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Abstract: Two numerical regimes for the one- and two-
dimensional hyperbolic telegraph equations are contrasted
in thisarticle. Thefirst implemented regime isuniformalge-
braic trigonometric tensionB-splineDQM,while the second
implemented regime is uniform algebraic hyperbolic ten-
sion B-spline DQM. The resulting system of ODEs is solved
by the SSP RK43 method after the aforementioned equa-
tions are spatially discretized. To assess the success of
chosen tactics, a comparison of errors is shown. The graphs
can be seen, and it is asserted that the precise and numer-
ical results are in agreement with one another. Analyses
of convergence and stability are also given. It should be
highlighted that there is a dearth of study on 1D and 2D
hyperbolic telegraph equations. This aim of this study
is to efficiently create results with fewer mistakes. These
techniques would surely be useful for other higher-order
nonlinear complex natured partial differential equations,
including fractional equations, integro equations, and par-
tial-integro equations.

Keywords: uniformalgebraic trigonometric tensionB-spline,
uniform algebraic hyperbolic tension B-spline, differential
quadrature method, hyperbolic telegraph equation

Nomenclature

UAT tension
B-spline

uniform algebraic trigonometric
tension B-spline

UAH tension
B-spline

uniform algebraic hyperbolic ten-
sion B-spline

MUAT tension
B-spline

modified uniform algebraic trigono-
metric tension B-spline

MUAH tension
B-spline

modified uniform algebraic hyper-
bolic tension B-spline

xl,xr lower and upper limits for spatial
discretization

tΔ increment in time
t specified time level
τ tension parameter

1 Introduction

The model of the telegraph equation is mainly and mostly
used in signal processing for the propagation of transmis-
sion of the electric impulses and wave theory process. A
series of implementations is noticed of such models in the
biomedical sciences and aerospace.

The foundational equations of atomic physics are
based on the hyperbolic partial differential equations,
which model the vibrations of structures. The telegraph
equation appears in the investigation of wave phenomena
and electrical signal propagation in a transmission line
wire [1,2]. Examples of processes governed by equation
include the propagation of acoustic waves in porousmedia
of the Darcy type and parallel flows of viscous Maxwell
fluids. For more details, see [3,4]. These equations are
also used by biologists to examine the one-dimensional
randommovement of bugs along a hedge and the pulsed
blood flow in arteries [5].

The hyperbolic partial differential equations have an
essential role in modeling different basic equations in
atomic physics [6]. It is one of the most useful in the
insight of various physical processes in engineering and
applied sciences. The hyperbolic telegraph equation is
handy to model the structure’s vibration, like machines,
beams, and buildings. Various numerical schemes have
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been introduced in the literature regarding the develop-
ment of solutions of partial differential equations [5,7–12].
1D Telegraph equation is being solved by using different
techniques, namely Taylor matrix method [13], uncon-
ditionally stable finite difference scheme [14], modified
B-spline collocation scheme [10], implicit difference scheme
[5], variational iteration method [15], cubic B-spline collo-
cation scheme [16], and many more. 2D Telegraph equa-
tion has been solved by a meshless local Petrov–Galerkin
method [17] and PDQM [18]. Ding and Zhang [19] provided
a compact FD scheme. Some more noticeable and related
work is specified in refs. [20–22].

Asif et al. [23]used aHaarWavelet collocation approach
to deal with 1D and 2D hyperbolic telegraph equation.Wang
et al. [24] used a meshless approach for the solution of
hyperbolic telegraph equation in (1+1) dimension. Zhou
et al. [25] applied hybrid meshless regime for the second-
order hyperbolic telegraph equation. Khan et al. [26]
employed natural ADM for the fractional order hyperbolic
telegraph equation. Wang and Hou [27] implemented a
directmeshless approach to tackle 2D, second-order hyper-
bolic telegraph equation. Lin et al. [28]provided ameshless
collocation regime for 2D hyperbolic telegraph equation.
Ahmad et al. [29] provided the numerical study of multi
dimensional hyperbolic telegraph equation via a local
meshless method. Ahmad et al. [30] studied the integer
order hyperbolic telegraph equation regarding physical
and related sciences.

1.1 Hyperbolic telegraph equation

1.1.1 Governing equation I. [Hyperbolic telegraph
equation in one dimension] [31]
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1.1.2 Governing equation II. [Hyperbolic telegraph
equation in two dimensions] [32]
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B.C.s: (Dirichlet boundary conditions)
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1.2 Differential quadrature method

To solve partial differential equations, DQM is a numer-
ical. It was initially proposed by Bellman et al. [33]. This
section of DQM has seen a significant growth during
the past couple decades. The scientific community has
focused a lot of work on employing various basis func-
tions to obtain numerical approximations for DQM. DQM
uses the weighting summation of functional values at
the supplied grid points of the computational domain to
estimate the partial derivative of a smooth function.

Bellman et al. [33] provided two approaches for com-
putation the weighting coefficients. Numerous numerical
methods were created by various scholars to improve on
Bellman’s methods for determining the weighting coeffi-
cients. Quan and Chang [34] provided one of the most
efficient and easily applicable techniques for finding
weighting coefficients in DQM. After that Shu [35] pro-
posed one of the easiest approaches to compute the
weighting coefficients. Some latest work in this regard
is provided in literature [36–44].

1.2.1 Main advantages of the study/novelty of the study

The current situation calls for the creation of innovative
numerical regimes. It is noted that there is still a need for
extensive numerical exploration of the 1D and 2D
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hyperbolic telegraph equations. Therefore, the goal of
this article is to efficiently produce results with fewer
errors. Even if there are a lot of numerical techniques in
the literature, new research is always possible. Some
positive results are attained with the aid of recently cre-
ated regimes.

Since the suggested method has produced some posi-
tive results, a large class of PDEs, including partial-
integro differential equations and fractional order PDEs,
can be effectively solved using these methods.

The framework of the article. To help readers under-
stand our research, this document is organized into sev-
eral sections and subsections.
• The implementation of numerical schemes is specified
in Subsections 2.1 and 2.2.

• The DQM methodology is described in Section 2.3.
• Uniform algebraic trigonometric (UAT) tension B-spline
DQM is developed in Subsection 2.4.

• Uniform algebraic hyperbolic (UAH) tension B-spline
DQM is developed in Subsection 2.5.

• Discretization formulas are applied to the 1D and 2D
hyperbolic telegraph equations in Section 3.

• Numerical tests on the 1D and 2D hyperbolic telegraph
equations are presented in Section 4.

• Stability and convergence analysis is given in depth in
Section 5.

• The conclusion is elaborated in Section 6.

2 Numerical schemes

2.1 Implementation of the numerical scheme
upon 1D HT equation

Eq. (1) can be written as follows:
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At the boundary points, Dirichlet boundary conditions
can be applied immediately and without modification.
MUAT DQM or MUAH DQM can be used when the
Neumann or mixed boundary conditions are present.

2.2 Implementation of the numerical
scheme upon 2D HT equation

Eq. (6) can be written as follows:
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Dirichlet boundary conditions can be directly imple-
mented at the boundary points without any change. In
the case of the Neumann or mixed boundary conditions,
MUAT DQM or MUAH DQM can be implemented.

2.3 Methodology

A key tool for numerical discretization is DQM. Obtaining
the weighting coefficient values is the primary viewpoint
of DQM. Numerous test functions are suggested in the
literature as a means of achieving the weighting coeffi-
cients in DQM. Finding the weighting coefficients is the
central idea in DQM; for the aforementioned task, a
number of test functions are provided in the literature,
and several numerical regimes have been produced uti-
lizing these test functions.

As basis functions for the creation of weighting co-
efficients, we have used modified cubic UAT tension
B-splines and modified cubic UAH tension B-splines in
the current study. To solve hyperbolic telegraph equa-
tions in one and two dimensions, DQM has never been
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used in literature using UAT tension B-splines or UAH
tension B-splines. This approach will surely give aca-
demics new perspectives to work with when tackling com-
plex natured PDEs in the future.

First, 1D hyperbolic telegraph equation is taken into
the account. Considered n 1( )+ number of grid points
in the domain a b,[ ] such as; a x x x x0 1 2 3= < < < <⋯<

x bn = . These grid points have uniform distribution and
taken step size is h x xi i1= −+ , in the x-direction. The rth
approximation of u x t,( ) is given as follows:
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where aij
r( ) and bij

r( ) are known as the weighting coeffi-
cients of rth order spatial partial derivatives with respect
to x and y, respectively (Table 1).

2.4 Applied numerical method I and solution
of the model (UAT tension B-spline
DQM) [21–23]

Table 1: The values of UATBi,4 and UATB′i,4 at different node points
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Evaluated values of γUATBi,4( ) and γUATBi,4( )′ at the
node points:

a
h

h τh
τ

a
h

h τh
τ

a
h

h τh
τ

a
h

a
h

1
4 sin

sin ,

1 1
2 sin

sin ,

1
4 sin

sin ,

1
2

,

1
2

.

τh

τh

τh

1
2

2

2
2

2

3
2

2

4

5

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

⎡

⎣⎢
⎛

⎝

⎞

⎠

⎤

⎦⎥

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

⎡

⎣

( ) ⎤

⎦

⎡

⎣⎢
⎛

⎝

⎞

⎠

⎤

⎦⎥

( )

( )

( )

= −

= − −

= −

=

=

−

Evaluation of θi,2 and θi,3:
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xMUATBN 1( )}+ forms a basis over a given domain. To
improve the results, modified cubic UAT tension B-spline
can be implemented, so that the obtained matrix system
will become diagonally dominant [7]. By using the fol-
lowingset of equations, improvisedvalues canbeobtained.
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Determination of weighting coefficients using
method I.

We have the formula to approximate first-order
derivative:
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From the aforementioned set of equation at grid point
x1 and for the values of k n1, 2, 3, ,= … , the following tri-
diagonal system of algebraic equations will be obtained:
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2.5 Applied numerical method II and
solution of the model (UAH tension
B-spline DQM) [45–47]

Evaluated values of γUAHBi,4( ) and γUAHBi,4( )′ at the
node points
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where A h τh
h1

sinh( )
= − + .
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where A h τh
h1

sinh( )
= − + , where, h is the length of the

provided interval.
Here γ γMUAHB , MUAHB0 1{ ( ) ( ), … , γMUAHB ,N( )

γMUAHBN 1( )}+ forms a basis over given domain. To
improve the results, modified cubic UAH tension B-spline
can be implemented by in a way such that the obtained
matrix system will become diagonally dominant [7]. By
using the following set of equations, improvised values
can be obtained.
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Determination of weighting coefficients using
method II.

We have the formula to approximate first order
derivative:
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(24)

where i n1, 2, 3, ,= … and k n1, 2, 3, ,= … .
At grid point x1: By applying the formulas from Eqs

(22) and (23) and the values from Table 2 in Eq. (24), we
will obtain the following set of equations, for different
values of k,
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From the aforementioned set of equation at grid point
γ1 and for the values of k n1, 2, 3, ,= … , we will obtain the
following tri-diagonal system of algebraic equations:
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Table 2: The values of UAH tension B-spline of order 4, i.e.,
( )γUAHBi,4 and ( )γUAHB′i,4 at different node points

γi−2 γi−1 γi +
γi 1 +

γi 2

( )γUAHBi,4 0 b1 b2 b3 0

( )γUAHB′i,4 0 b4 0 b5 0
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At grid point γ2: By applying the formulas from
Eqs. (22) and (23) and the values from Table 2 in the
Eq. (24), we will obtain the following set of equations,
for different values of k,
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At grid point γn: By applying the formulas from
Eqs. (22) and (23) and the values from Table 2 in the
Eqs. (24), we will obtain the following set of equations,
for different values of k,
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⎡
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⎢
⎢
⎢
⎢
⎢
⎢
⎢
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⎢
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( )

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
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⎦

⎥
⎥
⎥
⎥
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⎥
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( )→

=

′

′

′

⋮

⋮

⋮

− ′

′

=

⋮

⋮

⋮
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Similarly, to find weighting coefficients of order r
where r 2≥ , we use the following equation:

w r w w w γ γ i j, for ,ij
r

ij ii
r

ij
r

i j
1 1 1[ ( ) ( )]( ) ( ) ( ) ( )

= − ∕ − ≠
− − (25)

w w i j, for .ii
r

j j i

N

ij
r

1,

( ) ( )
∑= − =

= ≠

(26)

So, with the help of the aforementioned equations, second-
order and higher-order weighting coefficients can be easily
obtained.

3 Implementation of the scheme

3.1 Implementation of the scheme on 1D HT
equation

In the present article, u vt = is considered as the required
transformation. On using this transformation in 1D hyper-
bolic telegraph equation, the following coupled system of
PDEs will be obtained.

u x t v x t, , ,t( ) ( )= (27)

v x t αv x t β u x t u x t g x t, 2 , , , , .t xx
2( ) ( ) ( ) ( ) ( )+ + = + (28)
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On using the discretized values of partial derivatives in
the aforementioned coupled system of equations, the fol-
lowing ODE system of equations will be obtained.

u
t

v

v
t

αv x t β u x t u x t g x t

d
d

,

d
d

2 , , , , ,

i
i

i
i i xx i i

2

( )

( )
( ) ( ) ( ) ( )

=

= − − + +

or

u
t

v

v
t

L u

d
d

,

d
d

,

i
i

i
i

( )

( )
( )

=

=

where L u αv t β u t u t g t2i i i xx i i
2( ) ( ) ( ) ( ) ( ) ( )= − − + + . The afore-

mentioned systemofODEs is solvedusingSSP-RK43 scheme
using the following formulae [48]:

u u t L u
u u t L u
u u u t L u

u u t L u

Δ 2 ,
Δ 2 ,

2 3 3 Δ 6 ,
Δ 2 .

m m

m

m

1

2 1 1

3 2 2

1 3 3

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( )

( ) ( ) ( )

( ) ( )

( ) ( )

= + ∕

= + ∕

= ∕ + ∕ + ∕

= + ∕
+

3.2 Implementation of scheme on HT
2D equation

To solve 2D hyperbolic telegraph equation transformation
is considered as follows:

u x y t v x y t, , , , .t( ) ( )=

By using the aforementioned transformation in 2D
hyperbolic telegraph equation, we can obtain the fol-
lowing set of coupled PDEs:

u x y t v x y t, , , , ,t( ) ( )= (29)

v x y t αv x y t β u x y t

u x y t u x y t h x y t

, , 2 , , , ,

, , , , , , .
t

xx yy

2( ) ( ) ( )

( ) ( ) ( )

+ +

= + +

(30)

By using discretization formulae in the aforementioned
set of coupled PDEs, the following system of ODEs will be
fetched as follows:

u x y t
t

v x y t

v x y t
t

αv x y t β u x y t

u x y t u x y t h x y t

d , ,
d

, , ,

d , ,
d

2 , , , ,

, , , , , , ,

i j
i j

i j
i j i j

xx i j yy i j i j

2

( )
( )

( )
( ) ( )

( ) ( ) ( )

=

= − −

+ + +

or

u x y t
t

v x y t

v x y t
t

αv x y t β u x y t

u x y t u x y t h x y t

d , ,
d

, , ,

d , ,
d

2 , , , ,

, , , , , , .

i j
i j

i j
i j i j

xx i j yy i j i j

2

( )
( )

( )
( ) ( )

( ) ( ) ( )

=

= − −

+ + +

or

u t
t

v t

v t
t

αv t β u t

u t u t h t

d
d

,

d
d

2

.

i j
i j

i j
i j i j

xx i j yy i j i j

,
,

,
,

2
,

, , ,

( ( ))
( )

( ( ))
( ) ( )

( ) ( ) ( ) ( ) ( )

( )

( )

=

= − −

+ + +

The aforementioned system of equations is tackled using
SSP-RK43 scheme.

4 Numerical experiments

Error formulae:

L h u u

L abs u u

,

max ,
i

n

2
1

exact numerical
2

1 2

exact numerical

⎜ ⎟
⎛

⎝

( )
⎞

⎠

[ ( )]

∑= −

= −

=

∕

∞

u u u

Rel. error

.
i

n

i

n

1
exact numerical

2

1
exact

2

1 2

⎜ ⎟ ⎜ ⎟
⎛

⎝
⎜

⎛

⎝

( )
⎞

⎠

⎛

⎝

( )
⎞

⎠

⎞

⎠
⎟∑ ∑= −

= =

∕

4.1 Numerical examples regarding 1D HT
equation

Example 1. Considered 1D hyperbolic telegraph equation
(1) with g x t α β t x, 2 2 exp sin2( ) ( ) ( )= − + − in π0,[ ] [31].

I.C.s: u x, 0 0( ) = , v x, 0 0( ) = .
B.C.s: u t0, 0( ) = , u π t, 0( ) = .
Exact solution: u x t t x, exp sin( ) ( )= − .
In Figure 1, exact and numerical u x t,( ) are matched

at t = 1, 2, 3, 4 and 5 using Method I. In Figure 2, exact and
numerical u x t,( ) are matched at t = 1, 2, 3, 4, and 5 using
Method II. In Table 3, exact and numerical u are com-
pared at different x values using Method I. In Table 4,
L u2 and L u∞ are compared with [10] and [49] using
Method I. In Table 5, exact and numerical u are matched
at different x values using Method II. In Table 6, L u2 and
L u∞ are matched with [10] and [49] using Method II.
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By Table 4, it can be claimed that Method I has produced
the better results than [49] at some points, and the pre-
sent results are better on the changed time levels. From

Figure 1: Graphical plot for ( )u x t, at t = 1, 2, 3, 4, and 5 for N = 201, α = 10, β = 5, tΔ = 0.0001, =τ 0.5 using Method I regarding Example 1.

Figure 2: Graphical plot for ( )u x t, at t = 1, 2, 3, 4, and 5 for N = 201, α = 10, β = 5, tΔ = 0.0001, =τ 0.5 using Method II regarding Example 1.

Table 3: Comparison of exact and numerical results of u at t = 1, 2,
and 3 for =N 101, =α 10, =β 5, =tΔ 0.0001, =τ 0.5 using Method
I regarding Example 1

x =t 1 =t 2 =t 3

Exact u Num. u Exact u Num. u Exact u Num. u

0.2827 0.1026 0.1026 0.0378 0.0378 0.0139 0.0139
0.3142 0.1137 0.1137 0.0418 0.0418 0.0154 0.0154
0.3456 0.1246 0.1246 0.0458 0.0458 0.0169 0.0169
0.377 0.1354 0.1354 0.0498 0.0498 0.0183 0.0183
0.4084 0.1461 0.1461 0.0537 0.0537 0.0198 0.0198

Table 4: Comparison of error at different time levels with =N 701,
=α 10, =β 15, =tΔ 0.0001 using Method I regarding Example 1

t L2 L2 L u2
[10] [49] Method I

0.5 ×2.33 10−6
×7.95 10−5

×7.18 10−5

1 ×4.37 10−6
×1.46 10−4

×4.36 10−5

1.5 ×4.78 10−6
×1.59 10−4

×2.65 10−5

2 ×4.27 10−6
×1.42 10−4

×1.60 10−5

t L∞ L∞ L u∞
[10] [49] Method II

0.5 ×1.86 10−6
×8.37 10−6

×3.42 10−4

1 ×3.48 10−6
×1.57 10−5

×2.07 10−4

1.5 ×3.83 10−6
×1.74 10−5

×1.26 10−4

2 ×3.41 10−6
×1.58 10−5

×7.63 10−5
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Table 6, it is noticed that Method II is improvised method
on the changed time level.

Example 2. Considered 1D hyperbolic telegraph equation
(1)with g x t t t x x t t t, 2 2 exp 2 exp2 2 2( ) ( )( ) ( ) ( )= − + − − + −

in [0,1] [31].

I.C.s: u x, 0 0( ) = and v x, 0 0( ) = .
B.C.s: u t0, 0( ) = and u t1, 0( ) = .
Exact solution: u x t x x, 2( ) ( )= − t2 texp( )− .
In Figure 3, u x t,( ) are matched for exact and numer-

ical approximations at t 0.001= , 0.002, and 0.003 using
Method I. In Figure 4, exact and numerical profiles of
u x t,( ) are compared at t 0.001= , 0.002, and 0.003 using
Method II. In Table 7, exact and numerical u are matched
at different x and t values using Method I. In Table 8,
exact and numerical u are compared at different x and t
values using Method II.

Example 3. Considered 1D hyperbolic telegraph equation
(1)with g x t α β t x, 3 4 exp 2 sinh2( ) ( ) ( ) ( )= − + − in [0,1] [18].

I.C.s: u x x, 0 sinh( ) ( )= and u x x, 0 2 sinh( ) ( )= − .
B.C.: u t0, 0( ) = and u t t1, exp 2 sinh 1( ) ( ) ( )= − .
Exact solution: u x t t x, exp 2 sinh( ) ( ) ( )= − .
In Figure 5, u x t,( ) are compared at t 1.0= , 1.5, and

2.0 using the Method I. In Figure 6, u x t,( ) are compared
at t 1.0= , 1.5, and 2.0 using the Method II. In Table 9, L u∞

are compared with [18] using Methods I and II. At some
points, the present results are better than [18]. In Table 10,
L u∞ are compared with [18] at t 0.5= , 1.0, 1.5, and 2.0
using Method I and Method II. It is noticed that the present
results are better at t 1.5= .

Example 4. Considered 1D hyperbolic telegraph equation
with g x t α t x β t x, 2 sin sin cos sin2( ) = − + in [0,1] [18].

I.C.s: u x x, 0 sin( ) = and v x, 0 0( ) = .
B.C.s: u t0, 0( ) = and u t t1, cos sin 1( ) ( )= .
Exact solution: u x t t x, cos sin( ) = .
In Figure 7, u x t,( ) are compared for the exact and

numerical profiles at t 1= , 2, 3, and 4 using Method I.
In Figure 8, u x t,( ) are matched for exact and numerical
profiles at t 1= , 2, 3, 4, and 5 using Method II. In Table 11,
L u∞ are compared with [18] using Methods I and II. The
present results are better at some points than [18]. In
Table 12, L u∞ are matched with [18] using the Methods
I and II. It is noticed that at t 1.0= obtained results are
better.

4.2 Numerical examples regarding HT 2D

Example 5. Considered 2D hyperbolic telegraph equation
(6)withh x y t t t x y, , 2 cos sin sin sin( ) ( )= − in 0, 1 0, 1[ ] [ ]×

[32].

I.C.s: u x y x y, , 0 sin sin( ) = and v x y, , 0 0( ) = .
B.C.s: u y t0, , 0( ) = , u y t t y1, , cos sin 1 sin( ) ( )= ,

u x t u x t t x, 0, 0, , 1, cos sin sin 1( ) ( ) ( )= = .

Table 6: Comparison of error at different time levels with =N 701,
=α 10, =β 15, =tΔ 0.0001, and =τ 0.5 using Method II regarding

Example 1

t L2 L2 L u2

[10] [49] Method II

0.5 ×2.33 10−6
×7.95 10−5

×7.18 10−5

1 ×4.37 10−6
×1.46 10−4

×4.36 10−5

1.5 ×4.78 10−6
×1.59 10−4

×2.65 10−5

2 ×4.27 10−6
×1.42 10−4

×1.60 10−5

t L∞ L∞ L u∞
[10] [49] Method II

0.5 ×1.86 10−6
×8.37 10−6

×3.42 10−4

1 ×3.48 10−6
×1.57 10−5

×2.07 10−4

1.5 ×3.83 10−6
×1.74 10−5

×1.26 10−4

2 ×3.41 10−6
×1.58 10−5

×7.63 10−5

Table 5: Comparison of exact and numerical results of u at =t 1, 2, and 3 for =N 101, =α 10, =β 5, =tΔ 0.0001, =τ 0.5 using Method II
regarding Example 1

x =t 1 =t 2 =t 3

Exact u Num. u Exact u Num. u Exact u Num. u

×2.20 10−1
×8.03 10−2

×8.03 10−2
×2.95 10−2

×2.95 10−2
×1.09 10−2

×1.09 10−2

×2.51 10−1
×9.15 10−2

×9.15 10−2
×3.37 10−2

×3.37 10−2
×1.24 10−2

×1.24 10−2

×2.83 10−1
×1.03 10−1

×1.03 10−1
×3.78 10−2

×3.78 10−2
×1.39 10−2

×1.39 10−2

×3.14 10−1
×1.14 10−1

×1.14 10−1
×4.18 10−2

×4.18 10−2
×1.54 10−2

×1.54 10−2

×3.46 10−1
×1.25 10−1

×1.25 10−1
×4.58 10−2

×4.58 10−2
×1.69 10−2

×1.69 10−2
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Figure 3: Comparison of results of ( )u x t, at =t 0.001, 0.002, and 0.003 with =N 101, =α 0.008, =β 0.008, =tΔ 0.0001, =τ 0.5 using
Method I regarding Example 2.

Figure 4: Comparison of results of ( )u x t, at =t 0.001, 0.002, and 0.003 with =N 101, =α 0.008, =β 0.008, =tΔ 0.0001, =τ 0.5 using
Method II regarding Example 2.

Table 7: Comparison of results at different node points and time levels regarding ( )u x t, for =N 101, =α 0.005, =β 0.005, =tΔ 0.0001, and
=τ 0.5 using Method I regarding Example 2

=t 0.1 =t 0.2 =t 0.3

x Exact u Num. u Exact u Num. u Exact u Num. u

×1.00 10−2
×8.96 10−5

×9.33 10−5
×3.24 10−4

×3.60 10−4
×6.60 10−4

×8.01 10−4

×2.00 10−2
×1.77 10−4

×1.85 10−4
×6.42 10−4

×7.11 10−4
×1.31 10−3

×1.58 10−3

×3.00 10−2
×2.63 10−4

×2.74 10−4
×9.53 10−4

×1.05 10−3
×1.94 10−3

×2.33 10−3
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Table 8: Comparison of results at different node points and time levels regarding ( )u x t, for =N 101, =α 0.005, =β 0.005, =tΔ 0.0001, and
=τ 0.5 using Method II regarding Example 2

=t 0.1 =t 0.2 =t 0.3

x Exact u Num. u Exact u Num. u Exact u Num. u

×1.00 10−2
×8.96 10−5

×9.33 10−5
×3.24 10−4

×3.60 10−4
×6.60 10−4

×8.01 10−4

×2.00 10−2
×1.77 10−4

×1.85 10−4
×6.42 10−4

×7.11 10−4
×1.31 10−3

×1.58 10−3

×3.00 10−2
×2.63 10−4

×2.74 10−4
×9.53 10−4

×1.05 10−3
×1.94 10−3

×2.33 10−3

Figure 5: Comparison of ( )u x t, at =t 1.0, 1.5, and 2.0 for =N 101, =α 30, =β 10, =tΔ 0.0001, and =τ 0.5 using Method I regarding
Example 3.

Figure 6: Comparison of ( )u x t, at =t 1.0, 1.5, and 2.0 for =N 101, =α 30, =β 10, =tΔ 0.0001, and =τ 0.5 using Method II regarding
Example 3.
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Exact solution: u x y t t x y, , cos sin sin( ) = , and
v x y t t x y, , sin sin sin( ) = − .

In Figure 9, surface and contour plots of u are pro-
vided at t = 1 using Method I. In Figure 10, surface and
contour plots of u are provided at t = 1 using Method II. In
Table 13, L u2 and L u∞ are compared with [8] using
Methods I and II. The present results are much better

than [8]. In Table 14, L u2 and L u∞ are matched with
[32] using Methods I and II. In Table 15, relative errors
of u are matched with [8] and [32] using Methods I and II.
Present results are much better than compared ones.

Example 6. Considered 2D hyperbolic telegraph equation
(6)with h x y t α β t x y, , 2 1 exp sinh sinh2( ) ( ) ( ) ( ) ( )= − + − −

in 0, 1 0, 1[ ] [ ]× [32].

I.C.s: u x y x, , 0 sinh( ) ( )= ysinh( ) and v x y, , 0( ) =

x ysinh sinh( ) ( )− .
B.C.s: u y t0, , 0( ) = , u y t t1, , exp sinh 1( ) ( ) ( )= −

ysinh( ),
u x t, 0, 0( ) = , u x t t x, 1, exp sinh sinh 1( ) ( ) ( ) ( )= − .
Exact solution: u x y t t x y, , exp sinh sinh( ) ( ) ( ) ( )= −

and v x y t t x y, , exp sinh sinh( ) ( ) ( ) ( )= − .
In Figure 11, comparisons of surface and contour

plots for u are given using Method I. In Figure 12, com-
parison of surface and contour plots is provided for u
using Method II. In Table 16, L u2 and L u∞ are matched
with [8] using Methods I and II. At some points, the pre-
sent results are better than compared. In Table 17, L u2
and L u∞ are compared with [8] using Methods I and II.
Present results are better than matched results. In Table
18, relative errors of u are better obtained than [8] and
[18] using Methods I and II.

Example 7. Considered 2D hyperbolic telegraph equation
(6) with h x y t t α t β t x, , 3 cos 2 sin cos sinh2( ) ( ) ( )= − − +

ysinh( ) in 0, 1 0, 1[ ] [ ]× [32].

I.C.s: u x y, , 0 0( ) = and v x y, , 0 0( ) = .

Table 9: Comparison of maximum absolute error at different time
levels for =α 20, =β 10, =N 101, and =τ 0.5 regarding Example 3

t L∞ L u∞ L u∞
[18] [present] [present]

Method I Method II

0.5 ×2.24 10−5
×8.66 10−4

×8.66 10−4

1 ×3.57 10−4
×3.18 10−4

×3.18 10−4

1.5 ×1.95 10−2
×1.17 10−4

×1.17 10−4

2 — ×4.31 10−5
×4.31 10−5

Table 10: Comparison of maximum absolute error at different time
levels for =α 20, =β 10, =N 101, =τ 0.5, and =tΔ 0.0001
regarding Example 3

t L∞ L u∞ L u∞
[18] [present] [present]

Method I Method II

0.5 ×2.24 10−6
×6.53 10−4

×6.53 10−4

1 ×1.73 10−5
×2.42 10−4

×2.42 10−4

1.5 ×4.15 10−3
×8.94 10−5

×8.94 10−5

2 — ×3.29 10−5
×3.29 10−5

Figure 7: Comparison of ( )u x t, at =t 1, 2, 3, 4, and 5 for =N 101, =α 30, =β 5, =tΔ 0.0001, and =τ 0.5 using Method I regarding
Example 4.
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B.C.s: u y t0, , 0( ) = , u y t t y1, , cos sinh 1 sinh( ) ( )= ,
u x t, 0, 0( ) = , u x t t x, 1, cos sinh sinh 1( ) ( )= .

Exact solution: u x y t t x y, , cos sinh sinh( ) = and
v x y t t x y, , sin sinh sinh( ) = − .

In Figure 13, surface and contour plots for u are
matched using Method I at t 1= . In Figure 14, surface
and contour plots for u are matched using Method II at

t 1= . In Table 19, L u2 and L u∞ are compared with [8]
using Methods I and II. Methods I and II have generated
better results at some points. In Table 20, L u2 and L u∞ are
matched with [8] using Methods I and II. Methods I and II
have produced the acceptable results in most of the
cases. In Table 21, relative errors of u are better matched
with [8] and [18] using Methods I and II. In Table 22,
relative errors of u are compared with [8] and [18] using
Methods I and II.

Example 8. Considered 2D hyperbolic telegraph equation
(6) with h x y t x y t, , 2 exp( ) ( )= − + − in 0, 1 0, 1[ ] [ ]×

[32].

I.C.s: u x y x y, , 0 exp( ) ( )= + and v x y, , 0( ) =

x yexp( )− + .
B.C.s: u y t y t0, , exp( ) ( )= − , u y t y t1, , exp 1( ) ( )= + − ,
u x t x t, 0, exp( ) ( )= − , u x t x t, 1, exp 1( ) ( )= + − .
Exact solution: u x y t x y t, , exp( ) ( )= + − and

v x y t x y t, , exp( ) ( )= + − .
In Figure 15, surface and contour plots for u are pro-

vided at t = 1 using Method I. In Figure 16, surface and
contour plots are given at t = 1 using Method II. In Table
23, L u2 and L u∞ are compared with [8] using Methods I
and II. The present results are highly acceptable.

Example 9. Considered 2D hyperbolic telegraph equation
(6) with h x y t π t πx πy, , 2 exp sin sin2( ) ( ) ( ) ( )= − in 0, 1[ ] ×

0, 1[ ] [32].

I.C.s: u x y πx πy, , 0 sin sin( ) ( ) ( )= and v x y, , 0( ) =

πx πysin sin( ) ( )− .

Figure 8: Comparison of ( )u x t, at =t 1, 2, 3, 4, and 5 for =N 101, =α 30, =β 5, =tΔ 0.0001, and =τ 0.5 using Method II regarding
Example 4.

Table 11: Comparison of maximum absolute error at different time
levels for =α 10, =β 5, =N 101, =τ 0.5, and =tΔ 0.001 regarding
Example 4

t L∞ L u∞ L u∞
[18] [present] [present]

Method I Method II

0.2 ×1.67 10−5
×5.70 10−4

×5.70 10−4

0.5 ×4.71 10−4
×4.03 10−4

×4.03 10−4

1 ×8.63 10−4
×7.08 10−4

×7.08 10−4

1.5 — ×8.39 10−4
×8.39 10−4

Table 12: Comparison of maximum absolute error at different time
levels for =α 10, =β 5, =N 101, =τ 0.5, and =tΔ 0.0001 regarding
Example 4

t L∞ L u∞ L u∞
[18] [present] [present]

Method I Method II

0.2 ×1.67 10−6
×6.65 10−4

×6.65 10−4

0.5 ×4.73 10−5
×5.89 10−4

×5.89 10−4

1 ×7.09 10−4
×3.41 10−4

×3.41 10−4

1.5 — ×8.39 10−5
×8.39 10−5
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Figure 9: Surface and contour representation of ( )u x t, at t = 1 with =N 11, =α 1, =β 1, =τ 0.5, and =tΔ 0.0001 using Method I regarding
Example 5.

Figure 10: Surface and contour representation of ( )u x t, at =t 1 with =N 11, =α 1, =β 1, =τ 0.5, and =tΔ 0.0001 using Method II regarding
Example 5.
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Boundary conditions are obtained from the following
exact solution.

Exact solution: u x y t t πx, , exp sin( ) ( ) ( )= −

πysin( ) and v x y t t πx πy, , exp sin sin( ) ( ) ( ) ( )= − − .
In Figure 17, surface and contour plots for u are

matched at t = 1 using Method I. In Figure 18, surface
and contour plots for u are compared at t = 1 using
Method II. In Table 24, L u2 and L u∞ are compared with
[8] using Methods I and II. Methods I and II have gener-
ated the better results.

Example 10. Thepresent example considered 2Dhyperbolic
telegraph equation is as follows [18]: u πu π u4 2tt t

2
+ + =

u u πt π x y2 sinxx yy ( )+ + + x y t x y πexp 2 2( ( ) ) [( )− + + + −

t2 2]− πx πy x y tsin sin exp( ) ( ) ( ( ) )− + .

I.C.s: u x y πx, , 0 sin( ) ( )= πysin( ) v x y x y, , 0( ) ( )= +

πxsin( ) πysin( ).
Boundary conditions can be extracted from the pro-

vided exact solution.
Exact solution: u x y t x y t, , exp( ) ( ( ) )= − + πxsin( )

πysin( ).
u x y t x y x y t, , exp( ) ( ) ( ( ) )= − + − + πxsin( ) πysin( ).
Domain of computation: 0, 1 0, 1[ ] [ ]× .
In Figures 19 and 20, surface and contour plots are

provided for u and t 1= using Methods I and II.
Need for SSPRK 43 method:
The SSP method [48,50,51] is also termed as TVD

(time variation diminishing) implemented for tackling
the ODE system. The mth-order RK method is defined as
follows; u un0( )

=

u i
θ
i

1
1( )

= ∑
=

− α u tβ uΔi θ
θ

i θ
θ

, ,[ ]+ ,

α i0, 1, 2, 3,i θ, ≥ = … u un m1( ) ( )
=

+ .

For the consistent system α 1θ
i

i θ0
1

,∑ =
=

− , as per the
hyperbolic conversation law:

u
t

g u ,x( )
∂

∂

= −

where g u x( ) (spatial derivative) is discretized by TVD FD
scheme, which lead to an ODE system.

u
t

L ud
d

.( )=

It is considered that there is discretization in space: L u( )

has the attribute that it is combined with the forward,
first-order Euler time discretization. The CFL condition
is provided as: t c t EΔ Δ F≤

Total variation for the multistep time discretization or
SSP RK (higher-order) is to obtain the temporal accuracy

Table 13: Comparison of errors at =t 1, 2, and 3 for =N 21,
=tΔ 0.0001, and =τ 0.5 regarding Example 5

t [8] Method I

L2 L∞ L u2 L u∞

1 ×9.97 10−4
×2.27 10−3

×8.17 10−5
×4.75 10−5

2 ×1.09 10−3
×2.87 10−3

×1.31 10−5
×6.75 10−6

3 ×2.29 10−4
×6.08 10−4

×7.33 10−5
×5.04 10−5

t [8] Method II

L2 L∞ L u2 L u∞

1 ×9.97 10−4
×2.27 10−3

×8.17 10−5
×4.75 10−5

2 ×1.09 10−3
×2.87 10−3

×1.31 10−5
×6.75 10−6

3 ×2.29 10−4
×6.08 10−4

×7.33 10−5
×5.03 10−5

Table 14: Comparison of errors at =t 1, 2, and 3 for =N 21,
=tΔ 0.0001, and =τ 0.5 regarding Example 5

[32] Method I

t L2 L∞ L u2 L u∞

1 ×3.75 10−6
×4.57 10−6

×8.17 10−5
×4.75 10−5

2 ×4.47 10−6
×5.61 10−6

×1.31 10−5
×6.75 10−6

3 ×3.74 10−6
×6.28 10−6

×7.33 10−5
×5.04 10−5

[32] Method II

t L2 L∞ L u2 L u∞

1 ×3.75 10−6
×4.57 10−6

×8.17 10−5
×4.75 10−5

2 ×4.47 10−6
×5.61 10−6

×1.31 10−5
×6.75 10−6

3 ×3.74 10−6
×6.28 10−6

×7.33 10−5
×5.03 10−5

Table 15: Comparison of errors with at =t 1, 2 and 3 for =N 21,
=tΔ 0.0001, and =τ 0.5 regarding Example 5

t Relative error Relative error Relative
error u

Relative
error u

[8] [32] Method I Method II

1 ×5.98 10−3
×2.47 10−5

×1.24 10−4
×1.24 10−4

2 ×8.50 10−3
×3.83 10−5

×1.94 10−5
×1.94 10−5

3 ×7.47 10−4
×1.34 10−5

×6.31 10−5
×6.31 10−5
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Figure 11: Surface and contour plots for u component at t = 1 for =N 11, =α 10, =β 5, =tΔ 0.0001, and =τ 0.5 using Method I regarding
Example 6.

Figure 12: Surface and contour plots for u component at t = 1 for =N 11, =α 10, =β 5, =tΔ 0.0001, and =τ 0.5 using Method II regarding
Example 6.
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with the higher-order to fetch the substantial stability
property.

5 Stability and convergence
analysis

5.1 Stability analysis

In the traditional regime, the Von Neumann stability
approach can be easily implemented. DQM discretized
models can not be tackled using the Von Neumann sta-
bility analysis method. To solve this purpose, the matrix
stability analysis method is used extensively [52,53]. In
this piece of research, stability is discussed using the
matrix stability analysis method. The time-dependent
system is as follows: L gg

t ( )=
∂

∂

. Along with the I.C.s, L
is the spatial nonlinear differential operator. After the
discretization with UAT DQM or UAH DQM, and the lin-
earization of the nonlinear term, the following ODE
system will be fetched:

u D u ct
d
d [ ]{ } { }= + .

u{ } → unknown vector of the functional value.
c{ } → nonhomogeneous part.
D[ ] → coefficient matrix.
In the more compact form,

u
t

Du Hd
d

.= + (31)

Or

t
u
u

α A
I O

u
u

O
H t

d
d

2 .
i

1
2

1
2

1
⎜ ⎟⎛

⎝
⎞
⎠

⎛

⎝ ( )
⎞

⎠
( ) ( )=

−
+

O is the null matrix. I is the unit matrix.

t
u
u

d
d

,1
2( )

is a solution vector. H is the vector for the nonhomoge-
neous part, O1 is the zero vector, and H ti( ) is the column
vector. The stability of the fetched system (31) is directly
connected to the stability of the numerical regime, which
is proposed to solve it. If the obtained ODE system is
unstable, then any stable numerical regime can not con-
verge. The stability of the ODE system depends upon the
eigenvalues of the coefficient matrix D. If all the eigen-
values of D consist of the real part, then the ODE system
will be stable. λ → eigenvalue of D. u u,1 2 → the corre-
sponding eigenvectors of N 2( )− order each. Let

Table 16: Comparison of errors for =α 10, β = 0, =N 21,
=tΔ 0.0001, and =τ 0.5 regarding Example 6

[8] Method I

t L2 L∞ L u2 L u∞

0.5 ×9.30 10−5
×4.23 10−4

×4.27 10−5
×4.27 10−5

1 ×6.37 10−5
×2.58 10−4

×3.11 10−5
×2.84 10−5

2 ×2.55 10−5
×9.58 10−5

×2.22 10−5
×1.26 10−5

[8] Method II

t L2 L∞ L u2 L u∞

0.5 ×9.30 10−5
×4.23 10−4

×4.27 10−5
×4.04 10−5

1 ×6.37 10−5
×2.58 10−4

×3.11 10−5
×2.84 10−5

2 ×2.55 10−5
×9.58 10−5

×2.22 10−5
×1.26 10−5

Table 17: Comparison of errors for =α 10, =β 5, =N 21,
=tΔ 0.0001, and =τ 0.5 regarding Example 6

[8] Method I

t L2 L∞ L u2 L u∞

0.5 ×1.61 10−4
×2.47 10−4

×3.24 10−5
×3.58 10−5

1 ×1.53 10−5
×3.31 10−4

×1.88 10−5
×2.21 10−5

2 ×4.65 10−5
×1.14 10−5

×8.05 10−6
×8.18 10−6

[8] Method II

t L2 L∞ L u2 L u∞

0.5 ×1.61 10−4
×2.47 10−4

×3.24 10−5
×3.58 10−5

1 ×1.53 10−5
×3.31 10−4

×1.88 10−5
×2.21 10−5

2 ×4.65 10−5
×1.14 10−5

×8.05 10−6
×8.18 10−6

Table 18: Comparison of relative errors for =α 10, =β 5, =N 21,
=tΔ 0.0001, and =τ 0.5 regarding Example 6

t Relative
error [8]

Relative
error [18]

Relative
error u

Relative
error u

Method 1 Method II

0.5 ×1.11 10−4
×1.12 10−4

×2.24 10−5
×2.24 10−5

1 ×1.33 10−4
×1.81 10−4

×2.74 10−5
×2.74 10−5

2 ×3.20 10−4
×4.73 10−4

×3.46 10−5
×3.45 10−5
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Figure 13: Surface and contour plots for u component at =t 1 for =N 11, =α 50, =β 5, =tΔ 0.0001, and =τ 0.5 using Method I regarding
Example 7.

Figure 14: Surface and contour plots for u component at =t 1 for =N 11, =α 50, =β 5, =tΔ 0.0001, and =τ 0.5 using Method II regarding
Example 7.
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α A
I O
2 .⎛

⎝
⎞
⎠

−

As per the definition of eigenvalues and eigenvectors:

α A
I O

u
u λ u

u
2 .1

2
1
2

⎛
⎝

⎞
⎠
( ) ( )

−
=

αu Au λu a2 ,1 2 1( )− + =

Iu λu b .1 2( )=

α λu Au λ λu2 .2 2 2[ ] [ ]− + =

Au λ αλ u2 .2
2

2( )= +

A λ αλ2 ,
eigen value 2

→ +

where u2 is the corresponding eigenvector. Considered
λ αλ μ22

+ = .

λ αλ μ2 0.2
+ − =

λ α α μ .2
= − ± +

It is noticeable from the aforementioned equation
that the real part of the eigenvalues of D is always nega-
tive. Therefore, the developed system of ODEs is stable.
Hence, stability condition is verified.

Convergence analysis
Let x x k nUATB UAHB 1, , 1k k( ) ( )∕ = − … + UAT tension

B-spline/UAH tension B-spline is the set of basis func-
tions, continuously differentiable twice and L.I. in the
provided universe if discourse. Cubic UAT tension B-spline/
UAH tension B-spline is n 3( )+ dimensional subspace of
C a b,2[ ]. By using the notion of x xUATB UAHBk k( ) ( )/ :

u x w u x .p
i

j

n

ij
p

j
1

( ) ( )( ) ( )
∑=

=

(32)

x x w x xUATB UAHB UATB UAHB ,k i k i
j

n

ij k j k j
0

1( ) ( ) ( ) ( )( )
∑′ ∕ ′ = ∕

=

(33)

x x w x xUATB UAHB UATB UAHB .k i k i
j

n

ij k j k j
0

2( ) ( ) ( ) ( )( )
∑′ ∕ ′ = ∕

′ ′

=

(34)

By solving the system, wij
p( ) can be obtained, and the

derivative of the given function can be obtained at the
node points. Cubic uniform algebraic hyperbolic tension
B-spline h x( ) is given as follows:

h x m x xUATB UAHB ,
k

n

k k k
1

1
( ) ( ) ( )

( )

∑= ∕

=−

+

(35)

Table 19: Comparison of errors for =α 10, =β 5, =N 21,
=tΔ 0.0001, and =τ 0.5 regarding Example 7

[8] Method I

t L2 L∞ L u2 L u∞

0.5 ×6.96 10−6
×3.76 10−4

×4.55 10−5
×6.57 10−5

1 ×1.72 10−4
×5.64 10−4

×1.79 10−5
×2.02 10−5

2 ×1.65 10−4
×5.13 10−4

×6.41 10−5
×7.38 10−5

[8] Method II

t L2 L∞ L u2 L u∞

0.5 ×6.96 10−6
×3.76 10−4

×4.54 10−5
×6.56 10−5

1 ×1.72 10−4
×5.64 10−4

×1.79 10−5
×2.02 10−5

2 ×1.65 10−4
×5.13 10−4

×6.41 10−5
×7.38 10−5

Table 20: Comparison of errors for =α 50, =β 5, =N 21,
=tΔ 0.0001, and =τ 0.5 regarding Example 7

[8] Method I

t L2 L∞ L u2 L u∞

0.5 ×9.88 10−5
×3.70 10−4

×3.12 10−5
×5.81 10−5

1 ×1.68 10−4
×5.69 10−4

×3.05 10−5
×2.33 10−5

2 ×1.71 10−4
×5.26 10−4

×4.62 10−5
×6.09 10−5

[8] Method II

t L2 L∞ L u2 L u∞

0.5 ×9.88 10−5
×3.70 10−4

×3.12 10−5
×5.81 10−5

1 ×1.68 10−4
×5.69 10−4

×3.05 10−5
×2.33 10−5

2 ×1.71 10−4
×5.26 10−4

×4.62 10−5
×6.09 10−5

Table 21: Comparison of relative errors for =α 10, =β 5, =N 21,
=tΔ 0.0001, and =τ 0.5 regarding Example 7

t Relative
error [8]

Relative
error [18]

Relative
error u

Relative
error u

Method I Method II

0.5 ×1.38 10−5
×2.01 10−5

×2.84 10−5
×2.84 10−5

1 ×3.60 10−5
×4.60 10−5

×1.43 10−5
×1.43 10−5

2 ×4.47 10−5
×4.45 10−5

×8.94 10−5
×8.94 10−5

Table 22: Comparison of relative errors for =α 50, =β 5, =N 21,
=tΔ 0.0001, and =τ 0.5 regarding Example 7

t Relative
error [8]

Relative
error [18]

Relative
error u

Relative
error u

Method I Method II

0.5 ×1.27 10−5
×2.87 10−5

×1.55 10−5
×1.55 10−5

1 ×3.51 10−5
×7.01 10−5

×2.56 10−5
×2.56 10−5

2 ×4.64 10−5
×6.78 10−5

×6.29 10−5
×6.29 10−5
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Figure 15: Surface and contour plots for u component at =t 1 for =N 11, =α 1, =β 1, =tΔ 0.0001, and =τ 0.5 using Method I regarding
Example 8.

Figure 16: Surface and contour plots for u component at =t 1 for =N 11, =α 1, =β 1, =tΔ 0.0001, and =τ 0.5 using Method II regarding
Example 8.
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where mk can be determined by using the interpolation
conditions given as follows [31]:

h x u x i n, 0, 1, , .i i( ) ( )= = … (36)

h a u a h u a
12

,
2

4( ) ( ) ( )( )′ = ′ −
′ ′ (37)

h b u b h u b
12

.
2

4( ) ( ) ( )( )′ = ′ −
′ ′ (38)

We can construct the approximation of u x( ) as follows:

u x U x w U x i n, 1, , 1 .i i
j

n

ij j
1

1
1( ) ( ) ( ) ( )

( )
( )

∑′ ≡ ′ = = − … +

=−

+

(39)

Theorem. Let v x C a b,6( ) [ ]∈ . Then the aforementioned
two approximations of u xi( )′ and u xi( )″ have the following
error bounds for i n1, , 1= − … + .

u x U x O h ,i i
4∣ ( ) ( )∣ ( )′ − ′ =

u x U x O h .i i
4∣ ( ) ( )∣ ( )″ − ″ =

Proof. Let h x( ) is the cubic hyperbolic B-spline interpo-
lant of u x( ) the by using the, and we will obtain the
following,

u x U x u x h x
h x U x ,

i i i i

i i

∣ ( ) ( )∣ ∣( ( ) ( ))

( ( ) ( ))∣

′ − ′ = ′ − ′

+ ′ − ′

(40)

u x U x u x h x h x U x ,i i i i i i∣ ( ) ( )∣ ∣ ( ) ( )∣ ∣ ( ) ( )∣′ − ′ ≤ ′ − ′ + ′ − ′ (41)

where the first term of RHS of the aforementioned equa-
tion is having order four by ref. [31]. For the second term,
it is considered that,

h x U x m x x

w U x

UATB UAHB

,

i i
k

n

k k i k i

j

n

ij j

1

1

1

1
1

( ) ( ) ( ) ( )

( )

( )

( )

( )

∑

∑

′ − ′ = ′ ∕ ′

−

=−

+

=−

+

Table 23: Comparison of errors for =N 11, =tΔ 0.0001, =α 1,
=β 1, and =τ 0.5 regarding Example 8

[8] Method I

t L2 L∞ L u2 L u∞

1 ×1.44 10−2
×3.00 10−2

×1.51 10−3
×8.22 10−4

2 ×1.39 10−3
×3.97 10−3

×6.71 10−4
×4.40 10−4

3 ×1.30 10−3
×2.22 10−3

×1.09 10−4
×1.28 10−4

[8] Method II

t L2 L∞ L u2 L u∞

1 ×1.44 10−2
×3.00 10−2

×1.51 10−3
×8.21 10−4

2 ×1.39 10−3
×3.97 10−3

×6.70 10−4
×4.40 10−4

3 ×1.30 10−3
×2.22 10−3

×1.09 10−4
×1.27 10−4

Figure 17: Surface and contour plots for u component at t = 1 for =N 21, =α 1, =β 1, =tΔ 0.0001, and =τ 0.5 using Method I regarding
Example 9.
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h x U x m w x x

w U x

UATB UAHB

,

i i
k

n

k
j

n

ij k j k j

j

n

ij j

1

1

1

1
1

1

1
1

( ) ( ) ( ) ( )

( )

( ) ( )

( )

( )

( )

∑ ∑

∑

′ − ′ = ∕

−

=−

+

=−

+

=−

+

h x U x w m x x

U x

UATB UAHB

,

i i
j

n

ij
k

n

k k j k j

j

1

1
1

1

1

( ) ( ) [ ( ) ( )

( )]

( )

( )

( )

∑ ∑′ − ′ = ∕

−

=−

+

=−

+

h x U x w h x U x w h x U x

w h x U x ,

i i i in n n

j j i j n

n

ij j j

1
1

1 1
1

1, ,

1
1

( ) ( ) [ ( ) ( )] [ ( ) ( )]

[ ( ) ( )]

( ) ( )

( )

( )
∑

′ − ′ = − + −

+ −

=− ≠ ≠

+

h x U x O h O h O h0 .i i
4 4 4( ) ( ) ( ) ( ) ( )′ − ′ = + + =

Similarly,

u x U x u x h x
h x U x ,

i i i i

i i

∣ ( ) ( )∣ ∣( ( ) ( ))

( ( ) ( ))∣

″ − ″ = ″ − ″

+ ″ − ″

(42)

u x U x u x h x h x
U x ,

i i i i i

i

∣ ( ) ( )∣ ∣ ( ) ( )∣ ∣ ( )

( )∣

″ − ″ ≤ ″ − ″ + ″

− ″

(43)

where the first term of RHS of the aforementioned equa-
tion is having order four by ref. [31]. For the second term,
it is considered that,

h x U x m x x

w U x

UATB UAHB

,

i i
k

n

k k i k i

j

n
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1

1

1

1
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+
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+
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Table 24: Comparison of errors for =N 21, =tΔ 0.0001, =α 1,
=β 1, and =τ 0.5 regarding Example 9

[8] Method I

t L2 L∞ L u2 L u∞

1 ×1.61 10−3
×3.70 10−3

×2.09 10−4
×9.00 10−5

2 ×2.63 10−3
×5.71 10−3

×9.13 10−5
×4.18 10−5

3 ×5.38 10−4
×1.25 10−3

×1.51 10−5
×8.20 10−6

Figure 18: Surface and contour plots for u component at =t 1 for =N 21, =α 1, =β 1, =tΔ 0.0001, and =τ 0.5 using Method II regarding
Example 9.
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Figure 19: Surface and contour plots for u component at =t 1 for =N 21, =α 1, =β 1, =tΔ 0.0001, and =τ 0.5 using Method I regarding
Example 10.

Figure 20: Surface and contour plots for u component at =t 1 for =N 21, =α 1, =β 1, =tΔ 0.0001, and =τ 0.5 using Method II regarding
Example 10.
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h x U x w g x U x w g x U x

w g x U x ,

i i i in n n

j j i j n

n

ij j j

1
2

1 1
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1, ,

1
2

( ) ( ) [ ( ) ( )] [ ( ) ( )]

[ ( ) ( )]
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∑

″ − ″ = − + −
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6 Conclusion

In the current study, two regimes known as UAT tension
B-spline DQM and UAH tension B-spline regimes are used
tonumericallyapproximate 1Dand2Dhyperbolic telegraph
equations. Ten numerical examples in all are discussed
in the current study; the first four examples concern the
1D hyperbolic telegraph equation and the remaining six
instances concern the 2D hyperbolic telegraph equation.
The validity of the anticipated regimes is examined after
graphic and tabular analysis of these examples. The current
regimes have produced more often than not better and
acceptable results. The main focus of this research is the
comparison of two innovative regimes, and it is noted that
UAH tensionB-splineDQM ismarginally superior thanUAT
tension B-spline DQM, meaning that Method II is margin-
ally superior to Method I.

Robustness of these methods is claimed via the com-
parison of results. It is observed that in Table 4 Method I
has produced better results than [49]. In Table 6, Method
II has generated much better results than [49] for L2 error.
In Tables 9 and 10, results of this study are better than
[18] at t 1= .5. In Table 13, produced results are far better
than [8] at a wide range of time levels. Stability and con-
vergence analysis are also provided. These methods are
completely novel to solve 1D and 2D hyperbolic telegraph
equations. Finding analytical solutions is not an easy
task in most of the cases, and therefore, these developed
regimes are important contributions in the literature.
These developed regimes will surely be helpful to tackle
other equations of importance.
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