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Abstract: Features of complex vector light become impor-
tant in any interference effects, including scattering, diffrac-
tion, and nonlinear processes. Here, we are investigating the
role of polarization-structured light in atomic state inter-
ferometers. Unlike optical or atomic path interferometers,
these facilitate local interference between atomic transi-
tion amplitudes and hence the orthogonal optical polariza-
tion components driving these transitions. We develop a
fully analytical description for the interaction of generalized
structured light with an atomic four state system, that is,
multiply connected via optical as well as magnetic transi-
tions. Our model allows us to identify spatially dependent
dark states, associated with spatially structured absorption
coefficients, which are defined by the geometry of the polar-
ization state and the magnetic field direction. We illustrate
this for a range of optical beams including polarization
vortices, optical skyrmions, and polarization lattices. This
results in a new interpretation and an enhanced under-
standing of atomic state interferometry, and a versatile
mechanism to modify and control optical absorption as a
function of polarization and magnetic field alignment.

Keywords: atom interferometry; structured light; quantum
optics; light—matter interaction; optical skyrmions

1 Introduction

Atomic coherence and quantum interference lie at the heart
of many surprising and technically valuable effects arising
from light-matter interactions. This is maybe most clearly
evidenced in atomic state interferometers, where the
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coherent excitation of alternative transition amplitudes
allows us to design and control the dielectric response.
The idea of atomic state interferometers, or phaseonium,
has been recognized as a resource early on [1]-[3] and
led to effects including Electromagnetically Induced Trans-
parency (EIT) [4], Coherent Population Trapping (CPT) [5],
lasing without inversion [6], [7], enhanced and suppressed
spontaneous emission [8], reduction and cancellation of
absorption [9], and phase sensitive atom localization [10],
[11]. Various works have investigated phase-sensitive popu-
lation dynamics theoretically [12]-[16] and through experi-
mental observations [17], [18].

In atomic path interferometers (often referred to sim-
ply as atom interferometers), it is the recombination of
coherent matter waves that have traveled along differ-
ent paths that results in fringes of the atomic densities
and coherences [19]-[21]. Phase shifts induced by inertial
forces, or through the interaction of gravitational fields,
thus become measurable, making atom interferometers an
ultra-precise tool for modern quantum metrology [22], [23].

In contrast, atomic state interferometers rely on the
interference of transition amplitudes in the atomic state
space within an individual atom, which is sensitive to the
relative laser phase in multiphoton excitations. Atomic state
interferometers can be realized, for example, via multi-
ply connected optical transitions, such as double A or dia-
mond systems, but alternatively, states may also be cou-
pled via microwave transitions or magnetically. In recent
years, atomic state interferometers have received consid-
erable interest in order to manipulate and control light in
atomic media and making it applicable to the realization of
electromagnetically induced gratings [24] and atomic based
microwave interferometry [25].

Almost all investigations of atomic state interferome-
ters involve homogeneously polarized laser light. The incor-
poration of vector light beams with spatially varying polar-
ization structures [26]—[29] naturally open up new avenues
for atomic state interferometers. The atomic transition
amplitudes are typically realized via atomic dipole transi-
tions, which are sensitive to the alignment between the opti-
cal polarization and the electric dipole moment [30]-[33].
Recent experiments based on atomic state interferometers
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driven by complex vector light have demonstrated their
potential application for detecting the alignment of 3D mag-
netic fields [34]-[36], and theoretical work has suggested
sensitivity to AC magnetic fields [37].

Previous theoretical descriptions have been based
either on solving Liouville/Bloch equations numerically
[37]1-[40] or on analyzing the interactions for very specific
configurations [35], [41]-[43]. Here, our goal is to provide
a general analytical framework for atomic state interfer-
ometers driven by complex vector light, and to analyze the
interplay between the external magnetic field, the optical
polarization, and the atomic spin alignment.

Specifically, we will consider an atomic state interfer-
ometer consisting of four atomic states, with two nearly
degenerate ground states coupled optically via an excited
state, as well as magnetically via an intermediate ground
state. We will derive an analytical model for the interaction
of such phaseonium with vector light to describe and ana-
lyze its dielectric properties. We achieve this by converting
the closed-loop transition into a ladder system operating
on partially dressed states (which is discussed in the con-
text of Figure 1). For the former, the dynamics is contained
in the interplay between alternative transition amplitudes,
whereas for the latter; it is reduced to a product of transi-
tion rates, which can be easily evaluated in perturbation
theory.

Figure 1: Schematic level scheme of the atomic state interferometer.
Inset: geometry of light propagation (along 2) and the magnetic field
direction, defined by the azimuthal angle ¢, and the inclination angle 8,.
(a) Atomic state interferometer with optical and magnetic transitions.

(b) Intermediate partially dressed states. (c) Partially dressed state
systems, with optical coupling between the excited state and |y ),

with magnetic coupling driving transitions to the gray state |y ;)

and from there to the dark state |y ;).
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With this method, we obtain spatially dependent dark
states that nolonger interact with the light and hence render
the phaseonium transparent. The shapes of these dark states
depend on the local polarization state of the light and its
orientation with respect to the external magnetic field direc-
tion. This provides a direct link between the polarization
states (as specified by its coordinates on a Poincaré sphere)
and atomic transition rates. We illustrate our ideas for a
range of complex vector light, ranging from vector vor-
tex beams, to optical skyrmions [44]-[46], to polarization
lattices.

Our study enhances the understanding of vectorial
light—atom interaction, and may pave the way for encoding
polarization profiles into atomic dark states, which offer
protection from decoherence and noise, and for designing
devices for spatially enhanced quantum magnetometry and
metrology.

The paper is organized as follows: In Section 2, we intro-
duce the Hamiltonian describing the interaction of an opti-
cal field with arbitrary polarization with our phaseonium
in the presence of a uniform magnetic field. We rewrite
the atomic dynamics in terms of partially dressed states,
which allow us to unwrap the atomic state interferometer
into a ladder system. The various atomic transition rates
then become functions of the polarization state and the
magnetic field direction, from which we can identify the
overall absorption based on perturbation theory.

Section 3 illustrates our theoretical description for var-
ious kinds of vector light beams composed of orthogonally
polarized Laguerre—Gaussian modes or Hermite—Gaussian
modes, including optical skyrmions. We finally offer our
conclusions in Section 4.

2 An atomic state interferometer
for complex vector light

In this paper, we investigate the interaction of vector light
with an atomic state interferometer, with the aim to relate
the emerging internal atomic dynamics and the associ-
ated absorption and dispersion features to the properties
of the vector light. As an example atomic state interfer-
ometer, we choose the optical dipole transition F =1—
F' =0, driven by a quasi-resonant vectorial light field Ein
the presence of a static uniform magnetic field B. Specifi-
cally, we consider the electronic ground states F =1 with
my € {0,+1}, and the excited state with F =0 and m, =
0, which we denote as |g,) and |g,) and |e), respec-
tively, as indicated in Figure 1(a). Such dynamics may be
realized, e.g.,, by driving the |5S;,F = 1) — |5P,,,F' = 0)
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transition in the Rb% F = 1 to F/ =0 hyperfine state
transition, so that interactions are restricted between the
three ground states |gy) (my = 0) and |g, ) (m; = +1) and
the excited state |e) (m;’ = 0), but our model is applicable
to any similar atomic system.

Our starting point will be the lab-frame Hamiltonian
describing the atom-light interactions. Optical dipole inter-
action in the presence of a homogeneous external magnetic
field B is given by

H,y, = hayle)(el + Hy + H,
= hawyle)(e| — d - E(Fy) — i - B(F,), )

where w, is the atomic resonance frequency, and d and pi
are the induced atomic electric dipole moment and atomic
magnetic dipole moment, respectively. The electromagnetic
fields are evaluated at the position of the atom 7,, which
in the following we will omit for notational simplicity. We
assume that the light is propagating along the z-axis, which
we also choose as quantization axis. We restrict ourselves to
a uniform static magnetic field E, but consider the interac-
tion with a paraxial light beam whose phase, intensity, and
polarization may vary across its beam profile.

Any paraxial light beam E may be described by a two-
dimensional vector

E(F)) = Ey(F e [u, (F )6, +u_(F)6_| +cc.

which varies as a function of the spatial coordinate 7, =
(x,y) within the beam profile. As atom transitions are
expressed in terms of o, transitions, we have, however,
decomposed the light field into its left and right polarization
components 6, = (X 9)/ \/E driving these transitions.
The circular polarization components are associated with
spatially varying complex amplitudes u_, with |u (7,)|* +
lu_(7,)|> = 1. Without restriction of generality, we may
decompose the electric field into a common total complex
amplitude, E,(7,), and a polarization state, by expanding
the complex amplitudes as

u_=cos ye ¥, u, =sin ye, (3)
so that the electric field becomes
E(F)) = E,(F, )el" [sin Z(Fev s, @)

+ cos (7)) e‘i‘”(ﬂ)&_] +cc.

In this notation, the polarization state is parametrized
by the parameters 2y and 2y describing the degree of
ellipticity and orientation of the polarization ellipse, respec-
tively. They can be understood as the spherical coordinates
of a unique point on the Poincaré sphere, as illustrated in
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Figure 2: Definition of the optical polarization in terms of the Poincaré
sphere and the associated polarization color map. The spherical
coordinates y and y uniquely define the polarization ellipse.
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Figure 2, where 2y denotes the polar angle as measured
from the North pole, while 2y represents the azimuthal
angle. This definition relates the polarization state to the
(local) reduced Stokes parameters

S sin 2 y cos 2y 2Re(uju_)
S=|s,|=]|sin2y sin2y|= —2m(wiu_)| 6
S; cos 2 y [u_|* — |u,|?

We note that our definition is equivalent to the more
common definition in terms of an imbalance of horizontal
to vertical, diagonal to antidiagonal, and right to left circular
polarization components.

We then express the homogeneous magnetic field in
polar coordinates as

B= By (cos 832 + sin 65 cos X — sin O sin ¢59)

A e7 6 _ + eltss
= B0<cos 052 + sin O [ +] , (6

V2

where 0; is the tilt angle between the magnetic field and
the propagation axis 2, and ¢y is the azimuthal angle, mea-
sured in clockwise direction from the vertical, as indicated
in the inset of Figure 1. The second equality is in terms of
cylindrical coordinates. The magnetic dipole moment then
becomes

H=—grup|2(18.) (841 —18-) (&)
— (6184 (&l +6,18-) (&l + Hc)],

where the terms g and up are the Landé g-factor
and Bohr magneton, respectively. Introducing the Larmor
frequency as Q; = gpugB,/h, we write the magnetic dipole
interaction as
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A

Hy

—ji-B
= 1€y [cos Op(18,) (84| — 18- (&-1)

—sin g (g, ) (gl +e7%5|g ) <go|)/\/5],

(7

which includes the Zeeman-shift due to the magnetic field
component along the quantization axis as well as magnetic
coupling due to its transverse components.

We assume that the light is paraxial, so that any com-
ponent of the optical field along the propagation direction
is negligible, and we can ignore any excitation of the z-
transition from |g,) to |e). The only relevant parts of the
electric dipole moment are, therefore,

A

d=d[6,le)(g,| +5_le)(g_|]/2V3+He, (®)
yielding the optical dipole Hamiltonian
A,=-d-E )

hszR iy —iwt ; iwt
- e¥(cos ye +sin y e'?")| el

+e W (sin ye ' +cos ye®)|g_)(el] +Hec.,

where Q, = dE, denotes the Rabi frequency and the factor
1/ V3 originates from the Wigner—Eckart coefficients. In the
frame co-rotating! with the electric field, the Hamiltonian
becomes

A/h=—5le) (el +Q; cosOp(1g,) (8. —18_) (&)

- % [sin x eV |g,) (el +cos ye™V|g_) (el +Hc]

24/3
Q i .

— 2L 5in @, [e'?s +e¥s|g_ +Hcl,
Vi 5[e%718.) ( &l 18-)( & ]

(10)

for the detuning 6 = @ — w,. This is the complete Hamil-
tonian in the rotating wave approximation, expressed in
terms of the atomic states |g_), |g,), |g,) and |e). Its first
line denotes the energies, including the Zeeman shift, the
second line describes Rabi oscillations due to optical cou-
pling, and the third Larmor precession due to magnetic
coupling. The action of the Hamiltonian is schematically
indicated in Figure 1(a). Any two states within this atomic
state interferometer are coupled via two alternative elec-
tric and/or magnetic transition amplitudes, which can inter-
fere. The resulting dynamics, and specifically the absorption
and dispersion, therefore, should depend on the differential

1 This is done by the unitary transform, H, = UHUT + i%’ Ut, where
U = expliotle) (el] = 18,) (&4 | +18) (&l +18-) (&_| + le) (ele".
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phase between the optical transitions and on the alignment
of the magnetic field. The dynamics can be determined
numerically by solving the corresponding Liouville or Bloch
equation, including decay and relaxation rates. The evalua-
tion of the Liouville or Bloch equation is, however, compu-
tationally intensive, prohibiting a comprehensive investiga-
tion of the parameter space of arbitrary magnetic fields and
polarizations, and its evaluation does not lead to an intuitive
understanding of the system geometries.

2.1 Hamiltonian in terms of partially
dressed states

In this work, we pursue a different approach, leading to a
fully analytical solution of populations and transition rates.
The aim is to transform the interfering transition ampli-
tudes, i.e., coherences, of the & -transitions into popula-
tion dynamics of a ladder-like system. The interference is
then captured in the form of partially dressed states and
the emergent hopping rates. To achieve this, we will apply
unitary transforms in such a way that the atomic state inter-
ferometer is unwrapped into a ladder system, as indicated
in Figure 1(c). The partially dressed states will comprise a
single coupling state |y ), connected by optical transitions
to the excited state, as well as two other partially dressed
states, which we will term gray state |y ,) and dark state
lw ;) (note that the latter is not a true dark state, but for
certain geometries can become one). The form of the optical
coupling suggests the introduction of a coupling state |y )
and its orthogonal noncoupling state |y ,.):

lw,) =sin ye¥|g,)+cos ye ¥ |g ), an

lwye) = cos ye¥|g,)—sin ye ¥ |g ). (12)

The Hamiltonian can then be rewritten as

bis
7 = 0le) (el +Qy cosby[—cos 2 x (Iwe) (Wel = We) (Wacl)
+ (sin 2 ylw,) (Wl + He)]
Q . ety
— ~Esinf[e™ %) sin y |y) (&l
\/i B[ 0
+cos y e VT y ) (gl
+e W98 cos y |y,) (&l —sin y eV )y, ) ( gyl + Hel
QR
— =R (ly,.) (el + Hc.). (13)
5 \/5( )
In this expression, we recognize the factors S; = cos2 y
and /83 + S5 = sin 2 y from the definition of the Stokes

vectors Eq. (5). We note that in Eq. (13), the azimuthal
angle y and the azimuthal angle of the magnetic field ¢
always appear in combination with each other. This is not
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surprising, as the interaction is set by the geometry of the
system, ie., the angle of the local polarization direction
against the magnetic field direction. In the following, we will
denote their difference as

v' =y — ¢ a4
For notational simplicity, let us introduce two complex
parameters, J and J, as

J= \}_ [ei"’/ cos y +e ¥ sin ;(],
2
@15)

1 [—ei"’/ cos y +e ¥ sin ;(].

=

The Hamiltonian now takes the form

ST

+ QL [COS 0B sin 2}(|Wc> < Wncl — sin 0B]|Wc><g0|
+sin 07180 ( Wyl + Hee |

— Qp(lw) (el + He.) /2V/3.

While this form allows only one state (|y.)) to couple
to the light, it nonetheless contains also two magnetically
driven transitions from the coupling state, as depicted in
Figure 1(b), effectively forming an atomic state interfer-
ometer within the ground states. Moreover, the hopping
rates between |g,) and |y .) and between |g;) and |y ,.)
are generally complex (unless the polarization is exactly
aligned or perpendicular with the transverse magnetic field
(when y' =y — ¢ = 0)), indicating a directional transi-
tion direction between the ground states.

We can remove this feature by, once more, rewriting the
Hamiltonian in terms of new system states generated from
superpositions of the noncoupling state (|y,.)) and | g;). As
we shall see, these states have physical significance when
considering the atomic dynamics, in other words: we now
reach the aforementioned gray state |y,) and dark state
[y a)-

These together with the previously defined coupling
state |y ) from Eq. (11) give our final orthonormal basis set
of partially dressed ground states:

(16)

lwe) =sin ye¥|g,)+cos ye¥|g_),

1 . o
lw,) = M(COSHB sin 2 yly,.) —sinfgJ*|g,)), (A7)

1. .
W) = 37 (5005 1) + cos 0y sin 2 7185)).

where M is a normalization constant defined by

= —5|€><€| - QL COSGB Cos 2)((|Wc><u/c| - |Wnc><u/nc|)
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M= (1 — cos® @ cos 4 y + cos 2y’ sin” B, sin 2)()/2.

(18)

Note that the value of M depends on the inclination

of the magnetic field with respect to the propagation direc-

tion, and on the polarization state, while the parameters J

and J depend solely on the optical polarization. Expressed

in terms of the states in Eq. (17), the desired Hamiltonian,
represented in Figure 1(c), becomes:

A = Ew X Wl + Eglw X Wl + Eglwa) wal — hole)(el
+ Jec|e> < Wc| + t7cg|l/’c><l//g| + Jgdll//g>(l//d| +Hec.
(19)

The first line of this Hamiltonian contains the energies
of the coupling, gray, dark, and excited states, where we
have defined

E, = —h€; cosfy cos 2 y, (20)

cos g sin 4 y

Ey = —hQy 0

(cos? O sin 2 y
+ sin® @ cos 21;/’),

cos 6, sin’ 6,

ZMZ

The dependence of these energies on optical polariza-
tion and magnetic field orientations is depicted in Figure 3.
As the composition of our system states Eq. (17) is set by
the configuration of electric and magnetic field, their Zee-
man shifts are no longer just defined by the longitudinal
magnetic field component, but also the ellipticity of the
incident light field and the alignment between the trans-
verse magnetic field and the orientation of the polarization
ellipse.

The second line of Eq.(19) describes transitions
between the states, where the hopping rates are given by

E,=—-hQ, cos 2 y(1—sin 2 y cos 2y).

Jec = _hQR/Z\/Ev

Jeg = hMQ, /2, 1)

Jea = —hQL# sin 93<8m 2y cos’ O+ sin’ 93]2>'

Here, J,. and J;, are real, while J,, is generally com-
plex but becomes real for ' = 0.

We have thus reached a ladder-form, depicted in
Figure 1(c), where each state couples only with one other
state: excited to coupling state, coupling to gray state, and
finally gray to dark state. Both J,, and J,, depend on the
geometry between the magnetic field direction and the local
polarization states.
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Figure 3: Energies of the partially dressed ground states |y ), [y 4), and |y ) as a function of the optical polarization and magnetic field orientations.
The polarization states show the energies for a magnetic field that tilted with respect to the propagation direction by an angle 8, between 0 and 7 /2.

If the coupling vanishes for any configuration of electric
and magnetic fields, |y ;) becomes a dark state, which will
be filled rapidly by spontaneous decay from the excited
state. Similarly, for any configuration with 6, = nz, J,
vanishes, making both |y ,) and |y ;) into dark states. For
these parameters, light will no longer be absorbed but can
pass unhindered through the atomic sample.

For uniformly polarized light fields, the atomic inter-
action will (up to saturation effects) be uniform across the
beam profile but vary as a function of the alignment of the
magnetic field and the chosen polarization state. For vector
light, with spatially varying polarization profiles, instead,
absorption (and also dispersion) will be modulated across
the beam profile, resulting in spatially dependent EIT. Such
vector light provides intriguing possibilities to explore the
relationship between the various energy and hopping rates
and the geometries of the optical polarization and the mag-
netic field direction, specified by the Stokes parameters and
the magnetic field angles 8 and ¢3.

2.2 The absorption rate

We are interested in calculating the probability for an elec-
tron to move from the dark to the excited state,

P = |(ellwa[, 22)

as this is a measure of the electric field absorption [39], [41].
Following a perturbative approach outlined in Appendix A,
we find the transition probability

1

36I°
2

432h4T8
2 N2

— QRQL

1728K21°

where we have used the expressions for J,. and J,, from
Eq. (21). Thisis the central result of this manuscript. We have

Pd—»e =

2
TecTeg Tga

2
TegTea

2

M| T (23)

here introduced the lifetime of the excited state I, which we
assume to be sufficiently large as compared to €2, and €; as
to ensure that the physics is well-captured by the short time
dynamics.

It is worth noting that |y ;) is truly dark only for spe-
cific parameters determined by the local Stokes angles of
the polarization and the magnetic field alignment. For an
atom to undergo a transition from the dark state |y ;) to
the excited state |e), it must progress along the transition
ladder via the gray state |y ,) to the coupling state |y )
before it can be optically excited. As the optical transition
rate |Jg‘,,|2 is spatially homogeneous, the geometry of the
transition rate P, ,, is, therefore, determined by the product
of the transition rates P, and P,_.. Alternatively, given the
simple form of J, in Eq. (21), the geometrical factors can be

found from Mz‘Jgd 2.

The absorption rate as a function of y and y’ is illus-
trated in Figure 4. The transition rates depend only on the
alignment of the optical polarization with respect to the
magnetic field, not on its orientation, which is defined with
respect to some external reference frame; hence, we show
only magnetic fields for 0 < €5 < z/2. For the same rea-
son, we restrict ourselves to presenting polarizations cor-
responding to the “northern hemisphere” of the Poincaré
sphere (i.e., light with an angular momentum along the z
direction), which acts identical to its counterpart on the
“southern hemisphere” (with an angular momentum along
negative z). Zero absorption, i.e., true dark states corre-
spond to polarization states for which P,_,; o J,, Vanishes.
This happens where the major or minor axis of the polar-
ization ellipse is aligned with the magnetic field direction,
ie, for w — ¢y = nx /2 for n € N. In a way, the system now
actslike a higher order polarizer, selecting orthogonal polar-
ization states but not their superpositions. The absorption
patterns can be determined by multiplying the transition
amplitude with the intensity profile of the corresponding
beam as illustrated with a few examples in the following
section.
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Figure 4: Absorption rate, proportional to the probability for an atom to transition between the dark and excited state as a function of the optical

polarization and magnetic field inclination. The first row shows P,_,, which is a product of the probabilities P

g (second row), Py, (third row), and P._,

(independent of polarization and magnetic field angle, not shown). All transition rates are peak normalized for P,_,. Here, we assume , < T".

3 Examples

In this section, we will illustrate our theoretical model
by evaluating the dynamics for different configurations of
external magnetic fields and vector light fields and present
the predicted absorption patterns from Egq. (23). Where
instructive, we also provide the equations for the energies
Eq. (20) and hopping rates Eq. (21).

3.1 Polarization vortices with varying
ellipticity

Let us start by exploring the interaction of polarization
vortices as a function of their degree of ellipticity and
the inclination of the magnetic field 8. Here, we consider
a family of beams with azimuthally varying orientation
(i.e., azimuthally varying y values), parametrized by their
degree of ellipticity (i.e., the y value). The electric field is
given by

E, =Eyr)[sin ye7?6, +cos ye®6_| +cc.  (24)

o« sin y LGy'6, +cos y LG'6_ +c.c,

where ¢ denotes the azimuthal phase. The second line
specifies a potential realization of such light in terms of
different Laguerre—Gauss modes imprinted onto the oppo-
site circular polarization components. The 6, component
of the light is associated with a helical phase structure
e¥?, which denotes an orbital angular momentum (OAM)

of ¥7 per photon, and the amplitude between the opposite
circular light components is controlled by the parameter y.
Modifying y from 0 to z /4 changes the beam profile from
homogeneous right hand circularly polarized light to radial,
with the Poynting vector rotating twice around a circle of
equal latitude as a function of ¢ within the beam profile,
as shown in the first two columns of Figure 5 for 2y =
0,7/6,7/4, and 7 /2. The associated absorption patterns
can be calculated from Eq. (23) and are shown for varying
values of 65 in the following 5 columns of this figure. The
energies of the partial dressed states simplify to

E.=—hQ cosfy cos 2y,

cos g sin 4 y

E,=-hQ, e (cos? O sin 2 y (25)
+ sin® @ cos 2¢’ ),
.2
E;= —hQL% cos 2 y(1—sin 2 y cos 2¢').

The transition rate between dark and gray state
becomes

T = _hQ, sin @[] sin 2 y cos” 6

o (26)

— J sin” 05 (cos 2¢’ cos 2 y +1i sin 2(p’)/2],

where M? = (1 — c0s% 0 cos 4 y + cos 2¢ sin’ @ sin 2;()
/2, and we have once again introduced ¢’ = (¢ — ¢3), as
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Figure 5: Absorption patterns for light with a variety of polarization profiles with varying ellipticity ranging from homogeneous right polarization
in row (a) to radial polarization in row (d) for various magnetic field inclinations 8, (for ¢p, = 0 so that the magnetic field rotates in the x-z plane).
Each row shows from left to right the polarizations on the Poincaré sphere with the arrow indicating ¢ = 0, the corresponding beam profile, followed

by the absorption patterns for 6,

the difference between the azimuthal angle of the beam
profile @ and the azimuthal angle of the magnetic field
¢p. And, as mentioned earlier, the total transition rates
between the dark and excited state can be calculated from
Eq. (23), which becomes a function of |74 |*M>.

We note that, generally, the visibility of the absorption
pattern increases with the ellipticity angle y.

In the following, we will analyze two specific cases of
the beams described by Eq. (24), which have been investi-
gated experimentally in Refs. [35], [39].

By setting y = z /4, corresponding to radially polar-
ized light, we recover the results of Ref. [35]. In this case,
allenergiesvanish (E, = E, = E; = 0), and the hopping rate
between gray and dark state is

inQ, . . .9
Tga = WZL sin @ sin ¢’ [cos2 05 + sin” 6 cos? ¢’ ], 27)
where M2 = (1 + cos? O + cos 2¢’ sin’ HB)/Z.

While here we use slightly different definitions for the
coupling, gray and dark states than in Ref. [35], the phys-
ical predictions are identical. Our analysis here confirms
the previous experimental demonstration that the magnetic
field direction can be inferred from the absorption pattern:

~0,0,=n/8,0,=7x/4,0,=37/8,and O, =

7 /2, respectively. White indicates maximum absorption.

a tilt 5 of the magnetic field changes the petal structure of
the absorption pattern, and rotating the magnetic field by
¢ results in a rotation of the petal pattern as ¢y = w — y'.

On the other hand, if we let y vary and instead assume
that the magnetic field is uniform and orthogonal to the
propagation axis (e.g., by setting 6, = z/2 and ¢ =0,
which correspond to a magnetic field B= By%), then we
recover the results of Ref. [39], corresponding to the final
column of Figure 5. In this geometry, all Zeeman splitting
disappears so that E, = E, = E; = 0, and furthermore by
definition y’ = y. The hopping rate between gray and dark
state is then

_ hQy .

Jga = W](cos 2y cos 2y +1isin 2y), (28)
where M* = (1 + cos2y sin2y)/2. The degree of ellipticity
cos2y determines whether J,; has a real component or
not. The fringe visibility of the absorption pattern allows
us to determine the correlations in the polarization struc-
ture, i.e., the concurrence, as was experimentally confirmed
in Ref. [39]. We note, however, that this simple correspon-
dence breaks down for magnetic fields with 05 # 7/2,
showing that the relation between absorption patterns and
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optical concurrence is affected by the magnetic field
direction — maybe not surprising given that the latter deter-
mines magnetic couplings and energy shifts within the
atomic state interferometer.

3.2 Hybrid vector beams along different
grand circles

In this section, we investigate the influence of polarization
alignment, determined by y, on the absorption behavior of
our atomic state interferometer. We can obtain differently
structured hybrid-polarized beams from Eq. (4) by mapping
 tothe azimuthal angle ¢ and varying 2y from 0 to 7 /2 on
the Poincaré sphere in Figure 2. We choose an electric field
of the form

Ep(F)) = Eg(F) et (29)

X [sin(£p)e¥ 6, +cos(£p)e™6_| +cc,

where as before # € Z are associated with an OAM of +¢77
per photon. Such beams can be experimentally generated
by transmitting radially polarized light through a quar-
ter wave plate [47]. We note that these light beams, just
like radially polarized light featured in Figure 5(d), have
maximal concurrence; however, their interaction with our
atomic state interferometer differs. The interaction of atoms
with hybrid polarized light can be interpreted as a cou-
pling of sinusoidally varying light amplitudes with differ-
ent magnetic sublevels |g, ) — |e). This can be useful for a

9320

0.6
04

93 =7[/8
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polarization-dependent measurement in an atomic system
[31], [48]. Here we show the results for || = 1 light beams,
although the core results hold for higher |#| values also. The
beam structures and corresponding absorption patterns for
a selection of such hybrid vector vortex beams are shown
in Figure 6. Note that for Figure 6(a), light along the x and y
axis of the beam is parallel and perpendicular to the mag-
netic field, respectively, allowing the development of dark
states, whereas for (c), the linear polarization is at an angle
of +45° to E, with intermediate values taken in (b).

Not surprisingly, the Zeeman shifts of the partial
dressed states vary across the beam profile in response to
the alternation between right and left circular polarized
beam areas,

E.=—h€Q; cosOy cos 2@,

cos g sin 4 @

E,=-hQ, e (cos? 0 sin 2 ¢ (30)
+ sin? 0 cos 2y’ )
.2
E,= —hQLw cos 2¢(1—sin 2¢ cos 2y’).

2M?

The corresponding hopping rate between gray and dark
state is

T = —% sin @[] sin 2 ¢ cos® 6 (31

— sin”B,(cos 2 ¢ cos 2y’ + i sin 2y’)] /2|,

Op =m/3 0y = 3m/8 0 =m/2

0.8

0.2

Figure 6: Absorption patterns for hybrid polarized light beams along differently oriented grand circles on the Poincaré sphere, for the same magnetic
field parameters as in Figure 5, i.e., B = ByX. The absorption patterns display a variety of symmetries, including twofold, fourfold, sixfold,
and cylindrical (note that the angles of 8, do not progress linearly in order to incorporate the value of 8, = xz/3), which shows the clearest 6-fold

symmetry.
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with
= (1 — cos® 0 cos 4 ¢ + cos 2y’ sin” 6, sin 2(p>/2.

In order to investigate the various different rotational
symmetries exhibited by this system, we investigate the
angular dependence of the transition rate Eq. (23) for a cou-
ple of cases, where the analytical form simplifies. For ¢y = 0
and y = 0 (corresponding to Figure 6(a)), we find

yb
|

2
X (4 sin® @, + (5 sin B, + sin 36,) sin Z(p) .

(—1+sin 2¢)
—14 cos? @ cos 4 ¢ — sin® @ sin 2 ¢

] (32)

The symmetry of the absorption pattern depends on the
magnetic field inclination 8. At 8, = 7 /2, for instance, we
find Pgibe o cos? 2¢, indicating a 4-fold symmetry. At 6 =
x /3, however, the expression becomes

(=1+sin 2¢) (345 sin 2(,0)2
—4+4+cosdp—3sin2¢@

P

e , (33)
corresponding to a 6-fold symmetry in the absorption pro-
file — features that could be investigated more generally
by analyzing the angular Fourier series of the absorption
patterns.

We also note that, as the transverse component of
the magnetic field increases, the visibility of the interfer-
ence fringes also increases. For a radially hybrid polarized
beam 2y = 0), the visibility of interference fringes is maxi-
mum. As 2y increases, the beam becomes a “swirly” hybrid
polarized beam, showing reduction in the fringe visibility.
At 2y = 7z /2, the absorption fringes disappear completely
when the magnetic field is completely transverse. Under
these circumstances, the system remains no longer spatially
phase sensitive.

Finally, we turn our attention to a rotation of the mag-
netic field around the propagation axis, i.e., a variation of
its azimuthal angle ¢5. We have noted early on in Eq. (14),
that the atomic dynamics are determined by the difference
between the orientation of the polarization ellipse y with

$p =0

¢$p=m/8

1.0
0.8
\ 06
0.4
' 0.2
0.
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respect to the magnetic field ¢;. For the rotationally sym-
metric light profiles considered in Figure 5, a rotation of the
magnetic field around ¢y results in a proportional rotation
of the absorption pattern. For the hybrid polarization vor-
tices considered here, however, this is no longer true, as
shown in Figure 7, where a magnetic field rotation relates to
a modification of the symmetry of the absorption pattern.

3.3 Optical skyrmions

In this section, we investigate atom state interferometers
driven by optical skyrmions, or Poincaré beams. These con-
stitute a special class of vector light beams with spatially
varying polarization distributions, which cover the entire
Poincaré sphere.

Recently, optical skyrmions have been investigated in
the context of their topology as well as various applica-
tions in optical manipulation and optical communication
[49]-[52]. Very recently, optical skyrmions have also been
investigated with respect to applications in atomic magne-
tometers both theoretically [40] in first experiments [53],
[54]. In the context of this paper, they allow us to test light
matter interaction for all possible polarization states simul-
taneously, recovering the full dynamics as illustrated in
Figure 4.

The simplest optical skyrmions (with skyrmion number
1) can be generated as a superposition of two LG modes
having topological charges of 0 and 1 encoded onto their left
and right circular polarization,

Ey(F)) x LGY6_ +LGL 6, (34)
In a similar way, a polarization texture with skyrmion
number 2 can be obtained as weighted superimposition:
Eg(F)) x 2LGY6_ +LG2 &, where the weighting factor
was chosen to ensure a more balanced coverage of the
Poincaré sphere.

While the transition probabilities are readily calcula-
ble, their analytical form is sufficiently complicated to not be
directly illuminating, and we will omit it here. Nonetheless,
we note that the polarization structure in the beam profile
is entirely asymmetric. It is, therefore, not surprising that

¢p =m/4 ¢p = 31/8 ¢ =1/2

Figure 7: Absorption patterns for the hybrid vortex beam of Figure 6 for a fixed magnetic field inclination 8, = 7 /3, with ¢ rotating from 0 to /2.
Due to the asymmetry of the polarization profile, a rotation of the magnetic field no longer corresponds to a rotation of the absorption pattern.
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Figure 8: Asymmetric absorption patterns for skyrmionic beams with skyrmion numbers 1 (a) and 2 (b) generated according to Eq. (34) and Eq. (35),
respectively. Note that figure a) shows the central part of the beam where intensities are sufficiently high. The magnetic field direction is changing in
the xz plane with 6, increasing from 0 to 7 /2. In the presence of a purely transverse magnetic field, the transition rates for diagonally

and antidiagonally components are maximized, whereas horizontal and vertical polarized light exhibit negligible interaction.

the subsequent absorption patterns also show some asym-
metric behaviors, as illustrated in Figure 8 a). We note that,
while the polarization profile of the light given in Eq. (34)
contains all polarizations, its (right hand polarized) center
is much brighter than the (left hand polarized) outer areas.
In our figure, we have “zoomed” in on the brighter inner
region. The beam displayed in Figure 8 b) was chosen to dis-
play all polarization directions at reasonable light intensi-
ties, hence allowing us to test the interaction of generic vec-
tor light with the atomic state interferometer. As explained
earlier, for a magnetic field along the propagation direction
(05 = 0), the absorption vanishes. Tilting the beam in any
direction results in increased absorption along the tilt direc-
tion, which changes in structure as the tilt increases. Once
the magnetic field is purely transverse to the propagation
direction, dark states develop where minor or major axis of
the polarization ellipse is aligned with the magnetic field,
resulting in twofold absorption patterns at 8 = 7 /2. These
geometric considerations explain, why optical skyrmions
may be particularly beneficial for atom magnetometry. We
finally note, that our results agree qualitatively with predic-
tions in Ref. [40] based on numerical evaluation via Liou-
ville equations.

3.4 HG beam

We have, so far, considered only rotationally symmetric
vector light, which can be encoded in LG modes and cir-
cular polarization states, making such light particularly
suited to polar coordinate systems. Our formalism, how-
ever, holds for generic beams, and in this final section, we
illustrate this by investigating optical vector beams created
by superpositions of higher order Hermite—Gaussian (HG)
modes. The symmetry of these is best understood in linear

polarizations, and a Cartesian coordinate system. We define
the electric field as

E,(F)) < HGy,& + HG,9, (35)
where n € Z*. This superposition of modes was chosen
to once again form a radial beam at n =1 as a reference

point; however, higher order modes have a spatial intensity
structure in addition to their polarization distribution.

Figure 9: Absorption patterns for various polarization lattices, all
containing solely polarizations along the equator of the Poincaré sphere.
The middle column shows beam profile superposed with different HG
modes (Eq. (35)) with n =1, 2, 3, 4 from top to bottom,

the corresponding absorption patterns in a magnetic field B= Byx are
displayed in the right column.
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Figure 10: Absorption pattern for the higher order HG mode 7:"2 in Eq. (35), when the transverse magnetic field is rotated from ¢; = 0 to z/2.

For simplicity, we consider a uniform magnetic field
aligned solely in the plane transverse to the optical prop-
agation, i.e., 05 = 7/2 and ¢z = 0. As with the Poincaré
beam, we here omit the transition rate for the same reason.
Figure 9 shows beam profiles (n =1,2,3, and 4) and the
corresponding absorption pattern. When n = 1, it is a radial
beam shows the similar absorption pattern as the extreme
right of the Figure 5(d). Also for higher order modes, hori-
zontal and vertical polarizations lead again to the formation
of dark states; hence, the light can only be absorbed in the
regions where the two component heams overlap, and we
find an absorption profile with a square-lattice structure. It
is possible that the resulting optical forces may be used as
an additional parameter to tune novel optical lattices.

Importantly, a rotation of the magnetic field does not
result in a simple rotation of the absorption profile for these
kinds of beams (as it would for the azimuthally symmet-
ric beams displayed in Figure 5). Instead, a rotation of the
magnetic field around the propagation axis manifests in
a change to the absorption patterns. For the beam shown
in Figure 10, we see that the central absorption varies as
a function of the magnetic field alignment. Furthermore,
absorption appears prohibited along elliptical trajectories,
whose eccentricity changes with magnetic field angle ¢;.

4 Conclusions

In this work, we have developed an analytical framework to
describe atomic state interferometers driven by vector light
with a generic spatial polarization structure. This extends
the work of Refs. [35], [39] and others and allows us to inves-
tigate the full parameter space of vectorial light—matter
interaction for arbitrary complex vector beams without the
need for lengthy numerical analysis. Specifically, we have
shown that the interaction between the different excitation
paths with an atomic state interferometer can be mapped
to partially dressed states, including the spatial profile of
dark states. We have demonstrated our approach for a wide
range of vector beam structures, including radial polarized

beams, hybrid vector beams, skyrmion beams, and higher
order HG beams. The main benefit of our analytical method
isthatit allows us to obtain an intuitive understanding of the
interplay between the polarization and the magnetic field,
which can be hard to reach when relying on numerical sim-
ulations of optical Bloch equations or similar. Furthermore,
these analytical results can be used to explore a wide range
of quantum metrology applications and identify vector light
structures that optimize specific metrological tasks in, e.g.,
magnetometry applications.

Naturally, our method comes with some limitations.
Most importantly, we work in the regime where the natural
decay of the excited state is much quicker than other dynam-
ics, making long time dynamics inaccessible. We have not
considered any Doppler broadening effects, making our
results applicable for cold atomic samples, but with appro-
priate averaging methods also the behavior of warm atomic
gasses could be described.

Lastly, we have restricted our discussion to the calcu-
lation of spatially dependent absorption coefficients, with
the aim of understanding the interplay between atomic
transparency, the magnetic field, and the structure of the
vector light. Interestingly, the formation of spatially depen-
dent dark states should also be associated with spatial dis-
persion patterns after propagation, which are worthy of
investigation by themselves. We would like to investigate it
along with the propagation of the light beam in an extended
atomic cloud, to a future work.
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Appendix A: Transition
probabilities and polarizabilities
through perturbation theory

Given a Hamiltonian of the form Eq. (19), we are interested
in calculating the transition probability, at some order in
perturbation theory, of going from state |y ;) to |e). For
notational simplicity, we will work in units of # = 1 in this
appendix. It is useful to note that we are in a rotating frame
given by U = exp(iwt|e) ( e|), though this will not change
anything for this particular calculation (but will if we cal-
culate the atomic polarization). We are here interested in
calculating

Poq = I{ellw@)*

To compute this, we first expand |y (¢)) as
(D) = a,(B)]e) + a, Dly,) + a,(Dlw,) + aOlyy).

The Schrodinger equation id, |y (t)) = Hly () now
simply yields the coupled equations

da, _ .

Fri i[6a,(t) + Jpca.(0)],

da, ;

T —1[E,a,(t) + Tee,(8) + T, (1),
da

(Ttg = —i|E,a,(8) + Tpqa4(8) + T g0, (0)],
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da . x
s —l[Edad(t) + Jgdag(t)].

The formal solution to any one of these is
. . t . ’
a,(t) = a,(0)e 5t — ie‘lEk‘/ dt’e” " Ja;(t), (A1)
—o0

where there can be multiple terms of the second kind. We
are, however, interested in the situation where the dark
states are populated, i.e., when a,(0) =0 =a.(0) = ag(O)
but a,;(0) = 1. To lowest order in perturbation theory, the
contribution to a,(t) (which we need to calculate P,_,) is
given by

t

t
a(eS)(t) :ie—16t/ dtlelét’JeC [—ie_E‘t,/ dt//elEct”
0 0

t//
x ch<_l~e—usgz" /0 de'" elEst” Tea { e—iEat" })] i

(A2)

where we should note that only the short time behavior (t <
1/max(6,E,, E,, E4) can faithfully be computed this way.
Thus, after some algebra and expanding to lowest order in
the time t, we find

Py = a0

2
TecTeg Tz - (A3)

t6
"~ 36
It is noteworthy that the transition rate, P, ,/t ~ t5,
grows quickly in time, ensuring that the transition happens
quickly. A more realistic model would include the lifetime
of the states. However, the quickest timescale is governed
by the natural lifetime (I') of the excited state. The corre-
sponding decay frequency is typically significantly larger
than the Rabi and Larmor frequencies, €, and €2, respec-
tively, and therefore also the energies E,, E,, and E; and
the hopping rates J,., J.g and Jgq. Physically, this means
that we only need to consider the short time dynamics of
transitioning between the dark state and the excited state,
as once the atom is in the excited state, it very quickly and
incoherently decays and repopulates the ground states. In
other words, we only need to capture times ¢t < 1/I", which
is done sufficiently well by perturbation theory. The maxi-
mum transition probability is, therefore, given by t = 1/T,
yielding

QZ

1 R
4321°°

2 2
Pie™ oo TecTegTad| = TegTea| »  (44)

as stated in the main text (after factors of # have been
reintroduced).
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