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Abstract: In this paper, the homotopy analysis method
(HAM) is employed to solve a class of variational problems
(VPs). By using the so-called A-curves, we determine the
convergence parameter /i, which plays key role to control
convergence of solution series. Also we use Pade’ approx-
imant to improve accuracy of the method. Two test exam-
ple are given to clarify the applicability and efficiency of
the proposed method.
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1 Introduction

1.1 Motivation of paper

The investigation of exact solutions to fractional VPs plays
an important role in the study of nonlinear physical phe-
nomena.

1.2 Some history

The Homotopy analysis method (HAM) has been presented
by Liao [1-3], to obtain the analytical solutions for vari-
ous nonlinear problems. There are many letters that deal
with Homotopy analysis method such as, Abbasbandy et
al. [4] applied the Newton-homotopy analysis method to
solve nonlinear algebraic equations, Allan [5] constructed
the analytical solutions to Lorenz system by the HAM,
Bataineh et al. [6, 7] proposed a new reliable modification
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of the HAM, Alomari and et al. introduced the solution of
delay differential equation by means of homotopy analy-
sis method , Chen and Liu [9] applied the HAM to increase
the ciatonvergent region of the harmonic balance method,
Liao [10] proposed the HAM to study nonlinear problems
and others [11, 12].

1.3 Structure of paper

In this paper, we extend the application of HAM for solv-
ing variational problems. The structure of this paper is or-
ganized as follows.

In Section 2, we present our main results concerning
to our method. In Section 3, we present a test example. Fi-
nally, we end the paper with few concluding remarks in
Section 4.

2 VPs with Caputo fractional
derivative

Consider the following functional

b

Tly] = / Fley (0),y (0))dx )

a

defined on the set of continuous curves y : [0,1] — R,
where F has continuous derivatives with respect to the sec-
ond, third and fourth variable. Consider the problem of
finding the extremum of the functional (1) with boundary
conditions y (a) = A and y (b) = B. Let us denote this prob-
lem by (P). A necessary condition for problem (P) is given
by the next theorem.

Theoremt: (see [12]) If y is a local minimizer to problem
(P), then ysatisfies the Euler-Lagrange equation

OF d (9F\ _,
oy dx\oy ) by
y(@=A4,y(b)=B

The Euler-Lagrange equation (2) is in general a non-
linear differential equation of fractional order, which does
not always have an analytic solution.
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3 Solution guidelines for
variational problems

First, we rewrite the Euler-Lagrange equation in the fol-
lowing operator form

Lly®]+N[y®)]-g®) =0, 3)
y(@=A,y(b)=B.

where L is a linear operator, N is a nonlinear operator
which contains differential operators less than 2 and g(x)
is a given function.

Let 7 denote a nonzero auxiliary parameter. By means
of generalizing the traditional homotopy method, we con-
struct the so-called zero th-order deformation equation

(1-p)L[Y (x;p) - Yo ()] = phIL [y ()] + NIy ()] - g (),

(4)

Where pel0, 1] is the so-called homotopy parameter,

(x;p) : [a, b] x [0, 1] — R, and Y, defines the initial ap-

proximation of the solution of (3). Assume the solution of
(3) to be in the form

Y=Yo+pYi+p*Y, +p°Y5+. .. (5)

In order to determine the functions ¥;, j=1,2,3,...
substituting (5) into (4) and collecting terms of the same
power of p gives

L[Y1] =h [L[Yo] + No[Yo] - g (x)],
L[Y] = L[Y1] + RIL[Y1] + N1[Yo, Y4]]
L [Y3] =L [Yz] + fL[L [Yz] + N() [Yo, Yl, Yz]] B

where
N Y0+pY1+p2Y2+p3Y3+... =
2
No [Yo] + pN1 [Yo, Y1] + P°N; [Yo, Y1, Y3],
and
No
Ny
N>
N3 =
N,
1 0 0 0 0 NIYo]
0 1 0 0 0 N'[Yo]
0 Y, & 0 0 N"[Yol
0 Y3 Y1Y, % 0 NU[Yo]
0 ¥, Anenn L¥in AV NOTY,)
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where
N® [¥o] = N {Yo > Ymp’"} , n=0,1,2,...
m=1 IPZO
Then, the solution of (2) has the form

n
y() = lim 3 Y (). (6)

j=0

If it is difficult to determine the sum of series (6), then
as an approximate solution of the equation, we approxi-
mate the solution y(x) by the truncated series

V' =Y. )

j=0

3.1 Convergence theorem

Theorem 1. (see [1]) If the solution series defined by (6) is
convergent, then it must be the solution of the equation
2.

Theorem 2. (see [13]) Let A(#) be a continuous function on
a1, by ]. Further, suppose that y" (x, A(%)) be the approx-
imate solution about A(#%), then

Ve >0, Xxe(ai,by), INg and 3(hq, hy), so that

Vhe (h1, hp)andn = Ny = ]y()'(,A(ﬁ)) -y (%, A (ﬁ))] <e.
(8)
Theorem 3. (see [13]) Let A(%) be a continuous function
on [a; ,b; ]and y" (x, A(h)) be the series of (7) about
A(h) such that for each fixed #is a function of x, then the
curve of y" (x, A(h)), where x € (a; , by ), becomes a
horizontal line when n — oo.
Theorem 4. (see [13]) Let A(%) be a continuous function on
[a; ,by]and y" (x, A(h)) be the series of (7) about A(h)
such that for each fixed # is a function of x, then the curve
of &y"(x,A(h))|,z» wherex € (a;, by ), becomes a
horizontal line when n — oo.
Remark. So, it can be deduced that if for every fixed x €
(a1, by ) the h-curve becomes horizontal, thus the series
(7) is convergent, and according to the Theorem 1, con-
verges to the exact solution.

3.2 Padé technique

There exist some techniques to improve the convergence
rate of a given series by HAM. Among these techniques,
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Fig. 1: The A -curve of y19(1).

the so-called Padé technique is widely applied. The so-
called homotopy- Padé technique was suggested by means
of combining the Padé technique with HAM [1]. For a give
series

j=0
the corresponding [%] Padé approximant is expressed by

L .
[L] - (10)
MI 1+ qp)
The formal power series:
Y=>"v,P 1)
j=0
L o
P £
v 21_0 P 0 (pL+M+1> ’ (12)

1+ 330 g

Determine the coefficients r; and g; by equating.
Then, we can write out (12) in more details as:

YL+1 + Yqu +...+ YL—MqM =0,
Yioo+Yrig+.oo + Yo poogu =0

(13)
Yiom+Yomagr+--- +Yqu =0
Yo=r10
Yi+Yop1=11
(14)

YL + YL—lql +...+ YOqL =TI
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Table 1: The absolute errors of the solutions for Example 1.

X Vexact h=-0.9 h=-0.5
0.1 0.0481397563 4.56E-6 5.98E-6
0.2 0.0963910086 5.60E-6 5.24E-6
0.3 0.1448655114 6.05E-6 6.23E-6
0.4 0.1936755370 8.76E-6 9.87E-6
0.5 0.2429341332 9.36E-6 1.56E-5
0.6 0.2927553881 6.14E-5 7.86E-5
0.7 0.3432546921 5.21E-5 6.12E-5
0.8 0.3945490069 4.77E-4 5.87E-4
0.9 0.4467571349 5.08E-4 7.43E-4

Table 2: The [ﬁ] padé approximant for Example 1.

H

G

H

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.0481399145
0.0963913376
0.1448658458
0.1936759781
0.2429344883
0.2927585751
0.3432578831
0.3945754189
0.4467995789

0.0481398235
0.0963912365
0.1448657355
0.1936758684
0.2429343784
0.2927574832
0.3432567985
0.3945653129
0.4467873909

0.0481398143
0.0963911255
0.1448656331
0.1936757566
0.2429332645
0.2927563297
0.3432557102
0.3945562789
0.4467772909

Setting p = 1 provides the [ﬁ] Padé approximant

Y1 M Yii

Y, - Yim
L I

{L} _ YimYim oo 20 Y (15)
M Y1 M Vi
Y, ... Yu
L
1 . YhY

For more details refer to [14].

4 Test examples

In this section, we solve a test problem to demonstrate the
accurate nature of the proposed method. The validity of
the method is based on assumption that the series (5) con-
vergesat g = 1. There is the convergence control parame-
ter A(#) which guarantees that this assumption can be sat-
isfied. We need to concentrate on the convergence of the
obtained results by properly choosing 7.
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Example 1 Consider the problem of finding the minimum
of the functional

1

_ [1+y*)
0
with boundary conditions
y(0)=0,y(1)=0.5. (17)

The exact solution of this problem is
sinh(0.4812118250596x).

We choose yo(x) = 7 as initial approximation guess.
We study the influence of # on the convergence of y'°(1).
We can investigate the influence of % on the convergence
region of y!® (1) by means of % -curve as shown in
Fig. 1. From Fig. 1, the convergence region of y'° (1) is
[-1.2, -0.3]. The absolute values of the errors are given in
Table 1 which proves the accuracy of the solution.

We employ the Padé technique to gain more accurate
approximations of the solution, as shown in Table 2.

yx) =

5 Concluding remarks

In this paper, we studied the application of the HAM for
solving the variational problems. One advantage of this
method is the use of a computational algorithm with fast
convergence. We also used Padé approximant to improve
accuracy of the HAM. An example is presented to illustrate
the accuracy of the present method. The given example re-
veal that the HAM vyields a very effective and convenient
technique to the approximate solutions of the variational
problems.
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