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Abstract: How topologies play a role in light-matter inter-
action is of great interest in control and transfer of
topologically-protected structures. These topological struc-
tures such as skyrmions and merons have not yet been
found in canonical momentum fields, which are fundamen-
talin mechanical transfer between optical and matter fields.
Here, we reveal the universality of generating skyrmionic
structures in the canonical momentum of light in mul-
tipole Mie scattering fields. We demonstrate the distinct
topological stability of canonical momentum skyrmions and
merons, and compare with well-studied Poynting vector and
optical spin fields. The study of these fields allow for a clean
and direct approach to measuring and quantifying ener-
getic structures in optical fields, through observable radi-
ation pressure. Our work lays the foundation for exploring
new topologically nontrivial phenomena in optical forces,
metamaterial design, and light—matter interaction.
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1 Introduction

Skyrmions are topological nontrivial vector textures, first
proposed in particle physics as a low-energy nucleon model
[1]. Over subsequent decades, skyrmions have been inten-
sively studied in condensed matter domain and realized
across a diverse range of systems, including atomic con-
densates [2], [3], liquid crystals [4]-[6], and chiral magnets
[71-[9]. In particular, skyrmions in materials have demon-
strated their potential as novel topologically protected
information carriers for large-density data storage [9]-[11].
Recently, optical structured vector fields have emerged
as a rich and versatile platform for studying skyrmionic
topologies as an analog to matter-based skyrmions [12],
[13], and have demonstrated many practical applications
in magnetic domain observation and displacement sens-
ing [14]-[16]. These quasiparticle topologies of light have
been realized in various basic vector associated with elec-
tromagnetic waves, such as electric and magnetic fields
[17]-[21], optical spins [22]-[25], polarization Stokes vec-
tors [26]-[28], and Poynting vector fields [29]. However,
one fundamental vector quantity of the electromagnetic
field has thus far been overlooked - canonical momentum.
Theoretically, canonical momentum is the mostly funda-
mental quantity to provide a clean and direct approach to
measuring and quantifying energetic structures in optical
fields, directly related to observable mechanical motion.
The study of canonical momentum topological textures is
urgently to be opened for the bases of topologically nontriv-
ial light—matter interaction.

The momentum of light determines the energy transfer
of the optical field as it propagates over free space and when
itinteracts with matter [30]. However, one must be careful in
determining this particular quantity. One common method
to quantify the energy flow (and thus momentum) of an
optical field is the Poynting vector [31]. This quantity is a
convenient measure that requires knowledge of the electric
and magnetic fields to compute. However, the identification
of this quantity with energy flow is not universal, with
many irregularities and controversies raised since its con-
ceptualization [32]-[35]. In light—matter interactions, opti-
cal forces can arise from different physical phenomena. The
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canonical momentum density component of the energy flow
is of particular interest [36], because it is collinear with
the phase gradients of the optical field and is the dominant
component of the radiation pressure force. This component
provides a clean and direct approach for the measurement
and quantification of energetic structures in optical fields
[37] — with sufficiently small test particles or atoms, one can
observe energetic structures at the sub-wavelength scale,
below the diffraction limit [38], [39]. In particular, the the-
oretical studies of Poynting vector skyrmions have only
recently emerged [29], [40], but they cannot unveil the role
of topological textures in interaction with matter, as the
Poynting momentum is an aggregate quantity in collinear
case.

In this Letter, we theoretically demonstrate the for-
mation of topological textures, including skyrmions and
merons, in the canonical momentum vectors of a multipole
scattering field. We show that the topology and helicity can
be tuned by adjusting the phase difference of multipole
sources and light polarization. We compare their topological
dynamics with the topological textures of Poynting vector
and optical spin. We also demonstrate their distinct topo-
logical stability against geometric defects in the scattering
sources.

2 Theory and calculation

We first define key terms such as the Poynting vector P
and kinetic momentum density p which are related in the
following way:

_1 _i * —n° s
p_CZP_ZCZSR(E XH)=p°+p @

where c is the speed of light, E and H are electric and mag-
netic fields, respectively. They can be split into two compo-
nents, namely, the canonical momentum density p°® and the
virtual momentum density p®, which arises from the linear
momentum analog to the spin angular momentum density
[41]. The former is defined as:

P°= i.’3[&313* -(V)E+ uH" - (V)H] )
4w

where w is the angular frequency, € and u represent dielec-
tric and magnetic permeability of the propagation medium,
respectively. Furthermore, it is related to the orbital angular
momentum density L =r X p°, while the spin part of the
momentum density p* = %V X § is defined with respect to
the spin angular momentum densities § = ﬁﬁ[e(E* X E) +
p(H* X H)].

A topological configuration can be characterized by
its topological charge N = ﬁ Jon-(0nx dyn)dxdy =
ff(7 p(x, y)dxdy where p(x,y) represents the topological

DE GRUYTER

charge density of the vector field and o traces the boundary
of integration (Supplementary Section III). A skyrmion
has a topological charge of N = 1 while a meron carries a
fractional topological charge of N = 0.5.

Engineering skyrmions formed by momentum requires
consideration of the symmetries within the physical
domain. The key factor to constructing the skyrmionic
configurations lies in breaking the symmetry along normal
direction. In our study, we utilize the asymmetry of the
far-field multipole radiation from Mie scattering.

The Mie solution to Maxwell’s equations describes the
scattering of an electromagnetic plane wave by a spheri-
cal particle (Supplementary Section I). The contributions of
the different scattered multipoles can be tuned precisely
by engineering the properties of the particle [42], [43]. Mie
scattering is a common approach for describing nanopar-
ticle scattering and represents a simplified case of multi-
pole scattering. The Mie coefficients a,, and b, correspond
to different orders n of multipole components. They can
be independently tuned via a well-established approach by
constructing a metasurface consisting of a periodic array
of nanoparticles of identical shape with inversion symme-
try, e.g., sphere, cylinder, cube [44]. Taking an array of
cone-shaped nanoparticles as an example, it is possible to
obtain multipole components with different proportions
and phases by tuning the particle size and the wavelength of
the incident light [45]. By utilizing these degrees of freedom,
we show that one can tune the structure of the scattered
radiation field to create skyrmions and merons in the far
field.

Consider a two-particle system uniformly illuminated
by an incoming plane-wave along the optical axis, shown
in Figure 1(a). The particles have identical scattering prop-
erties. We examine the scattered kinetic and canonical
momenta in the plane equidistant from both particles. The
particles are separated by 2z, = 204. Finite radii of topo-
logical features such as skyrmions and merons scale pro-
portional to the particle separation as long as the scat-
tered radiation remains in the far field to avoid complica-
tions with evanescent components as well as inter-particle
couplings, which is a key assumption in the multipole
expansion.

3 Results

3.1 Typical topological configurations

In the following, we examine the symmetric case where
the electric and magnetic field components have the same
Mie scattering coefficients, which is known as the Kerker
condition [46]. The Kerker condition is known for highly
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Figure 1: Momentum textures of scattered fields from two multipoles in the Kerker condition. (a) Schematic of the system. A light wave comes in from
the bottom and is scattered by two particles symmetrically arranged around the examined plane. (b-e) Primary intensity lobes of the scattered
radiation fields from multipoles. (b1-e1) Normalized Poynting momentum P textures host skyrmions with topological charge N = 1 for octupole (d1)
and mixed multipole (e1). (b2-e2) Normalized canonical momentum p° texture shows merons with N = 0.5 for quadrupole (c2), octupole (d2) and
mixed multipole (e2). The radius of all these texture plots is 2z, = 204. (b3-e3) The change of normalized p and p° with respect to r, when the multi-
pole source corresponds to (b-e), respectively. The colorbars indicate the direction of normalized vectors 1, out-of plane component n, and azimuth

angley = arctan

. This colorbar is consistently used throughout the article to illustrate topological textures. (b4-e4) Normalized topological charge

density of P textures (b5-e5) Normalized topological charge density of p° textures. The radius of all these topological charge density plots

is 2z, = 20A. The inner black circular line represents the meron boundary.

directive scattering into the far field. As forward scattering
dominates over backscattering, the overlap of multipole
radiation in the examined plane is inhomogeneous and dif-
ferent topological structures can be generated. We start with
three simple yet representative cases: dipole, quadrupole
and octupole.

When multipole sources are pure dipoles (a; = b, = 1),
merons are formed in the kinetic and canonical momentum
fields in the examined plane (Figure 1(b1) and (b2)). In this
case, the meron boundary extends to infinity where their
z-components vanishes (Figure 1(b3)).

For pure quadrupole sources (a, = b, = 1), a meron is
realized in the canonical momentum field within a finite
boundary r = 104. In contrast, the kinetic momentum field
has a discontinuity at r = 104 (Figure 1(c3)) due to vanish-
ing electric and magnetic fields, so a topological invariant
cannot be quantified. Similar meron textures appear in the
pure even-ordered Kerker multipoles (quadrupoles, hex-
adecapoles, etc.) (Supplementary Section II).

In pure octupole radiation (a; = b; = 1), the kinetic
momentum field hosts a skyrmion (Figure 1(d1)), whereas
a meron is present in the canonical momentum field
(Figure 1(d2)). The boundary of the skyrmion is realized at
the radius r = 204 where the Poynting vector field vanishes

(Figure 1(d3)). Likewise, skyrmions and merons are realized
for the pure odd-order Kerker multipoles except dipoles, e.g.
octupoles, dotriacontapoles, and higher orders (Supplemen-
tary Section II).

Here, we explain the reasons for the formation of
different topological textures in the kinetic and canonical
momentum fields. The former is proportional to the Poynt-
ing vector, and we can discuss the appearance of the topolog-
ical structures in the same context. In the examined plane,
the Poynting vector texture arises from the superposition
of the polar distribution of intensity lobes of the multipole
scatterers. The scattering of Kerker particles is suppressed
in the backward direction, causing P and p° to always be
directed along the positive z-axis at the center of the textures
in our system. In particular, even-order pure multipolar
sources have an equal number of lobes in forward and
backward radiation. This allows the Poynting vector field to
undergo discontinuity radially before forming a complete
skyrmion, where the electromagnetic field vanishes. The
odd-order pure multipolar sources have different number
of lobes in forward and backward radiation. The asym-
metric superposition of forward and backward scattering
induces the formation of a skyrmion in Poynting vector field
at the center.
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The canonical momentum is directed along the phase
gradients of the optical field, so it does not vanish even as
the electric and magnetic field vanishes. As such, it does not
suffer from the same discontinuities as the Poynting vec-
tor and can maintain a continuous deformation to infinity
which can generate topological structures.

Lastly, let us consider a superposition of multipoles
with the same amplitude in order to determine who dom-
inates in mixed multipole scatterers, since it is difficult to
generate a pure octupole compared to a mixture of mul-
tipoles in reality. We choose octupole as the highest order
multipole component in mixed multipole since octupole
source is the simplest source to generate P skyrmion and
p° meron in our system. We observe the formation of a
skyrmion in the kinetic momentum field within a radius of
20 (Figure 1(e1)), and a meron in the canonical momentum
(Figure 1(e2)). In fact, central features such as the number of
reversals in the z component of the discussed vector fields
are given by the highest order of mixed multipole sources
with equal weights.

3.2 Helicity tuning

Quasiparticle textures can also be characterized by their
helicity y € [—x, 7], which preserves the topological invari-
ants under a global azimuthal rotation, which distinguishes
the well-known Néel and Bloch-type skyrmions [47]. To
introduce helicity, one must identify a global U(1) degree-of-
freedom to control. In our case, we have two such degrees-
of-freedom - the phase of the Mie coefficients, and the
ellipticity of the irradiation field.

Keeping the multipole coefficients a;, = b;, =1, we
induce a phase to the octupole coefficient a; = b; =i and
change the incident field polarization to circular, to couple
both the in phase and the quadrature components of the Mie
scattering coefficients (Figure 2(a)). The resulting multipole
modes are similar to those shown in Figure 1(e), with the
octupole component out of phase.

The resulting scattered fields are shown in Figure 2(b)
and (c). Because the polarization of the field does not modify
the phase gradient, the canonical momentum remains with-
out helicity. Going beyond this simple example, we show
that adjusting the phase difference between the Mie coef-
ficients enables control over the helicity of the Poynting
vector topological structure (Figure 2(f)).

Finally, we note that if we introduce phase differences
between electric and magnetic multipole components, such
as a;,5 =1,b ;5 = i, the Poynting vector and the canonical
momentum texture in Figure 2(d) and (e), both host merons
that extend to infinity and do not exhibit helicity.
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Figure 2: The tunability of the helicity of the topological structure in
momentum field. (a) Schematic diagram of the two-particle system,
similar to Figure 1. (b-e) The kinetic and canonical momentum
distributions, respectively, when (b-c) a,, = b;, =1and a; = b; =,
and (d-e) a,,3 = 1and b, , 5 = i. (f) The change of y with respect to r for
different multipole source with phase difference. y € [z, 7] represents
the angle between the in-plane field vector (Poynting vector here) and
the radial position vector. The Supplementary Movies 1 and 2 show

the dynamic evolution of the textures of P and p°® with respect to &.

In the following, we elucidate how helicity influences
angular momentum textures, which is a topic that has gar-
nered significant research interest recently [22], [24], [25].
Nontrivial SAM distributions also arise in our toy system
(Figure 3), which originates from SAM of incident light. It
is not necessarily related to the phase differences of the
Mie coefficient. When the incident light is circularly polar-
ized Ey, = Eye™*(X + if), for the multipole source a; =
by=1,a55=b;,3=1and a, =by, =1,a; = b3 =1, the
corresponding SAM textures are nontrivial (Figure 3(a)—-(c)).
Besides, SAM topological textures are the same to P topolog-
ical texture for above three situations, which can be proven
by Figure S4 in Supplementary Section V and Figure 3. This
phenomenon is common for the first Kerker condition
a, = b, [46]. For Kerker scattering, the system restores the
EM duality symmetry, preserving conservation of angular
momentum along Poynting vector direction [48], [49]. When
we introduce a phase difference between electric and mag-
netic components of multipole sources, breaking the Kerker
condition, such as @;,5 =1,b;,3 =1, the S texture and P
texture are different. As shown in Figure 3(d), a skyrmion
is formed within r =104 in examined plane, which is dif-
ferent to Figure 2(d).

The similarity between Poynting vector texture and
SAM texture of multipole scattering field also provides a
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Figure 3: Spin angular momentum textures of scattered fields when
the sources are (a) pure octupoles (a; = b; = 1), (b) mixed multipoles
(0153 = by 3 = 1), (c) mixed multipoles with phase difference between
different orders (a;, = b;, = 1,05 = by = i) and (d) mixed multipoles
with phase difference between electric and magnetic components
(@3 =105 =1

potential tool for sensing SAM fields, enabling experimental
determination of topological quasiparticles. This technique,
which uses nanoparticles as probes based on their scatter-
ing properties, has been applied in several experiments [50],
[51].

3.3 Topological stability

Topological protection provides stability to skyrmionic
structures. The topological invariant N is expected to
remain unperturbed under smooth continuous deforma-
tions of the physical domain. We demonstrate this by a trans-
verse translation of the multipoles (Figure 4) away from
the optical axis. We investigate the change in the topolog-
ical charge number N of the field textures of P, S and p°
for pure multipoles (a, = b,, = 1) upon off-axis translation
ox. The P and S skyrmions in Figure 4(b) exhibit a certain
degree of topological stability, with their skyrmion num-
ber remaining invariant even under strong perturbations
to the system. The textures of P and S when a; =b; =1
and 6x = 0.01z, are shown in the illustrations. The outer
boundaries of skyrmions are distorted to spindle curves,
which reduces their stability slightly compared to merons
in p° fields shown in Figure 4(c), as their boundary remains
in a circular shape. Besides, for P and S texture, the inner
merons within the inner circle in illustrations of Figure 4(b)
are also stable. The nontrivial topological structure of P,
S and p° were formed based on the directivity, especially
the strong forward scattering. For multipoles, the higher
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Figure 4: Topological stability of skyrmion and meron. (a) Schematic
diagram of two-particle system with positional disturbance éx.

(b) Topological charge numbers of P and S textures. (c) Topological
charge number of canonical momentum field p® with respect to 6x.
The insets show the textures when 6x = 0.01z,, where n refers to
the Mie coefficient order.

the order is, the stronger the forward scattering is, which
explains why P and S skyrmions are more stable when the
source orders are higher. In addition, the meron is footed
on the strongest forward scattering at center, whereas the
boundary of skyrmion depends on first-order scattering
outside the center, which is smaller compared to forward
scattering.

4 Conclusion and discussion

In conclusion, we have shown the generation of skyrmions
in a new domain of optical fields, namely the canonical
momentum fields, and how they differ from previous work
on Poynting fields. As the canonical momentum is a more
direct descriptor of the actual motion of matter driven by
light, the canonical momentum skyrmions offer strong the-
oretical bases for understanding and exploiting topologi-
cally nontrivial light-matter interactions. We highlight the
difference in nontrivial textures in Mie scattering systems,
and demonstrated how tuning various Mie coefficients can
modify the properties of these topological quasiparticles.
In our system, p°® merons are more stable than P and spin
angular momentum S skyrmions when the scattering parti-
cles shift away from the optical axis. Higher-order multipole
sources provide more stability for skyrmions. In the future,
research on topological quasiparticles could be extended to
multipoles in other scattering systems such as metasurfaces
[44], [45], [52]. Our work opens the door to possible future
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studies on momentum-based topological structures in
electromagnetic fields and topological nontrivial light—
matter interaction.
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