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Abstract: The effective medium theory (EMT) provides

a simplified framework to calculate the electromagnetic

responses and is generally considered exact in the all-

dielectric system with deep-subwavelength constituents. In

this work, we perform the Goos–Hänchen (GH) shift that

invalidates the EMT on the multilayered dielectric struc-

tures under the common conditions. This breakdown of

the EMT arises from the high sensitivity of the GH shift on

the phase and magnitude of Fresnel reflection coefficient.

The degree of such breakdown shows strong dependence

on the polarization angle of incidence and the layer and

filling fraction of the structures. Notably, we find that the GH

shift is potentially applicable to nano-meter scale thickness

sensing, which cannot be displayed based on EMT in some

cases. Our findings will provide useful guidance to reduce

the calculation errors of the electromagnetic responses and

promote the design of precise metrology devices.
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1 Introduction

The calculation of the electromagnetic responses in the

subwavelength-sized inhomogeneous structures is complex

and difficult. To solve this problem, the effective medium

theory (EMT) is proposed [1], [2]. Its conceptual process

involves replacing the inhomogeneous structures with a

homogeneous “effective medium” with uniform properties.

This provides the fundamental approximation method to

obtain the same response as the complex inhomogeneous

structures to the identical excitation. In practice, its two

predominant frameworks are theMaxwell–Garnett EMT [3]

and Bruggeman EMT [4]. The former is applied in reliable

predictions for electro-magnetic properties in a continu-

ous host medium containing sparse inclusions at low vol-

ume fractions. In contrast, the latter enables precise mod-

eling of the dielectric permittivity and conductivity of the

high-concentration systems near the percolation threshold.

To date, the EMT has been widely used in the descrip-

tion of the index of permittivity [5]–[7], permeability [8],

[9], and surface conductivity [10]–[12] of complex mate-

rials, to name a few. Importantly, the effective medium

can exhibit the extraordinary characteristics such as bire-

fringence [13], Anderson localization [14], negative refrac-

tive index [15]–[17], and near-zero permittivity [18], [19],

and leads to the significant findings like the metasurface

[20]–[22], cloak [23], [24], and super-lens [25]–[27].

Despite its extensive applications, the EMT will be

invalid in some cases. Typically, the EMT fails to describe the

homogenization of the periodic metal-dielectric structures

involving the large wave vectors, especially when the metal

plasmons and hyperbolic high-k modes exist [28]–[30]. The

underlyingmechanismbehind this phenomenon is ascribed

to the inappropriate homogenization of the local structure

properties that can strongly influence the overall structure

properties. Therefore, the all-dielectric systems that do not

support the large wave vectors are believed to be adapt-

able to the EMT for a long time. In recent years, it has
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been found that the EMT will also be invalid in the all-

dielectric systems [31]–[35]. Sheinfux et al. first theoretically

proposed the breakdown of EMT in a purely dielectric struc-

ture near the critical angle [31], which was later experimen-

tally verified by Zhukovsky et al. [32]. Furthermore, the sim-

ilar phenomena for the evanescent waves are successively

predicted and observed in the one-dimensional disordered

deep-subwavelength optical system due to the Anderson

localization [33], [34]. Lately, a fundamental breakdown of

the EMT by the photonic spin Hall effect in all-dielectric

systems has been reported [35]. It stems from the spin–orbit

interaction of light that is sensitive to the slight phase accu-

mulations during thewave propagation. Theseworks reveal

that, not only themagnitude, but also the phase deviation of

Fresnel reflection coefficients calculated by EMT may have

great impacts on the final electromagnetic response. The

Goos–Hänchen (GH) shift is the longitudinal beam shift in

the incident plane [36], and attracted intensive attention

due to its potential applications in precise sensing [37]–[39].

Besides, it is usually studied in the framework of EMT

[40]–[42]. Now, an interesting question arises: as the typ-

ical electromagnetic response associated with the Fresnel

reflection coefficient phase andmagnitude, will the GH shift

invalidate the EMT in the general all-dielectric system?

To address this question, we calculate the spatial and

angular GH shifts on the all-dielectric periodic multilayered

structures via the EMT and transfer matrix method (TMM),

respectively, in this work. Numerical results show that the

breakdown of EMT will emerge under the general condi-

tions even without the critical angle. The physical mecha-

nism is that the GH shift is very sensitive to the phase and

magnitude of the Fresnel reflection coefficient. Besides, we

examine the effects of the polarization angle of the inci-

dence and the layer and filling fraction of the structures

on the degree of EMT breakdown. Finally, we reveal the

potential application of the GH shift on the detection of

structure defects at the extreme nanoscale, which cannot be

demonstrated in the EMT framework in some cases. These

results can deepen the understanding of the EMT in various

application realms and further the design of the relevant

devices.

2 Theoretical model and numerical

method

We will illustrate our idea by considering an all-dielectric

periodic multilayered structure composed of N pairs of

TiO2 and Al2O3 with permittivities 𝜀1 and 𝜀2, and thick-

nesses d1 and d2, respectively, and the superstrate ZnSe and

substrate Si3N4 with permittivities 𝜀inc and 𝜀out, as shown

in Figure 1(a). The Fresnel reflection and refraction coeffi-

cients of such a structure can be rigorously calculated by

the TMM as [43][
t

0

]
= Mout,2P2

(
M2,1P1M1,2P2

)N−1
M2,1P1M1,inc

[
1

r

]

= QTMM

[
1

r

]
, (1)

with the convertingM and propagating Pmatrix expressed

as

Mi, j =
1

2

[
1+Δi, j 1−Δi, j

1−Δi, j 1+Δi, j

]
, Pi =

[
eikizdi 0

0 e−ikizdi

]
, (2)

where kiz = k0

√
𝜀i − 𝜀in sin

2
𝜃i, Δi, j = kjz∕kiz and Δi, j =

𝜀 jkiz∕
(
𝜀ik jz

)
for s- and p-polarized incidence, respectively,

subscript i and j stand for the i-th and j-th layer, k0 is

the wave number in vacuum, and 𝜃i is the incident angle.

Finally, the rTMM and tTMM can be written as

(a) (b)

Figure 1: Illustrations of the GH shifts and the EMT. (a) Schematic of an all-dielectric periodic multilayered structure containing low-index (L) layers

made of alumina (Al2O3), high-index (H) layers made of titania (TiO2), a superstrate made of zinc selenide (ZnSe), and a substrate made of silicon

nitride (Si3N4), and the spatialΔ and angularΘ GH shifts of the Gaussian beam with the incident angle 𝜃i . (b) Schematic of the rigorous transfer

matrix method (TMM) with the different stacking orderings [LH] and [HL], and effective medium theory (EMT).
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rTMM = −QTMM
21

QTMM
22

, tTMM = QTMM
11

− QTMM
12

QTMM
21

QTMM
22

. (3)

For the EMT illustrated in Figure 1(b), such structure

can be described as an effective uniaxial slab with relative

permittivity 𝜀 = diag
(
𝜀‖, 𝜀‖, 𝜀⊥) with [1], [2]

𝜀‖ = 𝜀1d1 + 𝜀2d2
d1 + d2

, 𝜀⊥ = 𝜀1𝜀2
(
d1 + d2

)
𝜀1d2 + 𝜀2d1

. (4)

The Fresnel reflection and refraction coefficients

between the superstrate and slab are[
t

0

]
= Mout,effPeffMeff,inc

[
1

r

]
= QEMT

[
1

r

]
, (5)

where the matrices M and P have the similar

forms as that in Eq. (2). Δout,eff = keffz∕koutz and

Δout,eff = 𝜀‖koutz∕(𝜀outkeffz), keffz = k0

√
𝜀‖ − 𝜀inc sin

2
𝜃inc

and keffz = k0

√
𝜀⊥ − 𝜀inc sin

2
𝜃inc, and Δeff,inc = kincz∕keffz

and Δeff,inc = 𝜀inckeffz∕
(
𝜀‖kincz), for s- and p-polarized

incidence, respectively. Meanwhile, the effective thickness

deff = N
(
d1 + d2

)
. Similarly, the rEMT and tEMT can be

obtained as

rEMT = −QEMT
21

QEMT
22

, tEMT = QEMT
11

− QEMT
12

QEMT
21

QEMT
22

. (6)

Next, we proceed to derive the GH shift for reflection,

i.e., the longitudinal centroid shift of the reflected beam. The

vector angular spectrum of the incident Gaussian beam is

[44]

Ẽi =
[
cos 𝛽x̂i + sin 𝛽ŷi −

1

k0

(
cos 𝛽kix + sin 𝛽kiy

)̂
zi

]
ũi,

(7)

with
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−
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k2
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)
𝑤2

0
∕4
, (8)

where 𝛽 is the polarization angle, 𝑤0 is the beam waist,

and kix and kiy are wave vector components along the xi
and yi axes, respectively, in local coordinates

(
xi, yi, zi

)
for

incidence. Based on the three-dimensional beam propaga-

tion model, the vector angular spectrum of the reflected

Gaussian beam is expressed as

Ẽr =
[
cos 𝛽

(
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𝜕rp

𝜕𝜃inc

krx
k0

)
+ sin 𝛽

(
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)kry
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]
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]
ũrŷr

− 1
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(
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)
ũrẑr, (9)

in which krx and kry are wave vector components in

local coordinates
(
xi, yi, zi

)
for reflection and satisfying

the relationships krx = −kix , kry = kiy, and ũr
(
krx, kry

)
=

ũi
(
−kix, kiy

)
.

The GH shift at any given plane z = const can be given

by

⟨x⟩ = Δ+ zΘ =

⟨
Ẽr
|||i𝜕krx |||Ẽr⟩⟨
Ẽr|Ẽr⟩ + z√

𝜀inck0

⟨
Ẽr
|||krx|||Ẽr⟩⟨
Ẽr|Ẽr⟩ ,

(10)

with 𝜕
krx

= x̂r𝜕∕𝜕krx and krx = x̂rkrx . Finally, the spatial

(Δ) and angular (Θ) GH shifts in reflection of the arbitrary

linearly polarized incident Gaussian beam can be derived

as

Δ = 1√
𝜀inck0

|||cos 𝛽rp|||2 𝜕𝜙 p

𝜕𝜃inc
+ ||sin 𝛽rs

||2 𝜕𝜙s

𝜕𝜃inc|||cos 𝛽rp|||2 + ||sin 𝛽rs
||2 ,

Θ = − 2

𝜀inck
2
0
𝑤2

0

|cos 𝛽|2 𝜕|r p|2
𝜕𝜃inc

+ |sin 𝛽|2 𝜕|rs|2
𝜕𝜃inc|||cos 𝛽rp|||2 + ||sin 𝛽rs
||2 ,

(11)

where 𝛽 is the polarization angle (𝛽 = 0 and 𝛽 = 90◦ denote

the p- and s-polarization, respectively), and𝜙p,s is the phase

of rp,s. Notably, the expression of the spatial (Δ) GH shift

derived by the stationary-phase analysis applies only when

the reflection coefficient phase varies slowly.

3 Results and discussion

In the following numerical simulations, if no otherwise

stated, we assume that the permittivities 𝜀1 and 𝜀2 of TiO2

and Al2O3 are 6.67 [45] and 3.12 [46], respectively, the thick-

nesses d1 and d2 of TiO2 and Al2O3 are 10 nm, permittivities

𝜀inc and 𝜀out of superstrate ZnSe and substrate Si3N4 are 6.65

[47] and 4.04 [48], respectively, the periodicity number of the

structure Npair = 10, the stacking orderings of the multilay-

ers is [HL], the polarization angle 𝛽 = 0, the wavelength of

incidence in vacuum is 0.6328 μm, and the beam waist of

incidence is 27 μm. Besides, we emphasize that the results
calculated by TMM are exact.

First, we check the invalidity of the EMT in the structure

shown in Figure 1(a), via the performance of spatial and

angular GH shifts. Under this scenario, the critical angle

51.23◦ exists at the interface between the superstrate and

effective medium. Figure 2 illustrates breakdown of the

EMTby the spatial and angular GH shifts on the all-dielectric
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Figure 2: Breakdown of the EMT by the spatial (Δ) and angular (Θ) GH shifts on the all-dielectric periodic multilayered structures with different

stacking orderings [LH] and [HL], in the case of 𝜀inc = 6.65. (a) Reflectivity |r p|2, (b) Fresnel reflection coefficient phase 𝜙p, (c) spatial GH shifts (Δ),
and (d) angular GH shifts (Θ).

periodic multilayered structures with different stacking

orderings [LH] and [HL], in case of 𝜀inc = 6.65. Accord-

ing to the EMT, such a multilayered structure of both

[LH] and [HL] will be homogenized to the same effective

medium, which means the ΔEMT
p

(ΘEMT

p
) should be equal to

the ΔHL
p
(ΘHL

p
) and ΔLH

p
(ΘLH

p
). However, large discrepancies

are found in these spatial and angular GH shifts. The dis-

crepancies of angular GH shifts near the critical angle can

be predicted according to the previous work [31], which

are related to the deviations of reflectivity |rp|2. Notably,
such discrepancies also appear far away from the critical

angle (namely 𝜃i ∈
[
35◦, 45◦

]
), as highlighted by the gray

squares. In this region, the EMT is valid from the perspective

of reflectivity in general. Such a breakdown of EMT stems

from the ultra-sensitivity of the angular GH shifts on the

reflectivity. The similar discrepancies also emerge for the

spatial GH shifts and are up to 4 μm at the 𝜃i ≈ 40◦ far from

the critical angle. It is ascribed to the deviation of Fresnel

reflection coefficient phase 𝜙p which is closely related to

the phase accumulation during the wave propagation. This

process can occur in two ways: either the continuous way

caused by the wave propagation in the medium, or the

abrupt way induced by the wave reflection/transmission

across the spatial boundary. The latter is sensitive to the

stacking ordering, but the former is not. These phenomena

indicate the strong dependence of the GH shift on the real-

istic stacking ordering of all-dielectric multilayers, even at

the deep-subwavelength scale.

In terms of the previous works [31]–[34], the existence

of a critical angle is a mandatory condition for the EMT

breakdown in an all-dielectric system. Does it mean the

GH shift calculated by the EMT is always exact in the all-

dielectric structures without the critical angle? To tackle

this issue, we replace the superstrate ZnSe prime in the

setup shown in Figure 1(a) by the free space 𝜀inc = 1, and

review the performances of reflectivity |rp|2, the reflection
coefficient phase 𝜙p, and GH shifts Δ and Θ in Figure 3.

Interestingly, the discrepancies of the spatial and angular

GH shifts persist as well in the angle range 𝜃i ∈
[
60◦, 70◦

]
where no critical angle exist and the EMT is valid accord-

ing to the reflectivity. Therefore, for the GH shifts strongly

dependent on the phase and magnitude of the Fresnel
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(a) (b)

(c) (d)

Figure 3: Breakdown of the EMT by the spatial (Δ) and angular (Θ) GH shifts on the all-dielectric periodic multilayered structures with different

stacking orderings [LH] and [HL], in the case of 𝜀inc = 1. (a) Reflectivity |r p|2, (b) Fresnel reflection coefficient phase 𝜙p, (c) spatial GH shifts (Δ),
and (d) angular GH shifts (Θ).

reflection coefficient, the EMT can be disabled in any inci-

dent angles in principle. To summarize, Figures 2 and 3 illus-

trate that the EMT is not precise to homogenize the deep-

sub-wavelength all-dielectric periodic multilayered struc-

tures when calculating the GH shifts, regardless of the exis-

tence of critical angle.

Now, we proceed to examine the breakdown of the

EMT by the spatial and angular GH shifts with differ-

ent polarization angle 𝛽 of incidence from Figure 4. As

we can see, for the case of 𝜀inc = 6.65, the discrepancies

in both spatial and angular GH shifts decrease with the

growing polarization angle in regions far from the criti-

cal angle, whereas these discrepancies are robust against

the variations of polarization angle near the critical angle.

If the superstrate is free space, the errors of spatial and

angular GH shifts under p-polarization have a pronounced

peak near the incident angle 𝜃i ≈ 64◦. But these errors

rapidly diminish to near-zero values at larger polarization

angles. These findings imply that the EMT achieves higher

accuracy for larger polarization angles in the all-dielectric

systems.

Figure 5 depicts the breakdown of the EMT by the spa-

tial and angular GH shifts with different filling fraction g

= [0.2, 0.4, 0.6, 0.8] of the structure. The g is defined as

d1∕
(
d1 + d2

)
and d1 + d2 = 20 nm is always satisfied. When

a critical angle exists, the discrepancies of GH shifts will

increase at first and then decrease as the filling fraction g

rises, reaching themaximumvalue, when the thicknesses of

the two components are nearly identical. It means that the

EMT ismore exact in the all-dielectricmultilayerswith large

differences in the thicknesses of high- and low-index layers,

when its superstrate has a high relative permittivity 𝜀inc >

𝜀⊥. In systems without a critical angle, the discrepancies of

GH shifts can be reduced via increasing the filling fraction g.

Namely, increasing the proportion of the high-index layer in

all-dielectricmultilayers without the critical angle is helpful

to weaken the degree of EMT breakdown.

Furthermore, we investigate the dependence of EMT

breakdown induced by GH shifts on the unit-cell thickness,

as shown in Figure 6. The results demonstrate that the EMT

breakdown persists across a broad range of unit-cell thick-

ness in the deep-subwavelength scale. For the case of 𝜀inc =
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(a) (b)

(c) (d)

Figure 4: Influence of the polarization angle 𝛽 on the performance of the EMT breakdown by the spatial (Δ) and angular (Θ) GH shifts, in the cases

of (a), (b) 𝜀inc = 6.65, and (c), (d) 𝜀inc = 1.

(a) (b)

(c) (d)

Figure 5: Influence of the filling fractions g= [0.2, 0.4, 0.6, 0.8] of structure on the performance of the EMT breakdown by the spatial (Δ) and angular
(Θ) GH shifts, in the cases of (a), (b) 𝜀inc = 6.65, and (c), (d) 𝜀inc = 1. The filling fraction g = d1∕

(
d1 + d2

)
, and d1 + d2 = 20 nm is always satisfied.
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(a) (b)

Figure 6: Influence of the unit-cell thickness on the performance of the EMT breakdown by the spatial (Δ) and angular (Θ) GH shifts, in the cases

of (a) 𝜀inc = 6.65 and (b) 𝜀inc = 1.

6.65, the discrepancies in both spatial and angular GH shifts

become larger with the growing unit-cell thickness. In con-

trast, when 𝜀inc = 1, such deviations display a decreasing

trend as the unit-cell thickness increases.

In the preparation ofmultilayered structures, the losses

ofmaterials are inevitable. That is to say, the relative permit-

tivities of dielectric components are generally the complex

numbers with tiny imaginary parts in the experiment. In

Figure 7,we examine the effects of the losses ofmultilayered

components on the EMT. It can be seen that, the spatial and

angular GH shifts still invalidate the EMT for the loss cases,

and the slight losses Im
(
𝜀1,2

)
= 0.01 on the dielectric compo-

nents have few impacts on the discrepancies in both spatial

and angular GH shifts. Hence, the conclusions in our work

can be generalized to the cases for the lossy multilayered

structures.

According to Ref. [31], the performance of EMT break-

down rely on the periodicity number Npair, and the severe

breakdown phenomena happen only whenNpair ≫ 1. Here,

we perform the breakdown of the EMT for case of Npair = 1

by the spatial and angular Θ GH shifts with the stacking

ordering [HL] and 𝜀inc = 1 in Figure 8. Although on the

ultrathin slab with only 30∼33 nm thickness, the spatial

and angular GH shifts still contradict to the conventional

EMT. Importantly, only 1 nm variation in layer thickness can

make very large distinctions in GH shifts. Whereas, such

ultra-sensitivity on the thickness does not exhibit via the

EMT. These differences can be explained by the reflectivity|rp|2 and reflection coefficient phase𝜙p. The 1 nm thickness

change can hardly affect the |rp|2 and 𝜙p in the framework

of EMT, but can be demonstrated via the TMM. It indicates

that the homogenization in EMT may overlook the extreme

small property variations of mediums. These phenomena

indicate the GH shift is a powerful tool in the detection of

dielectric structure defects at the extreme nanoscale, which

has been overlooked before in the framework of EMT.

(a) (b)

Figure 7: Influence of the multilayered components loss on the performance of the EMT breakdown by the spatial (Δ) and angular (Θ) GH shifts,

in the cases of (a) 𝜀inc = 6.65 and (b) 𝜀inc = 1.
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(a) (b)

(c) (d)

Figure 8: Breakdown of the EMT by the GH shifts with the stacking ordering [HL] in case of 𝜀inc = 1 and Npair = 1, and the detection of dielectric

structure defects at the extreme nanoscale. (a) spatial (Δ) GH shifts, (b) angular (Θ) GH shifts, (c) reflectivity |r p|2, and (d) Fresnel reflection coefficient
phase 𝜙p.

To experimentally validate the proposed concept, we

employ theweakmeasurement [49] techniques in our setup.

The experimental configuration begins with a Gaussian

beam generated by the He–Ne laser passing through a

Glan laser polarizer (GLP1) and a focusing lens (L1) before

incident on the all-dielectric multilayered structures. The

reflected beam then propagates through a quarter-wave

plate (QWP), followed by a half-wave plate (HWP) and

another Glan laser polarizer (GLP2), before being focused by

a second lens (L2) onto a CCDdetector formeasurement. The

breakdown of EMT can be experimentally demonstrated

by comparing the measured GH shifts from all-dielectric

multilayered structures with different stacking sequences.

The weak measurement protocol enables significant ampli-

fication of the GH shift through careful selection of nearly

orthogonal post-selection and preselection states. Themulti-

layered structures, composed of alternating alumina (Al2O3)

and titania (TiO2) layers with designed stacking orders, are

fabricated using atomic layer deposition (ALD) to ensure

precise thickness control and interfacial quality.

Finally, it is worthy to note that the EMT fails to predict

the reflection phase in many cases, making it ineffective for

GH shifts and other phase-sensitive physical phenomena.

Therefore, the careful consideration of phase-related effects

is essential when evaluating the applicability of EMT. It

holds significant implications for the design of novel micro-

nano optoelectronic devices.

4 Conclusions

In conclusion, we have reported the breakdown of EMT

by the spatial and angular GH shifts on the periodic deep-

subwavelengthmultilayered dielectric structures under the

general conditions. Through comparing the GH shifts cal-

culated by the EMT and TMM, it is found that the differ-

ences between them are very large in some cases com-

monly discussed. The underlying mechanism behind this

phenomenon is ascribed to the high sensitivity of the GH

shift on the Fresnel reflection coefficient phase and magni-

tude. Meanwhile, the numerical results have shown that the

degree of the EMT breakdown can be controlled via adjust-

ing the polarization angle of incidence and the layer and

filling fraction of the structures. Finally, we have revealed
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the potential application of the GH shift on nano-meter

scale thickness sensing, which may not be demonstrated

within the EMT framework. This work will be helpful

for improving the calculating accuracy of the electromag-

netic responses and promoting the development of precise

metrology devices.
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