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Abstract: Future technologies aim to radically increase pho-

tonic integration, which can be achieved either by structur-

ing thematerials or by cleverlymanipulating photonic reso-

nances. The lattermethod involves several tunable resonant

modes in a single simple structure. Here we demonstrate

experimentally and theoretically the existence of multiple

cascades of quasi-bound states in the continuum in sin-

gle dielectric resonators with rectangular cross sections –

in rings, split rings, and cuboids, which form the basis of

modern photonics. The effect is determined by the pho-

tonic structure of such resonators: it consists of individ-

ual galleries, each starting with a transverse Fabry–Pérot-

like resonance in height or width and continuing with an

equidistant sequence of longitudinal modes. When only one

of the transverse dimensions in the spectrum changes, only

one gallery type is predominantly shifted, leading to the

avoiding crossings with the other gallery and the formation

ofmultiple cascades of quasi-bound states in the continuum

via the Friedrich–Wintgen mechanism. This “Fabry–Pérot-

tronic” has an obvious advantage over the “Mie-tronic”,

whose only variable geometric parameter is the radius of

the sphere. Such single dielectric resonators with cascades

of quasi-bound states in the continuumcanbecomebuilding

blocks for multichannel sensors, antennas, amplifiers, and

lasers with a wide range of equidistant generation frequen-

cies; in addition, such a simple resonator creates a new plat-

form for multifrequency sensing using machine learning.
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1 Introduction

Modern photonics relies on novel concepts and original

ideas that define a new vector of development of practical

applications.Mie-tronics [1], [2] is becoming anewparadigm

in photonics, which is based on high-index dielectrics

and is gradually replacing plasmonics with its insuperable

problem of ohmic losses. A surge of attention to dielectric

structures is associated with the observation of induced

magnetic dipole resonances in subwavelength spherical

nanoparticles [3]–[6]. For the problem of light scattering

by a sphere, Mie theory [7] can be used to calculate the

resonance position, linewidth, and amplitude [8], [9], and

each mode can be associated with a separate term in the

Mie series. For modes within total internal reflection, the

resonance linewidth can be extremely narrow with a posi-

tion that depends on size and relative refractive index,

and dielectric spheres can act as high-quality optical res-

onators [10]. Although initial studies of scattering by a

sphere focused on the first multipoles, including magnetic

dipole and electric quadrupole moments, later studies also

discussed high-order multipoles. It is now clear that dielec-

tric structures can lead to many new effects arising from

the interference of several modes, such as the Kerker effect

[11], Fano resonance [12], [13], optical anapoles [14], [15], and

bound states in the continuum (BIC) [16], [17]. It should be

noted that an ideal theoretical BIC with an infinite Q factor

is unattainable in real objects of finite size [16]; in this case

speaks of quasi-BIC (q-BIC) [18]. In this study we consider

only q-BICs.

Mie resonances occur when the wavelength of light

inside a spherical particle becomes comparable to its only

geometric parameter, the diameter of the sphere, 2R ≈ 𝜆∕n,
where n is the refractive index of the dielectric material,

R is the radius of the sphere, and 𝜆 is the wavelength of

light in a vacuum. Thus, the possibilities of manipulating

photonic resonances due to the geometry of the sphere

are limited to one variable. The situation changes radically

Open Access. © 2025 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0 International License.

https://doi.org/10.1515/nanoph-2025-0238
mailto:m.limonov@mail.ioffe.ru
https://orcid.org/0000-0002-5709-8796
mailto:n.solodovchenko@metalab.ifmo.ru
https://orcid.org/0000-0002-0650-9145
https://orcid.org/0000-0002-6404-5481
https://orcid.org/0000-0002-8175-487X


3044 — N. Solodovchenko et al.: Cascades of quasi-BIC

when moving from a sphere to structures with sets of res-

onances, the eigenvalues of which can be changed practi-

cally independently. These are resonators of various shapes,

having at least two pairs of parallel walls, like a rectangle

or rhombus, which support Fabry–Pérot-like resonances.

For definiteness, we will further call this field, by analogy

with Mie-tronics, Fabry–Pérot-tronics. With this additional

degree of freedom, Fabry–Pérot-tronics greatly enhances

Mie-tronics’ ability to manipulate photonic resonances and

observe impressive interference effects involving a large

number of resonant modes.

Multimode interference effects have been observed in

a dielectric cylinder [18] and ring with a rectangular cross

section [17], [19]. In a cylindrical resonator, low-frequency

resonances can be divided into two types of practically inde-

pendent modes, Fabry–Pérot-like between the upper and

lower walls and Mie-like in the plane of the cylinder cross

section. Thus, by changing only the height of the cylinder, it

is possible to achieve an interference region of two modes

existing in one radiation channel, with the formation of

q-BIC [18]. In a ring resonator, due to the presence of an

internal side wall in a ring, it is possible to purposefully

vary the coupling coefficient of two interfering modes and

observe quadruplets of resonance states consisting of two

exceptional points [20] connected by a Fermi arch [21] and

two q-BICs, each adjacent to one of the exceptional points in

the parametric space [22].

The key idea of Fabry–Pérot-tronics is based on the

specific nature of the eigenmodes of rectangular dielec-

tric resonators – ring, split ring, and cuboid. They can be

represented as a finite waveguide with different boundary

conditions at the ends. In the low-frequency region, the

eigenmodes of a rectangular dielectric waveguide are con-

ditionally divided into TE and TMmode resonances depend-

ing on the dominant component of the electric field. We

have recently demonstrated that the low-frequency photon

spectrum of these structures is divided into groups of lon-

gitudinal resonances in accordance with the field distribu-

tion in the rectangular cross section of the resonator, which

shift as a whole when the cross section geometry changes

[23]. A simplification that allows understanding the main

principles is based on the division into Fabry–Pérot-like

resonances along the horizontal and vertical axes of the

resonators.

To avoid confusion, we introduce two main defini-

tions that we will use further in the text: ‘galleries’ – indi-

vidual sets of equidistant longitudinal modes, by analogy

with the well-known whispering gallery modes (WGM) of

a disk resonator; ‘cascades’ of q-BICs – multiple equidis-

tant anti-crossings, formed by two different galleries in the

parametric space of geometrical parameters. The latter are

the main result of this work.

2 Results

2.1 Cascades of q-BICs: numerical
demonstration

In general, the formation of q-BICs can be described with

phenomenological Friedrich–Wintgen’s Hamiltonian for

two resonances (or eigenmodes), which couple to the same

radiation channel [19], [24]:

H =
(
𝜔1 𝜅

𝜅 𝜔2

)
− i

(
𝛾1

√
𝛾1𝛾2√

𝛾1𝛾2 𝛾2

)
(1)

where 𝜔1,2 and 𝛾 1,2 are resonant frequencies and half-

widths of uncoupled resonant states, respectively; 𝜅 is

the near-field intrinsic coupling between the states, which

operates at the same radiation channel; the term
√
𝛾1𝛾2

represents the far-field interference. According to the

model (1), the q-BIC regime occurs when the coupling

coefficient 𝜅 has the following form (see Supplemen-

tary materials, Section A):

𝜅q−BIC =
(𝜔1 −𝜔2 )

√
𝛾1𝛾2

𝛾1 − 𝛾2

(2)

Physically, Eq. (2) shows that the strong-coupling regime

[17], [18] (the other name for q-BIC) occurs when the differ-

ence in radiation losses
(
𝛾1 − 𝛾2

)
is suppressed, i.e. eigen-

modes destructively interfere in the far-field. The effective

radiation suppression requires the same symmetry group

of eigenmodes [25], which hybridize at the strong-coupling

regime and form symmetric and anti-symmetric states of

(1) [26]. The latter is a high-Q state, which disappears in the

far-field on one of the branches in an avoiding crossing.

Notably, the simplest examples of equidistant eigen-

modes, which have the same symmetry, were not consid-

ered to form the q-BIC set, specifically: eigenmodes of ring

and Fabry–Pérot-like modes of cuboids.

Here we numerically studied the resonant proper-

ties of a ring, a split ring and a cuboid, Figure 1. The

calculations were performed with the frequency domain

solver of COMSOL Multiphysics (for details see Supplemen-

tary Materials, section C) [27]. As we demonstrated earlier

[28], with a change in only one geometric size of the cross

section, all frequencies of galleries of one type will change,

but those of the other will mostly not; therefore, the gal-

leries in the spectra will “overlap”, and photonic branches

can intersect or demonstrate avoided crossing, depending
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Figure 1: Dielectric resonators supporting cascades of q-BICs and corresponding scattering maps. Top: illustrative models of the structures under

study and the plane wave incidence geometry. Bottom scattering maps 𝜎sca for ring (d) and 20-degree split ring resonator (e); (f), scaled area of

scattering map highlighted in (e) with a red rectangle; (g), the same area as in (f) but for a cuboid. 𝜀 = 43. Size parameter x = 𝜔W∕c.

on the symmetry of the photonic modes. In this case, if

the avoided crossing arises, entire sequences of equidis-

tant high-Q q-BICs should appear in the scattering spectra.

In this paper, we report just such an impressive picture,

observed both in experiment and in calculations, and call

these equidistant sequences cascades of q-BICs.

An amazing picture of the interference of photonic gal-

leries using the example of three dielectric structures with a

rectangular cross section is presented in Figure 1. The figure

shows the resonators studied in this work: a dielectric ring,

Figure 1a, a split ring, Figure 1b, and a cuboid, Figure 1c, and

their corresponding scattering maps 𝜎sca, which demon-

strate cascades of q-BICs in the interference regions of hor-

izontal and vertical galleries. Each scattering intensity map

consists of many individual numerically calculated spectra

𝜎sca (see Supplementary Materials, Section C); particularly,

the maps in Figure 1d and e consist of 601 spectra, and the

maps in Figure 1f and g consist of 281 spectra. Each gallery

beginswith a transverse Fabry–Pérot-like resonance, which

is characterized by horizontal (r) and vertical (z) indices,

and continues with equidistant longitudinal resonances

with increasing index m. In the case of a ring resonator,

the quality factor Q of the modes of each gallery increases

exponentially with increasingm.

In a ring resonator, the horizontal and vertical galleries,

which due to azimuthal symmetry were called radial and

axial, respectively, differ significantly in the distribution of

the field in the cross section of the ring resonator, Figure 2b.

In the case of TE polarization shown in Figure 2a, radial

galleries have a significantly dominant axial component of

the magnetic field |Hz|, and in the case of axial galleries,

the radial component of the magnetic field |Hr| is domi-
nant. This division is valid for a wide range of dielectric

Figure 2: Eigenmodes and cascades of q-BICs of dielectric ring

resonators. (a) Narrow dielectric ring and its parameters. (b) The distri-

bution of the magnetic field |H| corresponds to the radial (A) and
two axial galleries with z = 2 (B) and z = 4 (C), which are highlighted

in (c) with red, green, and blue arrows, circles, and dotted lines.

(c) Scattering map 𝜎sca of the ring resonator with variable height h and

constant Rin and Rout and, accordingly, constantW . The scattering

cross section is normalized to the geometric shadow S = 2Routh. Size

parameter x = 𝜔W∕c. The surrounding space is air. Pink circles mark
some of the many avoided crossing areas of the ring galleries.

Rin∕Rout = 0.81, 𝜀 = 43.

constants, including conventional refractive indices in the

optical range (𝜀 ≈ 10). The transformation of a dielectric

ring into a split ring breaks the axial symmetry, but even in

this case, as in the case of a cuboid, separation into galleries

in the frequency domain is clearly observed.

It is worth noting that each index in our notation cor-

responds to the total number of half-waves that fit into the

corresponding resonator’s dimension. Thus, for index m in

the ring, it corresponds to the length of the midline of the

ring, and for the split ring and cuboid, the length of the

structure, as well as for r and z in all three structures along

the width and height, respectively. For example, in the first

radial gallery of the ring resonator there is onemaximumof



3046 — N. Solodovchenko et al.: Cascades of quasi-BIC

themagnetic field amplitude |H| along the radius, Figure 2b,
which corresponds to half the wavelength and the radial

index r = 1; in the second gallery, there are twomaximums,

this is a whole wavelength, r = 2.

It is quite expected that a change in only one of the

transverse dimensions of the structure, that is, the width

W or height h, leads to a significant change in frequencies

for one transverse Fabry–Pérot-like resonance and has lit-

tle effect on the other. The surprise is that when one of

the transverse dimensions changes, the entire gallery of

longitudinal modes shifts, along with “its” Fabry–Pérot-like

resonance. For example, a change in h at a fixedW has little

effect on the frequency position of the radial galleries of ring

resonator, but leads to a significant change in the equidistant

frequencies of the longitudinalmodes belonging to the axial

galleries, Figure 2c. Note that with increasing axial index z,

the frequency shift rate of the galleries increases, as can be

seen when comparing axial galleries with z = 1 and z = 2,

Figure 2c.

Nowwe can formulate the key result of the work: when

changing the height h or width W of resonators with a

rectangular cross section, regions appear in the scattering

spectra in which longitudinal equidistant modes belong-

ing to the horizontal and vertical galleries, depending on

the symmetry, demonstrate two different regimes: trivial

crossing or avoided crossing with the birth of entire cas-

cades of equidistant q-BICs. Each individual q-BIC arises in

accordance with the Friedrich–Wintgen model [24] when

two non-orthogonal modes are coupled to the same radi-

ation channel, interfere in the near field, and the avoided

crossing arises in the parametric space. In Figure 2c, some

of the many avoided crossing areas of radial and axial

galleries in the ring resonator are highlighted with pink

circles.

Figure 3 demonstrates in detail the cascade of q-BICs

that occurs in the avoided crossing area of the radial (r =
1, z = 0) and axial (r = 1, z = 2) galleries observed in the

ring resonator, corresponding to the region in the lower

left pink circle in Figure 2c. Figure 3a shows a map of the

scattering spectra 𝜎sca, and Figure 3b and c demonstrates

the eigenvalues 𝜔̃n for the five highest by Q modes with

azimuthal harmonics fromm = 3 to 8. Since each harmonic,

in the case of an axially symmetric resonator, constitutes

a separate radiation channel, then pairs of modes of two

galleries, radial and axial, form avoided crossing and a q-

BIC – state in the real part of eigenvalues (see Supplemen-

tary Materials, Section B). As already mentioned, in each

ring gallery, with increasing index m, the Q factor of the

azimuthal modes increases exponentially [19], and a similar

exponential increase in the quality factor is observed for

resonances in the q-BIC regime, Figure 3c. Figure 3c demon-

strates that all q-BICs are located at approximately the same

parameter W∕h ≈ 0.43, which means that there are real

dielectric resonators that support cascades of q-BICs.

In the ring with azimuthal symmetry, the scattering

channels are separated by azimuthal harmonics m which

means that onlymodes of the same azimuthal (m) symmetry

interact. The split ring does not have azimuthal symmetry,

which indicates that all modes belong to the same radia-

tion channel. Consequently, each horizontal gallery mode

of the split ring couples to each vertical gallery mode with

different coupling coefficients 𝜅, Figure 1e (see Supplemen-

tary Materials, Section A). The most interesting area on a

larger scale is shown in Figure 1f. In the case of a cuboid,

there are no significant changes in the behavior of photonic

resonances compared to a split ring, but a cuboid resonator

is much easier to manufacture for the optical range, which

is a significant advantage [29].

Figure 3: Cascade of q-BICs formed by the radial gallery (r = 1, z = 0) and axial gallery (r = 1, z = 2) for dielectric ring resonators without losses.

(a) Calculated scattering map 𝜎sca and the corresponding eigenvalues: (b) real part of the eigenfrequencies and (c) mode quality factor Q.

Interfering pairs of modes with the same indicesm are shown in (b) in the same color. The Q factors in (c) correspond to the solid lines in (b).

𝜀 = 43, Rin∕Rout = 0.81, TE-polarized plane wave, size parameter x = 𝜔W∕c.
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Recently, cascades of BICs, with similar distribution in

parametric space as that shown in Figure 1g, were observed

in [30], [31], for high-contrast gratings upon variation in

their thickness. In [32], such cascades were observed for a

single waveguide on a substrate by varying the waveguide

width. As for q-BIC cascades, to the best of our knowledge,

only in [33] this effectwas observed experimentally for high-

permittivity cylinder inmicrowave range. Comparisonwith

all these works shows that we achieve amuch denser q-BICs

distribution in parametric space in the case of ring, split ring

or cuboid particles. More importantly, the q-BIC cascades

are supported by the single ring resonator with fixed geom-

etry (W∕h ≈ 0.42 in Figure 3c), therefore this effect may be

used directly without any changes of the shape, which is not

possible for configurations from [30]–[33].

3 Experimental observation

of cascade of q-BICs

The cascade of q-BICs in a dielectric ring with rectan-

gular cross section was experimentally observed from

the extinction spectra as the resonator height h varied.

The experiments were performed with microwave spec-

troscopy in anechoic chamber (see Supplementary Mate-

rials, Section B) [23], [34]. The experimental samples of

ring resonator and cuboid were fabricated from ceramic

compound (Ca0.67La0.33) (Al0.33Ti0.67)O3 with high permittiv-

ity 𝜀 = 43 and low loss rate tan(𝛿) ≈ 0.4e− 4. The main

experimental result is presented in Figure 4a, where the

experimental spectra of ring resonator are compared with

those calculated using quasinormal mode (QNM) theory

[35], [36] taking into account 150 modes (see Supplemen-

tary Materials, Section C) [37].

The agreement between the calculated and experimen-

tal data allows us to judge the correctness of the calculation

model and the high quality of the ceramic samples. Accord-

ing to QNM theory, extinction is a linear sumof the contribu-

tions of each of the QNMmodes 𝜎ext =
∑

n𝜎
n
ext

+ 𝜎bg , where

𝜎n
ext

is the Fano contour according to [38]:

𝜎
n
ext

= 𝜎n

q2
n
− 1+ 2qnΩn(

q2
n
+ 1

)
(Ω2

n
+ 1)

(3)

with the dimensionless frequency Ωn = (𝜔−𝜔n)∕𝛾n, the
intensity 𝜎n and Fano asymmetry parameter qn of nth pho-

tonic eigenmode.

To find the intensity parameters 𝜎n and Fano asym-

metry qn, the eigenvalue problem (𝜔̃n = 𝜔n − i𝛾n, Ẽn) was

solved taking into account the resonator losses. The eigen-

fields Ẽn were normalized using the perfectlymatched layer

Figure 4: Experimental observation of cascade of q-BICs formed by

the radial gallery (r = 1, z = 0) and axial gallery (r = 1, z = 2) of ring

resonator (a) Comparison of experimental (colored lines) and calculated

(black lines) extinction cross section spectra of a ring resonator for

various parametersW∕h. The resonances corresponding to the q-BIC are
indicated by circles for the three highlighted azimuthal modesm = 3

(pink), 4 (blue), and 5 (green). Size parameter x = 𝜔W∕c. (b) Mode quality
factor Q determined from experimental spectra (circles) and calculated

taking into account losses tan(𝛿) ≈ 0.4e− 4 (solid lines) depending on

theW∕h parameter. (c) Maximum quality factor Q of modes with

different azimuthal symmetry for the case without losses (gray circles),

with losses (red circles), and experimental values (triangles).

(PML) norm [39]. After that, the spectral parameters (𝜔n,

𝛾n, 𝜎n, qn) for a given incident (background) field Eb were

directly calculatedusing the equations derived in [38]. These

theoretically calculated parameters were then used as an

initial approximation of the experimental parameters. The

contours of narrow azimuthal resonances with indicesm =
3, 4 and 5, Figure 4a, were approximated by the Fano for-

mula (3) and the values of frequencies and quality factors

Q were determined. The Q values obtained from fitting the

spectra were compared with calculated Q factors taking

into account losses (Figure 4b). The intensity of the har-

monic m = 6 is limited by material losses in the experi-

mental spectrum, Figure 4c, therefore the quality factor Q

practically does not increase, but an avoided crossing is

observed, and a q-BIC is formed, Figure 3c. Without taking

into account losses, the maximum quality factor Q of q-BIC

grows exponentiallywith increasingm and is approximated

by an exponential function. Exponential growth starts from

the azimuthal harmonic m = 3 and can be approximated

as e2.8(m−1). In the presence of losses, the maximum quality

factor is indicated by a gray dotted line in Figure 4c and

corresponds to 1∕ tan(𝛿).
According to Figure 1g, in the case of a cuboid, the same

QNM symmetry leads to multiple anti-crossings between

all resonances in the space of the geometric parameter
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Figure 5: Cascades of q-BICs for the cuboid (a) Schematic representation

of a cuboid and an incident wave. (b) Cuboid eigenfrequencies as

a function of theW∕h geometry. The colors represent the intensity
of each QNM calculated according to [36]. (c) Numerical calculation and

(d) experimental maps of extinction 𝜎ext . The resonator length

L = 108.9 mm, widthW = 4 mm, permittivity 𝜀 = 43 and losses

tan(𝛿) ≈ 0.4e− 4.

W∕h and frequency. For the experimental demonstra-

tion, we used a cuboid with length L = 108.9 mm, width

W = 4 mm, and initial height h = 11 mm, Figure 5a. In the

selected range of parameters, two extinction maps were

obtained: numerically calculated taking into account 350

QNM, Figure 5c, and experimental one, Figure 5d. In exper-

iments, the height was reduced to 7 mm with a step of

approximately 0.05 mm. The orientation of the incident

field is shown in Figure 5a.

Calculations of 𝜎n show that in the region of anti-

crossing of a pair of modes, one of the QNMs simulta-

neously increases the quality factor Q and decreases the

intensity of the scattered field, Figure 5b. Thus, the mode

is localized inside the resonator and a large value of the

field Ẽn is observed. In the optical range, such a resonator

can be made of AlGaAs and higher harmonics can be gen-

erated [40]–[42], which in the parametric space will rep-

resent a q-BIC cascade. Note that in the absence of axial

symmetry, some resonances may be switched off due to the

symmetry prohibition of mode excitation (see Supplemen-

tary Materials, Section C).

All presented results can be transferred to the opti-

cal frequency range with the difference only in the slope

angle of the exponential growth of the quality factor

depending on the azimuthal index m of the modes in the

ring, which is defined by permittivity of the resonator. An

example of the implementation of a cascade of q-BICs in

a silicon ring resonator can be found in the Supplemen-

tary Materials, Section D.

Figure 6: Determination of permittivity using machine learning.

(a) Schematic ring parameters and scattering geometry of the sensor.

(b) Extinction map of a ring resonator with a filled internal hole as

a function of permittivity. Solid and dotted lines indicate the azimuthal

harmonicsm of the radial and axial gallery, respectively. (c) Field distri-

bution for radial and axial modes with azimuthal indexm = 4 for the

filler permittivity 𝜀 f = 5. (d) Sensitivity of resonant modes upon changes

of the permittivity 𝜀 f∕𝜀. (e) Comparison of experimental and calculated
extinction spectra taking into account the permittivity determined using

machine learning. Size parameter x = 𝜔W∕c.

4 Cascades of q-BICs as a new

platform for machine learning

Due to new calculation methods and modern computer

devices, artificial intelligence has been incredibly actively

used in recent years for solutions in various fields of

science [43], [44]. Here we demonstrate that a dielectric

ring resonator supporting a cascade of q-BICs, together with

machine learning, can be used as a sensor of refractive

index for a material located inside the ring resonator hole,

Figure 6a. Such sensors have awide range of different appli-

cations, from chemistry and biology to the food industry

[45], [46]. A map of extinction spectra was calculated for

a wide range of filler-ring contrast 𝜀 f∕𝜀, Figure 6b. The
spectra were calculated with steps ofΔ𝜀 f = 0.5.

The map shows that the change in the permittivity has

different impacts on the radial and axial galleries in the

ring. Radial ring galleries have a significant shift, while axial

ones practically do not change their frequency. The bigger

spectral shift of the radial modes is caused by the stronger

field penetration inside the filler volume, in contrast to axial

modes, which are mostly localized in the ring resonator,

Figure 6c. Therefore, the sensitivity of radial gallery modes
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is higher than that of axial ones, Figure 6d. The relative shift

of galleries can be used to determine the possibly-dispersive

permittivity of a filler, since this approach differs from a

single resonance response and provides a transformation of

the groupof resonances. However, herewewill demonstrate

only a simplified version of the method for determining the

average real-valued permittivity.

We used the numerically calculated extinction spectra

for different filler permittivity as the training data for the

neural network (NN), Figure 6b. In our model, the exper-

imental spectra were used for input to the two-layer NN.

After data processing, the model provides an average filler

permittivity 𝜀 f in the range from 1 to 20 (for details see

Supplementary Materials, Section E).

The calculated spectra with the permittivity predicted

by NN converge with the experimental spectra in all cases,

Figure 6e. For PLA plastic with a filling of 25, 50, 75, and

100%, the values 𝜀 f = 1.6, 1.91, 2.19, and 2.67were obtained,

respectively. And for sugar, salt, and ECCOSTOCK powder,

the permittivity was determined as 𝜀 f = 1.91, 2.65, and 9.6,

respectively. In this example, the model allows one to deter-

mine the real part of the permittivity with an accuracy of

about∼5%. Themodel canbe adapted for dispersive permit-
tivitymeasurements by splitting the experimental spectrum

into several training intervals, which cannot be provided by

single-resonance devices.

A brief comparison with other methods for obtaining

permittivity, including methods using a coaxial conductor

[47], a waveguide [48], capacitor plates [49], and free-space

measurements [50], as well as details of the created NN, are

described in Supplementary Materials, Section E.

5 Discussion

We demonstrate that key objects of modern photonics – a

dielectric ring, a split ring resonator and a cuboid, all with a

rectangular cross-section, form q-BIC cascades by the inter-

action of two galleries of longitudinal resonances; these

gallaries formed by transverse Fabry–Pérot-like modes. We

show that for a ring resonator the quality factor of each sub-

sequent q-BIC grows exponentially, and when the resonator

symmetry is broken, for the case of a split ring resonator and

a cuboid, a q-BIC cascade is observed in the parameter space

(𝜔W∕c,W∕h). We confirm our extensive calculations with

an experiment performed in the microwave range for both

the ring resonator and the cuboid. Finally, we demonstrate

that q-BIC cascades provide an excellent platform for mul-

tifrequency sensing using machine learning [43]. We used

the extinction spectra map as a function of the permittivity

of the filled material as training spectra and determined

the permittivity of the material placed inside the ring res-

onator. Cascades of q-BICs enable a new approach for mul-

tichannel filtering [51], nonlinear nanooptics [40], resonant

optical amplifiers and antennas [18]. For instance, withmin-

imal material losses, like in Si in a transparency window

or AlGaAs, the cascades of q-BICs enhance the interaction

of light with matter, allowing for efficient generation of

higher harmonics [40]–[42]. To summarize, we believe that

Fabry–Pérot-tronics has the potential to revolutionize fun-

damental and applied photonics by creating a new platform

for multichannel information processing [51].
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