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Abstract: Complex power, also known as alternating cur-
rent (AC) power, is a well-established concept in an electric
circuit composed of resistive and reactive elements. On the
other hand, the role of complex power in optics has been
elusive. In this work, we reveal that the complex energy
and momentum determine the resonance frequency and
the decay rate of open cavity resonance, the so-called quasi-
normal modes (QNMs), respectively. We also demonstrate
the role of the complex energy and momentum in typical
open cavities analytically and numerically: the Fabry—Perot
cavity, the surface plasmon polaritons (SPPs), the plasmonic
nanorod, the nanosphere, and the dielectric supercavity.

Keywords: conservation laws; energy; momentum; quasi-
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1 Introduction

Light-matter interaction is mediated by the transfer of
conserved quantities; for example, the momentum of light
transports electromagnetic energy to excite an object,
resulting in many optical phenomena such as optical
force, optical torque, absorption, scattering, fluorescence,
and circular dichroism [1]-[3]. Conserved quantities such
as energy, and their mediator, i.e. momentum, are of
fundamental importance in understanding light—matter
interaction.
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Energy conservation also plays an important role in the
resonance characteristics of the optical cavity. The response
of an optical system to arbitrary excitation is composed
of its building blocks, namely normal modes, a free elec-
tromagnetic motion in the absence of the excitation. For
isolated optical cavities that have no energy loss from radi-
ation and Ohmic dissipation, the normal modes are defined
by the energy stored by the cavity. In formal words, the
electromagnetic wave equation for the isolated system can
be understood as the Hermitian eigenvalue problem [4], [5].
Its eigenvalues, i.e. the resonance frequencies of the normal
modes, are real values, while its eigenfunctions, i.e. the
electromagnetic fields, are normalizable by the conserved
energy.

Realistic optical cavities, however, are open cavities
that have energy loss from radiation to free space in addi-
tion to Ohmic dissipation in lossy materials. Since energy
is not conserved, the normal modes are not well-defined.
Instead, solutions of the non-Hermitian eigenvalue prob-
lems of the open cavities exist, and they are called the
quasinormal modes (QNMs) [6]-[11]. Again, a set of QNMs
describes the response of an open cavity to arbitrary excita-
tion. Interestingly, QNM has a complex resonance frequency
@, = w, — iyy, whose real and imaginary part describe the
real resonance frequency and the temporal decay rate of
QNM, respectively.

Although energy is not conserved in QNMs, it is pos-
sible to write the energy conservation law taking loss into
account. The energy conservation law also characterizes the
decay rate, one of the fundamental measures of QNM. It
has been suggested that the ratio of energy stored to the
external transfer of momentum defines the decay rate (or
the quality factor Q) of resonant cavities [6], [7]. However,
there has been no complete picture of the relation between
conserved quantities and the characteristics of open-cavity
resonances.

On the other hand, it also has been known that elec-
tromagnetic fields have an infinite number of conserved
quantities [12], but only a few of them have physical mean-
ings, e.g. the optical chirality [13] and some of the Lipkin
zilches [14]. One of the interesting conservation laws is the
complex-valued energy/momentum. In the electrical circuit
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with the complex impedance Z, the energy rate transferred
to the electrical elements becomes the complex power, while
its real (imaginary) part, i.e. the active (reactive) power,
is related to the resistive (reactive) element [15]. However,
in general electrodynamics, how the complex energy is
defined and what carries the complex energy have been
elusive, especially in terms of the electromagnetic fields,
although some classic textbooks attempted to relate the
complex impedance with the energy conservation law (i.e.
the Poynting’s theorem) [16], [17].

In this work, we find the conservation law of the com-
plex energy and its physical meanings in open cavity sys-
tems. The real energy/momentum gives the well-known
energy balance; the real energy, the so-called active energy,
is conserved, while it is transported by the active momen-
tum. Its ratio defines the decay rate of the optical cavity. On
the other hand, the imaginary energy/momentum, namely
the reactive energy/momentum, also forms the conserva-
tion law, while they define the resonance frequency of
the optical cavity. We also provide analytic and numerical
examples of the optical cavity, e.g. the Fabry—Perot cavity,
the surface plasmon polaritons, the gold nanorod, the gold
nanosphere, and the dielectric supercavity to show the roles
of the active/reactive energy/momentum in the open cavity
resonance.

2 Conservation laws of open-cavity
resonances

2.1 Complex energy conservation law

Resonators in the real world suffer from radiative and
Ohmic energy loss. Once the lossy resonator, namely the
open-cavity resonator, is excited by the external field, it
decays over time with the finite quality factor Q, while
oscillating with the characteristic resonance frequency w.
To take into account the damped oscillation of the open-
cavity resonance, the resonance frequency becomes the
complex values, @, = @, — iy,, whose real (w,) and imag-
inary part (y, = w,/2Q) describe the real resonance fre-
quency and the temporal decay rate, respectively. Note that
the tilde denotes the complex quantities throughout the
paper. Formally, the temporally damped oscillation behav-
iors of the open-cavity resonance can be described by the
concept of the quasinormal modes (QNMs), solutions of the
non-Hermitian source-free electromagnetic wave equation
with the complex-valued eigenfrequency. A direct result of
the temporal decay of the QNM fields, i.e. exp(—i@,t) =
exp(—iwyt) exp(—y,t), is the spatial amplification of the
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field, ie. exp(iky-r) = exp(ik, - r)exp(k,-r) with the
complex momentum k = k — ik, as depicted in Figure 1(a).
This temporal decay-spatial amplification makes QNMs sta-
tionery in spacetime.

One of the interesting, but physically vague conserved
quantities is the complex momentum density of light, p =
p + ip = (E x H*) /2c% its real part corresponds to the well-
known momentum density p = Re(E x H*) /2c? that deliv-
ers the electromagnetic energy, but the physical role of
its imaginary part, the so-called reactive momentum den-
sity [17], p = Im(E x H*) /2¢? is relatively unfamiliar in

(@)

Figure 1: A schematic drawing of (a) the spatial amplification and

the temporal decay of the quasinormal mode, (b) the active energy and
momentum and (c) their reactive counterparts of the dipolar quasinormal
mode of the plasmonic nanoparticle whose complex frequency is

@y = w, — iy,. In (b) & (c), the red and blue regions show the positive
and negative regions of the active/reactive energy density (v and 1),
respectively. The black arrows depict the active/reactive momentum
density (p and p). The active energy/momentum extends to the far field
due to the radiation, defining decay rate y, of the nanoparticle.

On the other hand, the reactive energy/momentum is strongly localized
near the surface, defining the resonance frequency @,. The numerically
calculated profiles of the active/reactive energy/momentum near the
nanoparticle are shown in Figure S1 (see Supplementary Information).
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general electromagnetics. On the other hand, it has been
recently reported that the imaginary part p has physical
significance in the three specific cases: (i) p determines the
electric-magnetic interaction component of the optical force
on small particles with the electric and magnetic dipole
moment [18]-[23]. (ii) The diagonally polarized evanescent
waves can deliver p and it is related to the transverse
spin momentum density [19], [21], [22]. (iii) The azimuthally
polarized beam can form the vortex of p [23].

Here, we reveal that a pair of two momentum densities
defines the complex resonance frequency in open-cavity
resonance. Suppose we have a single-mode open-cavity
with a complex resonance frequency @,. We can show
that the following pair of two continuity equations in the
nondispersive lossless dielectric medium can be obtained
directly by Maxwell’s equations for QNMs (see Supplemen-
tary Material for the derivation):

*V - p + 2Re(—id,)u =0, (6))

AV - P+ 2Im(—idy )u = 0. )

Here, the active and reactive energy densities are
defined respectively by

u= i(s)ﬁr ; y(ﬁ)2>, )
w= 3 (fef - i)

where {E ﬁ} is a set of the electric and auxiliary magnetic
fields. Eq. (1) corresponds to the energy conservation law (or
the Poynting theorem) for QNMs, describing the transport
of the momentum density p and the resulting changes in the
energy density u. On the other hand, the physical meaning of
Eq. (2), the imaginary part of the complex Poynting theorem,
is elusive although there have been tries to interpret Eq. (2)
using the lumped circuit concepts [16].

2.2 Physical meaning of complex energy
and momentum

To find the physical meaning of Eq. (2) and the reactive
energy/momentum, we can write its corresponding integral
expression. Since Egs. (1) and (2) are well defined in all
spaces, we can convert them into the integral form for the
arbitrary volume 7 enclosed by the surface X in free space
outside the open-cavity resonator. Eqs. (1) and (2) yield

/p(@) - da
CZ z — iZV 'p(r)’ (5)

T2 fumdv 2 u)

Yo
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respectively. We emphasize that both integral and differen-
tial forms are valid. This implies the electromagnetic fields
of QNM over the whole space include temporal information
of the QNM. Again, Eq. (5) reads two ways: (i) the energy
balance between the energy flux leaving through the closed
surface ¥ and the stored energy in the volume 7 [6], [7]
and (ii) the energy-momentum ratio. In the same way, we
can understand Eq. (6) as (i) the balance between the reac-
tive energy flux and the reactive energy or (i) the reac-
tive energy-reactive momentum ratio. Interestingly, the left-
hand sides of Egs. (5) and (6) are the temporal quantities, but
the right-hand sides are the spatial quantities. This means
that the electromagnetic fields of QNMs encode temporal
information in every space.

To demonstrate physical meaning of complex energy
and momentum, Figurel illustrates the active/reactive
energy and momentum near the plasmonic nanoparticle at
the dipolar QNM with the complex frequency @&, = @, —
iy,- The dipolar character of the resonance radiates the
energy u confined by the nanoparticle, and thus the momen-
tum p, i.e. the energy carrier, survive outside the nanoparti-
cle (Figure 1(b)). Therefore, their ratio defines the imaginary
part of the complex frequency Im (&) = y,, i.e. the decay
rate as shown in Eq. (5). It is straightforward to understand
the role of the active energy/momentum in the open cavity
resonance by Eq. (5). In a similar manner, we can under-
stand that of the reactive energy/momentum using Eq. (6).
The real part of the complex frequency Re (@, ) = w, i.e.the
resonance frequency, and its relation with u and p explain
how the electromagnetic field is strongly confined to the
open cavity. In Figure 1(c), the reactive momentum p do not
survive far from the nanoparticle, but it is strongly localized
near the surface. The reactive energy u also explains where
p directs and how it is localized in the near-field zone. Van-
ishing u and p in the far-field zone of the nanostructure can
be understood by the definition of the reactive energy u; u is
defined by the difference in the electric and magnetic parts
of the energy density as shown in Eq. (4). In the far-field
zone away from the nanostructure, the electromagnetic
field becomes the plane wave-like. The plane wave stores
the energy in the electric and the magnetic parts at the same
amount. Therefore, u is always zero in the far-field, while
it is meaningful only in the near-field. In the next section,
we demonstrate physical meaning of complex energy and
momentum using the actual examples of the open cavity
nanostructures.
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3 Complex energy and momentum
in the open cavity nanostructures

3.1 One-dimensional (1D) Fabry-Perot cavity

The simplest example in optics is the 1D Fabry—Perot cavity
(Figure 2(a)). Each region has the purely real-valued refrac-
tive index n; (=1, 2, and 3) for sake of the simplicity. Length
of the cavity, i.e. the medium 2, is d. The electric fields are
written as

E(z) = Ejethzemionty (z<0)

= E2<r21e”~<ZZ + e"'i‘zz)e‘id’ot)? O<z<d, O

= E,ellot-deiontg > d)
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Figure 2: The active/reactive energy/momentum of (a) the 1D dielectric
Fabry-Perot cavity (n, = 4) in air (n, = n; =1). Left and right columns
correspond to the resonance order of ¢ =1 and 2, respectively.

The yellow arrows indicate the directions of the electric fields, Eq. (7).
(b, e) The active (black) and reactive (red) energy densities.

(c, f) The active (black) and reactive (red) momentum densities.

(d, g) The electric (black) and magnetic (red) field intensities. The active/
reactive energy densities and momentum densities are normalized

by the factors €, ‘Z’z ‘2 and n, ‘Z’z ‘z/czno, respectively.
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where E; is the field amplitude in the i-th medium. k; =
n;k, and k, are the wavenumber in the i-th medium and
the free space, respectively. The Fresnel equation provides
rj = (n; —n;)/(n; + n;),1e. the reflection coefficient at the
interface between the medium i and j. The corresponding
magnetic fields can be obtained by one of the Maxwell’s
equations, H=(VXE) /iép,. The condition for the bound
solution, r;,rye2ked 41 = 0, gives the resonance condition

of the Fabry—Perot cavity,

ko=q % —i- > In( 1
0= T a ™ angd "\ ryry

) (g=1,23,...). (8

Here, the complex frequency is given by the dispersion
of light, @, = ck,. We can find that finite reflectivity gives
the imaginary part of k, and @, although the material loss
is absent, i.e. the vanishing imaginary part of the refractive
index. From Eq. (7), we can obtain the active and reactive
energy densities inside the cavity (0 < z < d),

o2 . .
U= %£2|E2| [|r21|28—21m(kz)z + e+21m(kz)z]e—2yot’ ©)

u= 62|E"2|2r21 cos|2Re (k,)z]e %", 10

respectively. The active and reactive momentum densities
inside the cavity are given hy

-2 . .
p n, ‘E2| [|r21|23—21m(k2)z _ e+ZIm(k2)z] ety (11)

= 20,
_ n, |= |2 ; 7 210t 5
b= - 22 [Efr sinfoRe(o)ele s @

respectively. We can find that Egs. (9)-(12) satisfy Eqs. (5)
and (6). On the other hand, the reactive energy density (1)
and momentum density (p) vanish outside the cavity (z < 0
or z > d), and thus they cannot provide w, by Eq. (6).

Figure 2(b)-(g) show the active/reactive energy density
and the momentum density inside the cavity (0 < z < d) at
the two lowest orders (g = 1 and 2). In Figure 2(a), cavity is
composed of high-index material (n, = 4), while two semi-
infinite half spaces are filled with air (n; =ng =1).

Since the definition of u, Eq. (3), guarantees its positive-
definiteness, the energy density u is positive over the
whole cavity space (the black line in Figure 2(b)). On the
other hand, the reactive energy density u (the red line in
Figure 2(b)) is positive near the walls (z/d = 0 and 1) and
negative near the cavity center (z/d = 0.5) at the lowest order
(g =1). Positive (negative) reactive energy density u means
dominance of the electric field energy density u; = £|E ’ /4
(the black line in Figure 2(d)) is larger (smaller) than the
magnetic field energy density u,, = /4|ﬁ|2 /4 (the red line
in Figure 2(d)). On the other hand, the electromagnetic field
outside the cavity diverges approaching to the infinity (z —»
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+o0) (see Supplementary Information), while the reactive
energy and the divergence of reactive momentum vanish (u
=0and V - p=0). We can conclude that u and V - p reflect
the confinement characteristic of the electromagnetic fields
because unconfined, but propagating waves outside the cav-
ity do not deliver the reactive quantities.

In Figure 2(c), the momentum density p points to the
outside from the cavity center (i.e. p=0at z/d = 0.5) because
QNM is a bound mode that loses its energy by the radiation
to the outside (z — +o0). Also p shows linear behavior at
both ¢ =1 and 2 because the exponential growth and decay
terms can be expanded to the linear function (i.e. e¥ =~ 1+
X), making Eq. (1) linear. In contrast, the reactive momen-
tum density p shows sinusoidal behavior (Figure 2(c) and
(f)), while it vanishes at the walls (z/d = 0 and 1) and outside
(z/d < 0 and >1). Also, the reactive momentum density p
and the reactive energy density u are independent from
the cavity loss (Im(k;) = n, Im(k,) in Eq. (8)), but they are
determined solely by the resonance characteristics ¢ (the
order) and d (the cavity length) by the term Re(k, ) = gz /d.
This implies the reactive momentum density reflects the
confinement of the electromagnetic fields inside the cavity.

To sum up this section, the active energy and momen-
tum densities are well-defined for all electromagnetic fields,
but the reactive energy and the divergence of the reac-
tive momentum do not vanish only for the confined fields,
as shown in the 1D Fabry-Perot cavity. This can also
be understood by Egs.(5) and (6). In Eq. (5), the decay
rate y, is solely determined by the active quantities; it is
always determined by the ratio of the energy flux to the
outside to the stored energy density. However, in Eq. (6),
the reactive momentum and energy determines the reso-
nance frequency w,; the resonance occurs only when the
energy is confined to the finite object. Therefore, the uncon-
fined fields cannot have the reactive momentum flux and
energy.

3.2 Surface plasmon polaritons (SPPs)
at the metal/dielectric interface

We revisit SPPs at the metal/dielectric interface using the
QNM formalism that has the complex frequency @, and the
complex wave vectors k,. The semi-infinite half space (z >
0) is filled with the medium 1, dielectric with the permit-
tivity €,, while the opposite half-space (z < 0) is filled with
the medium 2, metal with the complex permittivity £,. The
x-axis at the interface z = 0 defines the SPP propagation
direction. The p-polarized electric field in the i-th medium
(i=1and 2 for the dielectric and the metal, respectively) is
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given by

1

E=F 0 ei(l}xx+l}i,zz_a)0t)

i ix

(13)
_I}x/i{i,z

satisfying V -E; = 0. By the bound solution condition
511}2,2 - EZI}LZ = 0, the wave numbers are given by

=1l 8% g (14)
Ey €Lt &
2
72 1 gi ]}2 (15)

iz 80 81 + 82 0

while they are the same as the usual SPPs as follows [24], but
all of them become complex values in the QNM formalism,
while k, is linked to the complex resonance frequency by the
relation k3 = @ /c2. The active energy density, the active
momentum density, and the reactive momentum density in
the nondispersive dielectric medium 1 are given by
|k, |
= 1| 0| 2 |El X

. : |2e—z[1m(:zx)x+1m(hz)zle—W, (16)
280|k1, ‘

__ 1 g E
P 2c*n, £

=5 ~ 12
Re(Kiky,)/ |k,

% e—2[im(k)x+im(k; . )z] et

= ~ 12
m(kyk,) / |k,
1 & =

2c*n, & s ’ o Fux
im(ksky,) /|,

pP=

% e—Z[Im(l}X)XHm(f{j_z)z] e—ZyOt’

respectively. We can find that Egs. (16) and (17) satisfy
Eq. (5). In the SPP QNM, the reactive energy and the diver-
gence of the reactive momentum vanish (u = 0 and V -
p = 0), making Eq. (6) indeterminate. Figure 3 shows the
active/reactive energy/momentum density at the air-gold
interface. To plot Figure 3, we use the electromagnetic fields
of the SPP QNM, and The complex permittivity of gold at the
SPP frequency is taken as &, = —11.8 + 1.15i. The complex
SPP frequency is given by @, /27 = (466.8 + 38.32i) THz.
The real SPPs (not in the QNM formalism) requires
£+ &, <0 and g, < 0 to make the plasmon momentum
k, and the decay wavenumber l},»’z pure real and pure imag-
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(a)

U/ Unax

(b)

U/ Umex

Figure 3: The active/reactive energy/momentum of the SPP QNM

at the air-gold interface. (a) The active energy (color) and momentum
densities (gray arrows). (b) The reactive energy (color) and momentum
densities (gray arrows).

inary values by Eqgs. (14) and (15), respectively, if we neglect
metallic loss (i.e. €, = &, by Im(éz) = 0). The purely imag-
inary k; , makes the direction of the momentum density p,
Eq. (17), the x-direction along the surface (i.e. p, #0and p, =
0). Contrarily, SPPs in the QNM formalism, the momentum
density component normal to the surface p, does not vanish,
and thus the SPP QNM deliver some energy to the normal
direction (the +z-direction) as shown in Figure 3(a).

One of important feature in the SPP QNM is the van-
ishing reactive energy density and the divergence of the
momentum density (u = 0 and V-p = 0). This can be
understood by the fact that the SPP QNM is not fully confined
because it is bound to the surface (z = 0), but it propagates
along the surface (i.e. the x-axis). This unbound character
of the SPP QNM results in u = 0 and V - p = 0. The same
was also shown in the 1D Fabry-Perot cavity in the previous
section; outside the cavity, there are the unbounded, but
propagating waves to the infinity, and they have u = 0
and V - p = 0. Note that the Fresnel equation for the SPPs

DE GRUYTER

have been derived analytically [25]. It can be shown that
the reactive quantities start to appear when the SPPs are
confined laterally on the interface to form the Fabry—Perot
cavity as in the previous section.

To make the QNM of the metal structure have the reac-
tive momentum and energy, the SPP should be confined by
the optical cavity, resulting in the localized surface plas-
mon resonance (LSPR). For example, gold nanorods and
nanospheres can localize SPPs within the finite structures
and their very vicinity. In the next section, we numerically
demonstrate that their reactive quantities do not vanish, but
they survive near the structure surface.

3.3 Gold nanorod

We have analysed the open cavity systems using the analytic
expressions of the QNMs in the previous sections. Numerical
techniques allow us to analyse the optical cavities that do
not have analytic solutions in the closed form. Here, we
calculate the QNM of a gold nanorod and its active/reactive
energy and momentum in its vicinity in Figure 4. QNM was
calculated by the MAN (Modal Analysis of Nanoresonators)
package implemented by COMSOL Multiphysics [26]. The
gold nanorod has a cylindrical shape with the length of
100 nm and the radius of 15 nm. The permittivity of gold
was modelled by the Drude—-Lorentz model [26]. MAN yields
the dipolar resonance of the gold nanorod at the complex
resonance frequency @,/2z = (318.1 + 11.66i) THz. The
corresponding resonance wavelength and the quality factor
are given by A, = 942.5 nm and Q = 27.28, respectively.

In Figure 4(a) and (b), the color profile shows the active
energy density u (the reactive energy density u), while the
arrows show the active momentum density p (the reactive
momentum density p). Both the active and reactive energy
densities are concentrated near the gold nanorod surface
because of the localized surface plasmon resonance (LSPR).
However, the gold nanorod loses its energy by the radiation,
and thus the active momentum density p extends to the
far-field in Figure 4(a). In contrast, the reactive momentum
density p is strongly localized only near the surface. This
is consistent with the 1D Fabry-Perot cavity and SPP in
the previous section. The reactive momentum and energy
reflect the confinement character of the optical system, and
thus they vanish outside the cavity. On the other hand, p
can survive in the very vicinity of the gold surface, but
it rapidly vanishes outside the nanorod (Figure 4(b)); the
gold nanorod does not have physical walls of the cavity.
Therefore, the free space near the nanorod is also part of
the cavity.

In addition to the plasmonic structures we have stud-
ied in Figures 1, 3, 4 and S1, we also numerically analyze
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U/Unmax

(b)

U/L_Imax

0.5

0

Figure 4: The active/reactive energy/momentum of the lowest QNM
resonance of the cylindrical-shaped gold nanorod (the radius of 15 nm
and the length of 100 nm) in air. (a) The active energy (color) and
momentum densities (red arrows). (b) The reactive energy (color) and
momentum densities (red arrows).

the active/reactive energy/momentum of a dielectric open-
cavity that can have the high Q factor [27]-[30]. In the
Supplementary Material, we calculate the QNM of a high-
index dielectric nanodisk. One of its QNMs (Figure S2) cor-
responds to the so-called supercavity mode at the high-Q
bound states in the continuum [28]. We find Eqs. (5) and (6)
also works well for the dielectric supercavity.

We also emphasize that the temporal information of the
QNM, o, and y, can be obtained by the spatial information
of E(r) and H(r) by Egs. (5) and (6). These relations are
valid everywhere in the simulation domain, except for the
singular point of Eqgs. (5) and (6), i.e. the points where the
active or reactive energy density vanish. It is also notewor-
thy that Egs. (5) and (6) are valid in the usual eigenfrequency
calculation in COMSOL Multiphysics even though the MAN
package is not used.
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4 Conclusions

We reveal that the complex energy/momentum provide
complete description of the open cavity resonance, i.e. QNM;
the active energy/momentum describes how the optical cav-
ity stores and loses the actual (real-valued) energy. It is
related to the decay rate of the cavity (Eq. (5)). The reactive
energy/momentum describes how the optical cavity con-
fines the electromagnetic fields inside and in the vicinity
of the cavity structure. It defines the resonance frequency
(Eq. (6)). This finding can expand our understanding of the
open cavity resonance, and it can be helpful to design the
resonant optical cavity.

Before concluding, the following three points are
noteworthy; (i) Egs. (5) and (6) can be extended to the
lossy medium and the dispersive medium (see Supplemen-
tary Information for details). These expressions are useful
when the energy and the momentum densities are eval-
uated inside the nanostructures. (i) We are also able to
derive the active/reactive pair of the optical helicity and
its carrier, i.e. the spin angular momentum of light (see
Supplementary Information for details). Their ratios also
give the similar expression to Egs. (5) and (6). This can be
useful to analyze QNMs of the chiral nanostructure. (iii) It
is also noteworthy that the complex resonance frequency,

~12
Eqgs. (5) and (6), is normalized by the field intensities, |E) =
L 2 L - L
E-E*and [fi| = H-H* InQNMs, the fields F € {E. f} are

normalized by F - F rather than |P * _ F. F* because of the
broken energy conservation in the open cavities [7], [8], [31],
[32]. The QNM formalism guarantees the normalization of
the open cavities, but it is hard to interpret quantities phys-
ically. However, as shown in Egs. (5) and (6), it is possible
to define physical quantities using physically meaningful

expressions based on |P ) in the QNM formalism.

Research funding: This work was supported by the National
Research Foundation of Korea (NRF) grant funded by the
Korea government (MSIT) (No. RS-2023-00254920). This work
also was supported by Korea Institute for Advancement
of Technology (KIAT) grant funded by the Korea Govern-
ment (MOTIE) (RS00411221, HRD Program for Industrial
Innovation).

Author contributions: DK and SY established a theory on
the complex energy conservation law. DK and ESJ per-
formed numerical simulation using MAN. DK and SY wrote
the manuscript. All authors have accepted responsibility
for the entire content of this manuscript and approved its
submission.

Conflict of interest: Authors state no conflict of interest.



1238 = D.Kang et al.: Role of complex energy and momentum in open cavity resonances

Data availability: All data generated or analysed during this
study are included in this published article and its supple-
mentary information files.

References

[

[2

3]

[4]

[5]

[6]

[7]

(8l

[9

(0]

ml

(2]

(3]

4]

[15]

A. Canaguier-Durand, A. Cuche, C. Genet, and T. W. Ebbesen,
“Force and torque on an electric dipole by spinning light fields,”
Phys. Rev. A, vol. 88, no. 3, 2013, Art. no. 033831.

F. ). Garcia de Abajo, “Electromagnetic forces and torques in
nanoparticles irradiated by plane waves,” J. Quant. Spectrosc.
Radiat. Transfer, vol. 89, nos. 1—4, pp. 3—9, 2004.

S.J. Yoo and Q. H. Park, “Metamaterials and chiral sensing: a
review of fundamentals and applications,” Nanophotonics, vol. 8,
no. 2, pp. 249—261, 2019.

A. Oskooi and S. Johnson, “Electromagnetic wave source
conditions,” in Advances in FDTD Computational Electrodynamics:
Photonics and Nanotechnology, A. Taflove, Ed., Norwood,
Massachusetts, USA, Artech House, 2013, pp. 65—96.

J. D. Joannopoulos, S. G. Johnson, J. N. Winn, and R. D. Meade,
Photonic Crystals, vol. 41, 2nd ed. William St. Princeton, NJ, United
States, Princeton University press, 2008.

P. Lalanne, C. Sauvan, and J. P. Hugonin, “Photon confinement in
photonic crystal nanocavities,” Laser Photonics Rev., vol. 2, no. 6,
pp. 514—526, 2008.

P. Lalanne, W. Yan, K. Vynck, C. Sauvan, and J. P. Hugonin, “Light
interaction with photonic and plasmonic resonances,” Laser
Photonics Rev., vol. 12, no. 5, 2018, Art. no. 1700113.

C. Sauvan, J. P. Hugonin, L. S. Maksymov, and P. Lalanne, “Theory
of the spontaneous optical emission of nanosize photonic and
plasmon resonators,” Phys. Rev. Lett., vol. 110, no. 23, 2013, Art. no.
237401.

H. Cao and J. Wiersig, “Dielectric microcavities: model systems for
wave chaos and non-Hermitian physics,” Rev. Mod. Phys., vol. 87,
no. 1, pp. 61—111, 2015.

L. Huang, L. Xu, D. A. Powell, W. J. Padilla, and A. E.
Miroshnichenko, “Resonant leaky modes in all-dielectric
metasystems: fundamentals and applications,” Phys. Rep.,

vol. 1008, pp. 1—66, 2023.

P.T. Kristensen, K. Herrmann, F. Intravaia, and K. Busch,
“Modeling electromagnetic resonators using quasinormal
modes,” Adv. Opt. Photonics, vol. 12, no. 3, p. 612, 2020.

T. W. B. Kibble, “Conservation laws for free fields,” ). Math. Phys.,
vol. 6, no. 7, pp. 1022—1026, 1965.

Y. Tang and A. E. Cohen, “Optical chirality and its interaction with
matter,” Phys. Rev. Lett., vol. 104, no. 16, 2010, Art. no. 163901.

S. Aghapour, L. Andersson, and K. Rosquist, “The zilch
electromagnetic conservation law revisited,” J. Math. Phys., vol. 61,
no. 12, 2020, Art. no. 122902.

A. Emanuel, “Summary of IEEE standard 1459: definitions for the
measurement of electric power quantities under sinusoidal,
nonsinusoidal, balanced, or unbalanced conditions,” IEEE Trans.
Ind. Appl., vol. 40, no. 3, pp. 869—876, 2004.

[16] J.D. Jackson, Classical Electrodynamics, vol. 3, 3rd ed. New York,

Wiley, 1999.

(7

[18]

(9]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

DE GRUYTER

R. M. Fano, L. J. Chu, R. B. Adler, and J. A. Dreesen,
“Electromagnetic fields, energy, and forces,” Am. J. Phys., vol. 29,
no. 8, pp. 562—"563, 1961.

M. Nieto-Vesperinas, . J. Sdenz, R. Gémez-Medina, and L.
Chantada, “Optical forces on small magnetodielectric particles,”
Opt. Express, vol. 18, no. 11, 2010, Art. no. 11428.

K.Y. Bliokh, A. Y. Bekshaev, and F. Nori, “Extraordinary momentum
and spin in evanescent waves,” Nat. Commun., vol. 5, no. 1, p. 3300,
2014.

A.Y. Bekshaeyv, K. Y. Bliokh, and F. Nori, “Transverse spin and
momentum in two-wave interference,” Phys. Rev. X, vol. 5, no. 1,
2015, Art. no. 011039.

M. Antognozzi, et al., “Direct measurements of the extraordinary
optical momentum and transverse spin-dependent force using a
nano-cantilever,” Nat. Phys., vol. 12, no. 8, pp. 731—735,

2016.

A.Y. Bekshaev, “Dynamical characteristics of an electromagnetic
field under conditions of total reflection,” J. Opt. (U. K.), vol. 20,
no. 4, 2018, Art. no. 045604.

X. Xu and M. Nieto-Vesperinas, “Azimuthal imaginary poynting
momentum density,” Phys. Rev. Lett., vol. 123, no. 23, 2019, Art. no.
233902.

L. Novotny and B. Hecht, Principles of Nano-Optics, 2nd ed.
Cambridge, UK, Cambridge University Press, 2012.

S. Inampudi and H. Mosallaei, “Fresnel refraction and

diffraction of surface plasmon polaritons in two-dimensional
conducting sheets,” ACS Omega, vol. 1, no. 5, pp. 843 —853,

2016.

T. Wu, D. Arrivault, W. Yan, and P. Lalanne, “Modal analysis of
electromagnetic resonators: user guide for the MAN program,”
Comput. Phys. Commun., vol. 284, 2023, Art. no. 108627.

L. Huang, Y. Yu, and L. Cao, “General modal properties of optical
resonances in subwavelength nonspherical dielectric structures,”
Nano Lett., vol. 13, no. 8, pp. 3559 —3565, 2013.

M. V. Rybin, et al., “High- Q supercavity modes in subwavelength
dielectric resonators,” Phys. Rev. Lett., vol. 119, no. 24, 2017, Art. no.
243901.

L. Huang, L. Xu, M. Rahmani, D. Neshev, and A. E. Miroshnichenko,
“Pushing the limit of high-Q mode of a single dielectric
nanocavity,” Adv. Photonics, vol. 3, no. 01, 2021, Art. no. 016004.

A. A. Bogdanov, et al., “Bound states in the continuum and Fano
resonances in the strong mode coupling regime,” Adv. Photonics,
vol. 1, no. 1, 2019, Art. no. 016001.

[31] J.Yang, H. Giessen, and P. Lalanne, “Simple analytical expression

[32]

for the peak-frequency shifts of plasmonic resonances for
sensing,” Nano Lett., vol. 15, no. 5, pp. 3439—3444,

2015.

Q. Bai, M. Perrin, C. Sauvan, J.-P. Hugonin, and P. Lalanne,
“Efficient and intuitive method for the analysis of light scattering
by a resonant nanostructure,” Opt. Express, vol. 21, no. 22, 2013,
Art. no. 27371.

Supplementary Material: This article contains supplementary material
(https://doi.org/10.1515/nanoph-2024-0623).


https://doi.org/10.1515/nanoph-2024-0623

	1 Introduction
	2 Conservation laws of open-cavity resonances
	2.1 Complex energy conservation law
	2.2  Physical meaning of complex energy and momentum

	3 Complex energy and momentum in the open cavity nanostructures
	3.1  One-dimensional (1D) Fabrytnqx2013;Perot cavity
	3.2  Surface plasmon polaritons (SPPs) at the metal/dielectric interface
	3.3 Gold nanorod

	4 Conclusions


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Euroscale Coated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 35
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1000
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.10000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /DEU <>
    /ENU ()
    /ENN ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName (ISO Coated v2 \(ECI\))
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 300
        /LineArtTextResolution 1200
        /PresetName <FEFF005B0048006F006800650020004100750066006C00F600730075006E0067005D>
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 8.503940
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [595.276 841.890]
>> setpagedevice


