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Abstract: Space-time–modulated systems have attracted

significant interest over the past decade due to their

ability to manipulate electromagnetic waves in unprece-

dented ways. Here, we introduce a new type of space-time–

modulated structure, the space-time wedge, consisting of

two interfaces moving at different velocities, which results

in either closing or openingwedges. Usingmovingboundary

conditions, we derive closed-form solutions for the scatter-

ing of electromagnetic waves in such a wedge and leverage

these solutions to unveil the underlying physics, including

multiple space-time scattering and Doppler shifting. The

space-time wedge holds potential for various optical and

photonic applications.

Keywords: space-time metamaterials; space-time wedge;

space-time modulated systems

1 Introduction

Generalized Space-Time Engineered Modulation (GSTEM)

systems, or GSTEMs for short, are structures whose proper-

ties are modulated in both space and time by an external

drive [1]. The modulation can take various forms, includ-

ing electronic, optical, acoustic, mechanical, thermal, and

chemical [2]–[6]. This modulation typically manifests as

a traveling or standing wave perturbation in one of the

medium’s constitutive parameters. Therefore, GSTEM sys-

tems are best classified based on their modulation veloc-

ity regime. The most common regime is instantaneous
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modulation (or infinite velocity) [7], [8], which enables a

wide range of applications and physical phenomena, such

as time reversal [8], [9], time refraction [10]–[12], break-

ing of fundamental bounds [13], beam splitting [14], photon

generation [15] and cooling [16], inverse prism [17], four-

dimensional metamaterials [18], perfect absorption [19],

parametric amplification [20], temporal impedance match-

ing [21], and temporal aiming [22]. In recent years, this

regime has also been explored beyond classical physics

[23]–[27]. The modulation velocity can also vary uniformly,

ranging from subluminal to superluminal speeds [28]–[32],

which introduces additional novel phenomena, including

Doppler shifting [29], [33], [34], magnetless nonreciprocity

[35]–[37], space-time reversal [38], dynamic diffraction [39],

asymmetric bandgaps [29], [40], [41] and isolation [42], light

deflection [43]–[45], quantum cosmological analogs [46],

and shock-wave production [47]. Finally, the modulation

velocity can be nonuniform, where acceleration enables

phenomena such as radiation from moving mirrors [48],

photon emission [49], chirping [50], light bending [51], and

gravity analogs [52].

GSTEMs encompass several fundamental structures,

including interfaces, slabs, space-time crystals, and space-

time metamaterials. Interfaces serve as the core building

blocks of all GSTEMs [53], [54]. Slabs are formed by stacking

two interfaces moving at the same velocity [55], [56]. Space-

time crystals result from the periodic repetition of slabs

with different properties [29]. Finally, space-time metama-

terials are created by reducing the spatial and temporal

periods of these crystals to subwavelength and subperiod

scales [29], [40].

Here, we introduce a new fundamental class of GSTEM

structures, the space-time wedge. A space-time wedge is

formed by combining two space-time interfaces with dif-

ferent velocities, corresponding to a wedge- or triangular-

shaped structure in the space-time diagram. In a purely

spatial representation, with space as the abscissa and a

property (such as refractive index or potential) as the ordi-

nate, these wedges correspond to shrinking (closing wedge)

or expanding (opening wedge) slabs.

The paper is organized as follows. Section 2 introduces

the concept of space-timewedges as an extension of conven-

tional space-space wedges. Then, Section 3 presents a clas-

sification of all possible types of space-time wedges. Next,
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Section 4 provides the resolution strategy to determine the

scattered waves at a space-time wedge. Then, Section 5

addresses the scattering problem at dielectric space-time

wedges and provides two representative examples for such

phenomena. Next, Section 6 describes the frequency transi-

tions observed in the scattered waves. Section 7 tackles the

scattering problem at impenetrable wedges as a special case

of dielectric wedges, with examples showcasing space-time

multiple scattering effects and Doppler frequency shifts.

Finally, Section 8 discusses experimental implementations

and potential applications.

2 Space-time wedge concept

The space-time wedge must be clearly distinguished from

the conventional, “space-space” wedge, in terms of both its

structure and its operation. Let us, therefore, describe both

wedges, with the help of Figure 1.

Figure 1(a) shows the geometry of a space-space wedge.

Such awedge is a dielectric ormetallic structurewith one or

more sharp vertices [57]. When light impinges on a vertex,

it diffracts, while when it impinges on an edge, it undergoes

(a) (b)

(c) (d)

Figure 1: Wedge structure, consisting of two interfaces separating two

media of different refractive indices, n1 and n2, and related scattering.

(a) Conventional space-space closing wedge with (b) diffraction due to

vertex excitation and refraction due to edge excitation. (c) Space-time

wedge, with two interfaces moving at different velocities, 𝑣1 and 𝑣2, and

colors corresponding to different frequencies, and (d) related

space-index perspective.

Snell’s refraction, as shown in Figure 1(a) and (b). The opti-

cal behavior of space-space wedges, including diffraction

and refraction phenomena, has been extensively studied

and is considered a canonical problem in electromagnetic

theory [3].

Figure 1(c) shows a space-time wedge. This wedge is

obtained by replacing the space (x) ordinate of the space-

space wedge in Figure 1(a) by time (ct). The resulting struc-

ture consists of two interfacesmoving at different velocities,

whose space-index representation is shown in Figure 1(d).1

Unlike the space-space wedge, the space-time wedge does

not involve diffraction, due to causality. In contrast, it

induces Doppler shifting2 in both reflection and transmis-

sion, which can be either upshifted or downshifted depend-

ing on the velocity and properties of the medium.

In this paper, we restrict ourselves to space-time

wedges with two edges (and one vertex), originating at the

spatial points z1 and z2, as shown in Figure 1(d). However,

an analogous approach may be applied to the problem of

wedges with two or three vertices, and even to the problem

of polygonal structures with more edges.

3 Classification

Space-time wedges, as described in Section 2, are com-

posed of two space-time interfaces. These interfaces can

be classified according to their velocity, 𝑣. The veloc-

ity may be subluminal, interluminal, or superluminal.

The subluminal and superluminal velocities correspond

to regimes 𝑣 < min{c∕n1, c∕n2} and 𝑣 > max{c∕n1, c∕n2},
respectively, while the interluminal velocities correspond

to the regimemin{c∕n1, c∕n2} < 𝑣 < max{c∕n2, c∕n2}. The
scattering behavior of interfaces in the subluminal and

superluminal regimes have been extensively studied [45],

[54]. In contrast, investigations of scattering in the interlu-

minal regime remain limited to specific cases [58], [59].

The wedges can be classified according to the veloc-

ity regimes (subluminal, interluminal, or superluminal) of

their two interfaces and whether the wedge is opening

or closing with time. Figure 2 represents all the possible

types of wedges together with the assumed direction of

1 In quantum physics, this structure would be interpreted as a widen-

ing or narrowing potential barrier or well.

2 The reflectionDoppler shifting iswell-known,withup/down-shifting

for an approaching/receding object. The transmission Doppler shifting

is less known; it depends not only on the velocity of the object’s inter-

face but also on its refractive index contrast. This may be understood

in terms of the pulse expansion and compression described in Ref. [53].
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(a)

(b) (c) (d) (e)

Figure 2: Classification of space-time wedges. (a) Generic operating

regimes and examples of (b) subluminal/superluminal opening,

(c) subluminal/subluminal opening, (d) subluminal/subluminal closing,

and (e) superluminal/superluminal opening wedges.

the incident wave (±c∕n1). For instance, the wedge rep-

resented in Figure 2(a), and isolated in Figure 2(b), corre-

sponds to an opening wedge, whose left interface is sub-

luminal and contra-moving with respect to the incident

wave, and right interface is superluminal and comoving

with respect to the incident wave. Such a configuration will

be hereafter referred to as a subluminal/superluminal open-

ing wedge. Similarly, Figure 2(c)–(e) correspond to sublu-

minal/subluminal opening, subluminal/subluminal closing,

and superluminal/superluminal opening wedges, respec-

tively. This classification results in 78 distinct scattering

configurations (see Section 1 in Ref. [60] for all the config-

urations).

4 Resolution frame selection

Scattering problems at moving interfaces are commonly

addressed using a method known as frame-hopping [61].

This approach simplifies the problem by transforming coor-

dinates from the laboratory frame to the comoving frame,

reducing it to the scattering at a stationary interface. Once

the scattering coefficients are calculated in this comoving

frame, the results are then transformed back to the lab-

oratory frame. This technique is particularly effective for

analyzing scenarios involving moving interfaces and slabs

[29]. However, in the case of wedges, we encounter a com-

plication: wedges entail two velocities that are generally not

equal.3 Consequently, there is no frame where both inter-

faces are stationary.4 As a result, wemust tackle the problem

within the laboratory frame and use moving boundary

conditions.

5 Scattering formulas

According to Figure 1(c), the incident (𝜓 i), transmitted (𝜓 t),

and reflected (𝜓 r) waves in medium 1 (surrounding of the

wedge) are traveling waves, which may be written as

Ei
x
= 𝜓i

[
z

u1
− t

]
, (1a)

Et
x
= 𝜓t

[
z

u1
− t

]
(1b)

and

Er
x
= 𝜓r

[
z

u1
+ t

]
, (1c)

where u1 = c∕n1 is the speed of light inmedium 1, where we

have assumed that the incidentwave is launched inmedium

1. On the other hand, waves in medium 2 (wedge) are a

superposition of forward (𝜓 f ) and backward (𝜓b) traveling

waves, which may be written as

Ew
x
= 𝜓f

[
z

u2
− t

]
+ 𝜓b

[
z

u2
+ t

]
, (2)

where u2 = c∕n2 is the speed of light in medium 2. We have

used square brackets, [⋅], to indicate the arguments of the
wave functions (𝜓 i,𝜓 t,𝜓 r,𝜓 f , and𝜓b) in Eqs. (1) and (2). In

the forthcoming examples, we will use Gaussian modulated

pulse for the incidence, viz., 𝜓i[z∕u1 − t] = exp(i𝜔i(z∕u1 −
t)) exp(− (z∕u1−t)2

𝜎2
), with 𝜔i being the incident frequency and

𝜎 the width of the Gaussian pulse.

We now apply the moving boundary conditions at each

interface of thewedge. These conditions prescribe the conti-

nuity of E+ v
1
× B and H− v

1
× D for the first interface

and E+ v
2
× B and H− v

2
× D for the second interface.

This leads to a pair of recurrent equations whose combina-

tion provides the sought-after scattered wave solutions (see

Section 2 in Ref. [60] for detailed derivations)

3 In the limiting case of equal velocities, the wedge reduces to a slab.

4 This situation is akin to two cars moving in opposite directions,

making it impossible to follow both simultaneously.
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𝜓t

[
z

u1
− t

]

= T12T21H

∞∑
p=0

R2 pDp
𝜓i

[
Δ𝜙 p + HDp

(
z

u1
− t

)]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Φt

(3a)

and

𝜓r

[
z

u1
+ t

]
= R

M−
11

M+
11

𝜓i

[
𝜙
′
0
− M−

11

M+
11

(
z

u1
+ t

)]

− T12T21H
′
∞∑
p=0

R2 p+1D′ p
𝜓i

×
[
Δ𝜙′

p
+ H′D′ p

(
z

u1
+ t

)]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Φr

(3b)

with

Δ𝜙 p = A+ BC

(
1− Dp

1− D

)
+ BDp

(
z2
u2

− z2M
−
22

u1M
−
21

)
, (3c)

𝜙
′
0
= z1

u1

(
1+ M−

11

M+
11

)
(3d)

and

Δ𝜙′
p
= A′ + B′C′

(
1− D′ p

1− D′

)
+ B′D′ p

(
z1
u2

− z1M
+
12

u1M
+
11

)
, (3e)

where

R = 𝜂2 − 𝜂1
𝜂2 + 𝜂1

, Ti j =
2𝜂 j

𝜂i + 𝜂 j
, M±

i j
= 1± 𝑣i

u j
, (3f)

A = z1
u1

− z1
u2
B, A′ = z1

u1
− z2
u2
B′ + z2 − z1

u2

M−
11

M−
12

, (3g)

B = M−
11

M−
12

, B′ = −M−
11
M−

22

M−
12
M+

22

, (3h)

C = z2
u2

− z1
u2
D+ z2 − z1

u2

M−
22

M+
22

, (3i)

C′ = z1
u2

− z2
u2
D′ − z2 − z1

u2

M+
12

M−
12

, D = D′ = M+
12
M−

22

M−
12
M+

22

(3j)

and

H = M−
22
M−

11

M−
21
M−

12

, H′ = −M+
12
M−

11
M−

22

M+
11
M−

12
M+

22

. (3k)

In these relations, R and Tij correspond to the conven-

tional reflection and transmission coefficients at a station-

ary interface (from media 1 to 2, resp. i to j) with 𝜂1 and

𝜂2 being the impedance of medium 1 and 2, Mij is a term

related to Doppler shifting, andΔ𝜙p andΔ𝜙′
p
togetherwith

the parameters given in Eqs. (3g)–(3k) account for the accu-

mulated phase shifts for the transmitted and the reflected

waves, respectively.

Equations (3) may be physically interpreted as follows.

The summation terms in Eqs. (3a) and (3b), running from

0 to ∞, represent the multiple space-time scattering events

occurring within the wedge (see Figure 1(d)). Let us first

analyze the reflected wave, Eq. (3b). The first, summation-

less term in the right-hand side of Eq. (3b), which has no

equivalent in Eq. (3a), corresponds to the initial reflection

at the first interface, while the second term, with the factor

T12T21H
′ describes transmission across the wedge, with the

effect of the multiple scattering within the wedge being

accounted for by the summation including reflection R2p+1

and Doppler shifting D′p. Similar observations can be made

with the transmittedwave, Eq. (3a), since the corresponding

relation is essentially similar to the reflected wave.

Figure 3 shows the space-time evolution and frequency

spectra of the scattering phenomena described by Eqs. (3a)

and (3b). Figure 3(a) shows the scattering behavior of a

closing wedge. Upon encountering the initial interface, a

portion of the incidentwave is reflected (Er,1) with aDoppler

(a) (b)

Figure 3: Scattering at a dielectric wedge separating two media, of permittivities 𝜖1 = 1 and 𝜖2 = 3. (a) Closing wedge, with 𝑣1 = 0.1c and 𝑣2 = −0.2c,
and (b) opening wedge, with 𝑣1 = −0.1c and 𝑣2 = 0.15c.
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downshift, attributed to the interaction with a comoving

interface. Within the wedge, the wave undergoes multiple

contramoving space-time reflections, resulting in succes-

sive Doppler upshifting. In contrast, Figure 3(b) presents the

scattering behavior of an opening wedge. Here, the initial

reflection (Er,1) exhibits upshifting. As the wave propagates

within the wedge, it experiences successive Doppler down-

shifting due to repeated interactions with the comoving

interfaces.

6 Frequency transitions

Space-time wedges produce scattered waves with multiple

new frequencies, as illustrated in Figure 3. The related fre-

quency shifts result from multiple Doppler shifts occur-

ring during interactions with the wedge interfaces. The fre-

quency change after each scattering event can be calculated

by taking the derivative of the arguments in Eqs. (3a) and

(3b), viz.,

ft =
𝜕Φt

𝜕t
= HDp (4a)

and

fr =
𝜕Φr

𝜕t
= H′D′ p

, (4b)

where p denotes the number of scattering events. After each

interaction, the frequency of the wave is either upshifted

or downshifted, depending on whether it interacts with a

contramoving or a comoving interface, respectively.

These frequency transformations (Eq. (4)) can be

graphically represented and validated in the “transition

diagrams” shown in Figure 4, where Figure 4(a) and

(b) corresponds to the closing and opening wedges of

Figure 3(a) and (b). The transition diagrams of Figure 4

may be progressively constructed by following the

wave scattering events in Figure 3. Let us consider the

closing wedge case. The incident wave starts at the point

(k∕k0, 𝜔∕𝜔0) = (1, 1) (red dot). Then, it experiences a first

pair of transitions at the interface 1, and hence under

the angle 𝑣1: a reflection transition in medium n1 (lowest

blue dot) and a transmission transition into medium n2
(lowest black dot). Next, the transmitted wave (lowest

black dot) crosses the wedge and incurs a new scattering

event and a new transition pair at the interface 2, under

the angle 𝑣2: a transmission transition into medium n1
(lowest green dot) and a reflection transition in medium

n2 (second lowest black dot). The next scattering points,

and Figure 4(b), follow the same logic. Note that the

closing wedge gradually increases the reflected and

transmitted frequencies—or photon energies—while the

opening wedge constantly decreases these frequencies or

energies.

(a)

(b)

Figure 4: Transition diagrams for the cases of (a) a closing wedge with

velocities 𝑣1 = 0.1c and 𝑣2 = −0.2c (Figure 3(a)) and (b) a closing wedge
with velocities 𝑣1 = −0.1c and 𝑣2 = 0.15c (Figure 3(b)).

7 Impenetrable wedges

Having examined wave scattering and propagation in

space-time wedges formed by modulated dielectric mate-

rials, we now focus on a particular case of space-time

wedge, a space-time wedge with its exterior (medium 1)

being impenetrable.5 In contrast to dielectricwedges, where

waves propagate and scatter across the space-time struc-

ture, the impenetrable space-time wedge entirely confines

waves within its interior once excited there. The scattering

and propagation of electromagnetic waves in the structure

can be found by applying Perfect Electric Conductor (PEC)

moving boundary conditions at each interface [29], viz., E+
v
1
× B = 0 at the first interface and E+ v

2
× B = 0 at

5 A space-time wedge with its interior (medium 2) being impenetra-

ble is possible but fairly trivial, as its scattering reduces to a single

(Doppler-shifted) reflection.
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(a) (b)

Figure 5: Scattering at PEC space-time wedges shown in space-time diagrams (left panels) with corresponding time-domain waveforms and spectra

(right panels) for (a) a closing wedge, with interfaces moving at velocities 𝑣1 = −𝑣2 = 0.15c and (b) an opening wedge with interfaces moving at

velocities 𝑣1 = −𝑣2 = −0.3c.

the second interface. This operation results in a recursive

equation, whose solution is the multiple scattering expres-

sion6 [60]

Ew
x
=

∞∑
p=0

(R1R2)
p+1
𝜓i

[
Δ𝜙 p + (R1R2)

p+1
(
z

u1
− t

)]

−
∞∑
p=0

R
p

1
R
p+1
2
𝜓i

[
Δ𝜙′

p
− R

p

1
R
p+1
2

(
z

u1
+ t

)]
,

(5)

where

R1 =
M+

11

M−
11

(6a)

and

R2 =
M−

21

M+
21

(6b)

are the conventional scattering coefficients at a PEC inter-

face moving at velocity 𝑣1 and 𝑣2, respectively [56].

Figure 5 shows the space-time evolution and frequency

spectra of scattering at space-time wedges with impene-

trable (PEC) interfaces, computed by Eq. (5) and validated

by FDTD simulation [50]. Unlike the dielectric wedges dis-

cussed in Section 5, where the wave may escape the wedge,

the wave in the PEC wedges remain confined within the

structure. Figure 5(a) depicts the scattering in a closing

PEC wedge, where the wave constantly interacts with con-

tramoving interfaces, causing a gradual frequency upshift.

Conversely, Figure 5(b) shows scattering in an opening PEC

6 Note that Eq. (5) is not a particular case of Eqs. (3a) and (3b). This

is because reflection in the PEC wedge occurs exclusively within the

wedge structure, whereas the dielectric wedge equations apply only

outside the wedge.

wedge, where the wave gradually reflects off comoving

interfaces, resulting in a gradual frequency downshift.7

8 Conclusions

The paper has introduced and explored the concept of

space-time wedges, a novel type of GSTEM.We have demon-

strated the unique scattering phenomena that occur in these

structures, including multiple Doppler frequency shifts and

multiple space-scattering scattering. We have classified the

various types of space-time wedges based on their velocity

regimes and derived closed-form solutions for the scattered

waveforms. Such a wedge may have various applications

in dynamic classical optical and quantum photonic devices,

such as frequency converters, modulators, multiplexers,

wave or particle traps, and photon heating and cooling

systems.

Wedge structures can be implemented by finely load-

ing an artificial transmission line with varactor diodes. As

each diode is triggered, typically from an external control

circuit, the local properties of the transmission line change.

By sequentially switching these diodes in a specific pattern

– for example, from left-to-right (center-to-left) and right to

left (center-to-right) – it is possible to create two approach-

ing (receding) interfaces on the transmission line. This cor-

responds to the realization of closing (opening) space-time

wedges.

7 The fact that the spectral magnitudes in Figure 5 are all equal,

whereas the envelopes of the corresponding temporal pulses are not,

might a priori seem contradictory. However, this is explained by the

Doppler effect. In the time domain, both the magnitude and the fre-

quency of the incident pulse are scaled by the Doppler effect, by some

factor a, as E(t)→ aE(at) [54]. The corresponding Fourier transform,

Ẽ(𝜔) =  (𝜔∕a), reveals that the spectral magnitude is equal to the

temporal magnitude before Doppler shifting.
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