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S1. PHOTONIC DENSITY MATRIX AFTER INTERACTION WITH AN N-ELECTRON PULSE
AND SUCCESSIVE POST-SAMPLE ENERGY FILTERING

In this section, we want to evaluate the density matrix associated with a single optical mode of frequency
ω0 after the interaction with an electron beam composed by N relativistic electrons, all with central kinetic
energies Ee0 � ~ω0 corresponding to a velocity v = vẑ = ~q0ẑ/γme, where γ = 1/

√
1− v2/c2, and the action of

a post-sample energy filtering (post-filtering) performed by an electron spectrometer. In what follows, we will
assume the interaction to happen along the propagation direction of the electron bunch crossing the transverse
position R at some instant of time.

For the energies analyzed in this work, the electrons do not change considerably during the interaction time
and as a consequence their dispersion relation Eq = c

√
m2

ec
2 + ~2q2 can be expanded to retain only the first

linear term as Eq ≈ mec
2 + Ee0 + ~v · (q− q0). Under this assumption, also known as nonrecoil approximation,

the scattering operator Ŝ(t,−∞) associated with the system dynamics can be worked out explicitly [1] and in
second quantization it takes the form

Ŝ(∞,−∞) = exp

{
iχ̂+

ˆ ∞
0

dω gω(b̂†ωâω − b̂ωâ†ω)

}
. (S1)

In Eq. (S1) χ̂ is an operator that accounts for nonresonant electron-electron coupling mediated by the

electromagnetic environment and b̂ω =
∑
k ĉ
†
k ĉk+ω/v is the operator decreasing the electron wave vector of ω0/v

written in terms of the anticommuting fermionic operators ĉk and ĉ†k. The ladder operators âω and â†ω respect

the commuting relation [âω, â
†
ω′ ] = δ(ω − ω′). The coupling constant gω =

√
ΓEELS(ω) dictating the rate of

photons exchanged between electrons and the optical mode can be computed from the electron energy loss
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probability ΓEELS(ω) = (4e2/~)
´∞
−∞ dzdz′ cos[ω(z − z′)/v]Im{−Gzz(R, z,R, z′, ω)} with the knowledge of the

electromagnetic Green tensor G(r, r′, ω) [2]. We remind that the scattering operator in Eq. (S1) links the joint
electron-mode state in the interaction picture in the infinite past ρ(−∞) to the one after the interaction is

ended ρ(∞) through the relation ρ(∞) = Ŝ(∞,−∞)ρ(−∞)Ŝ†(∞,−∞). In this work, we neglect the action of
χ̂ on the electron bunch as it produces losses away from the optical mode frequencies and therefore could be
filtered by energy spectrometer and because its effect influences only electrons which are temporally separated by
few-fs whereas they are typically separated by hundreds of fs in bunches produced in transmission and scanning
electron microscopes (SEM/TEM). Moreover, we consider the mode to have a high quality factor and to be well

spectrally isolated from the other photonic resonances and having an electric field distribution ~E0(r).
Under these condtions, we can approximate the Green tensor as Gzz(R, z,R, z

′, ω) =
E0,z(R, z)E∗0,z(R, z′)/2π~ω0(ω2 − ω2

0 + i0+), with 0+ and infinitesimal positive number, which, plugged
into the EELS probability allows us to rewrite the scattering operator as

Ŝ(∞,−∞) ≈ exp
{
β0(b̂â† − b̂†â)

}
,

where, we have used the relation Im{−1/(ω2 − ω2
0 + i0+)} = πδ(ω − ω0)/2ω0, we have defined the operators

b̂ = b̂ω0
, â = lim

ω→ω0

âω/
√
f(ω − ω0), with f(ω − ω0) = Im{−1/π(ω − ω0 + i0+)}, and we have introduced the

single-mode coupling β0 = (e/~ω0)
∣∣ ´∞
−∞ dz E0,z(R, z)e−iω0z/v

∣∣. The commutation relation of the new bosonic

operators can be computed through the limiting procedure [â, â†] = lim
ω,ω′→ω0

[âω, â
†
ω′ ]/

√
f(ω − ω0)f(ω′ − ω0) = 1.

We now write the N -electron the density matrix before entering in the interaction zone as ρe(−∞) =∑
kNk′N

ρe,kN ,k′N
|kN 〉〈k′N | by expanding its components in terms of N -dimensional vector states |kN 〉 =

|k1, . . . , kN 〉 containing the longitudinal set of momenta of all electrons in the pulse. Then, we obtain the
non-normalized post-interaction density matrix of the photonic mode, conditioned to the measurement qN of the
final momenta of all electrons, by projecting the evolved joint density matrix onto the state |qN 〉, which reads

TqN = 〈qN |eβ0(b̂â†−b̂†â)ρe(−∞)⊗ |α〉〈α| eβ0(b̂†â−b̂â†)|qN 〉, (S2)

where we have also assumed the photonic mode to be previously coherently excited to the state |α〉 =

e−|α|
2/2
∑
n(αn/

√
n!)|n〉, i.e., we have taken ρ(−∞) = ρe(−∞) ⊗ |α〉〈α|. Eq. (S2) can be reduced in a very

simple form by noticing that the real-space state |zN 〉 =
∑

kN
(e−ikN ·zN /LN/2)|kN 〉 (with L the quantization

length) is an eigenstate of the electron destruction operator, i.e., b|zN 〉 = j(zN )|zN 〉 =
(∑N

i=1 e−iω0zi/v
)
|zN 〉,

by using the normalization condition 〈zN |z′N 〉 = δ(zN − z′N ), and their completeness relation
´
dzN |zN 〉〈zN | =∑

kN
|kN 〉〈kN | = I. After some straightforward algebra involving the use of the property of the displacement

operator eθa
†−θ∗a|α〉 = |α+ θ〉 from Eq. (S2), we arrive at

TqN =
1

LN

ˆ
dzNdz

′
N ρe(zN , z

′
N ) eiqN ·(z′N−zN )|α+ β0j(zN )〉〈α+ β0j(z

′
N )|, (S3)

where we have introduced the representation of the N -electron density matrix in space coordinates ρe(zN , z
′
N ) =

〈zN |ρe(−∞)|z′N 〉 =
∑

kNk′N
ρe,kNk′N

ei(kN ·zN−k′N ·z
′
N )/LN .

If we take our post-filtering procedure to be described by a function F (qN ) integrating over only a fi-
nite set of prescribed electron momenta, we can retrieve final photonic state through the prescription
ρp =

∑
qN

F (qN )TqN (∞)/PF = (L/2π)N
´
dqNF (qN )TqN (∞)/PF , now normalized by the probability of

successful filtering probability PF ≤ 1, which is given by

ρp =
1

(2π)NPF

ˆ
dqNF (qN )

ˆ
dzNdz

′
Nρe(zN , z

′
N ) eiqN ·(z′N−zN )|α+ β0(zN )〉〈α+ β0(z′N )|. (S4)

This form of the output light state can result quite useful when one is interested in the computation of photonic ob-
servables which can be written in terms of the normal ordered operators a†man. For instance without post-filtering
[F (qN ) = 1], we can employ Eq. (S4) to compute 〈a†man〉 = Tr{anρpa†m} =

´
dzNρe(zN , zN )βn0 (zN )β∗m0 (zN ),

which for n = m = 1 reduces to the average number of emitted photons and agrees with the result in Ref. 1.
We can analyze two limits of Eq. (S4) depending on the shape of the filtering function: (i) no post-sample

filtering [F (qN ) = 1], where ρp only depends on the density ρe(zN , zN ) as already predicted in several other
works [1, 3, 4]; (ii) for a separable N -electron state ρe(zN , z

′
N ) = ψe(zN )ψ∗e(zN ) and a filtering function

well-peaked around a central value q̃N , the photonic density matrix becomes a separable state, i.e., it factorizes
as ρp = |ψp〉〈ψp| with

|ψp〉 =
f

(2π)N/2P
1/2
F

ˆ
dzNψe(zN )e−iq̃N ·zN |α+ β0(zN )〉, (S5)



3

where f = [
´
dqNF (qN )]1/2. Equation (S5) states that a perfect energy post-filtering performed on a pure

N -electron state yields a pure photonic state.

S2. NUMBER-STATE REPRESENTATION OF THE PHOTONIC DENSITY MATRIX:
MULTI-ELECTRON WIGNER FUNCTION AND THE PROJECTED COHERENCE FACTOR

(PCF)

We want now to isolate the contribution of the electron state to the formation of ρp. In order to do that,
we study the number representation of the photonic density matrix ρp =

∑∞
n,n′=0 ρp,nn′ |n〉〈n′| for a generic N -

electron state and post-filtering operation. With the aid of the multinomial equality
(∑N

i=1 xi
)n(∑N

i=1 yi
)k

=∑
m,m′≥0 C

(n,k)
mm′

∏N
i=1 x

mi
i y

m′i
i , written in terms of the coefficient C

(n,k)
mm′ = (n;m1, . . . ,mN )(k;m′1, . . . ,m

′
N )

and the multinomial factors (n;m1, . . . ,mN ) = (n!/m1! . . .mN !), with the superscript (n, k) restricting (the
coefficients are imposed to vanish otherwise) the sum over m (m′) to the combinations satisfyingm1+· · ·+mN = n
(m′1 + · · ·+m′N = k), we rewrite the components of Eq. (S4) for α = 0 as

ρp,nn′ =
1

PF

∑
k,k′,m

m′,p,p′≥0

C(n,k,n′,k′)
mm′pp′

ˆ
dqNF (qN )PMω0(m′−m+p−p′)/v

[
qN +

ω0

2v
(m−m′ + p− p′)

]
, (S6)

where we have introduced the β0-dependent combinatorial coefficient

C(n,k,n′,k′)
mm′pp′ = [(−2)−(k+k′)β

2(k+k′)+n+n′

0 /
√
n!n′!k!k′!]C

(n+k,k)
mm′ C

(n′+k′,k′)
pp′ .

Equation (S6) shows that the N -electron density matrix appears only in terms of the projected coherence factor
(PCF)

PMkN
(qN ) =

ˆ
dzNWe(zN ,qN ) eikN ·zN (S7)

defined through the quantum generalization of the classical phase-space density for the multi-electron state: the
N -electron Wigner function

We(zN ,qN ) =
1

(2π)N

ˆ
dyNρe(zN − yN/2, zN + yN/2) eiqN ·yN . (S8)

The term PCF is inspired by the coherence factor (CF) defined in several other works [1, 5, 6] for a single particle
in an electron bunch of uncorrelated electrons as the Fourier transform of the density Mk =

´∞
−∞ dz ρe(z, z) eikz,

to which it reduces when no post-filtering is performed. This last statement can be simply verified by integrating
Eq. (S7) over qN and by using the property of the Wigner function

´
dqNWe(zN ,qN ) = ρe(zN , zN ). The

PCF contains the Fourier components of the Wigner function for a given post-selected longitudinal momentum
window. In Fig. (S1a), we report some cuts of the Wigner function for a single electron integrated over an
infinitesimal momentum window [see Eq. (S10a) below].

In the case of uncorrelated electrons, the density matrix can be written as the product of one-electron

density matrices ρe(zN , z
′
N ) =

∏N
i=1 ρ

i
e(zi, z

′
i), which in turn, given Eq. (S7) and Eq. (S8), leads to the

factorization of the PCF PMkN
(qN ) =

∏N
i=1 PM

i
ki(qi). Moreover, in the special case of pure electron states

ρie(z, z
′) = ψie(z)ψ

i∗
e (z′) and of a post-filtering window narrow around the vector q̃N = ω0s/v, with s and

N -dimensional vector of integer numbers, the state in Eq. (S6) purifies and the state coefficients of Eq. (S5)
become

αp,n =
f

P
1/2
F

∑
k,m,m′≥0

[C
(n+k,k)
mm′ (−2)−kβ2k+n

0 /
√
n!k!]

N∏
i=1

ˆ ∞
−∞

dz√
2π

ψie(z)e
iω0(m′i−mi+si)z/v.

The previous expression assumes a simple but useful form for the application of the modulation optimization
algorithm presented in Sec. S4 and in the main text applied to multiple electrons having a wave packet with infinite
coherence time σt = L/v (where L→∞ at the end of the calculations) of the type ψie(z) =

∑∞
`=−∞ ci` ei`ω0z/v/

√
L.

Indeed, by taking F (q) = (2π/L)Nδ(q− q̃N ) and such type of the state, the coefficients αp,n in the number
representation |ψp〉 =

∑∞
n=0 αp,n|n〉 becomes

αp,n =
1

P
1/2
F

∑
k,m,m′≥0

[(−2)−kβ2k+n
0 C

(n+k,k)
mm′ /

√
n!k!]

N∏
i=1

cimi+si−m′i
. (S9)
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FIG. S1: Coherence of modulated electrons. (a) Momentum-time correlation expressed by the electron Wigner
function [see Eq. (S10a) with t = z/v and TL = 2π/ωL] with coherence time σtωL = 3 right after a IELS modulation

c` = J`(2|β|)ei`arg{−β} of interaction strength |β| = 5.7 at laser frequency ωL = ω0 . The cuts along the time axis show a
well-defined sub-cycle modulation for fixed normalized momentum. (b-d) Absolute squared value of the CF |Mω0/v|

2 for

an electron after an IELS interaction, free propagation of a distance d [appending a phase −2π`2d/zT to the c` used in
(a)], and an energy filtering stage [see Eq. (S17)] selecting only a portion of longitudinal momenta ∆d for |β| = 5 (b), 10
(c), and 20 (d). The maximum values found are |Mω0/v|

2 ∼ 0.74, 0.84, and 0.91 respectively. In all panels arg{−β} = 0.

A. PCF for electrons with stochastic arrival times

In SEM/TEM, the coherence time of each electron σt is typically several times smaller than its classical (or
incoherent) uncertainty ∆t acquired by the electron ensemble through the random fluctuations of the electron
source and of the instrumentation. Such fluctuations are responsible for the random arrival times at which the
electrons reach the sample plane. In order to explore the consequences linked to this incoherent portion of the N -
electron state, we study uncorrelated electrons with density matrix ρie(z, z

′) =
´∞
−∞ dz0P (z0)ψie(z, z0)ψi∗e (z′, z0)

defined by a classical distribution P (z0) of longitudinal planes z0 that the electron crosses at t = 0 and a
coherent wave function ψie(z, z0). For instance, in the case of an electron modulated by a IELS interaction at
frequency ωL, for which the wave packet takes the general form ψie(z, z0) = ψi0(z, z0)

∑∞
`=−∞ ci`e

i`ωLz/v assuming

a Gaussian envelope ψi0(z, z0) = e−(z−z0)2/4v2σ2
t +iq0z/(2πv2σ2

t )1/4, with the coefficients ci` which depends on the
form of modulation [see for instance Eq. (S19)] and they are chosen to ensure the normalization condition´∞
−∞ dz|ψie(z, z0)|2 = 1.
By plugging this density matrix in the definition of the Wigner function and the PCF, one obtains

W i
e(z, q) =

1

π

∑
`,`′

c`c
∗
`′ e
−[q−q0−(`+`′)ωL/2v]22v2σ2

t ei(`−`′)ωLz/v

ˆ ∞
−∞
dz0P (z0)e−(z−z0)2/2v2σ2

t , (S10a)

PM i
k(q) =

√
2v2σ2

t

π

∞∑
`,`′=−∞

c`c
∗
`′ e
−[q−q0−(`+`′)ωL/2v]22v2σ2

t e−[(`−`′)ωL/v+k]2v2σ2
t /2 (S10b)

×
ˆ ∞
−∞
dz0P (z0)ei[(`−`′)ωL/v+k]z0 .

For momenta k = mω0/v and modulation frequency ωL = ω0, with m and integer, as required by the
computation of Eq. (S6), and in the limit of σtω0 � 1, the effect of the exponential in the first line of Eq. (S10b)

and the one arising from the incoherent integral
´∞
−∞dz0P (z0)ei[(`−`′)ω0/v+k]z0 is equivalent, i.e., to enforce the

m = `′ − ` condition. Indeed, for a Gaussian ensemble of arrival times P (z0) = e−z
2
0/2v

2∆t2/
√

2πv2∆t2 where

typically ∆tω0 � σtω0 � 1, such integral gives e−[(`−`′)ω0/v+k]2v2∆t2/2. Therefore in this regime, ρp can be
equivalently evaluated by directly starting from the pure single-electron density matrix ρie(z, z

′) = ψie(z)ψi∗e (z′)
disregarding the incoherent average on z0. However, the purity of light states generated by electrons with
coherence times smaller than the mode optical cycle will be strongly affected by it.
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B. Intensity fluctuations generated by N uncorrelated electrons

From Eq. (S4), we can compute the amount of light emitted IN = 〈â†â〉 ≡ 〈n̂〉 and its fluctuations
∆IN = 〈n̂2〉 − 〈n̂〉2 by N modulated electrons with random times of arrival and large coherence times. This is
easily done by utilizing the properties of the coherence state to obtain

IN = β2
0

[
N +

N∑
i6=i′=1

M i
ω0/v

M i′∗
ω0/v

]
, (S11)

∆I2
N/IN = 1 + IN [g(2)(0)− 1], (S12)

where we have introduced the zero-delay second-order autocorrelation function g(2)(0) = 〈â†2â2〉/I2
N =

(β4
0/I

2
N )
∑

m,m′≥0 C
(2,2)
m,m′

∏N
i=1M

i
ω0(m′i−mi)/v

. Super-Poissonian statistics is observed for electrons modulated

such that g(2)(0) > 1. Reassuringly, by exploiting the property
∑

m≥0 δm1+···+mN ,n(n;m1, . . . ,mN ) = Nn, we

recover a Poissonian emission IN = ∆I2
N in the limit of classical electrons for which Mω0m/v = 1 for any m.

Interestingly, since ∆I2
N and IN must be real positive numbers and g(2)(0) does not depend on β0, we conclude

that CF yielding g(2)(0) < 1 would lead to arbitrary negative fluctuations for an increasing spontaneous emission
coupling thus corresponding to unphysical electron states. We remark that, for identically modulated electrons,
we have IN = β2

0N [1 + (N − 1)|Mω0/v|2].

C. Estimation of the coupling strength β0 through light intensity measurements

We are interested in evaluating the root mean square error associated with the estimate of the coupling
strength β0, based on measurements of the light intensity generated by R independent N -electron pulses,
corresponding to a total number of electrons K = RN . To this end, we define K ladder operators âi, each acting
on a separate system, to emulate the effect of statistically independent measurements. By following similar

steps to those used in the previous section, we can calculate the total light intensity IK =
∑R
i=1〈â

†
i âi〉 = RIN

and its fluctuations ∆I2
K =

∑R
i,j=1〈â

†
i âiâ

†
j âj〉 − I2

K = R∆I2
N , with the averages evaluated from the light state in

Eq. (S4), without post-sample energy filtering.
Then, the root mean square error ∆β0,N = |∂β0/∂IK |∆IK follows from Eqs. (S11, S12), and reads

∆β0,N = ∆β0

√
1 + IN [g(2)(0)− 1]

1 + (N − 1)|Mω0/v|2
, (S13)

where, to arrive at Eq. (S13), we have defined the shot-noise-limited single-electron root mean square er-

ror ∆β0 = 1/2
√
K and assumed that all electrons are modulated in the same way, i.e., have the same

CF. In the limit of many electrons per pulse (N � 1) and nonzero coherence, we obtain ∆β0,N/∆β0 ≈√
1 +N2|Mω0/v|2β2

0 [g(2)(0)− 1]/
√
N |Mω0/v|, which predicts an improvement in the β0 estimation by a factor

1/
√
N |Mω0/v| in the case of Poissonian emission (g(2)(0) ≈ 1) and small β0.

S3. MODE DENSITY MATRIX AFTER THE INTERACTION WITH A SINGLE ELECTRON

When only a single modulated electron is involved, we have C
(n+k,k)
mm′ = C

(n′+k′,k′)
pp′ = 1 which directly allows

us to rewrite Eq. (S6) as

ρp,nn′ =
1

PF
〈n|β0〉〈β0|n′〉

ˆ ∞
−∞

dq F (q)PMω0(n′−n)/v[q + ω0(n+ n′)/2v]. (S14)

For a post-filtering close to the m-th sideband, we can take F (q) to vanish everywhere apart from the segment
q0 + sω0/v+ [−δd, δd], that, plugged into Eq. (S14) with the electron state used to obtain Eq. (S10b) modulated
at frequency ωL = ω0, and with a Gaussian incoherent ensemble, yields

ρp,nn′ =
1

2PF
〈n|β0〉〈β0|n′〉

∞∑
`,`′=−∞

c`c
∗
`′ e
−[`−`′+n′−n]2ω2

0(σ2
t +∆t2)/2 (S15)

×
{

Erf
[√

2ω0σt(δdv/ω0 + x0)
]

+ Erf
[√

2ω0σt(δdv/ω0 − x0)
]}
,
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where we have made used of the integral
´ δd
−δd dx exp

{
−(x− x0)2σ2

}
=
√
π/4σ2{Erf[(δd − x0)σ] + Erf[(δd +

x0)σ]} with x0 = (` + `′)/2 − [(n + n′)/2 + s] and σ =
√

2ω0σt. The function Erf(x) = (2/
√
π)
´ x

0
dz e−z

2

is the error function. In the limit δdσtv � |x0|, one can verify that the state only depends on the CF
Mω0(n′−n)/v =

∑∞
`,`′=−∞ c`c

∗
`′ exp

{
−(`− `′ + n′ − n)2ω2

0(σ2
t + ∆t2)/2

}
and Mω0(n′−n)/v ≈

∑∞
`=−∞ c`c

∗
`+n′−n

for
√
σ2
t + ∆t2ω0 � 1. In the opposite limit of precise sideband determination (δdσtv � 1), by using the

expansion Erf[σ(x+x0)] + Erf[σ(x−x0)] ≈ (4σx/
√
π) exp

{
−x2

0σ
2
}

, we obtain the separable state ρp = |ψp〉〈ψp|
if ∆tω0 � 1 or σtω0 � 1.

From Eq. (S15), in the case of large coherence time (σtω0 � 1), we can approximate Erf(σ[x + x0]) ≈
θ(x + x0) − θ(x − x0) [where θ(x) is the Heaviside step function], which for a post-filtering procedure not
overlapping with other sidebands (δdv/ω0 < 1) leads to the pure state [in agreement with Eq. (S9)] with
expansion coefficients

αp,n =
1

P
1/2
F

〈n|β0〉 cn+s, (S16)

where PF =
∑∞
n=0 |〈n|β0〉cn+s|2. It is interesting to notice that, since the normalization constant PF ≤ 1 and the

average number of photons respects the inequality
∑∞
n=0 n|αp,n|2 ≤ β2

0/PF , its value can assume values larger
than the number of photons one would measure without post-filtering the electron energy. Meaningfully, because
PF represents the probability of such post-filtering procedure, the larger the deviation from the average, the
bigger the time needed to acquire sufficient statistics. An evident constraint arising from Eq. (S16), it is related
to the asymptotic behavior of αp,n. Indeed, since the electron coefficients are normalized (

∑∞
`=−∞ |c`|2 = 1),

the limit limn→∞ αp,n/〈n|β0〉 = 0 needs to be satisfied for the electron state to be physical. This restricts the
possible syntheses to states which have any type of coefficient over a finite set of αp,n, for instance by choosing
all values from αp,0 to αp,nmax , and then which decay faster than the components of a coherent state. Due to its
generality, this procedure allows for almost perfect generation of any type of state as long as its average number
of photons is � nmax.

A. Coherence factor of a modulated electron after energy filtering

We want now to analyze the CF Mk =
´∞
−∞ dzρe(z, z) eikz/M0 (the factor M0 has been added to account for

an non-normalized electron density matrix), for a modulated Gaussian electron at the exit of an energy filter [7].
In order to do it, we firstly need to compute the electron state after the filtering process which we write by
taking the Fourier components of ρe(z, z

′) =
´∞
−∞ dqdq′ ρe(q, q

′) eiqz−iq′z′/4π2 and then by multiplying them by

a function W(q) representing the energy-filtering process.
It is convenient to evaluate the CF through the expression Mk =

´∞
−∞ dq ρe(q, q + k)W(q)W(k + q)/2πM0,

which, for W(q) = θ(q − q0 −∆max + ∆d)θ(∆max − q + q0), with ∆d > 0, selecting longitudinal momenta in the
range [∆max −∆d,∆max] around q0 for the electron state used to write Eq. (S15), gives

Mk =
1

2M0

∑
`,`′

c`c
∗
`′e
−(`−`′+vk/ω0)2(σ2

t +∆t2)ω2
0/2, for ∆d > |k| (S17)

×
{

Erf
[
(2∆max − 2k+ − k`+`′)σtω0/

√
2
]

+ Erf
[
(k`+`′ + 2k− − 2∆max + 2∆d)σtω0/

√
2
]}
,

where k`+`′ = (`+ `′)ω0/v − k, k+ = max{0, k}, and k− = min{0, k}, and 0 otherwise. In the σtω0 � 1 limit,
by again approximating the error functions as done in the previous section, the CF of Eq. (S17) at k = mω0/v,
for `max = b∆maxv/ω0c −max{0,m} and `min = b(∆max −∆d)v/ω0c −min{0,m}+ 1, where bxc is the floor
function of x, reduces to

Mω0m/v =
1

M0

`max∑
`=`min

c`c
∗
`+m. (S18)

Interestingly, this filtering procedure can lead to CF of larger absolute values than the unfiltered version
but the number of included energy coefficients needs to be larger than m for the CF to do not vanish, i.e.,
b∆maxv/ω0c − b(∆max −∆d)v/ω0c ≥ |m|+ 1 [see Fig. (S1b-c)]. Pre-sample filtering is intimately connected to
post-filtering as the CF of a filtered electron can be rewritten in terms of the PCF of an unfiltered electron
PMunf

k (q + k/2) = ρe(q, q + k)/2π as Mk =
´∞
−∞ dqW(q)W(q + k)PMunf

k (q + k/2)/M0.
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FIG. S2: IELS coupling strength profiles. (a-l) Optimal coupling coefficients βi, post-filtering sidebands s, and
quadratic phases 2πd/zT for the target light states marked with black dots in Fig. (5b-d) of the main text. The results
of the two-sector (M = 2) strategy are shown in panels (a-f) while the ones corresponding to the six-sector strategy
(M = 6) in (g-l).

B. Natural synthesis of cat states after a single unstructured inelastic electron-light scattering (IELS)
interaction

When an electron traverses an electric field distribution ~E(r, t) = ~E(r)e−iωLt + c.c., arising from the scattering
of a laser pulse of photon energy ~ωL onto a nanostructure, its initial wave function ψ0(z, t) undergoes inelastic
electron-light scattering (IELS) modifying its spatial and energetic structure. For relativistic electrons, the exact
exit state after traveling a distance d comparable with the Talbot distance zT = 4πmev

3γ3/~ωL, within the
electron conditions considered in this work, can be found in several works [4, 8, 9] and reads

ψIELS(z, t) = ψ0(z, t)

∞∑
`=−∞

J`(2|β|) ei`ω0(z−vt)/v+i`arg{−β}−2πi`2d/zT , (S19)

where J`(x) is the `-th other Bessel function, β = (e/~ωL)
´∞
−∞ dz Ez(R, z) e−iωLz/v. By comparing the electron

wave function used to obtain Eq. (S10a) and Eq. (S19), we identify the coefficients cn typical of a IELS
interaction, which therefore read cn = Jn(2|β|) einarg{−β}. Now, we want to study the effect of the nmax IELS
electron coefficients cs, . . . , cs+nmax on the generated light state. In order to do that, we assume them to vanish
for n > s+ nmax, namely we take

cn =

{
Jn(2|β|) einarg{−β}/

[∑s+nmax

m=s J2
m(2|β|)

]1/2
, for s ≤ n ≤ s+ nmax,

0, otherwise,
(S20)

where the denominator plays the role of a normalization constant.
For a very high electron-light coupling, we can take the asymptotic expansion Jn(2|β|) ≈ (π|β|)−1/2 cos[2|β| −

nπ/2 − π/4] [10] valid for filtering values (nmax + s)2 � 2|β|. By plugging the previous expression into Eq.
(S20) with k = 0 and working out the normalization factor PF with the help of the relation

∑n
k=0 λ

k/k! =
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eλ Γ(n+ 1, λ)/n!, where Γ(n, x) =
´∞
x
tn−1e−tdt is the incomplete gamma function, we obtain

αp,n =

{
〈n|χ〉

[
1 + ei(sπ+π/2−4|β|)(−1)n

]
/P

1/2
F , for 0 ≤ n ≤ nmax,

0, otherwise,
(S21)

where χ = −iβ0eiarg{−β} the dividing factor can now be written in the compact form PF = 2
[
Γ(nmax +

1, β2
0) + (−1)se−2β2

0 sin(4|β|)Γ(nmax + 1,−β2
0)
]
/nmax!. Eq. (S21) needs to be compared with the photon-number

coefficients of a cat state 〈n|catαθ 〉 = 〈n|α〉[1 + eiθ(−1)n]/[2 + 2 cos(θ)e−2|α|2 ]1/2 to realize that a cat state with
θ = sπ + π/2− 4|β| and α = χ is created by a single electron-light modulation, filtering, and post-filtering with
a precision depending on the value of s+ nmax.

S4. MODULATION OF ENERGY COEFFICIENTS THROUGH LATERALLY-STRUCTURED
IELS INTERACTION AND THEIR OPTIMIZATION

A. Energy coefficients in the interaction region

In this section, we report a variation of the method presented in Ref. [11] to produce approximated electron
energy coefficients c` as close as possible to the ones needed to crate a given target light state αtarg

n , according
to the relation in Eq. (S16). This method leverages a wide electron beam traversing a near-field structured in
concentric circular sections [see Fig. 5a in the main text] at plane z = 0 which is then focused to the focal point
(R, z) = (0, z0 + f) by an axially symmetric and aberration-free converging lens placed at z0, with radius Rmax

and numerical aperture NA ≈ Rmax/f .
The time-dependent electron wave after passing through such interaction can be written as the three-

dimensional extension of Eq. (S19) [11]

ψIELS(r, t) = ψ0(r, t) e−iq0z
∞∑

`=−∞

J`(2|β(R)|)eiq`z+iarg{−β(R)}−i`ωLt, (S22)

where we have introduced the longitudinal momentum q` ≈ q0 + `ωL/v − `2/zT corresponding to an energy
Ee0 + ~ωL`. If we assume the electron to be well collimated and covering the entire extension of the interaction
zone, we can take ψ0(r, t) = ψ0 eiq0z−iEe

0t/~. The action of the converging lens can be expressed by multiplying

energy amplitude of Eq. (S22) with θ(Rmax−R)e−iq`R
2/2f which at the lens’ plane becomes

ψlens
IELS(R, z0, t) = ψ0 e−iEe

0t
∞∑

`=−∞

J`[2|β(R)|] eiq`z0+iarg{−β(R)}−i`ωLte−iq`R
2/2f . (S23)

Now, we use scalar diffraction theory [12, 13] to propagate the wave function of Eq. (S23) from the plane z0 to
the focal plane z0 + f . Indeed, from the knowledge of an electron wave ψ`(R, z0) with total momentum q` at z0,
ψ`(R, zs) can be obtained through the expression

ψ`(R, zs) =
1

(2π)2

ˆ
d2Q eiQ·R+iq`z(zs−z0 )̂ d2R′ψ`(R

′, z0) e−iQ·R′

≈ −iq`
2π(zs − z0)

ˆ
d2R′ψ`(R

′, z0) ei|R−R′|2q`/2(zs−z0)+iq`(zs−z0), (S24)

where the last line was obtained by taking the paraxial approximation q`z =
√
q` −Q2 ≈ q` −Q2/2q` and the

integral
´∞

0
dxx e−iax2

J0(bx) = (−i/2a)eib2/4a [Eq. 6.631-4 of Ref. 14]. By applying Eq. (S24) to each energy
component of Eq. (S23) and by employing the axial symmetry of the field, that implies β(R) ≡ β(R), one
arrives to the expression

ψlens
IELS(R, zs, t) =

−iψ0f
2

(zs − z0)
e−iEe

0t/~
∞∑

`=−∞

b`(R, zs − z0) eiq`zs−i`ωLt, (S25a)

b`(R, zs − z0) = q` eiR2q`/2(zs−z0 )̂
NA

0

dθ θ J0

(
Rfq`θ

zs − z0

)
J`[2|β(θ)|] e−iθ2q`f(zs−z0−f)/2(zs−z0)ei`arg{−β(θ)}. (S25b)

Since we are interested in the electron wave function close to interaction with the cavity, assumed to be placed
at the focus, and since the coefficients c`(R, zs − z0) do not vary considerably along its extension ∼ 100 µm for
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electron kinetic energies ∼ 100 keV, NA ∼ 2× 10−4, we take b`(R, zs − z0) ≈ b`(R = 0, f) in Eq. (S25a). In
addition, by approximating q` with its second order Taylor expansion in the exponential of Eq. (S25a) and with
q0 in Eq. (S25b), we transform the former equation at zs = z0 + f + z into

ψlens
IELS(R, z0 + f + z, t) ≈ −iψ0fq0e−iEe

0t/~+iq0(z0+f+z)
∞∑

`=−∞

c` ei`ωL(z0+f+z)/v−i`ωLt, (S26)

where now c` = e−2πi`2(z0+f)/zT
´ NA

0
dθθJ`[2|β(θ)|] ei`arg{−β(θ)}. In the configuration sketched in Fig. (5a) of the

main text, β(θ) is assumed to take constant value βi in the i-th of the M concentric sectors of equal normalized

area a. This directly leads to the simple form c` = (a/π)e−2πi`2d/zT
∑M
i=1 J`(2|βi|) ei`arg{−βi} with d = z0 + f

used to maximize the fidelity of the light state generated by Eq. (S16) and a target state. Because of the
normalization condition, the prefactor in c` does not play any role in the optimization process and thus its
output is independent of a. Finally, in order to match the form of the electron state in Eq. (S26) with the one
used to arrive at Eq. (S10a), we absorb the phase ωL(z0 + f)/v into arg{−βi}.

B. Optimization method

To find the optimal electron states capable of synthesizing the quantum light states analyzed in this work,
the IELS coefficients βi and the propagation distance d are found by employing a random search algorithm
combined with a steepest descent method. A maximum number of iterations of 2000 for the steepest descent
together with 3000 random initial conditions ensured convergence of the results. In Fig. (S2), we report the
optimal coefficients of specific instances shown in Fig. (5b-d) of the main text.
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