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Abstract: For a class of steady-state metal-forming prob-
lems, with rigid-plastic, incompressible, strain-rate de-
pendent material model and with unilateral contact and
nonlocal Coulomb’s frictional boundary conditions, a vari-
ational inequality formulation is derived and by proving
the convergence of a modified secant-modulus method, ex-
istence and uniqueness results are obtained. A finite ele-
ment - modified secant-modulus computational algorithm
is developed and applied for solving illustrative problems.
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1 Introduction

In this work a variational and numerical analysis of
a class steady-state metal-forming problems, describing
strip drawing and extrusion with unilateral contact and
friction, is presented in the framework of the flow theory of
plasticity [1-5], using the analogy with the frictional con-
tact problems in linear elasticity and small deformations
elasto-plasticity [6—11]. Recently, such approach has been
used in [12-14], for analysis of steady and quasi-steady
metal-forming problems, with rigid-plastic material and
nonlocal contact frictional models. Variational inequality
formulations have been derived and existence and unique-
ness results have been obtained. The successive lineariza-
tion secant-modulus method, developed for problems in
the deformation theory of plasticity, has been successfully
extended and applied for solving obtained nonlinear vari-
ational inequalities. Here, for a class of steady-state metal-
forming problems with isotropic, rigid-plastic, strain-rate
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sensitive, incompressible material model and with uni-
lateral contact and nonlocal Coulomb’s frictional condi-
tions, a variational inequality formulation is derived and
by proving the convergence of a modified secant-modulus
method, existence and uniqueness results are obtained.
Finite element discretization is performed and an algo-
rithm, combining the finite element method and the mod-
ified secant-modulus method, is proposed by which two
illustrative extrusion and drawing problems are solved.

2 Formulation of the problem

We consider a metallic workpiece occupying the domain
Qc R¥, k=2, 3, with regular boundary I', constituting of
six open, disjoint subsets (Fig. 1). A constant process ve-
locity is prescribed on I'1, I'; U I, is boundary free of trac-
tions, I's is the frictional contact boundary, unilaterally
constraining the material flow, on the boundary I's exter-
nal forces are applied and I’y is the boundary of symmetry,
since due to the symmetry, only one half of the workpiece
is considered. Throughout the paper x = {x;} denotes a
cartesian coordinate, ;;, 1 < i, j < k, is the Kronecker sym-
bol and the standard indicial notation and the summation
convention over repeated indices are used.

Let us denote by u(x) = {u;(x)}, o(x) = {0(x)}, &(x) =
{&;;(x)}, the velocity vector, stress and strain-rate tensors
respectivelyand by & = /3 s;;si5, & = 1/ %€;;¢;;, the equiv-
alent stress and strain-rate, where s;; = 03— 0,05,  &; =
&;;—3£,0;j, are the components of the deviatoric stress and
the strain-rate tensors and g, = %Uﬁ, &, = §&; are the
hydrostatic pressure and the volume dilatation strain-rate.
Consider the following problem.

(1) Find the velocity u and stress o fields, satisfying

- equation of equilibrium

04;=0 in Q, .1
- incompressibility condition
£&,=0 in Q, 2.2)
- strain-rate - velocity relations
& = %(ui,j +Uj ), (2.3)
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Fig. 1. Illustration of strip drawing and extrusion problems.

- yield criterion and flow rule

S - = . 3 é
F(o0ij,€8) = 02 - 03(¢) = 0, &ij = 5 5 Sij» (2.4)
- boundary conditions
uN=uS, 0,=0 on I, (2.5)
0,=0, 0,=0 on I,UTI,, (2.6)

o,=F,, 0,=0 on s, 2.7
u,=0, 0,=0 on T, (2.8)
u, <0, o, <0, suchthat u,o, =0 and (2.9)

if |o,(w)|<16(u), then wu, =0,

if |o,(u)|=1f(u), then 3 const. 1:z0,

such that u, =-Ag,(u) on I3.

Here and further the following notations and assumptions
are also used: n = {n;} is the unit normal vector outward
tol';u, = uyn, u, = {u,}and o, = oyn, o, = {0} are
the normal and tangential components of the velocity and
the stress vector on I', where u, = u;n;, u, = u; — Uyn;,
Oy = Oynn;, 0Oy = 0N — OyN;; uY is the process ve-
locity; F, is the applied external force; 77(u) = pus(x)5, (u)
is the Coulomb friction bound, where ps(x) is the coeffi-
cient of friction, &, (u) > 0 is the averaged (mollified) nor-
mal stress [9], [13], [14]; 0,(£) is the strain-rate dependent,
uniaxial yield limit, assumed increasing and almost every-
where differentiable function of &, such that

doy(&) B @ B

A A V& e[0,0), (2.10)
ds F

N < 0;:(53) = n2,

where 11, 172 are positive constants.
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3 Variational formulation and
solvability

Let us denote by V and H the Hilbert spaces

V- {v: v e H@Q), v, =0 on r(,},
H = (H2(Q)¥ = (L,(Q)),

suchthatV ¢ H=H’ c V', where V' and H' are their dual
spaces and (H™(Q))X, m = 0 integer, are the Hilbert spaces
of vector functions defined in Q [9], [10]. Let us equip V
with the following inner product and norm

(u,v), = / (&5(w)é; (V) + wyv;) dx,
o
[ull, = (@, w3, va,veV,

equivalent to the usual (H'(Q))* norm |v|; =
{fQ(v,-,,-v,-,,-+v,-v,')dx}1/2 and introduce the following
closed, convex subsets of V

U={v: veV, vy=u’ on 1"1},

K={v: velU, v;;=01in Q, v,<0 on I3}

and the space HY>(I) < L,(I) of traces v,
Vo) -mnof all v e Von I, with norm |[v,|1/5r
infyev {|[V]l, : vy =y,(v)-n}, where y, : (H'(Q)* —
(HY2(I)¥ is the trace operator.

Let us now suppose that pp(x) € Le(I3), Fy(X) €
L,(I's). Then, foru € K and all v € K, multiplying (2.1)
by (v - u), in the inner product sense, applying Green’s
formula and taking into account the boundary conditions,
we obtain

/Uij(u)(éij(v)—éi,-(u))dx+/Tf(u)\vT|dF—/Tf(u)|uT\d1"
Q I3 I3

> /FN(VN —u,)dr.

Is

(1)

Introducing further, for all w, u, v € U, the notations

2 p(w), .
awsu,v)= [ = ;p Sij(u)é‘ij(v)dX,
9/3 e(w)
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ju,v) = / @y, [dl, f(v) = / Fov,dl,  (3.2)

F3 FS

we obtain the following variational problem, associated
with the problem (P).
(?,) Find u € K, satisfying

aw;u,v-u) +ju,v)-ju,u) 2 f(v-u), vweckK. (3.3)

Let us assume that the following relations hold be-
tween the hydrostatic pressure and the volume dilatation
strain-rate in Q and between the normal stress and veloc-
ityon I3:

u+

ON(u) = _di’
N

&, (u)
d b

0, = (34)
where d > 0 and d, > O are penalty parameters (small
constants), u; = sup(uy, 0), and denote

b(u;u,v)=a(u;u,v)+/%év(u)év(v)dx+/diu;deI".
0 Lo

(3.5)
Then we obtain the following penalty variational formula-
tion of problem (P,).
(,) Find u € U, satisfying the inequality

b(w;u,v-u)+ju,v)-jlu,u) > f(v-u), wvweU. (3.6)

Remark 3.1. First, it is clear that the solution of problem
(,) depends on the introduced penalty parameters. It can
be further shown that the functionals constituting prob-
lem (,), possess the following properties [13], [14]. For
any fixedw € U, b(w;u,v) : UxU — Ris a symmet-
ric, bilinear form and such that

b(w;u,u) > ollul;, |b(w; u, v)| < Biull,[|v],,
(3.7a)

where S, and fB; are positive constants. Also, for all

u, v, w € U there exist positive constants m and M, such

that

b(v;v,v-u) - b(u;u,v-u) > mlv-ul?, (3.7b)

|b(v;v,u) — b(u;u,u)| < M||v-ul,|u],. (3.7¢0)

The functional f(v) : U — R is linear and continuous and
therefore there exists a positive constant f3,, such that for
allve U

F(V)I < B2 vy - (3.8)

For any fixedw € U, j(w,v) : U — R is proper, convex,
continuous and nondifferentiable functional. Also, there
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exist positive constants ¢, and c, depending on the fric-
tion coefficient, such that forallu,v,w € U

0 < j(u, v) < crllull, |V, (3.9a)

li(u, w) +j(w, v) - j(u, v) - j(w, w)| < c|w-u],[|w-V],.

(3.9b)
Finally, if u € U is a solution of (,), than it can be shown
that there exists a positive constant co, such that

lufl, < coluyl. O (3.10)

Remark 3.2. The functional j(u, v) is nondifferentiable at
v, = 0 and replacing it by a regularized, convex and
Gateaux differentiable functional de(u, v) [13], [14], with

Gateaux derivative j;z (u, u) satisfying
T

(ja, (w0, 1), v—u) < jg (0, V) - jg_(u,w), (3.11a)

(ja, (0, ¥) = j (u,w),v-u)>0, (3.11b)

where d, > 0 is the regularization parameter (small con-
stant), we obtain the following regularized problem.
(%) Find u € U, satisfying the equation

b(u;u,v-u)+ <j;11(u, w,v-u)=f(v), wel, (312

the solution of which, at d, — 0, tends to the solution of
problem (P,). O

Let us now consider the following auxiliary problem,
defining the direct secant-modulus method: find u,.; €
U, n=0,1,..., satisfying for arbitrary up € U the
inequality

b(un; Wne1, V= Upyq) + j(Un, V) — j(Un, Upe1) = f(V - Upe1),
wv e U. (3.13)

It can be proved, as in [13], [14], that the problem has a
unique solution u,,; € U and at sufficiently small coeffi-
cient of friction, the sequence of solutions {u, }, converges
strongly to the unique solution u € U of problem (?,).
Next we shall show that, when the penalty parameters d
and d, tend to zero, the solution of problem (,) tends to
the solution u € K of problem (P;). Assuming, without
loss of generality, d, = c,d, where ¢, > 0 is a con-
stant, for all sufficiently small d > 0, we obtain a sequence
{u’} of solutions of problem (,). Since {u?} is bounded
in U c V, then there exists a subsequence, also denoted
{u}, weakly convergent at d — 0 to u € K, such that the
following result holds.

Theorem 3.1. The sequence of solutions of problem (,) at
d — 0 tends to the unique solution of problem (?,).
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Proof: Foru? c Uand all v ¢ U, from (3.6) it follows that

[b(ud; u?, u?) +j(u?, ud)} (3.14)

1
cyd
I3

uty,dr

1 . d -
~ g &,(ué, (v)dx -
/

<a%u?,v) +j(ud, v)-f(v- u?).

Since the quantity in brackets in the left-hand side of (3.14)
is nonnegative, we have that

—CN/év(ud)év(v)dx—/ug+deF

Q I3

<c,d [\a(ud;ud,v)| +j(ud,v) + |f(v—ud)|} . (315

The right-hand side of (3.15) is also bounded and from the
weak convergence of u¢ in U c V it follows that

&,?) — £,(u) weakly in H, (3.16a)

u1‘5+ — u, weakly in HY?(I3),

(3.16b)

Setting then v = vo + u® € U in (3.15), where u® € U is also
such that&,(u®) = 0in Q and u? = y,(u°)-n = 0 on I3, for
alltvg e Up = {vp: vo eV, v, =0onTli},atd — Owe
obtain

e, / &, (e, (Vo)dx - / wv,dl<0,  (17a)
0 I3
c / £, (We, (Vo)dx + / wv,dl<0.  (.17b)
o) I3
Therefore we have that
cN/év(u)év(vo)dx+/u;vwdf£O, (3.18a)

Q0 I3

or

/év(u)év(vo)dx =0, /u;vwdf =0, Wvpe U,

o) I3

(3.18b)
and hence ¢,(u) = Oand u, < Oon I3, ieu € K. Let us
now show that this u is a solution of problem (). Since
for allw € K and u? € U, we have

a(w; w, w - u?) +j(w, w) - j(w, u?) - f(w - u)
= a(w; w, w - u?) + j(w, w) - j(w, u?) - f(w - u?)
- [b(ud; u?, w-u?) +j@?, w) - j@?, u’) - f(w - ud)}

+ [b(ud; u?, w-u?) +j(ud, w) —j(ud, u?) i\ ud)}
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>(m-c)|w-u?|2=0, (3.19)

taking d — O we obtain

aw;w,w-u) +j(w,w) -jw,u) > f(w-u). (3.20)

Setting thenw = u+6(v-u), 6 € [0, 1], ¥v € K we obtain

Oza(u+6(v-u);u+6v-u),dv-u)+ju+dv

—w,u+6(v-u)-ju+6v-u),u)-f(6(v-u)

<Ba(u+06(v-u);u+6(v-u),v-u)
+(1-0)ju+6(v-u),u)+0ju+6(v-u),v)
—ja+6(v-u),u)-6f(v-u)

=0 [a(u+6(v-u)u+6(v-u),v-u)
+Hu+6(v-u),v) - ju+6(v-u),u)-f(v-u)].

(3.21)
Hence for 0 # 0 we have that

au+0(v-u);u+6vV-u),v-u)+ju+6(v-u),v)

—jlu+0(v-u),u) = f(v-u) (3.22)

and taking 6 — 0 we obtain
a(u;u, v—u)+j(u, v)-j(u, u) = f(v-u), vv e K, (3.23)

which is exactly problem (,). Finally, to prove the unique-
ness of the solution of problem (P,), we assume that
uy, u, € K are two different solutions, i.e.

a(ug;uy, v-ug) +jlug, v) - jluy, uy) = f(v-u;) (3.24a)

a(uy;up, v-up) +j(uy, v) - j(uz, up) = f(v-uy). (3.24b)

Setting v = u, in (3.24a) and v = u; in (3.24b), after
adding the inequalities and rearranging we obtain

jlug, uz) + j(uz, uy) - j(ug, wy) - j(uz, uz)

2 a(u;;ug, ug —uy) - aluy; uy, ug - uy). (3.25)

Using Remark 3.1, we obtain that for a sufficiently small
coefficient of friction, i.e. for ¢ < m,

0= (m-o)llu; —uy|2 >0, (3.26)

which yields u; = u,. O

We shall further present a modification of the secant-
modulus method, introducing an additional linearization.
Let us introduce the functional

h@=!§

&)

1., 1 i
/ G(s)dsdx+/ ﬁev(v)dm/ E(vN) dr,

0 Q I3
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G(E* (V) = apé((é‘gl)) , welU

and consider the problem: find u; € U, such that for fixed
z ¢ U, holds

(3.27)

J(z;u;) = vilenlfJ I(z;v), J(z;V) = Jo(W)+j(z, v)-f(v), vel,

(3.28)
or equivalently
b(uz;uz, v-uz) +j(z,v) - jz,u) = f(v-uz), vvel.
(3.29)

It can be shown that for all u, v, w € U, the functional
Jo(w) : U — R is proper, continuous, strictly convex and
Gateaux differentiable, with strongly monotone and Lips-
chitz continuous Gateaux derivative J,(u), i.e.

<Ié(u),V> = b(u;u,v), (3.30a)
(Jo) = Jow), v-u) = mijv - w7, (3.30b)
o) = Jo@)]|,, < Mijv - ull,, (3.300)

and satisfies the inequality
Jow) = Jo(w) < 5 (b(wsv, ) - bw;w, W) (330d)

The inequality (3.30d) has a geometrical interpretation
and its validity can be shown by using the function

&)

SEW)) = / G(s)ds. (331)
0

since then from (3.30d) we obtain

=2

SE W) - SE @) < 6E W) (Fw-Fm), 632

which holds if S(éz(v)) is a concave function, i.e. when
S"(# () = G'(£°(v)) < 0, which was assumed in (2.10).
Since finaly we have that, for fixed z € U, the functional
J(z;v) : U — R is proper, strictly convex, lower semicon-
tinuous and coercive limHv”V 100J(Z3V) = +oo, it follows
that [8], there exists a unique element u, € U, satisfying
(3.28), respectively (3.29). Let us now consider the follow-
ing problem: find uy1,, € U,n = 0,1, 2,..., satisfying
for givenug , € U,m =0, 1, 2,.. ., the inequality

b(“n,m; Un+1,m, V— un+1,m) + j(uo,m, V) - j(llo,m, un+1,m)
2 f(V-Up1,m), WebU, (333)

or the equivalent minimization problem: find u,.1,n €
U,n=0,1,2,...,suchthat

Jn(Wo,m; Wni1,m) = inf Jn(Uo,m; V),
vel
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oo ¥) = (b ¥,9) + o, %) 9 ) . B34

The element u,.1,, € U, is a unique solution of prob-
lem (3.33), respectively (3.34) [8], as the following result
holds.

Theorem 3.2. The sequence {un,}, defined by (3.33), or
(3.34), converges strongly atn — 0to ugm1 € U C V,
the unique solution of problems (3.28), (3.29) for fixed z =
Uo, . At m — 0 and at sufficiently small coefficient of fric-
tion, the sequence of solutions {ug,,} converges strongly
to the unique solution u € U C V of problem (P,).

Proof: Setting in (3.30d) V = Up,1,m and u = Up,; and using
(3.34) we get

](uo,m;un+1,m) < ]n(uo,m§un+1,m) < ](uo,m;un,m), (335)

which implies that the numerical sequences
{J(o,m; Un,m)} and {Jn(Uo,m; Uns1,m)} are decreasing and
bounded from below and therefore they are convergent to
one and the same limit. Then the sequence {u,,n }, gener-
ated by (3.33), or (3.34) is such that

0 1
% Hun+1,m —Un,m ||5 = ib(un,m; Wp1,m — Un,m, Un+i,m — un,m)

= J(Uo,m; Wn,m) = Jn(Wo,m; Wns1,m)

- (b(un,m;um,m, Un,m — Uns1,m) + j(Wo,m, Un,m)
= (0,1, Wnst,m) = F(ttnm = U ) )

< J(o,m; Un,m) = Jn(Wo,m3 Wns1,m),

and therefore

(3.36)

lim [[up,m — Wps1,mlly = O,
n—oo

implying that {u,,nm} € Uis a fundamental sequence in V,
i.e. there exists some element ug 1 € U C V, Ugms1 =
limy oo {Wn,m}, since Uis closed in V. This element is a so-
lution of (3.33), or (3.34) at n — oo, since

b(uO,m+1; o, m+1» V) +j(u0,m’ V) _f(v)

= lim (bQn,m; Wns1,m, V) + jUo,m, V) = f(V))

> ligll)iol;lf (b(un,m§ Uni1,ms Uni1,m) +j(Wo,m, un+1,m)_f(un+1,m))

2 b(uO,m+1§ o, m+1» u0,m+1) +j(u0,m, uO,m+1) _f(uo,m+1)-

At n — oo, from

mM|[Wo,m+1 — Un,m||2 < B(Uo,m+13 U0, me1> Uo,ms1 — Un,m)
— b(n,m; Wn,m, Uo,m+1 — Wn,m)

+ b(Wn,m; Uns1,ms Une1,m = Un,m)

= b(Wn,m; Uns1,m> Uns1,m — Un,m)

+ f(uo,m, uO,m+1) - j(uO,m, uO,m+1)
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+ j(uo,m; Un,m) — f(uo,m, Un,m)
+j(o,m, Wne1,m) — j(Wo,m> Uns1,m)

+f(un,m) _f(un,m) +f(un+1,m) _f(un+1,m) +f(u0,m+1)

_f(uo,m+1) = _(b(uo,mﬂ; o, m+1, Un,m — uO,m+1)
+j(Uo,m, Un,m) — j(Wo,m, Wo,m+1) — f(Un,m — uO,m+1))
- (b(un,m§ Upi1,m, Uo,me1 = Une1,m) + j(Wo,m, Uo,me1)

- jo,m, Wne1,m) — f(0o,me1 - un+1,m))

+ b(Wn,m; Uns1,ms Unm — Wne1,m) + j(Wo,m, Un,m)
= j(Wo,m> Un+1,m) = f(Wn,m — Wns1,m)

+ b(Wn,m; Uns1,m — Wn,m, Wo,ms1 — Un,m)

< b(UWn,m; Wns1,m, Un,m — Une1,m) + j(Wo,m, Wn,m)
= j(@o,m> Un+1,m) = fF(Wn,m = Wns1,m)

+ b(un,m§ Wp1,m — Un,m, Wo,m+1 — un,m)

< Colltnm = wnst,mlly (1 + C1[Womes = tnmlly ).

where Cyp and C; are positive constants, we obtain that
strong convergence also holds. Since further, the sequence
{uo,n} € U of solutions of (3.33), or (3.34) is bounded in
V and since U is weakly closed in V, there exists a sub-
sequence, denoted {u,} € U, which converges weakly to
some u € U. Repeating the above analysis, it can be shown
that at m — oo strong convergence also holds and that
this element is a solution of problem (5?2), unique at suf-
ficiently small coefficient of friction [13, 14], which com-
pletes the proof.

Remark 3.3. The modified secant-modulus method is ob-
viously slower than the direct method, but since the initial
solutions are successively defined closer to the exact so-
lution, the numerical experiments show less fluctuations
around it, which makes its application useful. d

4 Finite element approximation,
computational algorithm and
results

Let €, be a regular partition of Q = Ugc ¢, K into finite ele-
ments K and construct the finite element spaces

Vp={v": v e V(@) vt =¥ o F,
" e (QR)YY,
where h is the mesh parameter approaching zero, F, : K —

K, F, € (Q(K))¥is theisoparametric transformation, K is
the reference element and (Q;(K)) is the space of polyno-
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mials on K of order not greater then I = 1, 2, in each vari-
able. Let us also suppose that the standard approximation
properties of V;, hold [9]:

v e (HMQ) NV, Iv"eV,, such that

[V-V"|s < coh"||V||lm, r=min{l+1-s,m-s}, mz=s,
and if y,(v) e (H™2())¥, then

Vo) = Yo Nis-1s2.r < ¢ H 1Yo lmo1j2.rs

where ¢, > 0 and ¢, > 0 are independent of h and v posi-
tive constants. Then from problem (P,) we obtain the fol-
lowing finite-dimensional problem.

(%) Find u" € Uy, c V,,, satisfying for all v € U, the
inequality

b(u";u", v —u") +j@", v") - j", u") = fV" - u"),
wh € U,. (4.0)

Remark 4.1. The considered problems are usually defined
in nonconvex domains with corners, such as L-shaped, or
trapeziform. Therefore the following order of regularity of
the solutions could be expected u € (H*(Q))N U, % -€<
a<3-¢€, €>0 arbitrary, and the following a priori finite
element error estimate holds [13].

Theorem 4.1. Letu € (H*(Q))*nUand u” € U, be the
solutions of problem (,) and problem (P%) respectively
and let also 0, (u) € H*3/?(I'3) and o, (u) € (H*3/2(I'3)) .
Then there exists a positive constant C, independent of h,
such that

[u-u", < Ch"|u|le, r=min{l,a-1}. O (4.2)

Regularizing the nondifferentiable terms in (%) and
applying the modified secant-modulus method, we obtain
the following problem.

(PH)nm) Find ul,, ,, € Uy, myn = 0,1,2,..., satis-
fying for arbitrary initial ug,o € U, and every v" € U, the
equation

h h h h J h h h h
b(un,m;unﬂ,m,v _un+1,m) +<]dT(u0,m’ un+1,m):V _un+1,m>

= fO" -l ), (4.3)

until [uf,; , —ul |l/|[ul,; .| < 8, where || - || is a vector

norm and § is the accuracy tolerance. This problem defines

the following algorithm.

Algorithm: Find {u!,; ,,},m,n =0, 1,2, ..., satisfying for

arbitrary initial {ug,o} the system of equations
K(uz,m: ué,m){uzﬂ,m} = F(ulr:,m’ ug,m), (4.4)

: h h h
until Hun+1,m - un,mH/Huml,m” < 6.
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die
a h
Fig. 2. Finite element meshes for the example extrusion and drawing pr¢
Here K and F are velocity dependent stiffness matrix v
— — — ~ S - Re=0.
and load vector, obtained by using complete Gauss inte- e R W% W W -~ ’ .
gration, except for the hydrostatic pressure - volumetric U sovi T
strain rate terms, for which complete or reduced Gauss in- TR TR e
. e i TGN U WO
tegration is used. The vector of nodal velocities is denoted T ™ ot S S S
by {uﬁﬂ,m}. The algorithm is applied for solving two di- > e Ta T T e
mensionless, example extrusion [3, 13] and drawing [4, 14] A T A A
problems. The following yield limit expression, satisfying e e e
(2.10) is used:
%: if tefo,é,),
. -1 . . .
op(8) = { AE" if &cl&,&], (4.5)
%li if Eel,,00),
2
) ) — - - - =01
where A > 0, a € (0, 1], £, and &, are material constants, T N P————
depending on the process conditions. In both examples T TR T S A e 0.0004 18968
_ -3 . -3 . 3 . A T T “a “a Y
a =107, & =10, & = 10° are used. The choice of A
the regular finite element meshes Fig. 2, the values of the . Y Ya Tt e > >
regularization and penalty constants, mesh dependent for e
the discrete penalty method, has been made on the base RedRae
— s — —— b —— ——F —— ——F
of computational experiments. In both examples, the fol- N

lowing value of the regularization constant d, = 107°
and averaging of the effective strain-rates, contact and hy-
drostatic pressures and friction stresses at finite element
nodes (centers) is used. The computational experiments
show that the algorithm converges for up to 35 iterations,
withaccuracy § = 107 and depending on the used friction
coefficient, which is about twice the number of iterations
performed by the direct secant-modulus method.
Example 1 ([3, 13]): A two-dimensional workpiece with
length 20, initial and final thicknesses 10 and 5 respec-
tively, is extruded through a square die with ram veloc-
ity u® = 1, F, = 0. The following values of the material
and penalty constants and friction coefficients are used:
A=+/3, d=0.001and d, = 10°%; yy = 0.0 and y; = 0.1.
Nine-noded biquadratic, isoparametric finite ele-
ments, with reduced 2x2-Gauss integration for hydrostatic
pressure - volumetric strain-rate terms, are used. The dis-
tributions of the velocity vectors and the effective strain-

Fig. 3. Velocity vectors at friction coefficients uf = 0.0 and py = 0.1.

rates, for the two friction coefficients, are illustrated on
Fig. 3 and Fig. 4 and very well demonstrate the influence of
the friction. Since the frictionless, analytical slip-line solu-
tion for the extrusion pressureis p = 2.61p, wherep = |o,|
and 1, = 0,/+/3 is the shear yield limit [1], we have that
p = 2.6 in our case, which is closely approached by the
computed average hydrostatic pressure values pqy = 2.65
and pqy = 2.62 for the two friction coefficients.

Example 2 ([4], [14]): A two-dimensional workpiece with
length 7.8, initial and final thicknesses 1.625 and 1.5 re-
spectively, is drawn with velocity u% = 1000, F, = 0,
through a die with semi-angle 6°. The following values
of the material and penalty constants and friction coeffi-
cients are used: A = 100v/3, d = 0.005 and d, = 0.01;
Mr = 0.0, up = 0.2 and uy = 0.4.
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Fig. 4. Equivalent strain-rates at friction coefficients iy = 0.0 and
]lf =0.1.

QN

Here four-noded bilinear, isoparametric finite ele-
ments, with complete integration, are used. The distribu-
tions of the velocity vectors and the effective strain-rates,
for the three friction coefficients, are illustrated on Fig. 5
and Fig. 6 and show the influence of the friction. The an-
alytical, slip-line die-pressure solution, for the frictionless
case of this example, is given by the expression g = 2.57p,
where q = |o,| is the normal pressure and 7p = 0p/V3
is the shear yield limit [1]. This gives g = 250, which is
closely approached by the average normal pressure gqv =
243, computed for y = 0.0. The average normal pres-
sures, computed for the other friction coefficients are cor-
respondingly gov = 255 and qav = 273, as the compu-
tational experiments show that close to the exact solu-
tion are also those obtained for small friction coefficients,
which corresponds to the experimental observations out-
lined in [1].

5 Conclusion

In this work a variational inequality approach, for analy-
sis of a class of unilateral contact problems with friction in
the flow theory of plasticity, describing steady-state metal-
forming processes, is proposed. The convergence of a mod-
ified secant-modulus method is proved and existence and
uniqueness results are obtained. An algorithm, based on
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Fig. 5. Velocity vectors at friction coefficients ys = 0.0, us = 0.2 and
Ur = 0.4,
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Fig. 6. Equivalent strain-rates at friction coefficients y; = 0.0,
Mg =0.2and s = 0.4.
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the finite element and modified secant modulus method, is
proposed by which two example problems are solved. The
computational experiments support the theoretical results
and show the applicability of the proposed method of ap-

proach.
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