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Abstract: The design of optical materials in nonlinear
devices represents a fundamental step for their optimiza-
tion and miniaturization, that would significantly con-
tribute to the progress of advanced nanophotonics and
quantum technologies. In this work, the effect of geometry
and composition of multilayer hyperbolic metamaterials on
their third-order nonlinear optical properties, i.e. the optical
Kerr effect, is investigated. One figure of merit is provided
to be used as a predictive tool to design and best exploit the
local intensity enhancement in low-loss metamaterials to be
used for various applications in nonlinear nanophotonics.
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1 Introduction

In recent years, great interest of scientific research has
grown in novel materials whose optical properties can
be tailored as desired and actively controlled by external
parameters in order to manipulate light at the nanoscale
[1]. This is highly relevant for advanced applications in non-
linear nanophotonics, such as ultrafast all-optical switch-
ing [2], optical limiting [3] and frequency conversion [4],
representing the heart of quantum technologies. One of the
main challenges is the design of materials and devices prop-
erly featured to achieve an enhanced ultrafast nonlinear
response with high efficiency at low-intensity excitation. To
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this scope, predicting, controlling and enhancing the nonlin-
ear optical response becomes essential for the development
of efficient and reconfigurable nonlinear optical devices
with optimized properties to be used in integrated optical
circuits [5].

In this framework, near-zero-index (NZI) materials
offer new interesting features that can be used for light con-
trol in photonic devices [6]. Indeed, their refractive index
reaches a very low value (close to zero), thus producing an
increase in the normal field component at the boundary
with an isotropic medium (Eyg; = n?E;/n%,,), a diverging
phase velocity, and a very small phase advance of the prop-
agating wave, i.e. the group velocity tends to zero. These
result in a large energy confinement inside the material,
and in its ability to support slow light with long interac-
tion lengths [7]. The peculiar properties of NZI materials
favour a strong light—-matter interaction which is able to
trigger enhanced optical nonlinearities owing to the inverse
proportionality between the complex nonlinear refractive
index and the linear one [8].

Epsilon-near-zero (ENZ) materials are one of the most
promising class of non-magnetic NZI media potentially
employable as platforms for these applications [9], and sev-
eral intriguing phenomena useful for their operation and
miniaturization have been predicted and observed, such
as radiation phase pattern tailoring [10], electromagnetic
energy squeezing [11], subwavelength light guiding [12],
and time refraction [13]. At the ENZ wavelength (Apy;) of
these materials, where the real part of the dielectric per-
mittivity crosses the zero, a strong electric field enhance-
ment is obtained, which is able to induce important ultra-
fast nonlinear optical responses under light excitation, thus
making them very appealing for several nonlinear optical
applications [8], [14]. Among these, all-optical switching is
one of the most important to fulfill the ON/OFF function
needed for ultrafast optical signal processing [15]-[18]. One
method to achieve itis hased on the optical Kerr effect (OKE),
namely the dependence of the nonlinear refractive index
and the nonlinear absorption coefficient of a medium on
the intensity of the pump field, which permits the modula-
tion of the local refractive index and absorption coefficient
on the picosecond and femtosecond time scale [19]-[21].
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The OKE can be significantly enhanced in ENZ media near
Apnz [22]-[24]. However, their performances are typically
limited by their intrinsic losses, that can suppress the NZI
effects regardless of how close to zero is the refractive
index. Indeed, the ENZ regime typically coincides with the
NZI regime in the absence of losses. Differently, with non-
negligible losses, the NZI regime is distinguished from the
ENZ regime, with the former generally redshifted in the
spectrum compared to the latter, and shown to be more
beneficial for the efficiency of nonlinear optical effects [25].
Thus, in nonlinear ENZ materials the near-zero permittiv-
ity is not the only sufficient condition for the nonlinear
response enhancement, but also the intrinsic losses have to
be reduced.

Hyperbolic metamaterials (HMs) emerge among the
highest-potential ENZ materials. As a matter of fact, unlike
plasmonic metals (Au, Ag, Cu, ...) and transparent conduc-
tive oxides (ITO, AZO, ...) showing natural ENZ properties
at their plasma frequencies respectively fixed in the ultra-
violet or infrared ranges of the electromagnetic spectrum,
HMs offer a broadband spectral tunability of their Ay, at
visible wavelengths thanks to the tailorability of their com-
positional and morphological features. The combination of
a metal and a dielectric in a multilayered geometry or their
arrangement as metal nanorods in a dielectric matrix allows
to obtain an extremely anisotropic uniaxial dielectric ten-
sor whose components are opposite in sign [26]. This gives
rise to a topological transition from elliptical to hyperbolic
dispersion, and adjustable optical properties, which can
be engineered by changing the metal filling fraction and
controlled by external parameters [27], [28]. Recently, in
the field of nonlinear nanophotonics, enhanced third-order
nonlinearities in HMs have been reported [24], [29], and
their angle and polarization tunability has been demon-
strated [30], [31]. Then, HMs have been proposed as plat-
forms for OKE-based all-optical modulators [15], [20], [32].

Multilayer HMs are particularly attractive for the
simplicity of their fabrication through lithography-free
nanofabrication methods, and the capability of integrat-
ing them within optical devices using current technologies.
Moreover, they behave as effective waveguides made up of
coupled optical nanocavities where the spatial mode match-
ing between the surface plasmon polaritons (SPPs) sup-
ported at the metal-dielectric interfaces gives rise to highly
confined plasmonic modes with very large wavevectors and
slow light nature that can be excited by free-space light
[33]. In the literature, several names are used to call these
modes, such as bulk plasmon polaritons [34], volume plas-
mon polaritons [35], high-k modes [36], Ferrell-Berreman
modes [37], Bloch plasmon polaritons [38], and multilayer

DE GRUYTER

plasmons [39]. Due to the heterogeneous denomination,
here we prefer to call them with a more general definition
of plasmon polaritons (PPs). Such PPs permit to obtain large
field enhancement and a huge increase of the optical density
of states, so producing resonances with narrow linewidths
that can be exploited in subwavelength optics for achieving
large optical nonlinearities [31], enhanced photolumines-
cence [40] and high-sensitivity optical sensing [41].

In the present work, we show how to finely tailor the
nonlinear optical properties in multilayer hyperbolic meta-
materials by geometry and composition. We demonstrate
the enhancement of the optical Kerr effect favoured by PPs
at Apyz in a spectral range far from the interband transitions
of the metal component and where its optical losses are
minimum. We introduce one figure of merit to be used
for designing ENZ multilayer metamaterials with strong
third-order optical nonlinearities, best exploiting the local
intensity enhancement generated by their ENZ resonances
in different angle and polarization configurations, and to
optimize them for nonlinear optical applications.

2 Results and discussion

The optimization of the geometrical and compositional fea-
tures of HMs represents a crucial step for their implemen-
tation in nonlinear photonic devices whose properties and
performances have to be customizable and accurately con-
trollable. In this work we engineer HMs by changing the
metal filling fraction f,,, which is changed by varying the
thickness of the dielectric layers (¢;) while maintaining that
of the metal layers constant (¢,, = 15 nm) (see Section 4). In
such a way, Agy; is tuned across the optical spectrum [28].
In particular, we want Agy; beyond the region of the metal
interband absorption. For instance, the real part of the par-
allel component of the effective permittivity (Re[e]) calcu-
lated by effective medium theory (EMT, see Section 4) for
Au/Al,04 HMs is shown in Figure 1(a): Apyy is redshifted by
decreasing f,,, that is by increasing t,;. The absorptance cal-
culated by EMUstack at normal incidence for Au/Al,0; HMs
is depicted in Figure 1(b) as a function of t;. Up to ¢; = 30 nm
the metamaterial exhibits a wide absorption band between
300 nm and 500 nm produced by the interband transitions
of gold [42], and an abrupt change of character at the ENZ
wavelength owing to the topological transition from elliptic
to hyperbolic dispersion occurring at this wavelength [27],
[43]. For t; > 40 nm additional peaks appear, and the optical
response can be importantly modulated, even in the inter-
band region. The origin of these peaks stems from the spatial
mode matching between the SPPs sustained at the metal-
dielectric interfaces in the HMs, whose coupling gives rise to
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Figure 1: Optical and morphological properties of multilayer hyperbolic metamaterials. (a) Effective permittivity (parallel, real part) and

(b) absorptance of Au/Al,0; HMs with different metal filling fraction, varied by changing the thickness of the dielectric layers while maintaining that
of the metal layers equal to 15 nm. (c) Cross-sectional SEM image (acquired using backscattered electrons), (d) AFM surface topography, (e) RMS
roughness profile of the sample AuAlu16. (f-h) Experimental (open symbols) and simulated (solid lines) optical spectra of the samples AuAlu16 (red)
and AgAlu16 (blue). The vertical dashed lines in panels (a-b) and (f-h) indicate the Ag,, of each sample.

PPs [36]. Indeed, the HMs act like photonic crystals made up
of multiple stacked optical nanocavities where a very high
electric field confinement occurs [31], [44]. This effect is evi-
denced by the field distribution in the stack, reported as an
example in Figure S1(b) of Supplementary Material for the
metamaterial with ¢; = 85 nm at its Agy, (666 nm, red pro-
file). For comparison, the field distribution is also depicted
at A = 500 nm (green profile), namely close to the gold
interband transitions region, where the plasmonic effect
is weaker due to metal losses. With sufficiently thin metal
layers and thick dielectric layers, a standing wave is formed
inside the nanocavities, so that the coupling effect becomes
more significant and multiple plasmonic resonances can
occur. This effect has been also explained in terms of opti-
cal tunneling experienced by the photons travelling within
each nanocavity composing the multilayers, which globally
behave as gratings so that the PP modes can be excited
without special momentum matching techniques [44]-[46].
In Figure 1(b), the increase of the dielectric thickness cor-
responds to a decrease in the metal filling fraction of the
HMs. This lowers the losses and the effective refractive
index of the metamaterial, so promoting the SPP coupling
inside it and allowing the activation of a larger number of
PPs, whose existence is corroborated by the multiple dips
appearing in the reflectance spectra plotted in Figure S1(c)
of Supplementary Material (connected with the absorptance
peaks in Figure 1(b)), which are the distinctive features of

PP modes [47]. The properties of these resonances (e.g. their
number, spectral distance, and quality factor) depend on
the geometrical features of the multilayer (i.e. layers thick-
ness and number of cavities) [44], [46], [47]. The condition
for these resonances to be sustained is given by the ratio
between the real part and the imaginary part of the metal
refractive index, and a critical value of this ratio (n,,/x,,
= 0.2) has been found by Caligiuri et al. [45], thus defining
the so-called “hermiticity limit”. The n,,/x,, ratio for Au
is plotted in Figure S1(d) of Supplementary Material. In Au-
based systems the cavity resonances can be sustained in the
Hermitian region at 4 > 550 nm where n,,/x,,< 0.2, and
cannot exist in the non-Hermitian interband region (4 <
550 nm, n,,, /k,, > 0.2).

Experimentally, we fabricate hyperbolic multilayers
corresponding to those considered in Figure 1(a), (b). The
constituent materials (gold and alumina) are chosen owing
to their high chemical stability. Details about the synthe-
sis and characterization are reported in Section 4. As an
example, Figure 1(c) displays the cross-sectional SEM image
acquired with backscattered electrons for the 16/85 Au/Al,O4
metamaterial with f,, = 16 % (AuAlul6): the metal layers
(light gray) and dielectric layers (dark gray) are clearly
distinguished thus evidencing the four-period structure of
the stack. The AFM topography and the RMS roughness
(Rgys) profile of the sample are shown in Figure 1(d), (e),
revealing a continuous unvoided surface with an average
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RMS roughness equal to 0.9 + 0.1 nm, indicating a good
quality of the films growth during the depositions. The spec-
troscopic ellipsometry (SE) data measured for AuAlul6 are
reported in Figure S2 of Supplementary Material, which are
used to evaluate the quality of the multilayers in terms of
thickness homogeneity, surface roughness and interfaces
definition. The morphological parameters extracted by AFM
and SE for all the metamaterials fabricated in the present
work are tabulated in Table S1 of Supplementary Material.
The optical transmittance of AuAlul6 is illustrated in
Figure 1(f) (red curve), showing a good agreement between
the experimental data and the simulations by EMUstack.
The simulated reflectance and absorptance are plotted
in Figure 1(g), (h). The existence of PP modes supported
by the metamaterials is evidenced by the reflectance
dips, corresponding to the transmittance and absorptance
peaks [37], [47], [48]. Since the propagation and cou-
pling of SPPs within HMs strongly depend on the thick-
ness of the layers constituting the coupled nanocavities
[44], we study the evolution of the optical properties
in Au/Al,0, HMs with different geometrical features (see
Figure S4 in Supplementary Material). The results show
that the transparency window for light propagation through
the metamaterial can be broadened by increasing the thick-
ness of the dielectric layers, that is lowering the metal filling
fraction, so that a higher number of PP modes are sustained.
Moreover, the SPP coupling plays a more important role in
metamaterials with low filling fraction, significantly mod-
ifying the spectral shape of their optical features, strongly
modulated by increasing the thickness of the layers. As
shown in Figure S1(d) of Supplementary Material, the Her-
mitian spectral range where the cavity resonances are sus-
tained can be extended by using Ag due to its lower optical
damping and a blueshifted interband region at A < 350 nm
[45]. Then, we fabricate an Ag/Al,0; HM (named as AgAlu16),
equivalent to AuAlul6 (i.e. having ¢,, = 16 nm, t; = 85 nm,
fm =16 %) in order to compare their optical properties and
give insights into the role of composition on the plasmonic
response of HMs. A very thin (4 nm) alumina capping layer
is also deposited on its top to increase the chemical stability
of the sample, preventing oxidation of the upper Ag layer
without affecting the optical properties of the metamate-
rial. The SE spectra and a SEM image of the sample are
shown in Figure S2(c), (d) of Supplementary Material, while
the measured morphological parameters are reported in
Table S1(b) of Supplementary Material. A good agreement
is obtained between the experimental and simulated trans-
mittance in Figure 1(f), showing a higher number of opti-
cal resonances associated with PP modes, whose number
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corresponds to the number of optical nanocavities consti-
tuting the metamaterial. The ENZ wavelength determined
for AgAlul6 is Apy; = 632 nm.

Considering the main points highlighted so far, we
introduce a figure of merit (FOM) to be used as a tool for
tailoring the geometry and composition of HMs and better
take advantage of the contribution given by the ENZ and
PP modes in order to obtain enhanced third-order optical
nonlinearities, which are enabling properties for nonlinear
optical applications, like all-optical switching, optical limit-
ing and mode-locking. The basic idea of this FOM is to max-
imize the local intensity promoted by the confinement of
PPs and minimize the optical damping given by the metallic
component or by the reflection losses in order to favour the
nonlinear optical response in a high-transmission metama-
terial. In such a way, the FOM allows to find the optimal
trade-off between these effects, and devices with high non-
linear efficiency and high output signal can be designed. The
FOM is defined as:

_ T o¢n
FOM = R Im[e,,] @

Here, T and R are, respectively, the transmittance and
reflectance of the metamaterial, Im[e,,] is the imaginary
part of the permittivity of the metal constituent, and ¢,, is
an effective filling fraction (see Section 4) which accounts
for the local intensity enhancement in the metamaterials
and plays the main role in controlling their optical nonlin-
earities, as demonstrated in Ref. [31]. It is worth to underline
that all the parameters included in the FOM are wavelength-
dependent. Besides, T, R and ¢,, are angle-dependent. Con-
sequently, the FOM depends on both wavelength and angle,
and thus it can be used for any spectral and angular con-
figuration. Hereafter we make use of the FOM to study the
effect of the dielectric thickness, metal thickness, and com-
position on the third-order nonlinear optical properties of
HMs. However, it is worth to point out that the FOM includes
important parameters that can be useful for a broader range
of applications, such as in optical sensing [41] and radiative
decay engineering [40].

Figure 2(a) shows the FOM calculated at normal inci-
dence in the visible spectrum for a four-period Au/Al,O4
HM with 15 nm metal thickness and varying dielectric thick-
ness (10-200 nm). The white dashed line and green solid
line are the locus of points of the ENZ wavelengths cal-
culated respectively by EMT [43] and inverse scattering
matrix method (ISMM) [49] for each geometrical combi-
nation. In the contour plot, three claw-like bands appear
for multilayers with t; > 30 nm above A = 500 nm. These
correspond to PP modes existing in the Hermitian region of
the spectrum (see Figure S1(d) of Supplementary Material)
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Figure 2: Contour plots of (a, d) the FOM, (b, e) nonlinear absorption coefficient g, and (c, f) nonlinear refractive index n, calculated for HMs with
15-nm-thick metal layers and different dielectric layers thickness, arranged in four-period stacks. Panels (a-c) refer to Au/Al,0; HMs, whereas panels
(d-f) to Ag/Al,0; HMs. The FOM (a, d) is calculated by Eq. (1), whereas f and n, are computed by our model using the effective filling fraction [31].
The dashed green curves correspond to the ENZ wavelengths extracted by EMT, whereas the solid green curves represent those extracted by ISMM.
The stars mark a metamaterial structure made up of 15 nm metal layers and 85 nm metal layers.

where ENZ resonances can be sustained by the coupled
nanocavities in the HMs [45]. In particular, the rightmost
band corresponds to PP modes occurring near the ENZ
wavelength of the metamaterials. The PP band and the ENZ
curves intersect at a point corresponding to a structure
having 85-nm-thick dielectric layers (AuAlu16, marked with
the star). This crossing can represent the limit of valid-
ity of EMT against ISMM for the considered four-period
multilayer structure, and it can be used as a benchmark
for multilayer periodic structures possessing the optical
properties of coupled nano-waveguides but still describ-
able as ENZ metamaterials in a quite good approximation.
Indeed, the values of Ay, calculated by the two meth-
ods (white = EMT, green = ISMM) coincide within a 1%
error up to t; = 85nm, whereas the two curves start to
diverge for larger dielectric thickness. The percent devi-
ation between ASVM and ARV, calculated as AAdpy, (%) =

Z ENZ’
[AISMM _ AEMT] 7 2ISMM for t,, = 15 nm as a function of ¢, is

ENZ ENZ ENZ
shown in Figure S5(a) of Supplementary Material. Besides,
a comparison between the effective permittivity calculated
by EMT and ISMM for AuAlu16 is reported in Figure S6(a) of
Supplementary Material.
The highly confined PPs produce a local intensity
enhancement (represented by ¢,, in Figure S7(a), (b)

of Supplementary Material) that potentially favours the

nonlinear response of the metamaterials. Figure 2(b), (c)
show the nonlinear absorption coefficient f and the nonlin-
ear refractive index n, calculated by following the approach
described in our previous work [31] (see Section 4). A strong
nonlinear response is obtained around A = 500 nm due to
the interband contribution of gold, producing a large peak
of # and a sign inversion from negative to positive n,. A
change of sign is also obtained in the f coefficient at A <
500 nm. The sign reversal of both the nonlinear parame-
ters corresponds to a sign variation of the third-order sus-
ceptibility of gold ( ;(ﬁ:) in the interband region [50]. The
predicted nonlinear response is maximum when Ay, falls
in the interband region. However, non-negligible values of
the nonlinear parameters are also obtained along the Apy;
curve. By increasing the thickness of the dielectric layers in
the HMs, the ENZ wavelength is spectrally redshifted as a
result of the metal filling fraction decrease, and so does the
nonlinear optical response in the ENZ regime, favoured by
the strong field enhancement produced by the plasmonic
modes associated with the first branch of the FOM. In such
a way, non-null optical nonlinearities can be obtained even
far from the metal interband absorption region exploit-
ing the plasmonic effect near Apy;. In particular, positive
p and n, are predicted in the Au-based HMs taken as an
example, and they tend to diminish in absolute value by
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moving Apy; towards the NIR region owing to a raise of
the optical damping of gold (i.e. its Im[e] increases, see
Figure S3(b) in Supplementary Material) in a spectral range
where also ;(g is low [50]. This concurrently underlines the
relevance of low losses in order to enhance the nonlinear
optical response in a nonlinear material, and the intrinsic
contribution given by the metallic component. It is worth to
note that not all the PP modes represented by the FOM bands
correspond to an enhanced nonlinear optical response.
Indeed, the nonlinear parameters predicted in correspon-
dence of the other PP branches (not close to Apy;) are quite
low. This demonstrates that the ENZ regime is essential to
significantly increase the nonlinear response favoured by
the plasmonic resonance because it enables a higher local
intensity enhancement, as demonstrated by the intense
peak of ¢, in Figure S7(a), (b) of Supplementary Material.

The details of the FOM features depend on the compo-
sitional properties of the HMs. As a matter of fact, the field
confinement within the stack can be varied by changing
the dielectric contrast between the metal and dielectric con-
stituents. Besides, the metal mostly affects the optical damp-
ing and the capability to support ENZ resonances depending
on the spectral position of the interband absorption. The
FOM can be increased with Ag-based HMs, in which the opti-
callosses arelargely dropped because the interband absorp-
tion of silver occurs in the near-UV spectral range, thus also
widening the Hermitian region supporting ENZ resonances
(see Figure S1(d) of Supplementary Material). For example,
as shown in Figure 2(d), in the case of the Ag/Al,0; HM a
3-fold increase of the FOM and a larger number of PP modes
exist in a wider spectral region compared to Au-based HM.
The greater prominence of the PP bands in the Ag/Al,0,
stacks is related to the better decoupling of these modes
from the interband region. As a consequence, the nonlin-
ear optical response in the visible range is predicted to be
larger than in Au-based HM. Indeed, as shown in Figure
2(e), (), the nonlinear parameters f and n, are predicted
to be 10 times higher: the highest optical nonlinearities still
occur near Agyy, where f changes its sign from positive to
negative and n, exhibits a maximum. Even in this case the
Apnz curves calculated by EMT (dashed green) and ISMM
(solid green) overlap up to t; = 85 nm (Adpy; = +2 %, see
Figure S5(a) in Supplementary Material), and they intersect
the rightmost resonance band of the FOM with a 15/85 nm
multilayer (AgAlul6, marked with the star). The effective
permittivity of AgAlul6 calculated by EMT and ISMM is
shown in Figure S6(b) of Supplementary Material.

It is worth to stress that the presented calculations
predict the highest third-order nonlinearities near the
ENZ wavelength, and not at the NZI condition where the
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metamaterial has the minimum refractive index (n), that
would occur at A > Apy; as shown in other works [6],
[25]. For example, according to EMT, AuAlul6 and AgAlul6
respectively exhibit the lowest n at 837 nm and 830 nm,
as shown in Figure S8(a), (b) of Supplementary Material
where the effective optical functions of the metamaterials
are plotted. Therefore, a high nonlinear response might be
expected near these wavelengths due to NZI effects. Nev-
ertheless, in this spectral region the metamaterials exhibit
high values of their extinction coefficient x and reflectance,
so that losses play an important role in the definition of
the NZI regime, and limit the nonlinear response. Thus,
since k cannot be neglected in the case of hyperbolic
metamaterials with effective parameters, we considered
the modulus of the complex effective refractive index
()7i] = V'n? + «?) to identify the NZI condition (|7i] < 1), as
done in Ref. [51]. This is plotted for AuAlul6 and AgAlul6 in
Figure S8(c) of Supplementary Material, where the curves
show that the minimum value of |#i| coincides with the ENZ
wavelength. This is consistent with the prediction of the
highest Kerr nonlinear response in the ENZ regime, as also
stated in refs. [14], [24], [30].

The loss properties of the metamaterials and the ability
of SPPs to propagate and couple at their inside drastically
depend on the thickness of the metal layers [44]. For a com-
prehensive investigation, we study the evolution of the FOM
and the nonlinear parameters as a function of the thickness
of the metal layers in the metamaterials. The contour plots
in Figure 3 display the spectrally-resolved FOM (panels (a,
d)) and nonlinear OKE parameters £ (panels (b, e)) and n,
(panels (c, f)) as a function of ¢,, in four-period metamateri-
als with fixed thickness of the dielectric layers (t; = 85 nm).
As described above, this dielectric thickness corresponds to
the value at which the establishment of Apy, by EMT is at
its limit (as seen in Figure 2), and Apy; matches a PP mode
(see Figure 1(b)). The plots in Figure 3(a)-(c) correspond to
Au/Al, 05 multilayers. The FOM contour plot in Figure 3(a)
shows the presence of local maxima at A > 500 nm (namely
over the gold interband absorption region) related to the
SPP modes coupling for t,, < 30 nm. The bands become
progressively less intense and less separated as ¢, increases,
and completely disappear with t,, > 30 nm. The decrease
in the absolute value of the FOM is due to the fact that, by
increasing t,,, with fixed t;, the metamaterial has a gradually
larger metal filling fraction, thus leading to larger absorp-
tion and reflection. Furthermore, thicker metal layers pro-
vide a smaller penetration depth bringing to the breakdown
of long-range SPPs [52], then to a low T/R ratio and low
output signal, thus making the metamaterials of less practi-
cal use in applications like all-optical switching where high
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Figure 3: Contour plots of (a, d) the FOM, (b, e) nonlinear absorption coefficient f, and (c, f) nonlinear refractive index n, calculated for HMs with
85-nm-thick dielectric layers and different metal layers thickness, arranged in four-period stacks. Panels (a-c) refer to Au/Al,0; HMs, whereas panels
(d-f) to Ag/Al,05 HMs. The FOM (a, d) is calculated by Eq. (1), whereas f and n, are computed by our model using the effective filling fraction [31].
The dashed green curves correspond to the ENZ wavelengths extracted by EMT, whereas the solid green curves represent those extracted by ISMM.

The horizontal dashed gray line indicate t,, = 15 nm.

transmitted signals are needed. On the other hand, the
decrease in the bands separation is due to the fact that,
when t,, is increased, the coupling between the cavities
is weakened by the increasingly strong decay of the field
in the metal layers. As the coupling decreases, so does
the splitting between the cavity modes. The highest FOM
values are predicted for the band around A = 650 nm
occurring near the minimum of Im[e ,]. Furthermore, it is
worth to notice that the FOM peak at larger wavelengths
is located in proximity of Agy;, which corresponds to a
higher local field enhancement in the metamaterial as
demonstrated by the strongest peak of ¢, in Figure S7(c),
(d) of Supplementary Material, and the spectral position of
the FOM peak follows the blueshift of Ay, with increas-
ing t,,. The curves of the ENZ wavelengths calculated by
EMT (dashed green) and ISMM (solid green) nearly follows
the same trend with a small divergence (within 2%, see
Figure S5(b) in Supplementary Material) over t,, = 15nm
(marked with the horizontal dashed gray line). As already
discussed above, the ENZ condition is essential to enhance
the OKE in the metamaterials far from the spectral region
associated with the interband contribution of the metal
component. This is evidenced in Figure 3(b), (c), where
we plot the calculated nonlinear parameters as a function

of the metal layers thickness in Au/Al,0; metamaterials
with t; = 85nm. The larger nonlinear response is pre-

dicted around A = 500 nm owing to the high »* deriving
from the contribution of interband transitions [50]. )(g

exhibits a sign inversion in the same spectral region, and so
do the nonlinear parameters [50]. The nonlinear response
descending from this contribution clearly tends to grow
proportionally to t,, (thatis f,,) due to an increasing metal-
lic character of the metamaterial. The nonlinear response
becomes very similar to that of a single Au thin film since the
incident light has significant interaction with the first layer
only [31], [53]. However, with thin metal layers (and so low
metal filling fraction) the ENZ regime allows to obtain a peak
of f and n, at longer wavelengths (see insets in Figure 3(b),
(c)) due to the field enhancement at Apy;. As the metal thick-
ness t,, is increased (and so f;,), the effective behavior of
the metamaterial becomes progressively more metallic [54],
thus Apy; and the associated resonance blueshift. The peak
of the nonlinear parameters follows the same trend until it
merges with the peak related to the interband contribution,
which dominates atlower wavelengths. However, with large
t,, the high intrinsic losses of the metal and the poor trans-
mittance of the metamaterials make them unpractical for
transmission-based all-optical modulators, indeed the FOM
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is very low. This evidences the importance of tailoring a
metamaterial with thin metal layers and low metal filling
fraction.

The FOM and the nonlinear parameters calculated for
Ag/Al, O, metamaterials are shown in Figure 3(d)-(f) for
comparison. As discussed above, the resonances observed
in the FOM are sharper and higher in absolute value com-
pared to those observed for the Au/Al,O, stacks, as a con-
sequence of the better decoupling of the PP modes from
the interband region of Ag and a larger Hermitian spec-
tral region where they are supported (see Figure S1(d) of
Supplementary Material). The bands become progressively
less intense and less separated at higher values of ¢, due
to the increasing metallic character of the metamateri-
als and their larger optical losses. The resonance bands
related to the PP modes exist for ¢,, < 40 nm, and the one
around A = 500 nm exhibits the highest FOM values in
a region where Im[e ] is very low. The modes at larger
wavelengths (around A = 650 nm) are associated with the
ENZ regime of the metamaterial, and the band follows the
blueshift of Apy; with increasing ¢t,,. Even in this case the
ENZ curves calculated by EMT (dashed green) and ISMM
(solid green) approximately overlap (AApy; = 2 %) up to
t,, = 15 nm (marked with the horizontal dashed gray line),
over which the divergence starts to become more signifi-
cant, even larger than in the case of Au-based metamaterials
(see Figure S5 in Supplementary Material). By comparing
the contour plots of the OKE parameters with those of the
FOM, local maxima of the nonlinear parameters are found
at the same wavelengths where the FOM bands related to
the PP modes appear. Compared to the case of Au/Al,O4
metamaterials, these peaks are more distinct due to their
better decoupling from the interband absorption region of
Ag, which is shifted below A = 300 nm. Together with the
lower optical damping of Ag, this leads to a stronger nonlin-
ear response compared to the Au-based metamaterials. The
highest nonlinear parameters are obtained in correspon-
dence of the ENZ wavelength. The peak band of both § and
n, follows the same trend of the Ay, curve, thus blueshifting
with growing t,, due to the increasing metal filling fraction.

Considering the insights emerged from the use of the
FOM, and in order to stress its validity for the design of
optimized nonlinear multilayer metamaterials, we experi-
mentally investigate the nonlinear optical response of the
produced four-period Au/Al,0; and Ag/Al,0, ENZ meta-
materials with 15/85nm layers structure in the visible
range around their Apy, by the z-scan technique [55] (see
Section 4). The measurements are performed at an aver-
age intensity of 350 MW/cm?, chosen to be sufficiently high
to activate the nonlinear response of the HM while being
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below the damage threshold of Au and Ag. In Figure 4
we plot (full symbols) the nonlinear refractive index n,
(panel a) and nonlinear absorption coefficient f (panel
b) measured at normal incidence for AuAlul6 (red) and
AgAlul6 (blue). The error bars are determined on the basis
of repeated measurements, as well as considering the vari-
ability of the parameters in the function used for fitting
the experimental z-scan curves with good agreement. In
agreement with the simulations shown in Figures 2 and 3,
AuAlul6 exhibits a peak of positive n, and f around its
Apnz = 666 nm, respectively associated with self-focusing
(SF) and reverse saturable absorption (RSA). The open aper-
ture (OA) and closed aperture (CA) z-scan curves measured
for AuAlul6 at Apy; = 666 nm are reported in Figure S9(a),
(b) of Supplementary Material as examples, from which
fp = 4x105cm/W and n, = 3 X 1070 cm?/W are
extracted. The largest nonlinear response (positive f and
negative n,) is observed at 4 < 550 nm (red area), namely in

(a)

e AuAlu16
e AgAlu16
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Figure 4: Nonlinear refractive index (a) and nonlinear absorption
coefficient (b) of AuAlu16 (red) and AgAlu16 (blue). The experimental data
(full symbols) are compared to the curves calculated by our model using
the effective filling fraction [31] (solid lines). The measurements are taken
at an intensity of 350 MW/cm?. The vertical dashed lines indicate

the Agy; of each sample, namely 666 nm for AuAlu16 and 632 nm for
AgAlu16. The red area indicates the interband absorption region of gold.
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the region of gold interband absorption, as a consequence
of the large )(;\?3 [31], [50]. In Figure S9(c), (d) of Supplemen-
tary Material we report the z-scans taken at A = 500 nm,
where the highest values of the nonlinear parameters for
the metamaterial are extracted (f = 5.5 X 10~* cm/W and
n, =—6 x 107'° cm?/W), in comparison to the correspond-
ing z-scans taken from a 15-nm-thick Au film. The exper-
imental data in Figure 4 are well described by the solid
curves calculated by our model using the effective filling
fraction [31]. For A < 550 nm saturation effects in the non-
linear absorption process have to be considered, which are
taken into account in the fitting procedure of the z-scan
curves by using an intensity-dependent expression for the
nonlinear absorption coefficient that becomes a saturated
parameter according to f¢(I) = /(1 + 1/I), where f is the
unsaturated coefficient and I is the saturation intensity [31].
A saturation intensity of I, = 200 MW/cm? is estimated. No
nonlinear response is observed in the 85 nm Al,O4 refer-
ence film. On the other hand, AgAlu16 exhibits SF (n, > 0)
across all the explored spectrum with a peak in proximity
of Apyy (632 nm), where correspondingly a transition from
saturable absorption (SA, § > 0) to RSA (f < 0) occurs. Near
Apnz the nonlinear refractive index has a peak 10 times
higher than in AuAlu16. This is due to the concomitant effect
of: (i) a lower optical damping of silver (Im[e,,] = 1.0) com-
pared to gold (Im[e,,] = 1.8), (ii) a more efficient propaga-
tion of SPPs in silver than in gold [56], and (iii) a larger index
contrast between silver and alumina (1, o, /nag = 11.7) com-
pared to gold and alumina (ny, o, /na, = 6.6). Moreover, the
nonlinear response of AgAlul6 is enhanced as compared
to that of a 15 nm silver film used as a reference. Indeed,
as shown in Figure S6(e), (f) of Supplementary Material, no
nonlinear response is observed in the Ag film i.e. a flat signal
for the OA and CA normalized transmittance curves is mea-
sured. Near Apy, AgAlul6 exhibits f = —4 X 10~ cm/W
and n, = 2 X 10~° cm?/W. For the sake of completeness,
in Figure S10 of Supplementary Material we report the
effective y® (parallel and perpendicular components) cal-
culated by the model using the effective filling fraction
[31] for the samples AuAlul6é and AgAlul6, from which
the nonlinear parameters n, and f simulated in Figure 4
are extracted. It is worth to stress again that, consis-
tently with the results demonstrated in Refs. [14], [24], [30],
with both the metamaterials characterized experimentally
a strong Kerr nonlinear response is observed near the
ENZ wavelength, which coincides with the condition of
minimum |7] (see Figure S8(c) in Supplementary Material),
namely the NZI point according to Ref. [51]. Owing to high
reflectance, with our transmission-based z-scan setup we
could not investigate the nonlinear parameters at A >
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800 nm where the metamaterials exhibit the minimum
n (see Figure S8(a), (b) in Supplementary Material), that
is at the NZI condition defined as in Ref. [25]. However,
considering the calculations of the nonlinear parameters
in Figures2 and 3, and those of the effective y® in
Figure S10 of Supplementary Material, we may expect null
nonlinearities in this spectral region due to high losses (high
k) that importantly limit the nonlinear response.

The third-order nonlinear optical properties of ENZ
metamaterials has been recently demonstrated to be tun-
able by changing the polarization and the incidence angle
of the exciting light [30], [31]. In particular, in our previous
work [31] we demonstrated that in hyperbolic multilayers
this effect is due to the modulation of the local field at their
inside as a consequence of a change of interaction hetween
the SPPs in the stacked nanocavities with changing angle,
an effect being especially evident in the ENZ region far from
the metal interband transitions region. Hence, we calculate
the FOM for different incidence angles with TE and TM
polarizations at Apy; (extracted by ISMM), where the largest
nonlinear response is expected. We map the computed FOM
as a function of the layers thickness in order to evaluate the
potential metamaterial geometries giving enhanced optical
nonlinearities at their ENZ wavelength. For example, the
FOM contour plots obtained for four-periods Au/Al,0; HMs
are illustrated in Figure 5 for the following configurations:
(a) normal incidence, (b) 60° with TE polarization, and (c)
60° with TM polarization. These contour plots can be used
as a control box for choosing multilayer configurations with
optimized nonlinear optical properties at Agy;. The stars
reported with their labels indicate the samples fabricated
in the present work. The labels next to the stars are the
n, values measured experimentally for the considered mul-
tilayers. In particular, the yellow and green dashed lines
respectively indicate HMs with f,, = 16% and f,, = 33 %,
having the same Ay, respectively 666 nm and 543 nm. The
data show that at each angle and polarization configuration,
the higher is the FOM, the higher is the n,. The trend of
n, for these two series of HMs is also shown in the graphs
of Figure S11 in Supplementary Material. The measured n,
and f with their uncertainties for the HMs of this work
are reported in Table S2 of Supplementary Material. How-
ever, it is worth to distinguish two regions in the coun-
tour plots of Figure 5, separated by the white dotted line
(corresponding to HMs with f,, ~ 25%). The HMs above
this line have Apy, far from the spectral region of gold
interband absorption. Instead, for the HMs below the line,
Apnz falls inside this region, where the interband contribu-
tion and the large y® dominate the nonlinear response.

Au
As a result, the nonlinear parameters are higher in HMs
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Figure 5: Contour plots of the FOM calculated by Eq. (1) at (a) normal
incidence, (b) 60° (TE polarization) and (c) 60° (TM polarization) at

the ENZ wavelengths (extracted by ISMM) of four-period Au/Al,0; HMs
with variable thickness layers. The stars indicate the samples fabricated
in the present work, and the labels indicate their n, (1070 cm?/W)
measured experimentally. The white dotted line separates the geo-
metries having the ENZ regime far from the interband absorption

of gold (Agy; > 550 nm, above the line), and close to it (Agy; < 550 nm,
below the line). The yellow dashed line and the green dashed lines
respectively are the series of HMs with f,, =16% (g, = 666 nm) and
fr = 33% (Agy; = 543 nm).
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with geometries below the white dotted line. Moreover, it
is worth to note that comparable values of the nonlinear
parameters are observed at oblique incidence with both TE
and TM polarizations. A higher nonlinear response would
be generally expected with TM polarization due to a more
favourable excitation and coupling of PPs. Nevertheless, due
to an interplay between TE and TM modes [33] and since the
layers thickness importantly affects the subwavelength res-
onant behaviour within the metamaterial [45], the nonlin-
ear effects can become important even with TE polarization
due to the field enhancement produced by the cavity modes.
This is reflected in the effective filling fraction representing
the field enhancement generated by the plasmonic coupling
inside the metamaterial, which has quite high values in all
the configurations [31]. However, it results more stable with
TM polarization, while it undergoes more important varia-
tions spectrally and in absolute values with TE polarization,
thus producing an important variation of the nonlinear
parameters, too [31]. Finally, the obtained results show HMs
with very thin layers (e.g. t,, = 10 nm and t; = 20 nm) to
have the best properties at all angles and polarizations. This
can be explained as a consequence of quantum size effects
starting to play an important role in ultrathin Au layers with
thickness <10 nm, where a larger field confinement can be
achieved with concomitant lower damping, so giving rise
to stronger plasmonic resonances [57]-[59]. The increase
in the nonlinear response of metamaterials with ultrathin
metal layers is also due to the inverse proportionality of
the 2 with the thickness of the Au film [52], [59]. These
indications might be relevant for future nonlinear optics
studies with ultrathin HMs.

3 Conclusions

We show how to finely tailor the nonlinear optical prop-
erties in multilayer hyperbolic metamaterials by changing
their structural and compositional parameters. We evidence
that tailoring the ENZ regime in a spectral range where
plasmon polariton modes are supported and the optical
damping of the metal component approaches its minimum
(i.e. far from the interband absorption region) gives rise
to high Kerr-like optical nonlinearities, which can be fur-
ther enhanced in low-loss metamaterials with high index
contrast between their metal and dielectric constituents.
We introduce one figure of merit to optimize the geome-
try and composition of multilayer metamaterials, and take
full advantage of the local intensity enhancement favoured
by the plasmonic effects in the ENZ regime together with
high transmission and low losses. The figure of merit pro-
vides a predictive tool for the design of ENZ multilayer
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metamaterials with high Kerr nonlinear optical response
to be used at different angles and polarizations, which are
enabling for the development of nonlinear optical devices,
such as all-optical switches, optical limiters and passive
mode-lockers. The outcomes suggest that further studies
could be done in hyperbolic metamaterials with ultrathin
layers, potentially having boosted nonlinear optical proper-
ties owing to quantum size effects. The features included in
the FOM can be also useful for a broader range of applica-
tions, like optical sensing and radiative decay engineering.

4 Methods

4.1 Numerical methods

The complex anisotropic effective permittivity of multi-
layer hyperbolic metamaterials is calculated by effective
medium theory (EMT) [43] and inverse scattering matrix
method (ISMM) [49]. The values of Apy, for the considered
metamaterials are extracted by the zero-crossing of Re[s”],
where ¢ = f.e,, + [1 — fi,]e, is the parallel component of
the effective permittivity. Here f,, is the geometrical metal
filling fraction calculated as f,, = t,/(t, +t;), where t,
and t,; are the thickness of the metal and dielectric layers,
respectively.

The linear optical properties of the metamaterials,
namely their transmittance (T), reflectance (R) and absorp-
tance (A =1— R —T), and the electromagnetic field distri-
bution within them is calculated by the scattering matrix
method (SMM) via EMUstack [60].

The nonlinear refractive index and the nonlinear
absorption coefficient are calculated as n, = Re[fi,] and f =
(4z / MIm[fi,] respectively, where i, is the complex nonlin-
ear refractive index of the metamaterial, defined as i, =
[3/ (4ceiigng)l v, with ¢ being the speed of light in vacuum,
€, the vacuum permittivity, fi, the complex linear refractive
index of the metamaterial, and n, its real part [24]. Owing
to the optical anisotropy of the metamaterial, the effective
third-order susceptibility )(g is angle-dependent, and so
is 71, [30], [31]. The complex nonlinear refractive index is
calculated following the approach proposed in our previous
work [31] using an effective metal filling fraction that repre-
sents the local intensity enhancement within the metama-
terial. The effective filling fraction is defined as ¢,,(4,0) =
finlCama(4, 0)/ € i (A, O] With £ being the spatial average
of the electric field square modulus (|E|?) in the metallic
layers of the metamaterial, and (g, being the same quan-
tity integrated over a reference metal film corresponding to
the metal layer in the structural unit of the metamaterial.
These quantities are computed by simulating the electric
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field profile inside the multilayer and the single film with
EMUstack [60].

All the parameters are calculated in the VIS-NIR wave-
length range (4 = 300-1000 nm). A sketch of the metama-
terial structure implemented for the numerical simulation
is depicted in Figure S1(a) of Supplementary Material. The
stack is made up of metal and dielectric layers arranged
in a four-period structure with the metal on the top of
each period. One period corresponds to one metal-dielectric
bilayer, that is the unit cell of the metamaterial, which is
repeated along the z-axis. The number of periods is chosen
since it corresponds to the minimum value for the EMT
applicability to be valid [61]. The semi-infinite half-spaces
surrounding the stack are air and substrate (glass).

4.2 Samples synthesis and characterization

The synthesis of Au/Al,0; and Ag/Al,0; multilayer hyper-
bolic metamaterials is carried out by magnetron sputtering
depositions. Glass substrates are cleaned beforehand in an
acidic piranha solution (1:3 H,0,:H,50,) at 80 °C for 1 h and
then rinsed in ultra-pure Milli-Q water. The depositions are
performed in an inert Ar atmosphere (p =5 X 10~° mbar)
using a DC source for the metallic targets and a RF one for
the dielectric ones. The targets are equipped with mechani-
cal shutters to allow the alternate deposition of the different
materials. The sample holder is kept in continuous rotation
during the process to promote homogeneity and thickness
uniformity of the layers. Thin films of Au, Ag and Al,0,
with the same thickness of the metal and oxide layers in the
structural unit (one bilayer) of the metamaterials are also
deposited as reference samples.

The structure of the produced multilayers is checked
in cross-section with a field-emission scanning electron
microscopy (SEM) using a Zeiss Sigma HD FE-SEM. The sur-
face roughness and the total thickness are evaluated by
atomic force microscopy (AFM, NT-MDT Solver Pro). The
layers thickness is determined by variable-angle spectro-
scopic ellipsometry (SE, J.A. Wollam V-VASE). Ellipsometric
measurements on the reference samples are also carried out
to measure the dielectric functions of the constituent mate-
rials in the multilayers. The transmittance of the samples is
measured with a UV-VIS spectrophotometer (JASCO V670).

4.3 Nonlinear optical characterization

The z-scan technique [55] is used to measure the OKE param-
eters of the samples, i.e. the nonlinear refractive index
n, and the nonlinear absorption coefficient f. The third
harmonic (4 = 355nm) of a mode-locked Nd:YAG laser
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(Leopard, by Continuum) emitting 18 ps pulses with a rep-
etition rate of 10 Hz is used as the pump source. An opti-
cal parametric amplifier (TOPAS, by Light Conversion) is
employed to spectrally tune the laser beam in the wave-
length range 420—2400 nm. Optical density (OD) filters are
used to vary the beam intensity. The beam is spatially fil-
tered to obtain a TEM,,, Gaussian mode. The beam is focused
by a 200 nm converging lens onto the sample, which is
mounted on a motorized stage and translated along the
focal axis of the lens. The beam waist at the lens focus is
wy = 19 pm at 4 = 600 nm measured by the knife-edge
method [62]. A beam splitter is positioned at the end of the
motorized stage to send the light transmitted by the sam-
ple to two Si photodetectors, allowing simultaneous open
aperture (OA) and closed aperture (CA) measurements. The
CA detector is preceded by an iris diaphragm with linear
transmittance S = 0.3 to make the measurement sensitive
to phase distortions. Another beam splitter is positioned
before the focusing lens to send half of the input beam to
another Si-photodetector, to be used as a reference. This
allows the normalization of the CA and OA signals to the
reference one, compensating for fluctuations of the input
laser intensity. To further minimize signal noise, each point
of the scans is collected by averaging at least 150 laser
pulses. The measurements are taken at intensities around
I'=1350 MW/cm?. To account for the fraction of intensity lost
by reflection, we estimate I = (1 — R)I,, as the intensity actu-
ally entering the sample and causing its nonlinear response,
where I is the intensity of the laser beam at the focus
of the lens, and R is the reflectance of the sample at each
considered wavelength. The OKE parameters f and n, are
evaluated by fitting the normalized transmittance curves
from the OA and CA lines (T, and T,), respectively, using
the method described in Ref. [31]. Z-scan measurements are
also performed on the reference samples in order to evalu-
ate the nonlinear response of the individual components of
the multilayers.
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