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Abstract: Unitarity serves as a fundamental concept for

characterizing linear and conservative wave phenomena

in both classical and quantum systems. Developing plat-

forms that perform unitary operations on light waves in

a universal and programmable manner enables the emu-

lation of complex light–matter interactions and the execu-

tion of general-purpose functionalities for wave manipula-

tions, photonic computing, and quantum circuits. Recently,

numerous approaches to implementing programmable pho-

tonic unitary circuits have been proposed and demon-

strated, each employing different design strategies that dis-

tinctly impact overall device performance. Here, we review

foundational design principles and recent achievements

in the implementation of programmable photonic unitary

circuits, with a particular focus on integrated photonic

platforms. We classify the design strategies based on the

dimensionality of nontrivial unit operations in their build-

ing blocks: lower-dimensional unitary units, such as SU(2)

operations, and higher-dimensional ones, such as Fourier

transforms. In each category, recent efforts to leverage

alternative physical axes, such as the temporal and fre-

quency domains, to address scalability challenges are also

reviewed. We discuss the underlying concepts, design pro-

cedures, and trade-offs of each design strategy, especially in

relation to light-based computing.
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1 Introduction

One of the fundamental postulates in elaborating traditional

quantum theory is to assume an isolated system – one

that neither exchanges energy nor matters with its environ-

ment [1]. This assumption allows thedescription of quantum

systems using Hermitian Hamiltonians, which accompany

mathematically well-established structures: real eigenspec-

tra and orthonormal sets of eigenmodes. According to

Stone’s theorem [2], the temporal evolutions of quantum

states are determined by the corresponding unitary prop-

agators of Hamiltonians. Therefore, characterizing the uni-

tary operations obtained from a quantum system directly

corresponds to the complete description of the system as a

solvable initial value problem, at least in the conservative

regime of quantum physics. In this respect, the core opera-

tion principles of quantum computations, such as the gate

operations and their circuit assemblies, are also developed

under unitarity [3].

As a statistical average of quantum electrodynam-

ics, classical optics often adopts the same assumption by

neglecting material, structural, and radiation losses of opti-

cal systems [4]. Despite the lack of wavefunctions for

photons [5], this radical approximation unveils the cor-

respondence between classical wave equations and the

Schrödinger equation, which has been the foundation of the

analogy between classical and quantum wave phenomena

[6], [7]. As a result, many classical optical phenomena can

also be well described through unitary operations with suf-

ficiently high accuracy. Inversely, achieving unitary opera-

tions through tailored optical systems allows not only the

modelling of classical and quantum phenomena [8]–[13],

but also the realization of conservative optical functionali-

ties, such as light flowmanipulation [14], modal engineering

[15], [16], visual perception [17], and optical energy concen-

tration [18].

Recently, light-based computing, especially in terms of

data-driven [19]–[22] and quantum [23], [24] computations,
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has attracted substantial attention to exploit the unique

advantages of signal processing using photons – ultrahigh

speed, low energy dissipation, and stable quantum states.

These next-generation computing systems have sparked a

surge of interest in realizing programmable and univer-

sal unitary operations in photonic platforms, which are

essential ingredients for trainable photonic deep learning

and general-purpose quantum computation. Among var-

ious optical platforms, such unitary operations are well

developed mostly in photonic integrated circuits [25]–[27]

in order to utilize their small footprint, stable light manipu-

lation, and the elementwise modulation essential for recon-

figurability. The rapid development of the field in terms of

design [28]–[30] and fabrication [31]–[33] also supports the

high-fidelity realization of universal unitaries for comput-

ing applications.

In this review, we investigate and classify various

approaches of constructing programmable and universal

forms of N-dimensional unitary operations in integrated

photonics, focusing on their design philosophy, theoretical

and numerical assessments, and pros and cons in terms

of application devices. In Section 2, we briefly review the

universality of unitary operations in photonics and its con-

nection to light-based computing. In Sections 3 and 4, we

exhibit the classification of design strategies according to

the dimensionality of nontrivial unit operations, discussing

the building blocks of each method, their implementation

platforms, and the following performances, such as fidelity

and scalability. In the last section, we summarize the review

and provide an outlook on the potential research topics,

focusing on remaining challenges in scalability and fidelity.

2 Unitary operations in photonics

Unitary operations of light waves are observed ubiqui-

tously in various photonic platforms. The most straightfor-

ward example is an isolated system composed of optical

elements, such as coupled waveguides [8] and resonators

[34], photonic crystals [18], and dielectricmetamaterials [35]

(Figure 1a). When the interactions with its environment,

such as radiative ormaterial loss, amplification, anddynam-

ical changes of system parameters, are negligible within the

temporal range of interest, the system can be well modelled

with the following Schrödinger-form equation using the

Hermitian Hamiltonian H:

i
d

d𝜉
||Ψ⟩ = H||Ψ⟩, (1)

where |Ψ⟩ is the state of light inside the system, and

𝜉 depicts the evolution variable that can denote a spa-

tial or temporal axis. The evolution of an optical state

within the system is determined by the relation, |Ψ(𝜉)⟩ =
(a)

(b)

di H
d

(0) (0)iHe

I O

O IS

Figure 1: Unitary operations in photonics. (a) Schematic for unitary operations in isolated systems. The initial state |Ψ(0)⟩ is evolved to be |Ψ(𝜉)⟩=
exp(–iH𝜉)|Ψ(0)⟩, which is governed by the unitary propagator exp(–iH𝜉) from the Hermitian Hamiltonian H. (b) Schematic for unitary operations in

open systems. The input state |ΨI⟩ evolves to |ΨO⟩= S|ΨI⟩, which is governed by the unitary scattering operator S. The solid and dashed circles denote
the isolated and open system boundaries, respectively. Disks represent optical materials inside the systems. Red and blue colors denote optical fields.
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exp(–iH𝜉)|Ψ(0)⟩, where the propagator exp(–iH𝜉) is uni-

tary due to the Hermiticity ofH [2]. For example, light flows

inside coupledwaveguides or resonators are fully described

by the unitary operator exp(–iH𝜉) for any forms of the

initial state |Ψ(0)⟩. Notably, the platformsmanipulatingH in

a reconfigurablemanner have beenwidely applied tomimic

the state evolutions in the corresponding quantum systems

[10]–[13], [36].

On the other hand, unitary operations also play a criti-

cal role in open systems. Consider an open system in photon-

ics (Figure 1b), which undergoes scattering [37] and diffrac-

tion [38]. When the system allows for incident and outgoing

wave flows, while interactions with other physical domains

– again, manifested as material gain and loss, or system

dynamics – are negligible, light behaviors around the sys-

tem are fully described by the scattering matrix:

||ΨO⟩ = S||ΨI⟩, (2)

where |ΨI⟩ and |ΨO⟩ denote the incident and scattering

waves, respectively, of the same dimension. Due to energy

conservation, the relationship ⟨ΨO|ΨO⟩ = ⟨ΨI|S†S|ΨI⟩ =⟨ΨI|ΨI⟩ holds for arbitrary |ΨI⟩, leading to S†S = I. There-

fore, the scattering matrices S for open systems, satisfying

S†S = SS† = I, correspond to unitary operations.

The above categorization of isolated and open systems

is not a rigorous one but rather one of convenience. For

example, when we consider recent interests on exploit-

ing a temporal axis [39]–[44], the evolution along 𝜉 = t

can be considered the scattering process with the scat-

tering matrix exp(–iHt), where H describes the temporal

variation of an optical potential. Similarly, the scattering

matrix description with S can be understood as the energy

exchange between eigenmodes when the entire space-time

domain including the environment is considered an iso-

lated system for light. Notably, as long as the system pre-

serves energy of lightwaves, light behaviors in both isolated

and open linear systems can be characterized by unitary

operations.

Therefore, achievinghigh-dimensional, reconfigurable,

and stable unitary operations of light through tailored pho-

tonic systems is a pivotal step toward advanced function-

alities using light signals [25], [26]. For example, the recent

surge of interest in photonic deep learning accelerators [45]

has stimulated the efforts on achieving high-dimensional

unitary operations for modelling weight matrices. When

applying the singular value decomposition to an arbitrary

weight matrixW , asW = UDV†, where U and V are unitary

matrices and D is a diagonal matrix, realizing a univer-

sal and reconfigurable form of unitary matrices enables

trainable weight matrices for deep learning. The conser-

vative nature of unitary operations has also attracted sub-

stantial attention for realizing unitary neural networks [46]

to address the gradient explosion or vanishing problem

during the learning process [47]–[49]. Another important

application includes unit operations for linear optical quan-

tum computing (LOQC) [23]. Because quantum computation

generally exploits isolated systems, elementary gates and

their circuit assemblies dictate the use of unitary optical ele-

ments. Therefore, the implementation of universal unitary

operations is indispensable for reconfigurable and higher-

dimensional photonic quantum computing [50]–[54]. In

terms of classical light devices, reconfigurable diffractive

and scattering platforms with unitary natures are also cru-

cial for free-space data-driven computation [55], [56], and

high-quality optical imaging, detection, and beam manipu-

lations [57]–[60] from energy conservation. In these clas-

sical, quantum, and data-driven applications, we empha-

size that the dimension of the obtained unitary matrix

operations determines the ultimate information capacity

supported by the system: the number of neurons in deep

learning accelerators, the dimension of quantum gates for

qudit operations, and the number of accessible channels in

classical light devices.

In the following sections, we introduce various analyt-

ical and numerical strategies to realize high-dimensional

(N > 2), universal, and reconfigurable UN matrices for light

waves. Themethods are classified by two categories: the sys-

tematic assemblies of (i) lower-dimensional unitary matri-

ces, for example, U2 (Section 3), or (ii) the optimized UN

matrices (Section 4). Pros and cons of each approach will

be discussed in terms of practical realizations, deterministic

designs, programmability, and universality.

3 U
N
operations by assembling

lower-dimensional units

Given the relation UN
†UN = UNUN

† = I, a UN matrix hasN
2

degrees of freedom considering its symmetry and complex-

valued components. To handle this large number of vari-

ables, a conventional approach has employed the system-

atic assembly of lower-dimensional unitary units, achiev-

ing deterministic design of an arbitrary UN matrix [61].

The most widely used building block is a U2 matrix in the

SU(2) group, which is analogous to the evolution of a single

qubit. In this section, we review the basic design strategy

(Section 3.1) and its photonic implementations in the spatial

(Section 3.2) and temporal (Section 3.3) domains.
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3.1 Design strategy

In describing light behaviors in both isolated and open

systems, a unitary matrix illustrates the evolutions of the

couplings betweenoptical elements, as shown inEqs. (1) and

(2). In this context, amajor challenge in constructing higher-

dimensional UN matrices arises from their off-diagonal

components, which necessitate the couplings between far-

off elements. Because nearby interactions are dominant

especially in the platforms for photonic integrated circuits

whether exploiting the couplings through propagating [62]

or evanescent [45] light, the basic strategy of realizing UN is

to develop the systematic assembly of nearby interactions

to effectively achieve far-off couplings. Mathematically, this

strategy is based on the conservation of the unitarity under

the multiplications, as (VUW)†(VUW) = I, where U , V , and

W are unitary matrices. Therefore, a common objective in

this method is to achieve the diagonalization through the

multiplications, as VUNW = D, where D is the diagonal

matrix that can be obtained simply with isolated optical ele-

ments, and V andW represent unitary matrices achievable

with nearby couplings. While the target unitary matrix can

be reconstructedwith themultiplication formUN =V†DW†,

the resulting matrix multiplication corresponds to the cas-

caded operations exerted on light, which are executed with

a series of varying optical systems along the spatial or tem-

poral axis.

As an example, we introduce the method of imple-

menting an arbitrary UN using a set of two-dimensional

(2D) unitary matrices U2, which was firstly developed in

Ref. [61]. For simplicity, we restrict our discussion to U2

that reflects only the nearest-neighbor (NN) couplings in

one-dimensional (1D) systems, which cover conventional

programmable photonic integrated circuits using multiple

waveguides [25]. To apply the unitary multiplication, we

develop the N-dimensional unitary matrix Tm that includes

a nontrivial 2D unitary operation U2 at the components (m,

m), (m,m + 1), (m + 1,m), and (m + 1,m + 1), while the rest

components of Tm follow theN-dimensional identitymatrix

IN . The role of Tm is to cancel out an off-diagonal component

through the multiplications of TmU and UTm, which allow

for nulling one of the mth or (m + 1)th row and the mth or

(m + 1)th column components, respectively (Figure 2a).

To achieve the diagonalization with a set of Tm,

N(N – 1)/2 nulling processes applied to either the upper

or lower triangular off-diagonal components are necessary

(Figure 2b and c), because a triangular unitary matrix is

a diagonal matrix. Therefore, in the unitary matrix recon-

struction UN = V†DW†, V and W are constructed with

a series of NN-coupling unitaries Tm. We note that the

sequence of the nulling processes supports design freedom

UN SU(2) 1 0

=

U4 T3 U4T3

(a)

(d) (e)

(b) (c)

i1
i2
i3
i4

o1

o2

o3

o4

i1
i2
i3
i4

o1

o2

o3

o4

Rotated UN

u1 u2

s1

s2

u1s1 + u2s2 = 0

Figure 2: Universal unitaries composed of lower-dimensional units

through nulling processes. (a) Example of nulling processes in the case

of U4 (components with white squares). By multiplying T3 (red squares

with SU(2) operations, blue squares with 1, and black squares with 0) on

the right side of U4, one of the U4T3 components becomes zero (black

square) by designing the SU(2) operation to satisfy u1s1 + u2s2 = 0. While

some of the components in U4T3 are identical to those in U4, the other

components are the SU(2)-transformed U4 components. The purple box

in U4 denotes the SU(2)-transformed part. (b, c) The nulling processes of

the (b) Reck [61] and (c) Clement [29] designs, and (d, e) their hardware

implementations, respectively. The color of each arrow in (b, c)

corresponds to the optical element of the same color in the circuits

of (d, e). In (b–e), the nulling process is achieved sequentially, following

the order of the orange, green, and purple arrows. The colored boxes

in (d, e) represent the SU(2) building block described in Sections 3.2 and

3.3. In (d, e), i
n
and o

n
are the nth input and output signals, respectively

(1 ≤ n ≤ 4).

as long as a series of the cascaded nulling processes operate

independently, that is, the protection of the nulled com-

ponents during the subsequent processes. Representative

examples include the Reck ([61], Figure 2b) and Clements

([29], Figure 2c) designs, which result in the optical hard-

ware with different feature sizes and symmetry conditions

(Figure 2d and e). Notably, owing to its structural symmetry,

the Clements design achieves almost half the circuit depth

and higher fidelity with error-tolerant interferences, com-

pared to the Reck design.
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The range of the unitary group accessible through

nulling processes is determined by the universality of the

unit unitary matrix Tm and the diagonal matrix D. Par-

ticularly, with the universal form of Tm and D, a univer-

sal set of UN that covers random Haar matrices [63] can

be achieved deterministically. Because the diagonal com-

ponents of D have the unit modulus, the tailored phase

evolutions in individual optical elements, such as optical

waveguides or resonators with phase shifters, enables the

universal form of D. Therefore, a major challenge in achiev-

ing programmable and universal UN construction is the

realization of the reconfigurable building block for Tm,

which has to satisfy the complete coverage of the SU(2)

group, at least, up to the global phase for nulling an arbi-

trary off-diagonal element during the diagonalization. In the

following Sections 3.2 and 3.3, we explore the spatial- and

temporal-domain realizations of Tm, which possess distinct

characteristics in their design procedures and the perfor-

mance figures of the resulting UN .

3.2 Spatial domain implementation

Because Tm describes the evolution of photonic states in a

two-level system up to the global phase, the corresponding

operation is characterized by two degrees of freedom: the

relative differences in the amplitudes and phases of the

fields inside two elements [25]. As discussed in quantum

computation [3], the universality of such an operation is

guaranteed by a set of two arbitrary rotation operations

among Rx , Ry, and Rz, which denote the rotations about

x-, y-, and z-axis, respectively. These rotation operations,

generally describing the 𝜃-angle rotation about the vector

n, can be expressed as the following propagator form:

Rn

(
𝜃
)
= exp

(
−i𝜃

2
n ⋅ 𝛔

)
, (3)

where 𝛔 is the Pauli vector 𝛔 = x𝜎x + y𝜎y + z𝜎z for the

following Pauli matrices:

𝜎x =
[
0 1

1 0

]
, 𝜎y =

[
0 −i
i 0

]
, 𝜎z =

[
1 0

0 −1

]
. (4)

Regarding passive and active optical elements widely

used in integrated photonics, the rotation operations that

are practicallymore accessible areRx andRz. First, as shown

in the form of 𝜎x in Eq. (4), which is the generator of Rx ,

the rotation Rx can be obtained with the in-phase coupling

between two elements, such as two coupled waveguides

composing a directional coupler. The amount of the Rx rota-

tion is then determined by the magnitude of the coupling

coefficient and the length of the coupler. Second, the rota-

tion Rz is achieved with 𝜎z in Eq. (4), which is achieved

with the decoupled optical elements with different on-site

energies such as the propagation constants in waveguides

and the resonance frequencies in resonators. To achieve

arbitrary rotations of Rx and Rz, the listed optical param-

eters – coupling coefficient, coupler length, propagation

constants, and resonance frequencies – need to be recon-

figurable. It is worth mentioning that the realization of Ry,

which requires the gauge field in the coupling due to the

imaginary off-diagonal terms in𝜎y, is not straightforward in

the spatial-domain integrated photonic platforms. Instead,

Ry can be obtained with a series of Rx and Rz, as Ry(𝜃) =
Rx(3𝜋/2)Rz(𝜃)Rx(𝜋/2).

The SU(2) gate, which conducts an arbitrary U2 ∈ SU(2)

matrix operation for the nulling processes in Figure 2, can

be realized by cascading the constituent operations Rx and

Rz, as U2 =ΠkRn(k)(𝜃k), where n(k) denotes the rotation axis

x or z, and k is the order index of the SU(2) operation. It

is noted that the configuration of U2, which is determined

by the number and order of the rotations, is not unique.

Although the simplest form of U2 would be the straightfor-

ward multiplication of two orthogonal rotations, such as U2

= Rz(𝜃2)Rx(𝜃1) or Rz(𝜃2)Ry(𝜃1), one needs to consider the

practical implementation of each configuration in terms of

the operation fidelity, the method for reconfigurability, and

the compatibility with fabrication techniques.

Regarding the difficulty in directly implementing Ry,

the most straightforward architecture employs tunable

directional coupling [64]–[66] (Figure 3a andb). The tunable

directional coupler corresponds to a reconfigurable Rx rota-

tion, which enables the following relation:

U2 ≡ Rz(𝜂)Rx(𝛾) =
⎡⎢⎢⎣
e−i

𝜂

2 cos
(
𝛾

2

)
−ie−i

𝜂

2 sin
(
𝛾

2

)
−iei

𝜂

2 sin
(
𝛾

2

)
ei

𝜂

2 cos
(
𝛾

2

) ⎤⎥⎥⎦, (5)

where 𝛾 is the rotation angle of 0 ≤ 𝛾 ≤ 𝜋 about the

x-axis. Although stable manipulation of the coupling is a

critical engineering issue, as discussed in below, the math-

ematically straightforward structure of the unit and the

resulting geometrical simplicity are clear advantages of this

approach.

On the other hand, the most widely used configuration

involves a fixed Rx (Figure 3c and d), highlighting the tech-

nical challenges in achieving reconfigurability of coupling

coefficients. To adjust the coupling for controlling Rx(𝜃)

without affecting Rz rotations, the optical modes within the

elements must be perturbed symmetrically. Furthermore,

the nonlinear relationships betweenmaterial perturbations

and modal profiles [70]–[72], as well as between the per-

turbed modal profiles and coupling coefficient [73], need to
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(a)

(b)

Rx(γ)

Rz(η)

(e)

(c)

(d)

Rx(π/2) Rx(π/2)

Rz(ξ) Rz(η)

ξ η

(f)

(g)

(h)

N = 32

Figure 3: Spatial implementation of universal unitary circuits. (a, b) SU(2) gate with the reconfigurable R
x
rotation: (a) schematic of the gate, and

(b) its real implementation [64]. (c, d) SU(2) gate with the fixed R
x
rotations: (c) schematic of the gate, and (d) its real implementation [10]. (e) The PPC

implementation using a set of SU(2) gates in (d). (f) Effect of hardware errors on pattern recognition [67] for 28 × 28 images from the MNIST dataset

[68]. ‘EC’ denotes the error correction achieved by the self-configuration of Mach-Zehnder interferometers (MZIs) and MZI with an additional beam

splitter (3-MZI). (g, h) The pruning of PPCs for noise-resilient unitary operations [69]. (g) The averages of the phase shift 𝜉 =<𝜃
m,l> for the PPCs of 100

U32 realizations. (h) Comparison of the fidelities of the U128 PPCs in different groups: pruning body (red line), pruning tail (blue line), noisy body (orange

line), and noisy tail (green error bars). The thicknesses of the colored lines and the error bars present the range of the fidelities between their maxima

and minima. Panel (b) reprinted with permission from Ref. [64], Optica. Panels (d, e) reprinted with permission from Ref. [10], Springer Nature Limited.

Panels (f) and (g, h) are adapted with permission from Refs. [67], [69], respectively, Springer Nature Limited.

be mitigated. Therefore, to avoid the sensitivity and non-

linearity in performing reconfigurable Rx(𝜃), most conven-

tional programmable photonic circuits (PPCs) have lever-

aged the relationship of Rx(𝜋)Ry(𝜉) = Rx(𝜋/2)Rz(𝜉)Rx(𝜋/2),

which leads to

U2 ≡ Rz(𝜂)Rx
(
𝜋∕2

)
Rz

(
𝜉
)
Rx

(
𝜋∕2

)

=

⎡⎢⎢⎢⎢⎣
e−i

𝜂

2 sin

(
𝜉

2

)
e−i

𝜂

2 cos

(
𝜉

2

)

ei
𝜂

2 cos

(
𝜉

2

)
−ei

𝜂

2 sin

(
𝜉

2

)
⎤⎥⎥⎥⎥⎦

= Rz(𝜂)Rx(𝜋)Ry

(
𝜉
)
. (6)

As shown in Figure 3a and b, the corresponding SU(2)

gate is composed of two identical passive Mach-Zehnder

interferometers both for Rx(𝜋/2), and two phase shifters of

𝜉 and 𝜂 for Rz(𝜉) and Rz(𝜂), respectively. When 0 ≤ 𝜉 ≤

𝜋 and 0 ≤ 𝜂 < 2𝜋, the degrees of freedom provided by

two rotations Rz(𝜂) and the effective Ry(𝜉) allow for the

realization of universal SU(2) operations, completely cover-

ing the entire evolutions on the Bloch sphere. It is worth

mentioning that although other configurations, such asU2=
Rz(𝜂)Rx(3𝜋/2)Rz(𝜉)Rx(𝜋/2) = Rz(𝜂)Ry(𝜉) that is a mathemati-

callymore concise form, are also allowed, the critical advan-

tage of the configuration in Eq. (5) lies in the identical form

of Rx(𝜋/2), which results in the same fabrication conditions

for the Mach–Zehnder interferometers.

To achieve the necessary modulation for the recon-

figurable operations of the SU(2) gate, various modulation

schemes have been examined. A conventional approach

involves using thermo-optic modulation [10], [65], [74]–[77],

which possesses advantages of compact gate design due

to substantial changes in the refractive index, and low
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insertion loss. However, this approach presents several

challenges, such as limited operation bandwidth of a

few MHz and high-power consumption. To address each

issue, various alternative solutions have been success-

fully demonstrated. For example, electro-optical modula-

tion using lithium niobite films offers from 1 to 100 GHz

modulation for phase shifts [78], [79]. In terms of power

consumption, piezo-optomechanical techniques enableμW-

scale operations permodulatorwith operation speeds about

100 MHz [80], [81]. Owing to the sharply different features of

each modulation technique, the method of modulation is a

core factor in determining the performance and application

target of the entire PPC (Figure 3e).

All modulation techniques and the passive elements

used in the SU(2) gate inevitably involve noise and defects.

Furthermore, such random errors scale with O(N1/2) due

to the O(N) circuit depth. Therefore, addressing fidelity

issues through error correction is critical, especially when

conducting computing functionalities in larger N , even for

stochastic operation such as deep learning. Furthermore,

devising hardware error correction can also be employed

in the in situ training of deep learning in terms of the sup-

pression of cost functions [82], [83].

To address imperfections, for example in linear-optic

elements such as beam splitters, various systematic cal-

ibration procedures have been developed. In these pro-

cedures, the underlying mechanisms are developed upon

two notions: measurement-based reconfigurability and the

utilization of auxiliary dimensions within system param-

eter spaces. First, error correction necessitates both sig-

nal detection and the consequent reconfiguration of sys-

tems. Although an individual correction of each element is

expected to be ideal for high fidelity [28], [84]–[87], such an

ideal condition not only burdens the fabrication difficulty

but also raises additional noises due to the necessity of local

signal monitoring. Therefore, there have been substantial

efforts on reducing the required number of internal detec-

tors and tunable elements. The approach at the extreme

is global optimization, for example, using gradient descent

[88] or the in situ training with adjoint optimization, which

requires only detecting signals at the system boundaries

[82], [83]. The challenge of employing these techniques to

error correction would be the difficulty in properly setting

initial conditions to explore global optimum and the neces-

sity of problem-specific training. Recently, error correction

without internal detectors for sufficiently low local errors

has been demonstrated using self-configuration method,

which corrects the splitting error in each beam splitter

[89]–[91].

Another approach – auxiliary dimensions in system

parameter spaces – increases the upper bound of accuracy

at a given level of device defects. At an elemental level,

it was demonstrated that a beam splitter targeting 50:50

power division but with errors up to 85:15 can be adjusted

by doubling the system dimension through additional phase

shifters and beam splitters [28]. In a similar context, employ-

ing additional passive elements to each gate, such as a beam

splitter and waveguide crossing, allows for avoiding for-

bidden regions in the Hilbert space of optical states [67].

This improved coverage enhances the accuracy of the cir-

cuit operations (Figure 3f) beyondpreviousworks [89]–[91],

achieving fault tolerant pattern recognition. The use of aux-

iliary dimension has also been employed in system levels,

such as the realization of random Haar matrices using an

additional beam splitter layer at the terminal port of the

photonic circuit [92].

In a similar context, a method inspired by network

science has recently been proposed, focusing on catego-

rizing active optical elements based on their impacts on

achieving reconfigurable universal unitary operations [69].

The work demonstrated that the building blocks of PPCs

designed under the Clements approach [29] for achieving

randomHaar matrices follow the power law and the Pareto

principle, stating that most of the significant rotation oper-

ations come from about 20 % of the building blocks – the

‘tail’ elements of the circuit. This analysis inspires the prun-

ing of less important phase shifters in the overall circuit

(Figure 3g), which enables the removal of tunable phase

shifters that are usually the most expensive elements in

PPCs in terms of noise and footprint engineering. As shown

in Figure 3h, pruning the ‘body’ of the phase shifters – less

important ones, constituting about 80 % of the circuit – can

yield even better performance at a specific level of noise,

aligning with the underlying mechanisms of hub nodes in

network science [93]. Recently, the concept of pruning for

photonic circuits has also been employed in relation to the

training process [94], [95], achieving reduced power con-

sumption and noise resilience.

3.3 Temporal domain implementation

Despite the great success of spatial-domain PPCs especially

in terms of fidelity [28], [31], [67], [69], [82], [86]–[92], [96],

[97], scalability remains another critical challenge. To diago-

nalize aUN matrix using SU(2) operations,N(N – 1)/2 nulling

processes are necessary as described in Figure 2. Evenwhen

approximately N/2 operations are achieved in parallel, as

is available in the Clements design [29], the circuit depth is

proportional to N , which results in O(N2) scalability in both

device footprint and gate number regarding the channel

numberN . This poor scalability, for example, requiring over

106 elements with footprints exceeding a few cm2 for a deep
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learningmodel with only 1,000 neurons, also raises substan-

tial fidelity issue due to imperfections in device fabrication

and light sources.

One possible approach to overcoming this limitation

is to exploit the mathematical similarity between the gov-

erning equations in different physical axes. For example,

the spatial propagation of light along a waveguide and the

temporal evolution inside a resonator can be described by

the almost same equations of da/dx = –i𝛽a and da/dt =
+i𝜔a [73], respectively, where a is a field amplitude, 𝛽 is the
wavenumber along the waveguide, and 𝜔 is the resonance

frequency of the resonator. Therefore, one can replace the

field evolution of light along the spatial domain with the

evolution along an alternative physical axis – time or fre-

quency – which allows for the substitution of the device

footprint with the operation time or mode number. Similar

approaches have been employed in examining synthetic-

dimensional phenomena [13], [98]–[103], supersymmetric

transformation [104], crystal optics [39], [105], and disor-

dered photonics [41], [43].

The proposal of programmable unitary circuits using

temporal-axis computation, referred to as programmable

photonic time circuits (PPTCs) [106], corresponds to the

space-to-time replacement of wave evolutions to address

the poor footprint scalability of PPCs. The underlying mech-

anism of PPTCs relies on tailoring optical spatial modes

using time-domain modulation, which has been intensively

studied in various platforms. For example, recent studies

on photonic time crystals [39], [105] and time disorder [40],

[41], [43] have focused on controlling directivity of light

with broken continuous time translational symmetry while

preserving spatial translational symmetry. The simultane-

ous breaking of spatial and time translational symmetry

allows for advanced manipulation of optical modes, such

as wavelength conversion [107], complete optical isolation

[108], effective magnetic fields [109], and non-Hermitian

band manipulation [110]. In line with these historical cor-

nerstones, the goal of PPTCs is to achieve reconfigurable and

universal unitary operations of optical spatial modes using

broken spatial and time translational symmetries in inte-

grated photonic platforms, by adjusting the design strategy

of PPCs.

In PPTCs, the nulling process for diagonalization is

identical to the spatial counterpart, while the spatial SU(2)

gate is replacedwith the temporal one. This SU(2) ‘time gate’

consists of two identical travelling-wave resonators with

resonance frequency 𝜔0 (Figure 4a) to describe two-level

systems with the spinor stateΨ= [𝜓m,𝜓n]
T, where𝜓m and
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Figure 4: Temporal implementation of universal unitary circuits.

(a) The SU(2) time gate between themth and nth channels. Gray circles

and curved triangles represent resonators and waveguide loops, respect-

ively. Purple boxes are phase shifters. The upper right inset illustrates

a PPTC comprised of multiple SU(2) time gates. (b, c) Temporal evolution

of pseudospinor modes on the Bloch sphere for two operation modes:

(b) even-parity mode for 𝜉
mn

U(t)= 𝜉
mn

L(t)= 𝜉 andΔ𝜔(t)= 0 in (a), and

(c) odd-parity mode for 𝜉
mn

U(t)= –𝜉
mn

L(t)= 𝜋/2 andΔ𝜔(t) ≠ 0 in (a).

B denotes the pseudospinor rotation axis. (d) PPTC fidelities with respect

to the cutoff frequency𝜔
c
of low-pass filtering. Circles and error bars

represent the average and standard deviation of 20 realizations of

random Haar matrices at each𝜔
c
and triangles represent quantum

Fourier transforms for N = 4 (two qubits; orange) and N = 8 (three

qubits; blue). Panels (a–d) reprinted with permission from

Ref. [106], APS.
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𝜓n are thefield amplitudes of the specific pseudospinmodes

in the neighboringmth and nth resonators, respectively. The

resonators are coupled via a pair of single-mode waveg-

uide loops with a decay rate 1/𝜏 , which have been widely

employed in topological photonics to achieve pseudogauge

fields in coupling [34], [111], [112]. When preparing tunable

phase shifters in the resonators and waveguide loops, the

spinor state is governed by the following spinor Hamilto-

nian [106]:

HS =−𝜔0𝜎0 −
1

2𝜏

[
cos 𝜉U

mn
(t)+ cos 𝜉L

mn
(t)
]
𝜎x

− 1

2𝜏

[
sin 𝜉U

mn
(t)+ sin 𝜉L

mn
(t)
]
𝜎y −Δ𝜔(t)𝜎z, (7)

where 𝜉mn
U(t) and 𝜉mn

L(t) are the time-varying phase shifts

in the upper and lower loops, and Δ𝜔 is the time-varying

averaged resonance perturbation due to the tunable phase

shifters in each resonator. Equation (7) shows that the full

degrees of freedom for the rotation operations, Rx,y,z, are

accessible with the SU(2) time gate. By imposing the digital

modulation on tunable phase shifters, the rotation opera-

tions about an arbitrary axis on the xy-plane (Figure 4b)

and about the z-axis (Figure 4c) can be realized, comprising

a universal set for the unitary operation of a spinor state.

Such a universal SU(2) operation facilitates the extension

to universal and reconfigurable UN operations following

the method described in Section 3.1, as demonstrated in the

realization of the quantum Fourier transform and random

Haar matrices [106], and the emulation of light behaviors

inside hyperbolic lattices [113]. Because the computation is

achieved with light stored inside coupled resonators, the

PPTC can be understood as compressing the spatial circuit

depth from N to 1, by transferring the domain for neces-

sary computations to the temporal axis. When considering

the conventional integration level of cutting-edge photonic

circuits – about 104 gates within a cm2-scale chip [45], [111]

– the potential to reduce spatial footprint using PPTCs sheds

light on realizing very-large-scale integration for light-based

matrix computations. The design strategy with tunable

gauge fields in PPTCs has recently been extended to the

implementation of integrated photonic platforms for recon-

figurable matrix-valued gauge fields and the following pro-

grammable non-Abelian physics and braiding [114], which

revealed novel topological phases in photonic lattices.

Remaining issues in the practical implementation of

PPTCs lie in the design of modulation signals and the limita-

tions in modulation speed. Because Eq. (7) is nonlinear, the

calculation of the required phase shifts generally does not

yield an analytical solution. In Ref. [106], digital modulation

is applied as an analogy of the discretized building blocks in

spatial-domain PPCs. However, because the speed of tempo-

ral modulation is limited by the response time of materials,

ideal discretization in the PPTC is actually unattainable, and

therefore, the fidelity significantly degrades with slower

modulation of phase shifts (Figure 4d). The solution to this

issue can be found in digital signal processing techniques

[106], such as predistortion [115], and analog computation

[116]–[120].

Amore critical issuewould be the necessity of ultrahigh

quality (Q-) factors that should guarantee the storage of

light during modulation. Notably, because the SU(2) gate is

executed sequentially in previous works [106], [113] due to

the lack of synchronization between SU(2) time gates, the

resulting scalability of the necessary time period scales as

O(N2). Therefore, given ultra-high quality factor of Q > 108

achieved in all-waveguide resonators [121], which enforces

the termination of the entire operations inside the PPTC

within about 10 ns, the lower boundof themodulation speed

becomes about (N2/10) GHz for U(N) operations. The real-

ization of parallel SU(2) operations, analogous to the spatial

implementation [29], [61], can substantially mitigate this

problem, facilitating O(N) scalability. Dynamical control of

coupling quality factors [122] can also provide an optimum

solution by restricting unwanted dissipation to the intrinsic

loss of resonators.

4 U
N
operations by cascading

higher-dimensional cells

Although the assembly of lower-dimensional unitary units

allows for the deterministic implementation of a higher-

dimensional UN matrix in photonic systems, the resulting

architecture of the circuit is nonunique, even when we

employ an identical form of unitary gates, as demonstrated

in various previous works [29], [30], [61]. Therefore, the

assembly introduced in Section 3 does not guarantee the

optimal design for practical implementation in terms of the

device footprint, gate number, signal fidelity, and the geo-

metrical complexity of the design. This limitation inspires

the necessity of developing optimization techniques to

explore a global optimum by simultaneously accessing the

full N2 degrees of freedom of UN . In this section, we review

a representative example in this field – the realization of

high-dimensional universal unitary operations through the

cascaded unit cells of the same dimension – focusing on

the basic design strategy (Section 4.1), and the implementa-

tions in the spatial (Section 4.2) and frequency (Section 4.3)

domains.
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4.1 Design strategy

Although the detailed design process described in this

section is distinct from that in Section 3, the underlying

philosophy is identical: constructing the entire U(N) group

with N2 degrees of freedom from the layers of U(N) subsets

that are physically allowed in terms of nearby interactions.

The difference lies in the dimensionality of the nontrivial

parts of U(N) layers. In Section 3, we introduced the use of

two-dimensional SU(2) operations while the other channels

experience U(1) evolution. In this section, we focused on

the use of N-dimensional operations, which can be imple-

mented through nearby interactions. Consider the realiza-

tion of N-dimensional universal unitary operations U using

the N-dimensional cascaded unitary unit cells Vm (m = 1,

2, . . . , M; Figure 5a), as U = VMVM–1, . . . , V2V 1, while Vm

does not need to be universal. The first step in covering N2

degrees of freedom of U is to devise a photonic unit cell that

provides Vm through nearby interactions, because achiev-

ing long-range interactions is challenging on conventional

integrated platforms. By performing cascaded multiplica-

tions of Vm, we can then obtain the corresponding photonic

hardware that approximates U through the substantially

enhanced degrees of freedom.

In this approach toward universal unitaries, the first

example of Vm is the unit cell that conducts Fourier-

transform operations in the spatial domain. Various pho-

tonic systems can operate as gates for the Fourier trans-

form of optical information, which is a subclass of N-

dimensional unitary operations deterministically accessible

with nearby interactions between optical elements. A rep-

resentative example is a diffractive optical system, where

light propagation in the Fraunhofer regime leads to the

Fourier transform of the transverse profile of an optical

field [38]. As a theoretical background, it was demonstrated

that a reconfigurable y-axis rotation operation on the Bloch

sphere of an arbitrary pair of channels can be achieved

by using an N-channel discrete Fourier transform in con-

junction with anN-channel diagonal unitary operation [57].

Because the diagonal unitary operation permits tunable z-

axis rotations for any pair of channels, the combination of

a set of Fourier-transforming (UFT) and diagonal (D) unitary

operations enables the configuration of the universal SU(2)

operation for each pair of channels, as well as the subse-

quentN-dimensional unitary operations as demonstrated in

Section 3 (Figure 5b).

It is important to note that the Fourier transform is

not the only high-dimensional configuration suitable for

constructing universal unitaries. Any form of reflectionless

transfer matrix can serve as the unit cell for composing

universalUN (Figure 5c). Although such transfermatrices in
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T

Figure 5: Universal unitaries composed of higher-dimensional cells

through numerical optimization. (a) The circuit realizing universal unitary

operations U. i
n
and o

n
are the nth input and output signals, respectively

(1 ≤ n ≤ N). V
m
is the reconfigurable N-dimensional unitary unit cell

(1 ≤m ≤ M) of which the operation is determined by nearby interactions

accessible with integrated photonic platforms. (b, c) Detailed imple-

mentation of V
m
cell. (b) V

m
composed of the diagonal unitary operation

D and the Fourier transform UFT. The diagonal unitary matrix is realized

with an array of phase shifters: 𝜑
n
for the phase shift applied to the nth

channel. (c) V
m
realized through the transfer matrix T , which depends

on L real-valued parameters p
l
(1 ≤ l ≤ L).

integrated platforms are typically characterized by nearby

interactions, long-range interactions can also be achievable

using specific platforms. A particularly interesting example

involves employing the concept of synthetic dimensions

[13], [98]–[103] to construct the unit transfer matrix using

higher-order couplings. This approach also replaces spatial

degrees of freedom with the frequency axis for enhanced

scalability in footprint and element number, as similar to the

approach in Section 3.3.

In the following Sections 4.2 and 4.3, we explore

the realizations of Vm using the Fourier transform in

the spatial domain and the transfer matrix in the fre-

quency synthetic-dimensional domain, discussing their the-

oretical background, numerical assessment, and practical

implementation.

4.2 Spatial Fourier implementation

In integrated photonics, which leverages nearby interac-

tions between guided lights in 2D platforms, the Fourier
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transform is implemented upon the concept of the frac-

tional Fourier transform (FrFT) [123], a generalization of the

standard Fourier transform. Because the Fourier transform

operator and its generalization, the FrFT operator, are both

unitary, their physical implementations rely on exploring

Hermitian Hamiltonians of which the propagators corre-

spond to these operators. Consider the following operator

representation of the 1D Fourier transform:

F
[
f (x)

]
= 1√

2𝜋

∞

∫
−∞

f
(
x
′) e−ixx′ dx′, (8)

where the conventional expression of the Fourier transform

of f (x) is obtained by applying F to f (x), and then, replacing

x at the right side of the equation with the wavenumber k.

The underlying concept of the FrFT involves interpreting

the Fourier transform operator F as F = F(𝜋/4), as described

in below. As shown in Ref. [123], the operator F satisfies the

following eigenvalue equation:

Fe−x
2∕2
Hn(x) = e−in(𝜋∕2)e−x

2∕2
Hn(x), (9)

where Hn(x) is the Hermite polynomial of order n. Notably,

the eigenmodes in Eq. (9) are familiar in quantum mechan-

ics, because they are the eigenmodes of the harmonic oscil-

lator Hamiltonian:

H = − d2

dx2
+ x

2 − 1, (10)

while the eigenvalue of the Hamiltonian is 2n. Regarding

that F is a unitary operator, the Fourier transform can be

considered the unitary propagator of the harmonic oscil-

lator Hamiltonian according to the Stone’s theorem [2].

From Eq. (1), the propagator applied to the nth eigenmode

is exp(–iH𝜉) = exp(–2in𝜉), which leads to exp(–in𝜋/2) at 𝜉

= 𝜋/4. Because this relationship is established for all the

eigenmodes independent of n, the Hamiltonian of Eq. (10)

provides the Fourier transform of an arbitrary state 𝜓 (𝜉0)

exactly at𝜓 (𝜉0 + 𝜋/4) from Eq. (9), allowing for introducing

the relationF=F(𝜋/4) (Figure 6a). A generalized propagator

F(𝜉), which leads to exp(–iH𝜉) for the Hamiltonian H in

Eq. (10), then satisfies:

F
(
𝜉
)
e−x

2∕2
Hn(x) = e−i2n𝜉e−x

2∕2
Hn(x). (11)

This unitary propagator F(𝜉) corresponds to the FrFT

operator, which includes the Fourier transform as the spe-

cial case when F(𝜉 = 𝜋/4). The graphical illustration of

Eq. (11) in phase space is shown in Figure 6b.

Equations (10) and (11) demonstrate that the optical

implementation of a harmonic oscillator potential enables

light-based computing of both the Fourier transform and

FrFT. According to the mathematical similarity between

the Schrödinger equation and the optical paraxial wave

equation [6], [7], the harmonic oscillator potential can be

readily obtained by engineering an effective refractive

index profile [126]–[128]. Because a higher refractive index

corresponds to a lower quantum potential, the index profile

of optical harmonic oscillators is shaped like a convex lens,

with a higher index around the center.

In integrated photonics, achieving a continuous vari-

ation of the refractive index could be challenging because

the unit elements, such as optical waveguides or resonators,

are usually discretized with fixed geometrical and mate-

rial specifications. Therefore, a common approach lies in

realizing the discrete fractional Fourier transform (DFrFT)

[129], which corresponds to the generalization of a discrete

Fourier transform. Because harmonic oscillators can also

be effectively reproduced in discretized systems, such as

waveguide arrays with detuned coupling or propagation

vectors [130]–[132], the DFrFT and its special case of the dis-

crete Fourier transformcanbe implemented by tailoring the

evolution parameter 𝜉 within optical harmonic oscillators

(Figure 6c) [124].

The DFrFT on integrated photonic platforms has been

intensively studied to realize light-based computing by

performing universal unitary operations [133], [134], con-

volution operations [135], and arbitrary linear operations

[125] (Figure 6d–f). Although it has been demonstrated

that universal unitary operations can be obtained through

alternating multiplications of diagonal unitary matrices

and Fourier-transforming (UFT) matrices [57], designing the

diagonal matrices and determining the number of unit cells

(M in Figures 5a and 6e and f) still requires numerical

assessments. Recently, a more general form, involving the

DFrFT instead of the discrete Fourier transform,was used to

obtain universal unitary operations [133]. In this approach,

numerical optimization with the Levenberg-Marquardt

algorithm [136], [137] was employed to inversely design

diagonal unitary matrices, which correspond to the phase-

shifting layers (D in Figure 5b). The result demonstrates that

(N + 1) phase-shifting layers are sufficient to reproduce

universal unitary operations approximately, resulting in

O(N2) scalability both for the footprint and element number,

similar to the SU(2)-based design in Section 3.2. Although the

design has yet to demonstrate superior scalability, its more

simplified geometry without Mach–Zehnder interferome-

ters could be advantageous especially in large-scale realiza-

tions. Furthermore, because the design is defect-resilient,

maintaining the universality with one faulted phase shifter

at each layer, an extended comparison with the SU(2)-

based design will be necessary in future studies. It is worth
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Figure 6: Spatial Fourier implementation of universal unitary circuits. (a) Schematic for illustrating the Fourier transform achieved through wave

evolution in a harmonic oscillator potential. The arrows connecting colored circles represent the phase evolution of each eigenmode through

the propagator exp(–2in𝜉). (b) Pictorial view of FrFT in phase space, where Z = 2𝜉 in Eq. (11). (c) A schematic of an engineered waveguide array for

an optical harmonic oscillator potential. (d) Schematic for the proposed decomposition of universal linear N × Nmatrices with the complex diagonal

matrices D(m) and the DFrFT matrix F. The diagonal matrices are further decomposed into a layer of phase shiftersΦ(m) and a layer of amplitude

modulators A(m). Schematic of a photonic-device architecture is shown in the bottom figure. (e, f) Errors L in reproducing universal linear matrices for

(e) N = 4 and (f) N = 6, while varying the total number of layers M. Panels (b, c) reprinted with permission from Ref. [124], Springer Nature Limited.

Panels (d–f) reprinted with permission from Ref. [125], APS.
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mentioning that alternating multiplications of the Fourier

transform, a complex-valued diagonal matrix, and the

inverse Fourier transform allow for the construction of cir-

culant matrices [138], enabling the realization of an arbi-

trary complex matrix [139]. In this context, the approach

in Ref. [133] has recently been generalized to universal lin-

ear operations using the DFrFT [125], which can be directly

applied to weight matrices in photonic deep learning and

application devices, such as real-time optical direction-

finding sensors [140]. In terms of resolving scalability, the

utilization of the FrFT in the time domain [141] for con-

structing unitary operations can be a topic of future studies,

as the correspondence of the relationship between PPCs in

Section 3.2 and PPTCs in Section 3.3.

4.3 Synthetic-dimensional implementation

Despite the simplified and defect-resilient design using the

spatial-domain DFrFT, the overall scalability of the footprint

and element number remains O(N2), which hinders large-

scale implementations required for deep-learning applica-

tions. Similar to the utilization of the temporal axis in Ref.

[106], employing computation on alternative physical axes

instead of the spatial domain also became necessary in

unitary operations using higher-dimensional unit cells. One

approach is to utilize the synthetic frequency dimension

[100], [142].

The concept of the synthetic dimension allows for

exploring light behaviors in higher-dimensional spaces

beyond the spatial dimension by exploiting internal degrees

of freedom of photons or imposing extended system param-

eters on the governing Hamiltonian [100]. Figure 7a illus-

trates an example of the first approach: the use of mul-

timode optical resonances within a single ring resonator,

which extends a zero-dimensional (0D) photonic structure

to an effective 1D or higher-dimensional system. The key

mechanism relies on the analogy between signal transport

along a spatial axis and coupling across multiple optical

modes, enabling the frequency axis, which represents res-

onance modes, to be considered as a synthetic dimension.

Because resonance modes are initially orthogonal to each

other in both the spatial and temporal domains, such cou-

pling can be achieved through spatio-temporal modulation

to break this orthogonality, for example, by finite-space

modulation for broken spatial orthogonality [107], and at

the same time, by designed temporal modulation to control

frequency-domain coupling distributions [98], [143]–[145].

In this field, electro-optical modulators (EOM) have been

widely employed for their sufficiently large modulation

speed and depth, which determine the accessible range

of the free-spectral range (FSR), the accessible orders of

neighboring couplings, and the coupling strength. The syn-

thetic dimension has been widely applied in topological

photonics, permitting the observation of three- [13] or even

four-dimensional [142] topological phenomena in 2D inte-

grated photonic platforms, with the experimental verifica-

tion of the concept [101], [146].

Employing the extended dimension from the concept

of the frequency-synthetic dimension, O(N)-scalable imple-

mentation of universal unitary operations has been recently

demonstrated (Figure 7b) [147], which can be generalized to

arbitrary linear transformations. In the proposed system,

superior scalability is achieved by compressing the spatial

circuit width from N to 1, which is obtained by replacing

N-channel operationswith a higher-dimensionalN-element

lattice unit cell developed in the 0D resonator. Each basis

vector for matrix operations corresponds to the resonance

mode, 𝜔m = 𝜔0 + mΩR, where m is an integer, 𝜔0 is the

reference frequency, and ΩR denotes the FSR. To configure

the lattice, the EOM modulates the permittivity in the finite

region of the resonator through a combination of multiple

harmonics, asΔ𝜀=Σl 𝛿𝜀l cos(lΩRt+ 𝜃l) (1 ≤ l ≤ N f), where

𝛿𝜀l and 𝜃l are the modulation depth and phase for the mod-

ulation frequency lΩR, respectively. We note that l values

greater than 1 enable long-range couplings, which are one

of the critical advantages of utilizing synthetic dimensions

compared to the intricate design required for spatial long-

range coupling [148]. Such long-range couplings allow for

the efficient access to off-diagonal elements in matrix oper-

ations, providing higher-dimensional unit cells with excel-

lent expressivity for constructing universal unitaries. The

dimensionality N of unitary operations is defined by estab-

lishing spectral boundaries that block undesired couplings

into too higher- or lower-modes, which can be realized with

inner auxiliary rings. The rings split the modes outside the

spectral boundaries through the coupling process, which

deviates eigenfrequencies, and thus, results in decoupling

(Figure 7c) [101].

To fulfill the necessary degrees of freedom required for

unitary operations, the entire system consists of an array

of Nr unit cells, each performing an N-dimensional uni-

tary transfer matrix T (Figures 5c and 7b). The unit cell is

composed of a synthetic-dimensional ring resonator side-

coupled to an external waveguide. Across each unit cell,

the waveguide supports the N × 1 input mode vector s+ =
[. . . , s–1

+, s0
+, s1

+, . . . ]T and the N × 1 output mode vector

s– = [. . . , s–1
– , s0

– , s1
– , . . . ]T, where sm

+ and sm
– are the

input and output modes, respectively, which are coupled

with the resonance mode at 𝜔m. The unit cell then con-

ducts a unitary operation of s– = Ts+. Notably, the circuit

depth Nr is determined by the entire degrees of freedom in
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Figure 7: Synthetic-dimensional implementation of universal unitary circuits. (a) Dynamically modulated ring resonator and its band structure for

comprising the synthetic frequency dimension. The resonator is modulated via the multiple harmonic signal VM applied to a part of the ring (left),

which can create nearest-neighbor (𝜅1) or long-range (𝜅2) coupling (right). ‘EOM’ denotes an electro-optic phase modulator. (b) The entire system for

generating universal unitary operations and the subsequent arbitrary linear transformations. The input is encoded in five-dimensional frequency

modes. (c) A unit cell design. The dielectric property of the ring resonator is controlled through the multiple harmonic EOM signal, which allows for the

reconfigurable unitary transfer matrix applied to the input profile {s
m
+}. The purple rings represent the internal auxiliary rings for creating frequency

boundaries. (d, e) The errors as functions of the number of the unit cells Nr and the number of modulation harmonics Nf in obtaining a five-dimen-

sional (d) permutation matrix and (e) Vandermonde matrix. Panels (a) reprinted with permission from Ref. [146], Springer Nature Limited.

Panels (b–e) reprinted with permission from Ref. [147], Springer Nature Limited.

multiple harmonic modulations 2N f from 𝛿𝜀l and 𝜃l, and

the dimensionality N , enforcing the condition of 2N fNr ≥

N2 for universality. As similar to the optimization process

in Section 4.2, this synthetic-dimensional resonator array

is inversely designed using a gradient-based procedure:

the limited-memory Broyden–Fletcher–Goldfarb–Shanno

algorithm [149]. In contrast to the spatial- or temporal-

domain realizations treated in Sections 3.1, 3.2, and 4.2, the
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unitary transformations in this system are non-reciprocal

due to the spatio-temporal modulations [108], [150]. An arbi-

trary linear transformation was also examined by exploit-

ing the sub-dimensional space of the system for unitary

operations [151].

When compared with the PPTC [106], which also

achieves O(N) scalability through the transfer of the cir-

cuit depth into the temporal axis, the synthetic-dimensional

approach that transfers the circuit width to the frequency

axis allows for a more mitigated condition on computing

time [147], because each resonator needs to store light

during 1/N part of the entire computation. Nonetheless,

we note that the synthetic-dimensional system requires

equally-spacedmulti-wavelength sources and detectors due

to its operation principles, which could compose a chal-

lenge in the extension to large-scale integrated systems.

For example, because the number of modulation frequen-

cies, N f, should be comparable to N for universal unitaries

within O(N) spatial footprint, the system requires both high

modulation frequencies and small FSRs. Although lithium-

niobate phase modulators offer modulation bandwidths of

about 100 GHz [78], the realization of N = 1,000 synthetic-

dimensional systems necessitates FSRs of the order of

100 MHz. Therefore, the recent experimental demonstra-

tion of synthetic-dimensional systems has mainly imple-

mented in fiber optic platforms, which allow for meter-

scale optical resonators [101], [144]. Recent achievement of

realizing meter-scale delay lines on a mm2-scale photonic

chip can be applied to synthetic-dimensional computing in

integrated photonic platforms [152].

5 Conclusions and outlook

After emphasizing the ubiquitous nature of unitary oper-

ations in photonics, we explored the design methods for

photonic unitary circuits, which enable ultrafast, reconfig-

urable, anduniversal unitary operations necessary for light-

based computing. We categorized these methods into two

groups based on the dimensionality of the building block

operations – analytical design using lower-dimensional

ones, such as SU(2) operations, and numerical optimization

using higher-dimensional ones, such as Fourier transforms.

The methods of each group possess different pros and cons.

When lower-dimensional operations, especially SU(2)

ones, are employed to compose unitaries, theoretically per-

fect forms of unitary operations are accomplished systemat-

ically. Therefore, this approach allows formore precise com-

puting applications without theoretical defects in principle,

enabling the selective engineering of unit cells, such as the

calibration to experimental defects [96] and the design of

the fault-tolerant geometry [67], [69]. However, because the

method itself does not guarantee the optimized configura-

tion in terms of the fidelity, device footprint, and element

number, employing a more superior geometry [29], [30] or

utilizing other wave degrees of freedom [106] remains an

ongoing research topic.

In comparison, the approaches employing higher-

dimensional building blocks inevitably utilize numerical

recipes due to extended parameter spaces. Therefore, the

realization of the perfect fidelity becomes more challenging

than the SU(2)-based approach, especiallywhen considering

the possible existence of local minima. However, as shown

in the DFrFT unit cell [125], [133], [134], this approach can

provide more simplified geometry that could be preferred

in real implementations. Furthermore, the Fourier-based

realization can offer more efficient routes to advanced

functionalities, such as convolutional operations [135] and

Fourier-space computation [153].

Remaining critical issues in performing unitary-based

computations with integrated photonic hardware include

achieving scalability below O(N), ensuring high fidelity

against defects, exploring global optima in the circuit

design, and achieving nonlinearity for advanced functional-

ities. First, as demonstrated by approaches exploiting tem-

poral [106] and frequency [147] axes, potential solutions

for scalability may be found in utilizing the rich internal

degrees of freedomof light, such as polarizations and orbital

angular momenta. In this context, the application of meta-

materials to integrated photonics, such as metatronics [117],

[154], can offer a novel solution for increasing the overall

information capacity within a limited footprint. Another

route may involve the construction of complex network

architecture for light [155], [156], which can provide more

efficient access to off-diagonal elements through far-off cou-

pling, thereby enabling a compact design. A promising solu-

tion to this issue lies in the utilization of quantum states,

which allow the dimensionality of the Hilbert space to

increase exponentially with the number of particles [3].

Many recent studies have focused on achieving unitary

operations with partially coherent light [157]–[160], which

accommodates more practical scenarios. In addition to the

use of feedback-based self-configuring systems to manage

partial coherence [160], researches on dynamical stable the-

ory [161]–[164] and topological phenomena [112], [165] in

view of unitary operations could be a future research topic

to achieve internal fault tolerance as analogous to topologi-

cal computation by anyonic operations [166].

In leveraging higher-dimensional unit cells to optimize

photonic unitary circuits, the expanded system dimension-

ality and increased coupling complexity substantially raise
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the difficulty of finding a global optimumwithin the param-

eter space. Given the recent surge of interest in using deep

learning to design electronic chips [167],we can envisage the

application of data-driven approaches to the design of high-

dimensional photonic unitary circuits. Such an approach

would enable the use of complex optical materials [156],

[168] for reconfigurable and universal unitary operations,

without relying on analytically solvable forms. Although

gradient-based approaches, including deep learning for

photonic system design [169]–[173], offer rapid convergence

to local minima, designing large-scale photonic circuits may

require methods better suited for finding a global optimum,

such as neuroevolution [174], [175], particle swarm opti-

mization [176], adjoint-based design [177], [178], and a global

optimizer using a conditional generative neural network

[179].

Finally, beyond the linearity in unitary circuits, both

deep learning and scalable quantum computation require

nonlinearity, to achieve sufficient expressivity for high-level

tasks and to realize fundamental units such as CNOT gates,

respectively. Recent studies, particularly in deep learn-

ing, have focused on separately implementing nonlinearity

and unitarity – using photodetection [180], detection-based

feedback [76], [77], [181], and all-optical nonlinearity [182],

[183]. Considering the advantages of unitary deep learning

[46] in mitigating gradient explosion or vanishing problems

and the necessity of loss compensation, we can also envis-

age high-dimensional deep neural networks that preserve

unitarity throughout the entire circuit under the concept of

nonlinear unitary operations [184].
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