourth test problem: [9,20]

DE GRUYTER

0.00
h(x,y,0.5) -0.01
-0.02
-0.03
0.0
0.5
X |
1.0 00

Figure 10: Three-dimensional graph for numerical results.

We take the test problem in the three-dimensional in
the following form:

ho(x,y,2) + hyy(X,y, z) + hy(x,y, z)

24
- sin(nx) sin(sty) sin(ziz) = 0, x,y,z € [I, m]. 29

The following is the exact solution to that problem:
hx,y,2) = - sin(rrx) 511217(:21)1) sin(nz) . 25)

Table 5: Numerical results for the test problem are available at y =z = 0.5, x,y,z € [0,1]

X Numerical Exact Absolute error Maximum absolute Maximum absolute Maximum absolute
results results error of our method error [20] error [9]
0.2 -0.019851 -0.01985 9.983 x 1012 1.615 x 10~ 4,966 x 10-5 8.922 x 104
0.4 -0.032120 -0.03212 1.615 x 1011 — — —
0.6 -0.032120 -0.03210 1.615 x 10-11 — — —
0.8 —-0.019851 —-0.01985 9.983 x 1012 —_ —_ —_
0.000 . . . . . .
|
G -0.005¢ g 15><10_11 L
o 0010 o
D 0015} 9 10|
© _0.020¢ 3
X (o]
N *0025' w 5_><10712'
~0.030} g
-0.035% . . . ! = 0t . . . . 4
6002 04 06 08 10 00 02 04 06 08 10
X X

Figure 9: The graph of numerical results and absolute error at y = z = 0.5.
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We take the boundary conditions to the third problem in
the following form:

h(l,y,z) =h(x,1,z) = h(x,y,]) = q,

h(m,y, z) = h(x,m, z) = h(x,y, m) = B. (26)

By substituting from (9)-(12) into (24) with (26), we obtain
the numerical results as in Table 5.

The results of the three-dimensional septic B-spline
approach using mesh 15 x 15 are presented in Table 5. In
terms of observation, the results appear to be acceptable.
Figure 9 shows the numerical results and absolute errors at
y =z = 0.5. Figure 10 depicts a three-dimensional graph of
numerical results.

4 Conclusion

By the end of this study, we may have made a significant
contribution to addressing some of the problems that most
academics in various fields have when dealing with n-
dimensional mathematical models. The study object is cru-
cial, and we believe that the majority of academics are
eagerly anticipating the results. We noted how difficult it
is for researchers to cope with these models as the dimen-
sion expands after seeing various scholars present their
discoveries on partial differential equation solutions in
one-, two-, and three-dimensional. As a result, we decided
to extend the basic B-spline method, which had hitherto
only been used to solve one-dimensional mathematical
problems, to two- and three-dimensional. To assess the
correctness and efficacy of the developed schemes, we
used numerical examples of various dimensions. When
the numerical results are compared to the actual solution,
we see that the formulas found are effective. From this
perspective, we believe that a significant contribution
has been made toward addressing problems involving par-
tial differential equations in many dimensions. The pro-
posed new structure provides accurate results than other
methods because it deals with a larger number of points
than the field. We would generalize a few other B-spline
shapes to serve as solutions to n-dimensional differential
equations as part of our long-term research.
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