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Abstract: We theoretically investigate the tunneling of two-
dimensional surface polaritons (2DSPs) through plasmonic
nanoplates on atomically thin crystals. By developing an
analytic model based on coupled-mode theory, we examine
the tunneling efficiency as a function of the plate’s width
and height. Our analysis reveals that the tunneling is medi-
ated by evanescent waves induced near the plate edges
due to interactions between 2DSPs and the plate, enabling
the consistent recoupling of 2DSPs across plates of finite
width, regardless of their height. Additionally, we clarify
that these evanescent waves not only facilitate tunneling
but also induce an anomalous phase shift in the 2DSPs
reflected from the plate. This phase shift is shown to play a
critical role in the resonant tunneling of 2DSPs through two
plates, effectively creating a polariton-assisted resonator in
the deep subwavelength regime.

Keywords: surface polaritons; two-dimensional materials;
graphene plasmons; plasmonic structures; nanogap

1 Introduction

Two-dimensional surface polaritons (2DSPs) are quasipar-
ticles formed by the coupling of photons with material
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excitations in atomically thin 2D crystals, enabling con-
finement of electromagnetic waves at deep subwavelength
scales [1]-[6]. Control of 2DSPs has become pivotal in realiz-
ing light manipulation at a reduced low-dimensional space
[71-[12]. Similar to the case of light in three-dimensional
space, 2DSPs can be controlled by their interaction with
a boundary defined by two different media. The edge-
reflection of 2DSPs, resulting from the interaction of 2DSPs
with a single boundary between the 2D crystal and free-
space (i.e., the crystal’s edge) [13], is a prime example of the
control of 2DSPs’ propagation by structured 2D crystals [9],
[14]-[18], and this has been extended later to cases involv-
ing abrupt gaps within the crystal itself [19], [20]. Manip-
ulation of 2DSPs using plasmonic nanostructures has also
been explored [7]. Controlled radiative coupling of weakly
coupled 2DSPs using metal nanostructures on the crystal
was investigated [21], [22], and later a detailed study on the
reflection of strongly coupled 2DSPs by semi-infinitely wide
plasmonic nanoplates was performed [23]. The latter study
revealed that a nanoplate can induce strong evanescent
waves near its edge through the interaction with incident
2DSPs, resulting in near-total internal reflection of 2DSPs
accompanied by an anomalous phase shift in the reflected
waves.

In this paper, we theoretically investigate the interac-
tion of 2DSPs with plasmonic nanoplates of finite width and
extend the role of the induced evanescent waves to the
tunneling of 2DSPs through the plates. By using an analyt-
ical model based on coupled-mode theory, we analyze the
tunneling efficiency as a function of the plate’s width and
height. We also reveal that tunneling is mediated by the
evanescent waves induced near the plate edges due to inter-
actions with 2DSPs, enabling consistent recoupling across
plates of finite width, irrespective of height. Furthermore,
we demonstrate that these evanescent waves not only facil-
itate tunneling but also induce an anomalous phase shift in
the 2DSPs reflected from the plate. This phase shift plays
a critical role in the resonant tunneling of 2DSPs through
two nanoplates, effectively creating a simple polaritonic
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resonator in the deep subwavelength regime. These find-
ings provide fundamental insights for the control of 2DSP
propagation by using plasmonic meta-structures, offering
potential advances in polariton-based applications.

2 Theoretical model

Consider a plasmonic nanoplate of width w and height h,
placed on infinitely wide, infinitesimally thin 2D crystal
located at z = 0, as shown in Figure 1(a). Strongly surface-
bound 2DSPs, excited far to the left of the plate, propagate
along the +x-direction with momentum p,, which is signifi-
cantly larger than the photon momentum k. For simplicity,
we assume that the 2D crystal is lossless and that the plate is
perfect electric conductor (PEC), so that 2DSPs do not expe-
rience plasmonic damping in the system. The interaction
between the incident 2DSPs and the plate involves diffrac-
tion of the 2DSPs, resulting in the excitation of all possible
orthogonal eigenmodes in the system. The crystal region
(x < 0 or x > w) has three eigenmodes: a surface-bound
polariton mode | p), surface-unbound symmetric, and anti-
symmetric radiation modes, |skz> and |akz>, respectively.

(a)

incident SPs
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In the plate region (0 < x < w), we can separately con-
sider the upper (z > h) and lower (z < 0) regions, with the
corresponding eigenmodes |ukz> and |lkz>. The real-space
representations of the eigenmodes in the crystal region can
be expressed as [23]

Z .
(2lp) = 2. elPi,
21

<z|akz> = % <|§|I;Z cos(k,z) + i sin(kzz)>,
T z
<z skz> = % cos(k,z). ()]

Here, p, = \/kg - p)z(, and k, is the continuous momen-
tum of the radiation modes in the z-direction. The eigen-

modes in the plate region are plane waves with continuous
momentum k,:

< Z|ukz> = e~k 4 gikh)

(2l ) = e + e @

The tunneling of 2DSPs is primarily based on the non-
vanishing dependency between eigenmodes from different

apnjiidwe pazijewioN

Figure 1: Interaction of 2DSPs with a plasmonic nanoplate. (a) Schematic of the propagation, reflection, and tunneling of 2DSPs through a plasmonic

nanoplate. (b, ¢) Numerically calculated |E,| field maps, demonstrating 2DSP tunneling through plates with (b) w = h=0.24,, and ()w =h =054

sp>

where 4, is the wavelength of 2DSPs. The momentum of 2DSPs is set to p, = 50k,. Numerical calculations were performed using the finite-difference

time-domain (FDTD) method.
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spaces. For instance, the inner product between |p) and
|ukz> is nonzero, meaning that ukz> can couple with |p),
and vice versa. As a result, the incident 2DSPs can induce
|ukz )and |lkz ), which in turn excite 2DSPs at the right crystal
region, as demonstrated in Figure 1(b) and (c). Using this
macroscopic description of 2DSPs tunneling, we expand the
y-component of the magnetic field in the crystal region as

H;SO(X)> = (e’ — Re71P)| p)
+ / dkz<akz|8kz> + ﬂkz|ak2>>e_ikxx,
|HJ'/DSX(X)> = Teipx(x—w)|p>

+/dkz<0'kz)skz>+Tkz’akz>>eikx(x_w)’ @)

—0

with k, = ,/k(z) — k% R and T represent the reflection and
the tunneling coefficients of 2DSPs, respectively, while a, g,
o, and 7 denote amplitudes for the radiation modes. The rea-
son for referring to T as tunneling rather than transmission
will be discussed later. In the plate region, the magnetic field
can be expressed in terms of continua of |ukz> and |lkz )

[Se]

)Hgs"sw(x)> = / dk, |, ) (A, €7 + By e™%)
+ / dk, |l ) (Cy €% + Dy e7). (&)

—00

Here, A, B, C, and D are amplitudes for the plane wave
modes in the plate region. From Egs. (3) and (4), the corre-
sponding z-components of the electric field can be derived
directly from Maxwell’s equations. Applying the boundary
condition at x = 0 yields

(o]

A-R)p)+ / dc, (g, [si,) + B,

—0

akz)>

(S

- /dkz[(Akz +Bkz)|“kz> +(C, +Dkz)|l’<z>]’

—0o0

(1+R)|p>_/dkz%(akz|sk2>+ﬂkz

—0o0

— k —
__/dkzp’)‘([(Akz B,)

a&))

w )+ (G —Dkz)|lkz>], G)
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while the boundary condition at x = w gives rise to

(5]

T|p) + / dkz<6kz|skz> + T, |akz>>

—0o0
oo

= /dkz[(Akze“‘X“’+Bkze‘ikxw)|ukz>

—00
+ (G v +Dkze‘ikxw)|lkz>],

[se]

T|P>+/dkz%<0k2‘5k2>+sz|akz>>

—00

— / dkz% [(Akzeikxw _ Bkze—ikxw)|ukz>

+ (Ckz eikxw _ Dkze—ikxw) |lkz >] . (6)

Since we have 10 undetermined coefficients in our
equations, the four equations in Egs. (5) and (6) may initially
appear insufficient. However, it is important to note that
these are coupled equations, with the left- and right-hand
sides of each equation expressed in different vector spaces
with different bases. This means that Egs. (5) and (6) implic-
itly contain all 10 required equations for the 10 coefficients,
which can be extracted by projecting Egs. (5) and (6) onto
the eigenmodes of the system. Specifically, we can project
the two equations in Eq. (5) onto |ukz> and ‘lkz> to obtain
four coupled equations and project the remaining equations
in Eq. (6) onto |p), ‘Sk): and |akz) to obtain additional
six coupled equations [24]. The complexity of the coupled
integral equations arises from the nonzero dependencies
between the four eigenmodes with continuous momenta.
Here, we apply the first Born approximation (BA), which,
in our case, corresponds to neglecting dependency between
eigenmodes with different continuous momenta. Under the
BA, all dependencies, determining coupling between the
radiation modes in the crystal region and the plane wave
modes in the plate region, can be represented in terms
of the Dirac’s delta function. This significantly reduces the
complexity of the coupled integral equations by eliminating
integral terms in eight of the equations. After some manipu-
lations, one can show that the coupled equations reduce to
two equations [24],

(58

a+ R = [ e[ (ay, ~B,) (|,

X
—o0

+ (G, —Dkz)<l7| lkz>],
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k ik, w —ik,w
T(p|p):/dkz[px(Akzekx — By e )

X <p‘ ukz> + (C &% — Dy 7o)

X <p|lkz>]. )

The four coefficients A, B, C, and D can be determined
by the following matrix equation,

M, M
MV = [ u 12] V=F, 8)
MZl MZZ

where the 2 X 2 submatrix M,,, and 4 X 1 column vectors V
and F are defined as

M. = ml] + 251] _ml] + 251]
ij= (_mi,j + Zéij)eikxw (mi,j 4 Zﬁij)e_ikxw s
Vi=[A, B, C, Dyl

Pz Lla-n{up) (ufp) a-n{ifp) T<lkz)l7%€]);

with 6;; the Kronecker delta. The matrix element m;; is given
by

1 K\
mi,j = E [Wui@swsevj + <1 - lé) Wu,-<—aWa<—vj‘|’

Vi =U Uy =L (10)

The dimensionless factor W,_, represents the
coupling between two eigenmodes |a) and |b) under

the BA. TFor instance, W, , = /" dk, <skz)uk§> =
f_°§odk§/_°;dz<skz|z> <z’ “k¢> ~ ekl 4 ekt
is now straightforward to determine the four coefficients

from Eg. (8), and substituting them into Eq. (7) yields the
reflection and tunneling coefficients as

_ IF-1-1I )
k= (111+ 1)2—2122’ B (11+1)22—1§' t
The two coupling strengths, I; and I,, are given by
= e | 46l e (ol
Py= %[<“k| P>(ni,j — Ny j)
+ <lkz| p> (ni,j+2 - ni+1,j+2)] > (12)

where n;; are the elements of matrix N = M -1,
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3 Results and discussion

Before proceeding with further discussions, it should be
noted that we have defined T as the tunneling coefficient
rather than as a transmission coefficient. This distinction
is motivated by the strong momentum mismatch between
2DSPs and the eigenmodes in the nanoplate region, which
suppresses the radiative coupling of |p) to |ukz) and |lkz >
A quantitative account of the coupling between these two
modes involves their inner product. Specifically, the cou-
pling between | p) and |lkz ) for instance, is governed by the

(Pl
very small portion of radiative momentum range (0 < k,
< k) for strongly confined 2DSPs (p, >> k;), making the
radiative coupling of 2DSPs negligible. A significance of this
is that the induced electric fields near the left edge of the
plate, as shown in Figure 1(b) and (c) near x = 0, are mostly
evanescent waves.

Figure 2 shows the tunneling behavior of 2DSPs
through a nanoplate, as influenced by the plate’s width
and height. The results from our analytic theory show
good agreement with the FDTD calculations, with minor
discrepancies observed for wider plates, which we attribute
to the limitation of the BA. The tunneling efficiency, defined
by |T|, decays monotonically as width and height of the
plate increase. However, while the tunneling efficiency
approaches zero as the width tends to infinity, 2DSPs can
still tunnel through a nanoplate of infinite height, provided
the width remains finite. This behavior occurs because the
evanescent waves can always be induced near the bottom
corners (x = 0 and w with z = 0) of a finite-width plate and
subsequently recouple to 2DSPs in the right crystal region.
The “guaranteed” tunneling efficiency for a plate with finite

2
factor = (2ip,/(K* — p?) )2. This factor possesses

1.0~ = = h=0.12_, (analytic)
\ —— h=infinity
R
084
L L} h=0A1}»sp(FDTD)
\ =
IR TIEERN O h=0.2%
h=0.52
= o X h=1.07..
0.41 \ S
N B h=infinity
u}
0.2+
0.0 T T — T

00 02 04 06 08 10
Plate width (in 2.)

Figure 2: Analytically (curves) and numerically (squares) calculated
tunneling amplitudes for 2DSPs as a function of nanoplate width and
height. Varying width and height of the plate. We set p, = 50k.
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width can be obtained by excluding the contribution from
|ukl >, which simplifies the coupling strengths in Eq. (12) as
T2 (e b

ol

(myy +2)e ke — (my, — 2)elkw

(myy + Z)Ze‘“‘xw — (myy — 2)2eikxw '

o0

O k,

2

oo T ky 2
I =_21r(pl|m_oo o (el
4

(13)

(myy + Z)Ze‘“‘xw — (myy — Z)Zei"x’”’

_ -1
where m,, = (47) I[WlksWSFI +(1-K/p}) WlkaWaFl]

~ (p2 —2K2) (P — kﬁ)_l. The tunneling efficiency obtained
from Eq. (13) is represented by the red curve in Figure 2,
demonstrating good agreement with numerical FDTD
results. Notably, parts of the integrands in Eq. (13) resemble
the transmission and reflection coefficients for a plane wave
interacting with a slab of finite thickness [25], highlighting
the intuitive notion that the integrands implicate multiple
reflections of |lkz> by two boundaries at x = 0 and x = w.

@ p) Rlp) =" 1.9,
AAA AAL Pec |
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Furthermore, it is worth noting that the tunneling efficiency
for h = 0.14y, is more than twice as high as that for an

infinite height, implying that the interaction between ’ukz)

and |lkz ) represented by the off-diagonal submatrices M,
and M,, in Eq. (8), is non-negligible and plays a notable role
in the tunneling process. A quantitative account for this
interaction, however, will be deferred to future work.

So far, we have discussed the tunneling properties of
2DSPs through a plasmonic nanoplate, in terms of tunnel-
ing efficiency as functions of the plate’s height and width.
Considering that a nanoplate acts as a barrier to 2DSPs, it is
possible to expect resonant tunneling of 2DSPs when addi-
tional plates are introduced, similar to resonant quantum
tunneling through multiple barriers. The simplest configu-
ration for this consists of two identical plates on the 2D crys-
tal, separated by a gap size g, as illustrated in Figure 3(a).
Shown in Figure 3(b) and (c) are FDTD-calculated maps of
|E,| for the two-plate configuration, with each plate hav-
ing a fixed height of 0.1y, and width of 0.24,. Figure 3(b)
shows the field distribution when the gap size is g = 0.54,
Here, clear interference fringes of 2DSPs are visible in
the left crystal region, indicating that most of the incident
2DSPs are reflected by the plates. In contrast, Figure 3(c)

T2|P> z

AN Loy
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-1 0

Figure 3: Resonant tunneling of 2DSPs through a two identical nanoplates. (a) Schematic of the two nanoplate system with gap size g between

the plates. (b, c) FDTD-calculated |E, | field maps for (b) g = 0.54, and (c) g =

In both cases, the nanoplate height is setto h = 0.1/15,,, widthtow = 0.2/15p,

0.614,,, demonstrating the effect of gap size on resonant tunneling.

p>

and momentum to p, = 50k.
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illustrates the field distribution when the gap size is
increased to 0.614,. In this configuration, the fringes dis-
appear, and distinctive 2DSPs are observed in the right crys-
tal region, suggesting that the reflection is suppressed and
most of the incident 2DSPs successfully tunnel through the
plates. This demonstrates that 2DSPs can resonantly tunnel
through two nanoplates when specific geometric conditions
are met.

To achieve a thorough analytic account of the resonant
tunneling of 2DSPs, the same eigenmode expansions used
in Eq. (1) can be applied to the five distinct regions formed
by the two nanoplates. However, as we have previously
discussed, the radiation modes are mostly evanescent waves
that decay exponentially as the distance from the plate
increases. This suggests that the interaction between the two
plates is primarily mediated by 2DSPs, especially when the
plates are not very close to each other. In this sense, we
apply a systematic approximation that excludes the contri-
bution of radiation modes to the interaction. This approach

(a) (b)
1.0
0.8
0.6 1
= =
0.4
0.2
0.0
0.5
Gap size (in xsp)
(C) 20+ Cavity model (w = h) (d)
B FDTD (w=h)
o
*8 154 ———Cavitymodel(h=0.1k$) //’
&8 ---h=022, e -
E ---h=03, - //’ £
€ 404 h=0.4x, . . x
[0] Phd Pid Y—
8 - ///’ o
s 3
-E @
¢ 5 ol
ke
0
i
04 T T T 1
0.1 0.2 0.3 0.4 0.5

Plate width (in Xsp)
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simplifies the system to a simple cavity where only multiple
reflections of 2DSPs between the plates are considered. With
this cavity model, the tunneling and reflection coefficients,
T, and R,, can be derived as

T2elPxg
T 1- ReHnS

TZGZing

L 1— RPeps’

R,=R+ (14)

Figure 4(a) and (b) show the results of 2DSP tunneling
through two nanoplates, calculated using the cavity model
and FDTD simulations, respectively, as a function of the gap
size for exemplary plate widths and heights. Both results
demonstrate that the resonant tunneling occurs at specific
gap sizes, with the resonance gap size decreasing as the
width and height of the plates increase. Notably, this res-
onance hehavior tends to approach a saturation gap size
as the plate dimensions increase. Here, we emphasize two
key points. First, the result highlights the ability to tune
the resonance gap size by adjusting the plate dimensions.
This tunability, coupled with the strong confinement of the
polariton, presents opportunities for applications requiring

107 Cavity model

Zji/;«/
0.2-5{

0.0 — T . T T |
0.580 0.6 0.7 0.8
T Gap size (in ksp)
0.8, 08 ____.
0.8
Plate height (in ksp)
0.1
0.7 4 —0.2
—0.3
04
1.0
0.6 T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

Plate width (in xsp)

Figure 4: Resonant tunneling of 2DSPs as a function of gap size g. (a) and (b) The tunneling amplitude |T, | calculated using (a) FDTD simulations and

(b) the cavity model from Eq. (14). In (a) and (b), the vertical magenta dashed lines indicate the saturating gap size g = 0.558 4,

s Predicted by the cavity

model with arg(R) = 0.885x as denoted in (d). (c) Enhancement factor of the electric field inside the cavity at the resonance. The enhancement factor is
defined by normalizing |E,(z = 0%)| at the center of the gap by the field of the incident 2DSPs at z = 0*. (d) Analytically calculated phase of
the reflection coefficient R in Eq. (11) as a function of nanoplate width w. The momentum of 2DSPs is set to p, = 50k, for all calculations.
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ultra-small resonators and resonant light concentrations
in deep subwavelength regimes. An immediate relevant
physical quantity observable in our structure is the reso-
nant enhancement of electric field. Figure 4(c) presents the
enhancement factor of the electric field |E,| at the center
of the cavity (gap) at resonance. The enhancement factor is
calculated by normalizing |E,(z = 0%)| at the center of the
gap by the electric field of the incident 2DSPs. The results
indicate that our structure enables strong field enhance-
ment within the cavity, with the electric field increas-
ing as the nanoplate dimensions grow. This demonstrates
the capability of the nanoplate configuration to act as a
polariton-assisted ultra-small plasmonic resonator, achiev-
ing strong electric field confinement in the deep subwave-
length regime. In our theoretical demonstration, we set p, =
50k, which corresponds to a gap size of 0.6 4y, being roughly
on the order of 4,/80. For instance, in the case of an excited
graphene plasmon with a free-space wavelength 4, = 6 pm
and a plasmon wavelength of 120 nm, the gap size would
be just about 70 nm, demonstrating the emergence of reso-
nance at a deep subwavelength scale. Second, both the FDTD
and cavity model results indicate that the tunneling effi-
ciency can reach nearly 100 %, supporting our claim again
that the radiative losses are negligible and that the tunneling
is mediated by evanescent waves. This near-complete trans-
mission suggests that the system operates effectively as an
effective polaritonic coupler, where the strongly confined
nature of the polariton field allows energy transfer across
the nanoplates with minimal radiative loss. This unique
characteristic may be harnessed in high-efficiency, low-loss
devices for applications in nanophotonics and plasmonics.
However, it should be noted that the system’s losses can have
a noticeable impact on the amplitude of resonant tunneling
[24].

In terms of the resonance gap size behavior, we note
that the cavity model provides a qualitative prediction of
this behavior, by indicating that the resonance can appear
when the gap size satisfies the condition g = (mz — ¢)/p,
with non-negative integer m and p, = 27/4,. Here, ¢ =
arg(R) is the phase of the reflection coefficient, as shown in
Figure 4(d) for various values of h. The phase shift is shown
to be positive, so the zeroth resonance (m = 0) is not allowed.
On the other hand, in principle, the first resonance (m =1)
should be allowed. However, we found numerically that the
first resonance is not always guaranteed, presumably due
to strong interaction between the radiation modes, asm=1
requires two nanoplates to be very close, with g ~ 0.14,,. A
deeper physical understanding is required to examine this
behavior, but we believe that this should be addressed in a
future work. Therefore, here we focus on the second reso-
nance (m = 2). Figure 4(d) shows that the phase increases
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with the width and height of the plate. Also, the phase grad-
ually approaches 0.885xz, which is a value predicted by the
previous study [23]. This trend in the phase explains both the
reduction in the resonance gap size observed in Figure 4(a)
and (b) with increasing plate’s dimensions, and the satu-
rating behavior. With ¢ = 0.885x, the saturated gap size is
predicted to be approximately g = 0.5584,, as indicated by
the vertical dashed lines in Figure 4(a) and (b). Overall, the
results from the cavity model and FDTD calculations show
reasonable agreement in both the resonance gap size and
the enhancement factor, with about 5 ~ 10 % discrepancies.
The discrepancies are attributed to the ignored contribution
of the radiation modes in the simple cavity model and the
limitations of the first BA. More specifically, the limitation
of the first BA mainly comes from the reduced contribution
from the radiation modes. Specifically, the first BA neglects
the coupling between the radiation modes in the crystal
region and the plane wave in the nanoplate region when
the momenta of the two modes differ. This effectively corre-
sponds to a change in the excitation of the evanescent waves
near the plate, leading to changes in the reflection phase
shift [23] and the resonance gap size. However, we stress
that the qualitative agreement between the two methods
validates the cavity model’s effectiveness in capturing the
essential physics of 2DSP resonant tunneling through multi-
ple nanoplates.

4 Conclusions

In this paper, we theoretically investigated the tunneling of
two-dimensional surface polaritons (2DSPs) through plas-
monic nanoplates on atomically thin crystals. Using an ana-
lytical model and FDTD numerical simulations, we demon-
strated that evanescent waves near the plate edges mediate
the tunneling process, enabling consistent 2DSP recoupling
across plates of finite width, irrespective of height. We also
revealed that these evanescent waves induce an anomalous
phase shift, which is dependent on the plate’s height and
width. The phase shift is shown to facilitate resonant tun-
neling in configurations with two plates, effectively form-
ing a subwavelength polaritonic resonator. These insights
offer a pathway not only for precise control of 2DSP prop-
agation in low-dimensional systems by using plasmonic
meta-structures but also for polariton-assisted resonant
light concentration in a deep subwavelength regime, pro-
viding potential applications in ultra-small nanostructure-
integrated devices. Moreover, the gate-tunability of 2D crys-
tals can be leveraged to design ultra-compact, gate-tunable
polaritonic modulators by tuning the resonant tunneling
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conditions. This concept can be readily explored using exist-
ing nanofabrication techniques and scanning near-field
optical microscopy (SNOM) setups by measuring the gate-
dependent reflection of 2DSPs.
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