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Appendix A: Construct of pseudo spin in photonic continuous medium

Consider a photonic continuous medium (PCM) with bi-anisotropic (BI) response, its

electromagnetic (EM) parameters have the following form,

g, 0 0 g, 0 0 0 -i¢
=10 ¢ 0| =0 u 0 z=lic 0 | (S1)
0 0 ¢ 0 0 g 0

where &, j and y are the relative permittivity tensor, relative permeability tensor and bi-

anisotropic tensor, respectively. The constructive relations can be written as,

O
t

=¢g,6, E+ ;}/C)H, (2
(¥/c)

:ﬂoﬁrﬁ+ )2 E

oy

For harmonic waves in passive system, the Maxwell equations with bi-anisotropic response

can be rewritten as,
VxE =io| mji,H+(7/c)E], (S3)
VxH =-io| &&E+(7/c)H], (S4)
where &, 1o and c are the permittivity, permeability and velocity of light in vacuum, respectively.
In general, different optical materials respond differently for electric field and magnetic field i.e.,
EM-dual symmetry breaking. For example, the ratio of medium 1 (p, =&, /p1,, = €,1/ 14, ) is quite
different to that of medium 2 (p, =¢,, /1,, = €,,/ 14,, )- In order to construct a pair of pseudo spin

degenerating, one of the solutions is to retrieve electromagnetic-dual parameter that ensure the
ratio p as a constant in the whole space. In this way, the Maxwell equations can be divided into

two non-relativistic equations for two sets of decoupled vectors,
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o o 2
VY | JeopE, —[1iH, g/\p & 0 &PE —\uH,
0 0 _ia_ax &PE, —1oH, :% -ie e, /p O 2P, — i H, , (S5)
o L0 JeopE, +JuH, 0 0 &/Jp )\ JarE, +JuH,
oy OX
0 0 -i—
jy JEPE, + i H, . e, /P -ic 0 )(&rE, + 1o H, )
U JeoPE, +tH, =—| i e /NP 0 || JEpE, +JmH, |
—Ii iﬁ &PE, =1 H, 0 0 gz/\/; &PE, — [t H,
oy oX

Such two sets of decoupled vectors are a pair of pseudospin-polarized states as time-reversal

T
partner, i.e. " =( EPE —JtopH,  JEPE, —iH, \&pE, + ﬂon) for pseudospin
electric  and fields in z component) and

up  (in-phase  of magnetic

.
1/7_:</gopEx+ mH,  &PpE, +mH, \&pE, - ﬂon) for  pseudospin  down

(antiphase of electric and magnetic fields in z component).

Appendix B: Effective Hamiltonian in 2D photonic system
Next, we will discuss a special case of EM duality with p =1 [&, = ji, = diag (gp,gp,gz)], and

thus the master equation can be simplified as,

o o 2
S (NASEN AN e, e 0 VaETFmH,
0 0 ¢i§ \/gEy-T- HH, :% FiE g, O \/gEy; wH, | (S7)
52 50 o VeoE. i, 0 0 e (o, kM,
oy OX

We define the differential operator N* and material matrix M* as follow,
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0 0 1—
2 g, =*& 0
N .a T+
N" =% O 0 —I& , M*=xI& ¢, 0], (S8)
0 0 g
2 L2
oy OX

where the superscripts + and — represent pseudospin-up and -down cases, respectively. We also

have the inverse of material matrix and its elements,

a, TFig 0

(Mi)’lz tie, @, 0|, a-——2 g - ¢ _a-L (S9)
&

p

0 0 « P P ’

With a simple deduction, the Maxwell equations based on Eq. (S7) can be generalized to

Schralinger-like formation,

(M’ i)_l N’il/;:r _ ﬁiWi _ l/71l (SlO)

H* is the characteristic matrix based on Maxwell equations. Note that it is similar to the role

of Hamiltonian in quantum system, and can be called the effective Hamiltonian. For simplicity,

the eigenfields are assumed to be plane-wave form as " =¢" exp(iR-r), where ¢ is the

complex amplitude of the pseudospin-polarized states. By means of the eigenvalues of effective

Hamiltonian, the bulk dispersion is given,

2
(0]
K2 K2 =K :(Eneﬁj | (S11)

where n :\/gZ (gf, —52)/5p acts as the effective refractive index. This is the characteristic

equation for both pseudospin-up and —down modes, as they degenerate simultaneously in the bulk.

Furthermore, the amplitudes of eigenmodes can be analytically written as,
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—ik,a ko TR @, 1K
7 =| tka, Ik, —ik e, 1K, |, (S12)
1

where ko = w/c is the wave number in vacuum.

Appendix C: Topological properties of PCM in momentum space

To study the topological properties of those bulk bands and gaps, we should attain the Berry

information, including the Berry connection A*, Berry curvature Q* and the corresponding spin
Chern number C, . Here, Berry connection A* is the synthetic gauge-dependent field, while
Berry curvature Q" =V, x A" is a gauge-independent function and represents the flux of Berry

gauge field. For PCM, there are two issues in the retrieval of spin Chern number. For one thing,
the effective Hamiltonian should be Hermitian formalism so as to provide suitable inner product
for the computation of Berry connection 21, In this paper, we concern about dispersive (frequency-
dependent) PCMs, such that Eq. (S10) will be not straightforward for a Hermitian formulation.
This issue for dispersive media can be recovered by a generalized method.

We are dealing with a Hermitian eigenvalue problem when the elements of material matrix

+

M* are independent of frequency @ . However, what we concern about in this paper are
homogeneous dispersive (frequency-dependent) materials, such that Eqg. (S9) will be not

straightforward for a Hermitian formulation. This issue for dispersive media can be recovered by
a generalized method [, In this way, the Berry connection A* associated with the generalized

problem for 2D system are obtained as follow,
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At = = ATk, + Ak, (S13)

where V, = % IZX +£ Ry is the Laplace operator in 2D momentum space. The Berry connection
X y

IS a gauge-dependent field, while the associated gauge-independent function is Berry curvature

QF,

. OAY A
Qi=vkxAi=i—%, (S14)
ok, ok,

By the integral of the Berry curvatures over entire k space, we have a quantized invariant to
define the topology of pseudospin-up and —down channels,

c* :i [[@rdk,dk, , (S15)

which is called the Chern number. Owing to time-reversal invariance, the net Chern number

always vanishes, i.e. C*+C~ =0. However, we still have spin Chern number to characterize the

topological phase of the overall system, yielding

c. (S16)

This topological invariant is the photonic analog of spin Hall conductance and plays the role
in the classification of topology of optical materials with TRS. When the Berry curvature is smooth
in the whole momentum space, the 2D integration of Eq. (S15) satisfies Stokes’ theorem that can
be reduced to a line integral of Berry connection along the equifrequency contour of infinite

wavevector (k =),

o1 N 1 ceor
C.=C =§ij dkxdkyzzgsk:wA dl (S17)

S
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which leads to trivial distribution of Berry connection (C, =0) because the optical material

response of a well-behaved pseudo Hamiltonian tends to be the same as vacuum at k = . On the
other hand, the occurrence of topological nontrivial phase is derived from the singularity of Berry
curvature, which indicates Eq. (S17) is valid. This issue can be recovered by adding a summation

of line integrals in the vicinity of singular k points,

C, = %(_Zk

AT+ A -dr) (S18)

where R* is a circle in the vicinity of singular k. point. The summation determines nonzero spin

Chern number, indicating that the singularity of Berry curvature makes contribution to the
nontrivial case of topological phase. Consequently, it is significant to explore the deterministic
condition of singular Berry curvature in bi-anisotropic metamaterial so as to guarantee the
existence of topological nontrivial phase.

With a substitution of Eq. (S8) and Eqg. (S12) into Egs. (S13-S14), the Berry curvature can be

deduced as the following analytic expression,

(5-{-&)22)(65 +§2)_2§gp (8p +a)aa€pj 5

(0]

O =1 . W (S19)
where
W, =(¢*) -%[a)l\ﬁ 2 (S20)

is proportional to the time-averaged energy density (a positive real value). The singularity means

infinite value of Berry curvature at finite frequency.

Appendix D: Nonlocal approximation for Lorentz-like dispersion
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For another, to ensure that the spin Chern number is an integer, the momentum space should be a
closed surface without boundary (e.g. Brillouin zone in photonic crystals). But the PCM is failure
to meet this criteria. To overcome this limitation and obtain a well-behaved Hamiltonian over the
entire k space, one can introduce a nonlocal approximation with a high-wavenumber spatial cutoff
into the material dispersion.

In this work, we consider an electromagnetic-dual (& = ) Bl medium with Lorentz-like

dispersion,
w? FAND) W?
£y =M, =1+— Ao b=—"L— g, =4 =1+—5—— ¢ = (S21)
Wy — @ 0] ., — o

where wop, mok and o, are the oscillation frequencies of material parameters, while wa, s, awc
represent the resonance strength, respectively. Applying these material dispersions to Eq. (11), we
have analytic solution of the dispersion relation with ok = ®wop, @oz = 0.8@Wop, WA = 1.5@0p, wB =

0.75w0p, axc = 0.9@op. As shown in the main text of Fig. 1(a), there are six characteristic frequencies,

i.e. O = Oy, Wy, \|OF + O at k =00 and

2 2 2 2 2 2
—0 +, |0 +4 o), + oy ) oy +,\|o;+4 o), +o
o=} + o ,— \/ ° 5 (2 A), ° \/ ° 2( 2 A) at k=0, that separating the

bulk bands (Arabic numerals 1-4 with pink background) from each other. The cyan regions
between bulk bands are relative to complete bandgaps and are labeled as Roman numerals I-11I.
For the band 4, the material response will be identified with those of the vacuum when @ — oo.
This property guarantees the pseudo Hamiltonian is a well-behaved operator as k — « of band 4
and thus ensures the retrieval of integer topological invariant. However, the situations are quite
different for the low-frequency bands 1-3. So the corresponding spin Chern numbers are not

integer. To overcome this limitation, one can introduce a nonlocal approximation with a high-
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wavenumber spatial cutoff into the material dispersion,

2
&y =My =1+ 21 2 2a)A 2
1+k [ Ky @5 —@
1 Wy
= : S22
d 1+k? k2, @i -’ (522)
£ =, =1 1 w?

+
1+k?1K2, @f — o’

max

where kmax IS the spatial cutoff wavenumber. For k < k__ , the regularized material dispersion [Eq.

max ?

(S22)] is coincident with the original case [Eq. (S21)]. The different responses are only emergent

for large wavenumber (k ~ k., or k >k_.. ). In fact, the high-k mode (k > w/ c) is difficult to be

excited in a practically photonic system. Consequently, the difference between Eq. (S21) and Eq.
(S22) is only attributed to mathematical behavior rather than optical response if the spatial cutoff

kmax IS large enough. In this paper, we set kmax = 10000 wop/c.

Appendix E: Master equation correspondence between MO and Bl media

In this section, we will show the correspondence between bi-anisotropic (BI) and magneto-optical
(MO) media by solving the Maxwell equations, indicating that the EM parameter method
providing in this work can be developed to describe MO medium. As shown above [see Eq. (S7)],
the master equations of Bl media can be divided into two non-relativistic equations for two sets of
decoupled vectors. Consider a PCM with gyroelectric response, whose EM parameters have the

following form,

e Ik, 0 u, 0 0
& =|-ix, ¢, 0|, g=0 u 0]/ (S23)
0 0 g 0 0 g

where x, is the gyroelectric coefficient as the external magnetic field along the -z direction. As
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the MO effect of gyroelectric medium only works on TE-polarized wave (Ex, Ey, H;), the

ix,

&
constitutive relations for TE polarization are denoted by x, and [ il"( .

]. Thus we can have
€ p

the master equation of gyroelectric medium as,

o o il
oy \/gEx &, ix, O \/gEx
0 0 —i% J&E, =% ik, £, 0| J&E, (S24)
0 L HoH, 0 0 ) JuH,
oy OX

Similarly, when we focus on a gyromagnetic PCM, the propagation of TM-polarized wave (Hy,

—ix
m]. K, is the gyromagnetic coefficient as the external
p

Hy, E;) are denoted by ¢, and (.’up
i, u

magnetic field along the +z direction. In this way, we can have the master equation of gyromagnetic

medium as,
o o 2
Sy :uOHX /Jp —iKm 0 IUOHX
0 0 i | wH, :% i, u, 0| JmH, | (S25)
X
00, J&E, 0 0 &) JaE,
oy oX

For a comparison between Eq. (S7) and Egs. (S24-25), we find that the master equations in the
MO and Bl media are one-to-one correspondent. The Bl system is equivalent to the superposition
of two MO systems with opposite magnetic field. Therefore, the optical behaviors in both media
are similar, and the methods developing in BI PCM are no doubt can be extended to MO systems,

e.g. the topological index and topological phase map.

10
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Appendix F: Proposal of EM-dual PCMs in microwave regime

In this section, we will show the concrete designs to achieve the topologically non-trivial and
trivial PCMs in microwave regime, which should maintain EM duality and non-zero bianisotropy.
Firstly, we will prove that the waveguide modes in EM-dual medium sandwiched by two perfect-
electric-conductor (PEC) plates can render the strong effective bianisotropy. Secondly, we will
design two types of meta-atoms that can be homogenized as EM-dual PCMs, and place them inside

the PEC waveguides.

Generalized EM-dual PCM

(&-/\P = Vpity)

Figure S1: Schematic of EM-dual medium sandwiched by two PEC plates.

As shown in Figure S1, we consider a uniaxial medium with

e,/Jp 0 0 Jou, 0 0
ENp-| 0 efp 0 |-dpi=| O Jpu, o | (529)
0 0 &/Np 0 0 Jpu,

which sandwiched by two PEC plates at z =0 and z = d. To ensure EM duality, the ratio p should

be a constant in the whole space. The Maxwell equations can be rewritten as,

11
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o -2 2
a az aya gopEx \/;/up 0 0 luon
.
A 0 T Ay gopEy =l— o \/;lup O IuoHy !
oz oX c
a 6 0 50/7Ez O O \/;/“lz /UO Hz (827)
oy oXx
o -9 9
o ay Hy Hx gp/\/; 0 0 gopEx
9 _2 o H, -2 0 gp/\/; 0 &pE, |
oz OX c
a a 0 IUOHZ O O gz/\/; 8OpEz
oy oXx
d . . :
We move the term of 5, o the right side of equations and have,
0 0 9 0 _ic_a 0
a)é SOpEx gp/\/; 0 0 ‘\/EHX R a aﬁz gopEx
. .| IC
0 0 —— | \[epE, |=iT] 0 e,/\p 0 oMy [+ =2 0 0| ek, |
N RES 0 0 &/ \JuH. 0 0 o|WarE) (528)
oy ox
o o 2 e
ai; HoH, Ep/\/; 0 0 &PE, ico w0z HoH,
. . 1C
0 0 —— | JuH, |=-i7| 0 e,/[Np 0 &Py |- === 0 0|, |
o o HoH, 0 0 & /Jp)(JearE. 0 0 olvsH,
oy o
For the m-th-order modes of PEC waveguide, the EM field solutions have the form of
E, e,sin(mzz/d) ) (H,) (-h,cos(mzz/d)
E, |=| e sin(mzz/d) |,| H, |=|-h, cos(mzz/d) |, (S529)
E,) \-ecos(mzz/d))H, h, sin(mzz/d)

where ej and h; are space-variant functions only in x-y plane for i = x, y, z. The cut-off frequency

mzC

for m-th-order mode is w, , =
&,1,d

. Such form satisfies the boundary condition of PEC plate.

By substituting Eq. (S29) into Eq. (528), the Maxwell equations can be deduced as the following

expression,

12
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o o 2 o i™E o
ay gopex gp /\/; O O luo hx a)d 5opex
0 o -2l Jame |=i2 0 e/dp 0 | Jmh |[+i2 T 0 o Jape
OX c c wd
RN 0P8, 0 0 & /\p )\ Juoh, 0 0 0|(Vare )  (S30)
oy 0ox
o o 2 o iZC g
6y lLth)( gp/'\/; 0 0 gopex a)d ﬂohx
0 0 —ai wh |==i2l 0 e /dp 0 || Jape, -2 ™ 0 o mh,
X c c wd
RN J#oh, 0 0 & /\p )\ Jeore, 0 0 JHoh,
oy 0ox

In the same way as the 2D-space case in Appendix A, we can establish a pair of pseudospin-

states as time-reversal partner, ie.

\/_h go,oey—\/ghy @eZ+J;0hZ)T for

polarized

v =(Jare,

pseudospin  up and

— T
7 :( EoP8, +l 1N (&8, +1ph, gopez—,/yohz) for pseudospin down. Therefore,
the Maxwell equations can be divided into two non-relativistic equations for these two sets of

decoupled vectors,

.0 . mzc
0 0 '5 gp/\/; j—— 0
£y, — /1N od £,08, —+f o
a 0 X 0" x 0 X 0" 'x (831)
w| .MmrC
0 0 —I& &P, —+/Hoh, Py _IE gp/\/; 0 £0P8, —+/Hoh,
00 £PC, + oM, 0 0 o /Jp|\WEPRH oh,
OX
0 0 -il . mzc
2 AR L
gopex+ :u0hx C()d ‘(;Opex+ luohx
0 | .mzc . (S32)
0 0 I& E0P, + o, = IW 5p/\/; 0 £0P8, +4/ 1N,
G042 g (W) g g o (e e,
oy ox

Compared with Egs. (S6) and (S7), it is straightforward to conclude that the PEC waveguide mode

. . mzC .
renders an effective non-zero bianisotropy & = oy for m # 0. For example, consider m = 1
@

13
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and the operation frequency w=rn$, o,

7C

—n —7 7C
- d\/gp,uZ ¢ d\/gpgz/p

where 77, >1, we can

. . . .. 7C
excite the 1st-order modes to achieve effective bianisotropy &, :E:nw,lgpgz /p . As

presented in the main text, to realize topologically non-trivial opacity, we should have

Constitutive parameters

()

Frequency (GHz)

(b)

(@)

Constitutive parameters

Close-ring meta-atom

[ mm 0.5 mm#{

d -

2 2.1 2.2 2.3 2.4 2.5

Frequency (GHz)

(S33)

Figure S2: Design of two types of meta-atoms in mm scale to mimic non-trivial and trivial opacities. (a) and (b)
Schematics of gyro-scope and close-ring meta-atoms to show the structural parameters. (c) and (d) The retrieved

effective constitutive parameters of both meta-atoms.

Next, we will show the designs of two types of meta-atoms in millimeter (mm) scale, where

one of them is denoted by gyro-scope (GS) meta-atom to mimic trivial opacity, and the other is

close-ring (CR) meta-atom to mimic non-trivial opacity. Both two atoms are constructed by PEC

in glass background and their structural parameters are shown in the schematics of Figures S2(a)

and S2(b). By using standard S-parameter method!®!, the effective permittivity and permeability of

14
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each atom have been extracted, as shown in Figures S2(c) and S2(d). We can observe that the
retrieved EM parameters (dashed curves) are weakly dispersive in the frequency from 2.0 to 2.5
GHz. Furthermore, the ratios p (black solid curves with circle markers) for both two meta-atoms
are roughly equal to each other, meaning the approximation of EM-dual symmetry. In Figure S2(d),
the & (cyan dashed curve) of CR atom is drastically larger than &, (blue dashed curve), showing
potential to meet the criteria of non-trivial opacity of Eq. (S33) [will be examined in the next

paragraph]. Consequently, these two meta-atoms well-designed to mimic EM-dual PCMs.

@

Gyro-scope meta-atoms : Close-ring meta-atoms [ d =38 mm
PEC
(b) 5 (c) -
CR atom

~N 0 L

7]
=25 £ 5
=
) S8y eff
g Q
g g
£ £17t
5 2 i
5 & f
o 1st-order-mode forbidden O 1.6F E / P

——Gyro-scope meta-atom P
—— Close-ring meta-atom
15 1.5 . - s .
2 2.1 2.2 2.3 2.4 2.5 2 2.1 2.2 2.3 2.4 2.5
Operation frequency (GHz) Frequency (GHz)

Figure S3: (a) Proposal of the topological interface in a 38-mm-width PEC waveguide, which imbeds GS meta-
atoms at the left side and CR meta-atoms at the right side. (b) Cut-off frequency of the 1st-order modes as a
function of operation frequency for GS atoms (blue curve) and CR atoms (red curve). (c) In-plane EM parameter
and effective bianisotropy of CR atoms for 1st-order PEC waveguide mode.

Finally, we imbed these two types of meta-atoms into a PEC waveguide to form an interface
(black dashed curve in Figure S3(a) and will examine their topological properties. The width of
PEC waveguide is chosen to be 38 mm, to ensure the existence of 1st-order (m = 1) mode for CR
atoms and the suppression of m = 1 mode for GS atoms. Figure S3(b) calculates the cut-off

frequency of the m = 1 modes of PEC filling with GS atoms (blue curve) and CR atoms (red curve).

15
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For the GS-atom waveguide, since the operation frequency from 2.0 to 2.5 GHz is below cut-off
frequency, such waveguide only supports the m = 0 mode with zero effective anisotropy. Consider
a z-odd-profile pseudospin source, the m = 0 mode of GS-atom waveguide can’t be excited and
there is lack of propagating waves inside the bulk medium, indicating the GS atom serves as trivial
opacity in this case. On the other hand, the CR-atom waveguide in the operation frequency from

2.0 to 2.5 GHz can support m = 1 mode. Figure S3(c) gives the effective bianisotropy &, of m =

1 mode (black curve) and generalized in-plane permittivity & / \/; (red curve). Based on the

phase map in Figure 3, we can conclude that the CR-atom waveguide serves as topologically non-
- - - 2 2 - .
trivial opacity due to (gp/\/;) —&4 <0 in the operation frequency from 2.0 to 2.5 GHz.

Therefore, we have successfully designed two types of meta-atoms in PEC waveguide to mimic

the topological interface in Figure 5 of main text.
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