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Abstract: While conventional von Neumann based machi-

nes are increasingly challenged by modern day require-

ments, electromagnetic analog computing devices promise

to provide a platform that is highly parallel, efficient and

fast. Along this paradigm, it has been shown that arrays

of subwavelength electromagnetic scatterers can be used

as solvers of partial differential equations. Inverse design

offers a powerful tool to synthesize such analog comput-

ing machines, utilizing engineered non-local responses to

produce the solution of a desired mathematical operation

encoded in the scattered fields. So far, this approach has

been largely restricted to linear, reciprocal scatterers, lim-

iting its generality and applicability. Here we demonstrate

how arrays of gyrotropic scatterers can be used to solve

a more general class of differential equations. Through

inverse design, with a combination of evolutionary and gra-

dient based algorithms, the position of the scatterers is opti-

mized to achieve the desired kernel response. Introducing

gyrotropic media, we also demonstrate improved accuracy

by > 2 orders of magnitude compared to similarly sized

reciprocal systems designed with the same method.
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1 Introduction

While the demand to process data is increasing at an

unprecedented rate, von Neumann based computers are

proving to be simultaneously energy inefficient and overly

time consuming [1], [2]. Between 2011 and 2022, the aver-

age computation required bymachine learning systems has

increased from 1016 floating point operations per second

(FLOPS) to 1024 FLOPS, [3]. This indicates a significant need

to increase the energy efficiency and time cost ofmathemat-

ical operations.

In an attempt to remove such a bottleneck from the

development of computational models, recent works have

explored the use of photonic scatterers, metamaterials and

metasurfaces to take advantage of their fast and highly

efficient response to model integro-differential problems,

recurrent neural networks (RNNs) and extreme learning

machines [2], [4]–[14]. Since such optical systems yield mas-

sively parallel, high-speed and energy efficient operations,

these photonic devices have proven to be a promising sur-

rogate for their von Neumann based counterparts [1].

By embedding the underlying mathematical problem

in the properties of the incoming field, analog comput-

ing devices can shape the field distribution by fine-tuning

their spatial and temporal parameters to achieve a desired

response [12]. The response can be thought of as a kernel

acting on the input distribution that approximates a lin-

ear mathematical operator or its inverse. In this context,

inverse design has been drawing significant interest in the

quest of developing analog computing optical machines,

due to its ability to find non-trivial solutions for such scat-

terers [5], [15]–[17]. As shown in previous work [8], odd-

symmetric mathematical operators require breaking both

transverse and longitudinal symmetries. For this reason,

inverse-designed structures with broken symmetries offer

an ideal design playground for these devices [18]. So far,

however, they have been limited to the solution of linear

integro-differential equations [19].
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Figure 1: Non-reciprocal scatterer composed of two types of cylinders,

gyrotropic and dielectric cylinders, returning a solution u = A−1 f

encoded within a scattered wave.

As another limitation, the meta-structures considered

so far have relied on reciprocal media, where reciprocity

indicates the inherent symmetry in optical response as

source and observation points are exchanged. While a

good number of relevantmathematical problems obey suffi-

cient symmetries to be synthesized using reciprocal optical

responses, breaking reciprocity can enable a wider range of

operations, relevant for instance in the context of machine

learning, thermodynamics and cosmology [20]–[22]. In this

manuscript, we introduce an analog computing framework

that harnesses nonreciprocal scattering induced by a static

magnetic bias on an array of scatterers (Figure 1), with the

goal of expanding the rational synthesis of analog optical

computers based on engineered nonlocalities.

2 Methods

Here, we describe the analytical procedures for formulat-

ing the wave–scatterer interaction into a scattering-matrix

representation and for discretizing the target mathematical

problem into a matrix form. Subsequently, we establish the

relationship between the two systemmatrices,which guides

the design process of the scatterer.

2.1 Ensemble of gyrotropic particles

The geometry for the proposed analog computing frame-

work is described by a two-dimensional problem in which

we assume that the fields are transverse electric (TE),

which can be reduced to a scalar Helmholtz equation in

terms of the magnetic field component Hz. We compose the

scatterer by a system of small particles, where each particle

is approximated by a dipole moment.

The polarizability of each particle is derived from the

dominant scattering coefficients. We consider a single cir-

cular scatterer in a vacuum with radius a. The solution to

an incident plane wave with ei𝜔t dependency reads

Hz(r, 𝜙) = Hinc
z
(r, 𝜙)+ Hscat

z
(r, 𝜙)

=
∑
n∈ℤ

i−n Jn(k0r)e
in(𝜙−𝜃 )

+
∑
n∈ℤ

SnH
(2)
n
(k0r)e

in(𝜙−𝜃 ),

(1)

where Jn and H
(2)
n are the nth order Bessel function of the

first kind and Hankel function of the second kind, respec-

tively, k0 is the free space wavenumber, 𝜃 is the angle of the

incident planewave, and r and 𝜙 are the polar coordinates

[23]. The scattering coefficients Sn are obtained by applying

the interface condition at r = a which is described by

⎧⎪⎨⎪⎩
Hz,L = Hz,R,

𝜀−1
L
grad Hz,L ⋅ n̂ = 𝜀−1

R
grad Hz,R ⋅ n̂,

x ∈ ΓI , (2)

where n̂ is the interface normal and the L,R subscripts indi-

cate the left and right elements of the interface. For perfect

electric conductors, they are [23]

Sn = −i−n Jn−1(k0a)− Jn+1(k0a)

H(2)
n−1(k0a)− H(n+2)

n+1 (k0a)
. (3)

Scattering coefficients for both gyrotropic and dielec-

tric media can be described by the same expression [23]

Sn = −i−n Jn(k0a)

H(2)
n (k0a)

Cn,

Cn =
J′
n
(ka)

Jn(ka)
− (

√
𝜀eff∕𝜀0

J′
n
(k0a)

Jn(k0a)
− n

𝜀g

ka𝜀t
)

J′n(ka)

Jn(ka)
− (

√
𝜀eff∕𝜀0 H

′
n(k0a)

Hn(k0a)
− n

𝜀g

ka𝜀t
)
.

(4)

In the above, 𝜀0 and 𝜀eff = 𝜀0
𝜀2
t
+𝜀2

g

𝜀t
are the free-

space and effective permittivity, respectively, where 𝜀g =
𝜔2

p
𝜔c

𝜔(𝜔2
c−𝜔2)

and 𝜀t = 1+ 𝜔2
p

𝜔2
c−𝜔2 are components of the permit-

tivity tensor for a gyrotropic medium (Appendix A.1). Here,

𝜔 the field angular frequency, 𝜔p and 𝜔c the angular elec-

tron plasma and cyclotron frequencies, respectively [24].

Scattering coefficients for the reciprocal scenario are recov-

ered when 𝜔p = 0.

The scattering coefficients Sn of order−1, 0, and 1 domi-
nate the responseswhen the radius ismuch smaller than the

background wavelength, i.e., a≪ 𝜆0. Then, we can approx-

imate the scatterer by dipole moments, where the relation
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between their amplitude d = [m, p]T and the incident field

Finc = [Hinc, Einc]T is expressed as d = 𝛼Finc, or[
m

p

]
⏟⏟⏟

=d

=
[
𝛼00 𝛼01

𝛼10 𝛼11

]
⏟⏞⏞⏞⏟⏞⏞⏞⏟

=𝛼

[
Hinc

Einc

]
⏟⏟⏟

=Finc

. (5)

Here,m and p aremagnetic and electric dipoles, respec-

tively, and 𝛼 is the polarizability tensor. Without loss of

generality, due to the small size of the scatterers, no coupling

between H and E is assumed, i.e., 𝛼01 = 𝛼10 = 0. Then, as

shown in Appendix A.2, we have

𝛼00 = 4

k2
0

iS0 and

𝛼11 =
[

S1 − S−1 −i(S1 + S−1 )

i(S1 + S−1 ) S1 − S−1

]
.

(6)

In the above, we have S−1 = −S1 for a dielectric case,
which implies reciprocity.

According to [25], the magnetic and electric field

induced by a dipole can be expressed by Fscat = Γd or[
Hscat

Escat

]
⏟⏟⏟

=Fscat

=
[
Γ00 Γ01

Γ10 Γ11

]
⏟⏞⏞⏞⏟⏞⏞⏞⏟

=Γ

[
m

p

]
⏟⏟⏟

=d

, (7)

where Γ is the dipole-dipole interaction matrix that maps a

dipole to a scattered field (Appendix A.3).

The multi-scatterer generalization of eq. (5) for ith par-

ticle can be written as

di = 𝛼i

(
Finc
i

+
N∑

j=1 : i≠ j
Γi jd j

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=F̃inc
i

, i = 1, 2,… ,N . (8)

Here, the effective incident wave for the ith particle

F̃inc
i

is composed of the incident field Finc
i

and scattered

field induced by other particles Γijd j, where Γij is the

dipole–dipole interaction matrix in eq. (7). 𝛼i is the polariz-

ability tensor for ith particle and the corresponding dipole

moment is denoted by di. Following the notation of a two-

scatterer case in [26], (8) can be written as

⎡⎢⎢⎢⎢⎢⎣

𝛼−1
1

−Γ12 … −Γ1N

−Γ21 𝛼−1
2

… −Γ2N

...
... ⋱

...

−ΓN1 −ΓN2 … 𝛼−1
N

⎤⎥⎥⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

A−1

⎡⎢⎢⎢⎢⎢⎣

d1

d2

...

dN

⎤⎥⎥⎥⎥⎥⎦
⏟⏟⏟

D

=

⎡⎢⎢⎢⎢⎢⎣

Finc
1

Finc
2

...

Finc
N

⎤⎥⎥⎥⎥⎥⎦
⏟⏟⏟

P

. (9)

Here, each element of D is the dipole moment d =
[m p]T induced by each particle. Each component of the

vector P corresponds to the incident field Finc sampled at

the position of each particle:

P =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∫ dΩ𝛿(x − x1 )

∫ dΩ𝛿(x − x1 )

...

∫ dΩ𝛿(x − xn )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

C

Finc, (10)

whereΩ is the domain that contains all particles and 𝛿(x −
xi) is a Dirac delta.

Similarly, the generalization of (7) for an arbitrary posi-

tion x with an N-particle system is

Fscat =
[
Γxx1

Γxx2
… ΓxxN

]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

G

D, (11)

where each interaction matrix Γxxi
relates the field at x due

to the dipole at xi. Rearranging and substituting (9) into D of

(11), then replacing Pwith (10), the relationship between the

scattered field to the incoming field can be obtained as

Fscat = GACFinc. (12)

The incident field can be expanded in a functional basis

of our choice [5], [12], [25], that is, expressed as a sum-

mation of basis functions with distinct coefficients. These

coefficients serve as control variables encoding the input

signal [5]. Then, the complexity of the problem is gov-

erned by the number of input and output ports. Let Bn(x) =
Jn(k0r)e

in(𝜙−𝜃) represents the basis for the incidentmagnetic

field H inc, or the input ports. Then, the expansion reads

Finc =
∑
n

cin
n
gn(x), (13)

where gn(x) =
[
Bn(x), (i𝜔𝜀)

−1 curl Bn(x)
]T
. The coefficient

cin
n
determines the amplitude of each port, and can be varied

to represent the desired input function.

Likewise, the choice of output ports is motivated by

the general solution of the scattered field in an exterior

problem, i.e.,

Hscat =
∑
m

cout
m
hm(x), (14)

where hm(x) = H(2)
m (k0r)e

im(𝜙−𝜃 ). Let hm(x) denotes the dual

function of hm(x). Then, the output coefficients cout
m

of (14)

are obtained by
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cout
m

= ∫ dΩ(hm(x)Hscat ). (15)

It is noted that the choice of basis functions is, in gen-

eral, arbitrary; the above selection ensures completeness for

the two-dimensional problem [27].

Let Q = [1, 0]
T denotes a linear operator that extracts

magnetic field H from the field vector F such that Hscat =
QFscat. Then, eq. (12) can be expressed in terms of input and

output ports as the scattering matrix equation:

cout
m

= Smnc
in
n
= ∫ dΩ

(
hmQGACgn

)
cin
n
, (16)

or in tensor form,

c
out = Sc

in. (17)

The scattering matrix S
mn

is a linear operator mapping

the input vector cin to the output vector cout.

2.2 Mathematical problem

The target linear mathematical problem for any ODE can be

stated as

A[u] = f , (18)

where A is the operator acting on an unknown function u

and f is a given function. The operator A is not necessarily

self-adjoint, which may describe a nonreciprocal physical

problem. For example, we consider the following operator,

which represents a typical formof a second-order boundary

value problem:

A[⋅] = d

dx

[
𝛼
d

dx
⋅
]
+ 𝛽, (19)

with two complex-valued parameters 𝛼 and 𝛽 and the peri-

odic boundary condition over 2𝜋. In the weak form, the

above strong form can be expressed as

∫
2𝜋

0

[
d𝑣

dx
𝛼
du

dx
− 𝑣𝛽u

]
dx = ∫

2𝜋

0

𝑣 fdx, ∀𝑣 ∈ V . (20)

In the above, 𝑣 denotes a test function, and V is a set of

admissible functions.

Among many choices of finite-dimensional approxima-

tions, we take Rayleigh-Ritz type discretization, which reads

𝑣(x) =
N∑

m=−N
𝑣mgm(r) =

N∑
m=−N

𝑣me
−imr,

u(x) =
N∑

n=−N
unhn(r) =

N∑
n=−N

une
inr.

(21)

The expansion is evaluated at the interface with a

radius of choice r = a. The above basis choice implies that

we use sinusoidal basis for both input and output ports in

(13) and (15). Thus, f is now expressed with a finite series of

sinusoidal functions representing the input.

Using this result, eq. (18) can be approximated to a

matrix equation

Au = f, (22)

where u and f are the vectors of the coefficients un, fn
defined in eq. (21), respectively. The operator A is the finite

approximation of the operator A[⋅], whose elements are

calculated using

Amn =
1

2𝜋 ∫
2𝜋

0

(−mn𝛼 − 𝛽 )ei(m+n)xdx. (23)

The aim is to design a scatterer such that its geometry

maps the response of eq. (22) to its scatteringmatrix in away

that the solution is imprinted on the scattering fields when

illuminated by incident fields f. Therefore, the scattering

matrix S should satisfy

SA = AS = 𝛾I, (24)

where I is the identity matrix and 𝛾 is a scaling factor [5].

2.3 Scatterer design

The position of the particles can be formed as an inverse

design problem. From eq. (24), it follows that the cost func-

tion for this inverse design problem can be formulated as

C(𝛾, p) = 1

2

N∑
j=−N

‖𝛾−1SAj − I‖2
2
, (25)

where ‖… ‖2
2
is the square of the Euclidean norm and p

is the position vector of the particles. The scaling factor is

optimized in addition to the positions to introduce an extra

degree of freedom in the optimization problem. A new vec-

tor can be formed q = (𝛾, p), which is the optimization vari-

able. A constant number of Dc dielectric andMc gyrotropic

cylinders were chosen at the start of each optimization, the

optimization variable is defined

q =
[
𝛾−1, p1

x
, p1

y
,… , p

Dc+Mc

x , p
Dc+Mc

y

]T
subject to:−R∕2 ≤ qk

j
≤ R∕2, ∀k ≥ 2,

0.5 ≤ 𝛾−1 ≤ 3, (26)

where pi
j
is the position of the ith particle in the j axis and R

is a positional constraint. This constraint limits the optimiza-

tion region to a square region of size R × R to ensure that:

(a) the scatterers remain within the simulation limits and,

(b) the desired compactness is achieved. Since themultiplier
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Figure 2: Optimization algorithm for the positions of the cylinders.

is an unbounded variable, the minimum constraint on 𝛾−1

was enforced to avoid a singularity in eq. (24), while the

maximum value was empirically chosen.

A two-step optimization process is used as shown in

Figure 2 and the code can be found in [28]. The framework

was implemented using the open source library NLopt in

Python [29]. First, an optimization is performed using the

global evolutionary algorithm (ESCH) [30] followed by the

gradient based method of moving asymptotes (MMA) [31].

As a global optimizer is better suited to exploring a larger

part of the parameter space, introducing it at the beginning

allows for better exploration of a wider region of possible

solutions. However, as global optimizers often suffer from

slow convergence, the gradient based optimizer allows for

faster convergence to the local minima of the region that

the ESCH algorithm identified. The hybrid method explores

the solution space more efficiently and accurately than

deploying either of the algorithms on an individual basis

[32].

The calculation of gradients 𝛿q, required by MMA, was

performed using finite differences. Given the small number

of elements in vector q, the problem did not necessitate the

use of the adjoint variable method. To reduce the compu-

tational time required, the process was parallelized using

mpi4py [33] to calculate each element of 𝛿q on a different

simultaneous process.

Random noise was integrated in the optimization

process to encourage tolerance in the solution, yielding

more robust devices. The gradient based optimizer was

employed 10 times with amaximumnumber of iterations at

1,000 per optimization session. Each time the position vector

with the lowest cost function was used with added noise i.e.

q j = qbest + Y × 𝜆0 × 10−3,

Yk ∈ [0, 1), 0 ≤ j ≤ 2(Dc +Mc ),
(27)

where qbest is the best performing geometry from the pre-

vious iterations and Y is a random variable vector and Yk

is the kth element of Y . This can also be considered a fab-

rication robustness measure, with geometries who are less

susceptible to this perturbation being favored as the starting

point for the next optimization.

3 Results

Using the quasi-static dipolar resonant condition from

[23], the design frequency of 𝜔 = 1 × 1012 rad s−1 was

chosen with 𝜔p = 2.1 × 1012 rad s−1 and 𝜔c = 0.57𝜔p for

gyrotropic cylinders, and loss-less silicon as the dielectric

material with 𝜀 = 12𝜀0, 𝜔c = 0 for a 7 harmonics system.

The optimization region is a 20𝜆0 × 20𝜆0 square as shown

in Figure 3. Thefigure also showshow the scatterer interacts

with the 7 incoming spherical harmonics tomap the solution

to the scattered fields.

The scatterer in Figure 3 shows the incident and

scattered fields to a scatterer constructed with a 𝛼(x) =∑3

n=−3ane
inx and 𝛽(x) =

∑3

n=−3bne
inx , where

[an] =
1

4𝜋2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(1+ 2i)√
2

0.75+ 0.35i

1

2.25− 1i

4.5+ 1i

−6+ 3.5i

1.5− 2.75i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, [bn] =
1

4𝜋2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6.5+ 1.75i

11− 11i

4+ 1.75i

59+ 79i

2+ 1i

14+ 6i

−1.5+ 0.1i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (28)

The performance of the scatterer was tested using two

input functions fa,b.
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Figure 3: Plot showing the incoming, scattered and outgoing Hz from an analog computing scatterer. The dashed line shows the optimization region,

‘x’ represents gyrotropic scatterers, while ‘o’ represents dielectric scatterers.

fa(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(1+ 1i)√
2

,

2,

3.5,

1.0,

3,

−2,

(1− 1i)√
2

,

fb(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(1+ 1i)∕
√
2,

(1− 1i)∕
√
2,

2.0i,

(2+ 1i)∕
√
2,

(2− 1i)∕
√
2,

(1+ 2i)∕
√
2,

(1i)∕
√
2,

(29)

where each element represents the value at 2𝜋

7
intervals of

x with 0 ≤ x ≤ 2𝜋. fa and fb were used for the inputs in

Figure 5a and b, respectively. The 7 by 7 target kernel A was

used to find the scattering matrix, shown in Figure 4 was

Figure 4: Example inverse non-Hermitian kernel used in the cost

function to map the scattering matrix on the scatterer’s geometry using

eq. (25).

constructed with 𝛼 and 𝛽 . The non-Hermitian matrix shows

the inverse of the target in a real-imaginary color map. The

symmetry of the matrix is visibly broken along the main

diagonal.

Figure 5 shows two solutions of ODEs from the same

scatterer, the design of the scatterer is shown in Figure 3. In

both cases the solution of the analog solver closely matches

the numerical solution. Both problems have increased com-

plexity compared to previously demonstrated analog com-

puting scatterers [5]. Compared to numerical solutions, a 5

by 5 scatterer achieved amaximumerror of∼ 1%, while for
the 7 by 7 scatterer presented here, the maximum error was

∼ 3%. While the accuracy of numerical solutions, such as

uref , depends on a range of factors, it is generally accepted

that they can achieve accuracies ≪ 1% [34]. The authors

believe, however, that the permitted trade-off between accu-

racy and efficiency, as well as their compactness make this

approach attractive for implementing future analog com-

puting devices.

To understand whether gyrotropic media are essential

for the solution of generally asymmetric ODEs, their per-

formance was compared to scatterer geometries with an

ensemble of perfect electric conductor (PEC) and dielectric

cylinders. Since gyrotropic media are PEC with an exter-

nal magnetic bias, the initial conditions of the previous

experiment are repeated, without the external magnetic

bias. Figure 6 shows the performance of the best design

for each case for different numbers of scatterer particles.

The use of non-reciprocal media clearly results in improved

performance for the solution of non-reciprocal ODEs. Using

gyrotropic cylinders consistently gives a lower cost function

bymore than an order ofmagnitude (or 95 % reduction). It is

noted that in both cases there is slight fluctuation, believed

to be due to: (a) random starting conditions, (b) increasing
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(a)

(b)

Figure 5: Solution to two different ODEs by the same scatterer shown

in Figure 3. (a) First ODE solved by scatterer using 7 spherical harmonics.

(b) Second ODE solved by scatterer using 7 spherical harmonics.

the number of optimization parameters, and (c) the ability

of a larger number of particles to populate larger matrices.

Using the literature value for the lossy permittivity of high

resistivity silicon at 𝜔 = 1 THz, 𝜀 = 11.66+ 2.4i × 10−3 [35]

Figure 6: The logarithm of the smallest achieved cost function of eq. (25)

when optimizing with gyrotropic media (non-reciprocal) or perfect

electric conductors (reciprocal).

results in a difference < 1% in the cost function for all

numbers of particles, demonstrating the robustness of the

solution.

To test the robustness of the system, the optimal solu-

tion was perturbed using eq. (27) with Y again generated

using a uniform random distribution with boundaries [0, 1).

Figure 7 shows that effect, with the perturbed solution uerr
h

closely following the unperturbed and reference solutions

with the perturbed system’s relative error at 8% for the

real part and 9% for the imaginary part compared to the

numerical solution. For the test, a third input function fcwas

trialed

fc(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(1+ 1i)∕
√
2, 0 < x ≤ 2𝜋∕7,

(1+ 1i)∕
√
2, 2𝜋∕7 < x ≤ 4𝜋∕7,

2.0i, 4𝜋∕7 < x ≤ 6𝜋∕7,

(2+ 1i)∕
√
2, 6𝜋∕7 < x ≤ 8𝜋∕7,

(2− 1i)∕
√
2, 8𝜋∕7 < x ≤ 10𝜋∕7,

(1− 2i)∕
√
2, 10𝜋∕7 < x ≤ 12𝜋∕7,

1∕
√
2, 12𝜋∕7 < x < 2𝜋.

(30)

The third example highlights not only the small devia-

tion between perturbed scatterers’s solution to the unper-

turbed but also to the analytical solution. This robustness to

errors in position is an important step towards a practical

implementation of the analog computing device. This can be

attributed to embedding noise in the optimization problem,

biasing the final result to geometries that have small varia-

tions in solution under such errors.
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Figure 7: Comparison of the performance of the scatterer with the ideal

solution (black), unperturbed scatterer (red) and uniformly perturbed

scatterer (blue).

4 Conclusions

In this paper, an inverse-design technique was used to cre-

ate a system of gyrotropic and dielectric scatterers whose

electromagnetic scattering characteristics can be used to

implement an analog computing device capable of solving

ODEs. The input function for the scatterer is encoded in the

spherical harmonics of an incident electromagnetic wave

that is scattered from the system. The solution can then be

read from the spherical harmonics of the scattered fields.

The optimal geometries were found using a combination

of global and local optimizers to determine the position

of the gyrotropic and dielectric cylinder scatterers. As a

proof of concept, scatterers using 7 spherical harmonics

were designed and tested against two different ODEs, and

a reasonable level of accuracy was demonstrated.

Similar analog computing scatterers using PEC-only

scatterers were optimized using the same method in order

to understand the necessity of gyrotropic media. The PEC-

based scatterers achieved cost functions higher than the

gyrotropic based solutions by an order of magnitude. While

the gyrotropic based scatterers showed an improved per-

formance as the number of optimized parameters was

increased, the PEC-based scatterers maintained the same

level of performance.

Expanding on the ideas introduced by previous

scattering-based analog computing devices [5], we used

inverse design to develop non-reciprocal scattering based

analog computers. We believe that these ultra-fast and

compact devices can be deployed for problem-specific

non-reciprocal applications.
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A Appendix

A.1 Permittivity and permeability
for a gyrotropic medium

The permittivity and the permeability for a (piecewise)

homogeneous gyrotropic medium reads [23]

𝜀 = 𝜀o

⎡⎢⎢⎢⎣
𝜀t i𝜀g 0

−i𝜀g 𝜀t 0

0 0 𝜀a

⎤⎥⎥⎥⎦ and 𝜇 = 𝜇o. (31)

In the above,

𝜀t = 1+
𝜔2

p

𝜔2
c
−𝜔2

and 𝜀g =
𝜔2

p
𝜔c

𝜔
(
𝜔2
c
−𝜔2

) . (32)

We assume a transverse-electric incident plane wave

with no external current density, i.e.,

Hx = Hy = 0,
𝜕H

𝜕z
= 0, and J = 0. (33)

http://www.birmingham.ac.uk/bear
https://doi.org/10.5281/zenodo.15107584
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Then, the Maxwell’s equations are reduced to a two-

dimensional Helmholtz equation in the z component of the

vector field H, i.e.,

div 𝜀−1
eff
grad Hz +𝜔2𝜇Hz = 0, (34)

where the effective permittivity reads

𝜀eff = 𝜀o
𝜀2
t
− 𝜀2

g

𝜀t
. (35)

A.2 Derivation of 𝜶00 and 𝜶11

Electric and magnetic fields due to an electric dipole

moment located at 𝜌′ = (r′, 𝜙′) are [25]

E = 𝜀−1
0

[(
p ⋅ grad

)
grad g + k2

0
pg

]
and (36)

H = −i𝜔p × grad g. (37)

In the above, we have

g
(
𝜌; 𝜌′

)
= i

4
H(2)
0

(
k0

||𝜌− 𝜌′||). (38)

Let 𝜌′ = 0 and considering only the electric dipole con-

tribution of the scattered field, i.e. n = −1, 1, the left-hand-
side of the (37) becomes

Hscat
z

=
∑
n∈ℤ

SnH
(2)
n

(
k0r

)
ein(𝜙−𝜃 ) (39)

≈ S−1H
(2)
−1

(
k0r

)
e−i(𝜙−𝜃 ) + S1H

(2)
1

(
k0r

)
ei(𝜙−𝜃 )

=
[(
S1e

−i𝜃 − S−1e
i𝜃
)
cos 𝜙+ i

(
S1e

−i𝜃

+ S−1e
i𝜃
)
sin 𝜙

]
H(2)
1

(
k0r

)
. (40)

Note that we have S−1 = −S1 for reciprocal cases. The
right-hand-side of (37) becomes

−i𝜔p × grad g = −i𝜔
(
px
𝜕g

𝜕y
− py

𝜕g

𝜕x

)
= −𝜔k0

4

H(2)
1

(
k0r

)
r

(
px y− pyx

)
= −𝜔k0

4
H(2)
1

(
k0r

)(
px sin 𝜙− py cos 𝜙

)
.

(41)

Then, we have

px = −4i
(
S1e

−i𝜃 + S−1e
i𝜃
)

𝜔k0
and

py =
4
(
S1e

−i𝜃 − S−1e
i𝜃
)

𝜔k0
. (42)

On the other hand, the polarizability is defined as

p = 𝛼11Einc, (43)

where

𝜀0(i𝜔)E
inc = Hinc|||𝜌′=0

= e−ik0x cos 𝜃e−ik0 y sin 𝜃 êz
|||𝜌′=0

= −ik0 sin 𝜃êx + ik0 cos 𝜃êy

= k0
2

(
e−i𝜃 − ei𝜃

)
êx +

ik0
2

(
e−i𝜃 + ei𝜃

)
êy. (44)

Combining (42), (43), and (44), we have a system of

linear equations, i.e.,

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

− 4iS1
𝜔k0

= k0
2𝜀0(i𝜔)

[
𝛼xx + i𝛼xy

]
,

−4iS−1
𝜔k0

= k0
2𝜀0(i𝜔)

[
−𝛼xx + i𝛼xy

]
,

4S1
𝜔k0

= k0
2𝜀0(i𝜔)

[
𝛼yx + i𝛼yy

]
,

−4S−1
𝜔k0

= k0
2𝜀0(i𝜔)

[
−𝛼yx + i𝛼yy

]
,

(45)

or

k0
2𝜀0(i𝜔)

⎡⎢⎢⎢⎢⎢⎣

1 i 0 0

−1 i 0 0

0 0 1 i

0 0 −1 i

⎤⎥⎥⎥⎥⎥⎦

⎛⎜⎜⎜⎜⎜⎝

𝛼xx

𝛼xy

𝛼yx

𝛼yy

⎞⎟⎟⎟⎟⎟⎠
= 4i

𝜔k0

⎛⎜⎜⎜⎜⎜⎝

−S1
−S−1
−iS1
iS−1

⎞⎟⎟⎟⎟⎟⎠
. (46)

The solution to the above system of equations is

𝛼11 =
[
𝛼xx 𝛼xy

𝛼yx 𝛼yy

]
= 4𝜀0

k2
0

[
S1 − S−1 −i

(
S1 + S−1

)
i
(
S1 + S−1

)
S1 − S−1

]
.

(47)

Next, we derive 𝛼00 such that

m = 𝛼00Hinc, (48)

where [25]

Hscat = −mk2g. (49)

We assume that S0, S−1, and S1 dominate the response

in (39). The contributions of S−1 and S1 have been addressed

previously. Thus, considering only the remaining S0 term,

we obtain

𝛼00 = 4iS0
k2
0

. (50)

A.3 Elements of 𝚪
Expansion of the elements in eq. (7)
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Γ00 =
k2
0
i

4
H(0)(k0r),

Γ01 = −
ck3

0

4

(yi − y j )

r
H(1)(k0r),

Γ10 =
k3
0

4𝜀0c

(yi − y j )

r
H(1)(k0r),

Γ11 =
k4
0

4𝜀0

(
(yi − y j )

2

r2
H(0)(k0r)

+
(xi − x j )

2 − (yi − y j )
2

k0r
3

H(1)(k0r)

)
.

(51)

References

[1] D. Zhang and Z. Tan, “A review of optical neural networks,” Appl.

Sci., vol. 12, no. 11, p. 5338, 2022..

[2] Y. Zhou, H. Zheng, I. I. Kravchenko, and J. Valentine, “Flat optics for

image differentiation,” Nat. Photonics, vol. 14, no. 5, pp. 316−323,
2020..

[3] J. Sevilla, L. Heim, A. Ho, T. Besiroglu, M. Hobbhahn, and P.

Villalobos, “Compute trends across three eras of machine

learning,” in 2022 International Joint Conference on Neural Networks

(IJCNN), IEEE, 2022.

[4] W. T. Chen, A. Y. Zhu, J. Sisler, Z. Bharwani, and F. Capasso,

“A broadband achromatic polarization-insensitive metalens

consisting of anisotropic nanostructures,” Nat. Commun., vol. 10,

no. 1, p. 355, 2019..

[5] H. Goh and A. Alù, “Nonlocal scatterer for compact wave-based

analog computing,” Phys. Rev. Lett., vol. 128, no. 7, p. 073201, 2022,.

[6] T. W. Hughes, M. Minkov, V. Liu, Z. Yu, and S. Fan, “Full wave

simulation and optimization of large area metalens,” in OSA

Optical Design and Fabrication 2021 (Flat Optics, Freeform, IODC,

OFT), https://doi.org/10.1364/flatoptics.2021.fth3c.5.

[7] E. Khoram et al., “Nanophotonic media for artificial neural

inference,” Photonics Res., vol. 7, no. 8, pp. 823−827, 2019..
[8] H. Kwon, D. Sounas, A. Cordaro, A. Polman, and A. Alù, “Nonlocal

metasurfaces for optical signal processing,” Phys. Rev. Lett.,

vol. 121, no. 17, p. 173004, 2018..

[9] R. G. MacDonald, A. Yakovlev, and V. Pacheco-Peña, “Solving

partial differential equations with waveguide-based metatronic

networks,” Adv. Photonics Nexus, vol. 3, no. 5, p. 056007,

2024..

[10] A. Momeni and R. Fleury, “Electromagnetic wave-based extreme

deep learning with nonlinear time-floquet entanglement,” Nat.

Commun., vol. 13, no. 1, p. 2651, 2022..

[11] Y. Shen et al., “Deep learning with coherent nanophotonic

circuits,” Nat. Photon., vol. 11, no. 7, pp. 441−446, 2016.
[12] A. Silva, F. Monticone, G. Castaldi, V. Galdi, A. Alù, and N. Engheta,

“Performing mathematical operations with metamaterials,”

Science, vol. 343, no. 6167, pp. 160−163, 2014..
[13] F. Zangeneh-Nejad, D. L. Sounas, A. Alù, and R. Fleury, “Analogue

computing with metamaterials,” Nat. Rev. Mater., vol. 6, no. 3, pp.

207−225, 2021..

[14] P. Zhang, Y. Hu, Y. Jin, S. Deng, X. Wu, and J. Chen, “A Maxwell’s

equations based deep learning method for time domain

electromagnetic simulations,” IEEE J. Multiscale Multiphys. Comput.

Tech., vol. 6, no. 1, pp. 35−40, 2021..
[15] W. Gao et al., “Topological photonic phase in chiral hyperbolic

metamaterials,” Phys. Rev. Lett., vol. 114, no. 3, p. 037402, 2015,.

[16] A. F. Oskooi, D. Roundy, M. Ibanescu, P. Bermel, J. D.

Joannopoulos, and S. G. Johnson, “Meep: A flexible free-software

package for electromagnetic simulations by the fdtd method,”

Comput. Phys. Commun., vol. 181, no. 3, pp. 687−702, 2010..
[17] T. Zhu et al., “Topological optical differentiator,” Nat. Commun., vol.

12, no. 1, p. 680, 2021..

[18] A. Cordaro, B. Edwards, V. Nikkhah, A. Alù, N. Engheta, and A.

Polman, “Solving integral equations in free space with

inverse-designed ultrathin optical metagratings,” Nat.

Nanotechnol., vol. 18, no. 4, pp. 365−372, 2023,.
[19] N. M. Estakhri and A. Alù, “Wave-front transformation with

gradient metasurfaces,” Phys. Rev. X , vol. 6, no. 4, p. 041008, 2016..

[20] N. Boullé, D. Halikias, S. E. Otto, and A. Townsend, “Operator

learning without the adjoint,” J. Mach. Learn. Res., vol. 25, no. 364,

pp. 1−54, 2024.
[21] H. Alston, L. Cocconi, and T. Bertrand, “Irreversibility across a

nonreciprocal p t -symmetry-breaking phase transition,” Phys. Rev.

Lett., vol. 131, no. 25, p. 258301, 2023..

[22] F. Masghatian, M. Esfandiar, and M. Nouri-Zonoz,

“Electrodynamics in curved spacetime: Gravitationally-induced

constitutive equations and the spacetime index of refraction,”

Class. Quantum Grav., vol. 42, no. 12, p. 125002, 2025,.

[23] C. Valagiannopoulos, S. A. H. Gangaraj, and F. Monticone,

“Zeeman gyrotropic scatterers: Resonance splitting, anomalous

scattering, and embedded eigenstates,” Nanomater. Nanotechnol.,

vol. 8, no. 1, 2018, https://doi.org/10.1177/1847980418808087.

[24] A. K. Ram and K. Hizanidis, “Scattering of electromagnetic waves

by a plasma sphere embedded in a magnetized plasma,” Radiat.

Eff. Defects Solids, vol. 168, no. 10, pp. 759−775,
2013..

[25] C. H. Papas, Theory of Electromagnetic Wave Propagation, 1st ed.,

Dover Publications, 1988.

[26] H. Goh, A. Krasnok, and A. Alù, “Nonreciprocal scattering and

unidirectional cloaking in nonlinear nanoantennas,”

Nanophotonics, vol. 13, no. 18, pp. 3347−3353, 2024..
[27] R. F. Millar, “On the completeness of sets of solutions to the

helmholtz equation,” IMA J. Appl. Math., vol. 30, no. 1, pp. 27−37,
1983..

[28] H. G. Nikolas Hadjiantoni, “The non-reciprocal analog computing

framework,” 2025, Available: https://zenodo.org/records/

15107585.

[29] S. G. Johnson, “The NLopt nonlinear-optimization package,” 2007,

Available: https://github.com/stevengj/nlopt.

[30] C. H. D. S. Santos, M. S. Goncalves, and H. E. Hernandez-Figueroa,

“Designing novel photonic devices by bio-inspired computing,”

IEEE Photonics Technol. Lett., vol. 22, no. 15, pp. 1177−1179, 2010..
[31] K. Svanberg, “The method of moving asymptotes—A new method

for structural optimization,” Int. J. Numer. Methods Eng., vol. 24,

no. 2, pp. 359−373, 1987..
[32] F. Lucchini, R. Torchio, V. Cirimele, P. Alotto, and P. Bettini,

“Topology optimization for electromagnetics: A survey,” IEEE

Access, vol. 10, no. 1, p. 98 593-98 611, 2022..

https://doi.org/10.1364/flatoptics.2021.fth3c.5
https://doi.org/10.1177/1847980418808087
https://zenodo.org/records/15107585
https://zenodo.org/records/15107585
https://github.com/stevengj/nlopt


N. Hadjiantoni et al.: Inverse-designed gyrotropic scatterers — 5021

[33] M. Rogowski, S. Aseeri, D. Keyes, and L. Dalcin, “mpi4py.

futures: Mpi-based asynchronous task execution for python,”

IEEE Trans. Parallel Distr. Syst., vol. 34, no. 2, pp. 611−622,
2023..

[34] A. Imakura, L. Du, and T. Sakurai, “Error bounds of rayleigh−ritz
type contour integral-based eigensolver for solving generalized

eigenvalue problems,” Numer. Algorithms, vol. 71, no. 1,

pp. 103−120, 2016..
[35] P. H. Bolivar et al., “Measurement of the dielectric constant and

loss tangent of high dielectric-constant materials at terahertz

frequencies,” IEEE Trans. Microwave Theory Tech., vol. 51, no. 4,

pp. 1062−1066, 2003..


	1 Introduction
	2 Methods
	2.1  Ensemble oftnqxa0;gyrotropic particles
	2.2 Mathematical problem
	2.3 Scatterer design

	3 Results
	4 Conclusions
	A Appendix
	4  A.1 Permittivity andtnqxa0;permeability fortnqxa0;a gyrotropic medium
	A.2   Derivation oftnqxa0;tnqx3b1;00 andtnqxa0;tnqx3b1;11
	A.3   Elements oftnqxa0;tnqx393;



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Euroscale Coated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 35
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1000
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.10000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /DEU <>
    /ENU ()
    /ENN ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName (ISO Coated v2 \(ECI\))
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 300
        /LineArtTextResolution 1200
        /PresetName <FEFF005B0048006F006800650020004100750066006C00F600730075006E0067005D>
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 8.503940
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [595.276 841.890]
>> setpagedevice


