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Abstract: Optical trapping, also known as optical tweezing

or optical levitation, is a technique that uses highly focused

laser beams to manipulate micro- and nanoscopic particles.

In optical traps driven by high-energy pulses, material non-

linearity can result in unusual opto-mechanical effects, such

as displaced equilibrium points. However, existing theoret-

ical models of non-linear optical force on small particles

consider smooth material dependence on the incident field

strength alone, and not the feedback between the particle

permittivity and internal field strength, which is, in turn, a

function of the permittivity. The hysteresis effects of optical

bistability in pulsed optical traps, therefore, elude existing

optical force models. Here, we investigate a bistable optical

trap, set up by counter-propagating ultrashort pulses, in

which the optical force exerted on a particle depends not

only on thefield at its current locationbut on thehistoric tra-

jectory of the particle in the trap. The developed formalism

will be important for designing optical traps and nanopar-

ticle manipulation in pulsed field for various applications,

including potentially time crystal demonstrations.

Keywords: non-linear optics; optical bistability; optical

trapping; optical force

1 Introduction

Focused continuous-wave (CW) lasers are traditionally used

to trap and manipulate nanoparticles, molecules and atoms
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[1]–[4]. The prospect of probing unusual nonlinear effects

in trapped objects, meanwhile, has drawnmuch attention to

broadband pulse-driven optical traps [5]–[10]. Under these

conditions, no longer is an illuminated particle subject to a

continuous optical force, being instead kicked periodically

by each passing pulse. Yet trapping is still possible, assum-

ing that the repetition rate of the pulses is high enough

that the particle cannot move a significant distance in the

time between two consecutive pulses. Despite the strobo-

scopic exposure of trapped particles to what is potentially

an extremely large instantaneous optical force, provided

non-linear effects are negligible, the average optical force

of a pulse is largely similar to its CW counterpart of the

same average power [11]. Differences generally arise due to

linear material properties, such as dispersion, or the parti-

cle geometry [12], which influence reflectivity with respect

to the different frequency components that make up the

pulse.

What a typical CW beam cannot achieve, however, is

the extreme instantaneous power density in high-energy

pulses that can in optical traps elicit a non-linear response.

In the non-linear regime, the permittivity of the particle

being trapped, treated as a constant in the CW regime, starts

to show its dependence on electric field strength [13], [14].

However, the electric field strength internal to the particle is

itself a function of its non-linear permittivity, which creates

a feedback loop between the internal field and material

parameters. It is this feedback that enables optical bista-

bility [13], [15], [16], where within a certain input power

interval there is more than one self-consistent value of

relative permittivity 𝜀 that a material can adopt, resulting

in a jump in the value of 𝜀 when smoothly increasing or

decreasing input power with a hysteresis effect. While non-

linear effects in optical traps, such as split trap sites [17], [18],

have previously been reported, existing theoretical models

[17]–[26] do not use a self-consistent description of non-

linear material permittivity, assuming instead that it has a

smooth dependence simply on the incident field strength

or intensity without considering the field that develops in

the particle of a finite size. The manifestation of bistabil-

ity – and resultant hysteresis effects – in optical force is,

therefore, not well-understood, which we intend to address

in this work. A simple non-linear extension of optical force

expressions for point-like particles is insufficient for this
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purpose, and we instead model a trapped particle with a

small but finite size and finite internal field.

For initial context, we begin with a background of opti-

cal trapping forces on dipolar particles in time-harmonic

fields. Particles in the Rayleigh regime (size ≪ 𝜆) scatter

incident light in a dipolarmanner and experience an optical

force that in monochromatic waves can be expressed as

a sum of several intuitive terms [27]–[29], quadratic with

respect to the fields and usually dominated by two in par-

ticular. One is gradient force, which normally draws the

particles towards regions of higher energy density and into

equilibriumnear localmaxima, enabling optical trapping in

tightly focussed beams [3]. The other is radiation pressure

and inhibits the trapping ability of any single beam, because

it pushes particles in the local direction of propagation.

Gradient force sometimes overwhelms radiation pressure

even in a single focussed Gaussian beam [1], though it is pos-

sible to altogether eliminate radiation pressure and isolate

the effect of gradient force among multiple trapping sites

(antinodes) by using counter-propagating beams. Doing so

accentuates one of gradient force remarkable properties:

that its direction depends on the sign of the real part of

the particle polarisability 𝛼(𝜔). Often, by de-tuning 𝜔 of

the trapping beam(s) from the particle resonant frequency,

the direction of gradient force can be completely reversed.

Then, the particle is no longer attracted to intensitymaxima,

instead being drawn down into regions of low intensity

[30]–[32].

There is, however, another, far more exotic way to

manipulate light–matter interactions and re-shape an opti-

cal trap, lying in the non-linear regime [17]. It is our purpose

in this paper to theorise how non-linear effects could be

leveraged to alter the behaviour of optical traps with a self-

consistent model of intensity-dependent material permit-

tivity. By approximating non-linearity in two-dimensional

simulations, we show that gradient force reversal can be

achieved via the spatial distribution of extreme intensity

throughout the envelope of an optical trap formed of high-

energy pulses, which is the general explanation for split trap

sites in pulsed optical traps [17], [19]. We simulate a bistable

optical trap, where the average force exerted on a particle

depends not only on the particle current location in the

spatial profile of a trap field, but on its historic location too.

The paper is structured as follows. The next two

sections explain the calculation of an optical force map of

a focussed pulse, and the approximation of self-consistent

non-linear material behaviour. Numerical simulations of a

nonlinear particle in a pulsed optical field are then pre-

sented, demonstrating bistable trapping.

2 Optical force from ultrashort

pulses

With the presence of many frequency components in an

ultrashort pulse, it is not possible to exactly express pulsed

optical forces on Rayleigh particles in the same, time-

averaged form as in CW beams, not least because the opti-

cal force exerted on a dipolar particle is quadratic with

respect to the electric and magnetic field phasors. Though

it may be reasonable to treat a pulse as monochromatic if

its spectral bandwidth is narrow enough [19], we will not

make any approximation in this regard. A time-dependent

optical force can in general be calculated using the time-

dependent Maxwell stress tensor and kinetic momentum

density. Although an optical force on a particle varies

instantaneously, changing in direction and magnitude as

the field amplitude changes, its net mechanical interac-

tion is described simply by the final value of momentum

imparted to the particle once the pulse has completely

passed by.

Consider a single pulse incident on a volume V contain-

ing nanoparticles. As time evolves and the pulse begins to

pass through the volume, the total momentum P that has so

far been accumulated collectively by any matter within the

domain V is described by the time-integral of the electro-

magnetic force [12], [33]

P(t) =
t

∫
0

F(t)dt =
t

∫
0

⎡
⎢
⎢
⎣
∮
S

T(t) ⋅ da
⎤
⎥
⎥
⎦
dt − ∫

V

1

c2
(t) ×(t)dV .

(1)

Here, the first term corresponds to the optical momentum

that has so far crossed the volume boundary S, i.e. the time-

integrated flux of the stress tensor T, given by [33]

Ti j = 𝜀0

(i j −
1

2
𝛿i j||

2
)
+ 𝜇0

(i j −
1

2
𝛿i j||2

)
, (2)

where 𝛿ij = 1 for i = j and 𝛿ij = 0 otherwise, andwhere(t)

and (t) are the total instantaneous electric and magnetic

fields (combining both incident and scattered fields). The

second term in Eq. (1) accounts for kinetic momentum car-

ried by light within volume V at the instant time t. When

eventually the incident pulse and all scattered light leave

the domain, the first term of Eq. (1) – the only to remain

non-zero – corresponds to the net momentum transferred

during the complete pulse–matter interaction. An average

force Fav exerted by a train of pulses can be found by mul-

tiplying this overall, single-pulse momentum by the desired

pulse repetition rate. Through Eq. (1), the average force Fav
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we calculate is exact and not limited to dipole-only gradient

and radiation pressure force interactions.

If there is only one particle present at some position rp
in the domain V , therefore, acquiring all of the momentum

lost by the pulse in Eq. (1), the average optical force Fav it

experiences must be in the direction of P. But when exerted

by a strongly focussed pulse, which is confined both in time

and space (as is necessary for an optical trap), Fav depends

not only on the particle material properties but on its loca-

tion in the spatial profile of the pulse. A functional optical

trap will contain at least one equilibrium point – a position

into which streamlines of position-dependent Fav terminate

and where a particle will experience no overall force. For a

particle of a given size andmaterial, we can plot a forcemap

of the position-dependent average applied optical force, and

any equilibrium points (trap sites), by varying the particle

location rp and calculating Eq. (1). This is the procedure,

which we adopt in the simulations, presented later on.

3 Non-linear response

The simplest description of the non-linear response of a

material and its dependence on electric field strength is

typically provided by an expansion of a scalar polarisation

density in the material [13]:

(t) = 𝜀0

[
𝜒
(1)(t)+ 𝜒

(2)2(t)+ 𝜒
(3)3(t)+ · · ·

]
. (3)

Equation (3) makes some significant simplifications: the

material is assumed to be lossless and dispersion free (since

the linear and nonlinear susceptibilities 𝜒 (i) are treated as

constant, not time-dependent quantities in a convolution

with the electric field), and immersed only in a linearly

polarised electric field. In centrosymmetric materials, the

third-order non-linear susceptibility 𝜒 (3) is the leading non-

linear parameter and is often sufficient to define an effective

non-linear permittivity 𝜀nl of the material (or a correspond-

ing non-linear refractive index) via time-averaging of the

field strength, denoted by angled brackets:

𝜀nl ≈ 1+ 𝜒
(1) + 𝜒

(3)
⟨2(t)

⟩
, (4)

where the sum of the first two terms constitute the material

linear permittivity. The non-linear material behaviour of

a small nanoparticle of finite size and finite internal field

can be modelled by adapting Eq. (4). We define an effective

non-linear permittivity that depends on the magnitude of

the internal (non-scalar) electric field in the nanoparticle

averaged over the pulse duration:

𝜀eff = 1+ 𝜒
(1) + 𝜒

(3)
⟨
| int|

2
⟩
. (5)

While Eqs. (4) and (5) make a further simplification

by neglecting contributions of higher-order susceptibilities,

time-averaging of the electric field strength – treating it

essentially as a constant – means material losses and dis-

persion can be approximated by recasting 𝜒 (1) and 𝜒 (3)

in Eqs. (4) and (5) as complex and frequency-dependent

parameters. From now on, we will consider 𝜀eff to be com-

plex (and, therefore, corresponding to a lossy material);

however, we will not treat 𝜒 (1), 𝜒 (3) and 𝜀eff as frequency

𝜔 dependent, i.e. assume that the bandwidth of a trapping

pulse is sufficiently narrow. Meanwhile, taking the square

of  int in Eq. (5), we are neglecting the loss of isotropy of the

material effective permittivity due to the variable strength

of different field components [13], [26], but Eq. (5) will be

sufficient for our purposes in modelling bistability. Despite

the simple appearance of Eq. (5), to actually determine

the effective permittivity that a particle takes on at some

position in the spatial envelope of a pulse with a certain

energy and duration is rather complicated. This is because⟨
| int|2

⟩
is the duration-averaged field strength within the

particle, which itself depends on, and therefore must be

self-consistent with, the effective particle permittivity 𝜀eff .

Many theoretical models [20], [21], [23], [24], [26] of optical

force that incorporate field-strength dependence of permit-

tivity (and, therefore, particle polarisability) do not stretch

beyond an equivalent expression of Eq. (4), and in doing so

appear to assume that the incident field alone determines

non-linear permittivity. To model non-linearity in this way

removes the feedback that couples the total field and the

particle material parameters, and with it, any notion of

optical bistability. In reaching self-consistency between the

variables in Eq. (5), we adopt a parameter sweep approach

described visually in Figure 1.

We consider now a particle of arbitrary permittivity 𝜀

situated somewhere within the spatial envelope of a pulse

trap of fixed peak power. The pulse-duration-averaged elec-

tric field strength that physically develops in the particle is

itself a function of both real and imaginary parts of 𝜀,

⟨
| int|

2
⟩
= f (𝜀), (6)

and, therefore, describes a surface in the(
Re{𝜀}, Im{𝜀},

⟨
| int|2

⟩)
parameter space (Figure 1).

Notably, if the particle is small, then f has a distinct

peak located where 𝜀 meets the particle resonance

condition and the internal field diverges. For a small

spherical metal particle in free space, this permittivity

is 𝜀 = −2, correspoding to localized surface plasmon

resonance (LSP) and for a small 2D cylindrical particle
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Figure 1: Procedure for determining self-consistent values of the non-linear permittivity of a particle of finite size at a certain location, in an optical

trap formed by fixed energy counter-propagating pulses. As the counter-propagating pulses pass over the particle, the duration-averaged internal

field that develops
⟨
| int|2

⟩
is a function f (𝜀) of the particle permittivity 𝜀 and is maximal at the particle LSP resonance condition 𝜀res. If we then

choose susceptibilities 𝜒 (1) and 𝜒 (3), describing linear and non-linear optical properties of the particle, then its non-linear permittivity is given by

Eq. (5), which can be rearranged into the form
⟨
| int|2

⟩
= g(𝜀eff ). Values of 𝜀eff satisfying f (𝜀eff ) = g(𝜀eff ) are self-consistent. When three solutions to

f (𝜀eff ) = g(𝜀eff ) are present, as shown in the right hand plot by the stars, the value of permittivity that is physically realised depends on the history of

the particle position.

under transverse-electric (TE) illumination, this is 𝜀 = −1.
By specifying a non-linear material for the particle with

appropriate values of 𝜒 (1) and 𝜒 (3), its permittivity must

now satisfy Eq. (5), which because
⟨
| int|2

⟩
is a real

scalar, spans only a one-dimensional space of possible

values of 𝜀eff . That must mean that Eq. (5), which can be

rearranged into the form
⟨
| int|2

⟩
= g(𝜀eff ), is the equation

of a straight line in the three-dimensional parameter

space of
(
Re{𝜀}, Im{𝜀},

⟨
| int|2

⟩)
, whose direction in

the complex 𝜀 plane depends on the value of 𝜒 (3) (see

black line in Figure 1). Any set of parameters satisfying

g(𝜀eff) = f (𝜀) (the intersection of the straight line g with

the surface f ) corresponds to a self-consistent value of

effective permittivity, such as is shown by the stars in

Figure 1.

It is because of the resonance peak in f that mul-

tiple intersections between it and g(𝜀eff) can arise, char-

acteristic of optical bistability. There are three key fac-

tors for a dipolar particle that determine the number of

solutions to g(𝜀eff) = f (𝜀eff): the particle linear permit-

tivity (determining the starting point of the straight line

below the surface f ), the third-order non-linear suscepti-

bility (determining the direction of the line, towards or

away from the resonance peak of f ), and the peak power

of the pulse illumination (which deforms the surface f ).

The spatial confinement of the trap adds another layer

of complexity, since the value of
⟨
| int|2

⟩
that would

develop in a particle – and, therefore, the self-consistent

value(s) of 𝜀eff it inherits in the non-linear regime –

depend on the particle position. Only near the antinodes

of the counter-propagating pulse trap is the field strong

enough that 𝜀eff can deviate substantially from the linear

permittivity and acquire multiple self-consistent values.

With straightforward topological arguments, it can be

shown that, as long as 𝜀eff depends linearly on
⟨
| int|2

⟩
,

only one or three self-consistent values of 𝜀eff can stably

occur for a small particle. In Figure 2, the curves described

by g(𝜀eff) and f (𝜀eff) are plotted for various positions of a

particle between two antinodes in a counter-propagating

pulse trap, which without changing the input power of the

trap subjects the particle to different electric field ampli-

tudes. For simplicity, a positive, purely real value of 𝜒 (3)

is chosen (so only Re{𝜀eff} depends on the electric field)

and the real part of the linear permittivity of the particle

is negative. If the particle moves smoothly from a node

towards an antinode of the trap, the curve f (𝜀eff) deforms

and the number of intersection points of the black and

red dashed lines transitions from one, to two (unstably), to

three, to one again, via creation and annihilation of solu-

tions to g(𝜀eff) = f (𝜀eff). This mechanism of creation and

annihilation of self-consistent permittivity values explains

what would be observed experimentally as bistability. For,

in a real system, a particle can only have one physical per-

mittivity value which initially in Figure 2, when the par-

ticle is in a node of the trap, is that nearest to its linear

permittivity (indicated by the yellow star). Only once the

particle is in position 5, and only one self-consistent value

of 𝜀eff is available, does its permittivity jump to the other

side of the resonance peak of f . Had the particle diffused

in the opposite direction, from position 5 to position 1, its
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Figure 2: Dependence of the number of

self-consistent permittivity values [solutions to

g(𝜀eff ) = f (𝜀eff )] on position of a particle in

an optical trap formed by counter-propagating

pulses. For visual reference of the position

of nodes and antinodes in the resultant

(time-dependent) standing wave, the energy

density in the trap at time t = 0 is also plotted. If

a particle smoothly diffuses from a node towards

an antinode (position 1 to 5), the electric field

strength it is subjected to increases. This causes

its permittivity to transition from (approximately)

the linear permittivity to a permittivity beyond

the one corresponding to particle resonance

(𝜀res). The jump in the permittivity of the particle

(yellow star) between positions 4 and 5 is

characteristic of optical bistability.

physical permittivity would undergo a different transition,

one which is not the same as the reverse of the transition

from position 1 to 5. The characteristic S-curve tracing the

internal field strength versus particle position r (Figure 2)

summarises this hysteresis behaviour. A switching of the

particle permittivity to the opposite side of the resonance

(determined by the geometry of the small particle) is a pos-

sible sign of gradient force reversal, which would mean a

particle is either attracted to or repelled from the antinodes

of the trap, depending on the current and historic positions

of the particle in the trap.

4 Bistable optical traps

Wesimulated a two-dimensional, pulsed optical trap formed

by counter-propagating, tightly focussed pulses, having a

Gaussian shape both in space and time, that are linearly

polarised in the xy plane of the simulation [Figure 3(a)].

A two-dimensional simulation environment was chosen so

that the optical trap spatial behaviour can be interpreted

easily while reducing computational demands. We, there-

fore, modelled a two-dimensional particle: an infinite cylin-

der, whose infinite length stretches along the z axis –

the z axis invariance of the entire system means that all

integrated quantities (e.g. force/impulse on the particle,

pulse peak power, pulse energy) are calculated per unit

length. The internal and external scattered fields of the

cylinder are calculated using analytic formulae for every

plane wave in the angular and frequency spectra of the

two pulses forming the trap, according to Ref. [34]. The

modelling procedure is laid out in detail in the Supple-

mentary Material. In this way, the simulated total fields
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Figure 3: Numerical results for a 2D simulation of a material-agnostic cylindrical particle in an optical trap, formed by two counter-propagating

pulses, each with an energy-per-length of 0.0012 J/m. The simulation set-up is shown in (a). The cylindrical particle has a diameter of 20 nm, a linear

permittivity of 𝜀lin = −3.4+ 0.2i, and a real third-order non-linear susceptibility of 𝜒 (3) = 2 × 1020 m2∕V2. Due to the spatial distribution of field
intensity in the resulting standing wave, the trap is divided into three regions indicated in (b). The impulse accrued by the particle from the pulses,

which reverses in the field antinodes, depends both on the current position of the particle in the trap and its historic position. This dependence is

incorporated into two different force maps (c) and (d), where in (c) the particle historic location is in the region of the linear optical behaviour,

while in (d) its historic location is in the anti-gradient region.

associated with the particle, having a finite size in the xy

plane, are exact up to a chosen order of cylindrical vector

harmonics. This distinguishes our approach from other the-

oretical models of non-linear optical force, which assume

a point-like particle with infinite internal field, whose scat-

tering ability is characterised simply by a scalar or tensor

polarisability.

Counter-propagating pulses of centre wavelength 𝜆c =
380 nm, 30 fs duration (amplitude FWHM), which are syn-

chronised so as to arrive at their (coincident) focal points

at the same time, develop a time-dependent standing wave

with the contrast between its nodes and antinodes reaching

a maximum at time t = 0. A force map of the optical trap

was calculated by scanning a cylindrical particle (20 nm

diameter) through different positions within the envelope

of the trap [bounded by the blue dashed box in Figure 3(a)],

and at each position calculating the impulse [Eq. (1)] given to

the particle as the pulses pass by. The direction and magni-

tude of this impulse depends on the material properties of

the particle, to which we assigned the effective non-linear

permittivity 𝜀eff . It should now be stressed that the pur-

pose of this study is to understand the effects of non-linear

material behaviour – particularly bistability – in optical

traps and in this respect our results are material-agnostic

(implications we shall discuss in the conclusions section).

We modelled the linear permittivity of the particle to be

𝜀lin = −3.4+ 0.2i and selected a positive, purely real value

of 𝜒 (3) = 2 × 10−20 m2∕V2 for the particle to achieve a state
of bistability, as described in the previous section. The order

of magnitude of this value of 𝜒 (3) determines the necessary,

fixed energy of the pulses for which non-linear behaviour

emerges, which in this simulation was 0.0012 J/m per pulse
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(recall that this is a 2D simulation, hence, we deal with

per-unit-length quantities).

With the chosen simulation parameters, we observe

position-dependent bistability of the particle permittivity

𝜀eff , defining as a consequence three distinct regions in the

envelope of the trap [Figure 3(b)]: a linear region, a transi-

tion region and an anti-gradient region. The linear region

is a low-intensity region of space, encompassing the nodes

of the standing wave, where the electric field is not strong

enough to change the particle permittivity from its linear

value 𝜀lin. In contrast, the anti-nodes of the standing wave

are contained in the red anti-gradient region [Figure 3(b)],

where, remarkably, the electric field is so strong that the

particle effective non-linear permittivity changes beyond

that of the particle LSP resonance condition, resulting in a

reversal of the direction of gradient force (and, therefore,

the impulse given to a particle situated in that region).

Between the linear and anti-gradient regions is the inter-

mediate transition region, where the field intensity is such

that there are three self-consistent values of 𝜀eff of the

particle [as explained in Figure 2]. What is special about

this transition region is that the impulse imparted by the

counter-propagating pulses to a particle changes direction

depending on the particle historic trajectory – specifically,

whether the particle had entered the transition region from

the linear region or from the anti-gradient region.

Summarising this position-dependent hysteresis are

the two numerically simulated force maps of the trap in

Figure 3(c) and (d). The background colour of the two plots

corresponds to the real part of the particle effective non-

linear permittivity, which changes in space as it is exposed

to different electric field intensities [note that because we

chose a purely real value of𝜒 (3), it is only the real part of 𝜀eff
that changes according to Eq. (5)]. At some location between

the trap nodes and antinodes, there is a sudden change

in the particle permittivity [blue to red/orange in Figure

3(c) and (d)] as is characteristic of the familiar hysteresis

S-curve. However, the perimeter of this region of the sharp

change in permittivity is different between the two plots:

in Figure 3(c), the variation of the particle permittivity is

what would occur if the particle diffuses from a node to an

antinode, while in Figure 3(d), the position dependence of

𝜀eff corresponds to that of a particle diffusing initially from

an antinode towards a node. White streamlines correspond

to the position-dependent impulse (proportional to average

force) given to the cylindrical particle by the passage of the

counter-propagating pulses and show its direction reversal

for a particle located in an antinode compared to a node.

Note that we did not consider𝜒 (1) or𝜒 (3), and therefore

the particle permittivity 𝜀eff , to be frequency dependent in

Eq. (5). Without dispersion, Eq. (5) produces a straight line

in the
(
Re{𝜀}, Im{𝜀},

⟨
| int|2

⟩)
parameter space (Figure 1),

which intersects the resonance peak at certain points. A

realistic, frequency-dependent permittivity would instead

produce a 2D surface parameterised by 𝜔, which would

instead intersect the resonance peak along a curve, so that

𝜀eff(𝜔) exhibits bistable behaviour only within a certain

frequency interval. Provided the bandwidth of the trapping

pulse is narrow enough, dominated by a bistable central

frequency component 𝜔c, we would not expect the bistable

optical force experienced by the particle to deviate signifi-

cantly from that predicted with a particle of dispersionless

permittivity 𝜀eff(𝜔c) evaluated at 𝜔c.

The presence of hysteresis in the opto-mechanics of a

non-linear particle raises questions about what we would

expect its trajectory to be within the trap, and how it com-

pares to experimental observations. We anticipate that a

large transition region in Figure 3(b) would cause a particle

to oscillate in position, as (if gradient force reversal occurs)

the optical force direction within the region switches. But

if the transition region in Figure 3(b), which is modulated

by the input power and focussing of the pulses, is narrow

enough, then we could reasonably expect the particle to

settle in equilibrium somewhere between the trap nodes

and antinodes.

5 Conclusions

We have explored a consequence of non-linear bistability

when present in the material behaviour of a particle in

a pulsed optical trap. In a counter-propagating pulse trap

of sufficient per-pulse energy, contrasting nodes and anti-

nodes are established, which divide the spatial envelope of

the trap into regions of low electric field strength, where

interacting material behaves linearly, and regions of strong

intensity where non-linear effects take hold and a trapped

particle permittivity is altered substantially from its linear

value. In a typical, linear standing wave trap, a particle

would be drawn by gradient force towards equilibrium in

the trap antinodes. But with the right material parameters,

it is possible for gradient force to reverse direction due to

a change in the particle effective non-linear permittivity

brought about by the high intensity at the trap antinodes.

Gradient force reversal due to non-linearity is what has

been proposed to explain split trap sites [17], [18] in high-

power pulse traps, and results in equilibrium points that

are displaced from the trap focal point. However, we have

shown the underlying hysteresis of non-linear bistability

results in an optical force that, notably, not only depends on
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the current position of a particle in the trap but also on its

historic location.

The presented 2D simulations were conducted with

a material-agnostic cylindrical particle. There are several

factors determining non-linear changes of the permittivity

of the particle, including its nonlinear susceptibility, the

trapping pulse duration, the particle geometry and disper-

sion of its optical properties. We expect these parameters

should be achievable with nanoparticles of a realistic plas-

monic material, like silver or gold, at an appropriate trap-

ping wavelength: the effective permittivity of the particle

𝜀eff should approach the particle localised surface plasmon

resonance condition as input power increases, meaning

Re{𝜒 (3)} should have the opposite sign to the real part of

the particle linear permittivity, while Im{𝜒 (3)} should be

comparatively smaller.

It should also be noted that our chosenmaterial param-

eterswere specific to the cylindrical geometry of the particle

in the 2D simulation. We expect that in a 3D configuration,

with an axially symmetric incident field and a small spheri-

cal particle, different pulse parameters would be needed to

observe a bistable trap for a given material. This is due to

the localised surface plasmon resonance peak – the enabler

of bistable trapping – of the spherical particle corresponds

to 𝜀 = −2, being different to that of the infinite cylinder in
2D (𝜀 = −1). Non-spherical 3D particles, such as nanorods

[35],may realise different stable orientations in the trap (e.g.

parallel or perpendicular to the optical axis). Compounded

by non-linearity and bistable optical torques, further hys-

teresis effects could also emerge when a particle in a stable

orientation is perturbed. Although we emphasised that the

simulated cylindrical particle had a finite diameter, it is still

small enough for its internal field to be considered uniform.

A larger particle, comparable in size to the central wave-

length of the trapping light, will not have a uniform internal

field and as a consequence would develop an inhomoge-

neous non-linear permittivity, the opto-mechanical effects

of which could be unusual. Depending on its material and

geometry, the particle may support several resonant condi-

tions, which could give rise to optical multi-stability.

This all said, bistability of optical systems is an exper-

imentally verified phenomenon, and regardless of the

parameters of a particular bistable non-linear material

(e.g. gold) or particle geometry, the spatially dependent

hysteresis behaviour which is predicted here, where opti-

cal force depends on a particle current and historic loca-

tion within the trap, should still be manifested in some

form. Going beyond traditional Gaussian pulsed beams

to, for example, cylindrical vector beams with complex

intensity profiles may allow achieving bistable behaviour

and trapping dependent on historic trajectories of multi-

ple non-linear particles, and ultimately emergence of time-

crystalline properties in photonic systems.
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