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Fig. S1: (a) Sketch of the multilayer metamaterials. (b) Profile of the electric field (|E|?) within a four-period 15/85
Au/Al,O3 metamaterial, simulated by EMUstack at A=500 nm (green curve) and Agnz=666 nm (red curve); the incident
wave has an amplitude of 1 V/m and comes from the air side, where both the input and reflected contributions are present.
(c) Reflectance of Au/Al,03 HMs with different metal filling fraction, varied by changing the thickness of the dielectric layers
while maintaining that of the metal layers equal to 15 nm. (d) Ratio between refractive index and extinction coefficient of
Au and Ag, defining the "hermiticity limit" for the sustain of ENZ resonances. Below the critical value (Hermitian system)
the wave energy is conserved, i.e. the wave does not lose or gain energy while propagating, and ENZ resonances can exist;
conversely, above the critical value (non-Hermitian system), the wave can be amplified or damped through a non-conservative
exchange of energy with the surrounding medium, so the cavity resonances are strongly quenched (e.g. in the spectral region
of the metal interband transitions, where the ratio n.,, /km is very large) [1, 2].
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Sample | tm (nm) | t4 (nm) | tiot (nm) | Rrms (nm)
Au/Al,O; 15/30 14.940.9 3042 185-+10 1.2+0.1
Au/Al,0; 15/60 16.6+0.2 | 65.840.8 | 320+5 1.040.2

Au/Al,O; 15/85 (AuAlul6) | 15.6-1.2 8545 420420 0.9+0.1
Au/Al,0; 15/120 16.6+0.3 | 12142 550+30 0.5+0.1
Au/Al,0; 10/52 10.5+0.9 5445 255+13 0.7+0.2
Au/Al,03 20/105 202 100+£10 | 490+20 0.9+0.2
Au/Al,03 10/20 942 19+1 12146 1.4+0.4
Au/Al,03 20/40 18.7+0.9 3812 233+12 1.540.3

Ag/Al,0; 15/85 (AgAlul6) 16+3 9020 409+20 2.540.6

Tab. S1: Morphological parameters of the fabricated metamaterials. The thickness of the metal layers (¢,,) and dielectric
layers (t,) are determined by ellipsometry, whereas the total thickness (¢¢0¢) and the average roughness (Rrass) are measured
by AFM.
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Fig. S2: Angle-resolved spectroscopic ellipsometry measurements performed on the samples AuAlul6 (a,b) and AgAlul6
(c.d). The experimental data (green) of the ellipsometric parameters ¥ (amplitude ratio, (a,c)) and A (phase shift, (b,d)),
conventionally expressed as angles, are fitted by the simulated curves (red). The fit is obtained implementing the experimental
permittivities of the constituent materials previously obtained by ellipsometric measurements performed on reference samples
(Au 15 nm and 60 nm; Al,O3 85 nm, Ag 15 nm). These are reported in Fig. S3, and they are fixed in the multilayer model
for the ellipsometric analysis, so that the thickness of the layers is the only free parameter. The model implemented for the
simulation of the optical transmittance and the ellipsometric fit includes 3 nm intermix between the silver and alumina layers
of the metamaterial, and slight oxidation (2%) of the silver layers, to account for possible clustering and oxidation effects
at the Ag interfaces due to a low silver-alumina interaction (namely low interfacial surface tension) and Ag-O bonding at
the first adsorption steps during the layers depositions [3, 4]. The inset in panel (d) depicts a cross-sectional SEM image of
AgAlul6.
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Fig. S3: (a) Real part and (b) imaginary part of the permittivity of the materials constituting the metamaterials of this work.
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Fig. S4: (a) Transmittance and (b) reflectance spectra of fabricated HMs with ¢,,=15 nm and different ¢4, i.e. variable f,.
(c,d) Transmittance of fabricated HMs with equivalent f,, and different layers thickness. The open symbols and the solid
curves are the experimental and simulated spectra respectively. The vertical dashed lines indicate their ENZ wavelengths. In (a)
the transmittance window can be broadened by increasing the thickness of the dielectric layers, that is lowering the metal filling
fraction, so that a higher number of PP modes are sustained. The nature of these modes is confirmed by the transmittance
peaks in (a) and the reflectance dips in (b), corresponding to the absorptance peaks in Fig. 1(b) of the main text. In (c,d) it is
shown that the effect of PPs plays a more important role in metamaterials with low filling fraction, significantly modifying the
spectral shape of their optical features. Indeed, with f,,,=16% the transmittance window is strongly modulated by increasing
the thickness of the layers, that is activating the effect of PPs that strongly alter the propagation of the transmitted wave.
Differently, with f,,,=33% the response of the metal dominates so that only the transmittance band due to the crossover
between the interband and intraband transitions of gold appear, and this drops in absolute value with thicker layers, namely
with higher metal absorption.
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calculated as AXpnz(%) = NESMM — XEMT]/NISMM  for

Au/Al,O3 (red) and Ag/Al,O3 (blue) four-period metamaterials with (a) 15 nm metal thickness as a function of the di-
electric thickness, and (b) 85 nm dielectric thickness as a function of the metal thickness. The horizontal dashed line indicates
the layers thickness at which the values of AEMT and AL5MM start to significantly diverge (see also Fig. 2(a,d)), while the

gray area indicates the thickness range within which they approximately coincide.
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Fig. S6: Comparison between the effective permittivity (parallel, real part) calculated by effective medium theory (EMT,
dashed curves) and inverse scattering matrix method (ISMM, solid lines) for AuAlul6 (a) and AgAlul6 (b).
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Fig. S7: Effective filling fraction ¢, spectrally calculated for (a,c) Au/Al;O3 and (b,d) Ag/Al,O3 hyperbolic metamaterials
as a function of (a,b) the dielectric layers thickness (with 15 nm metal layers), and (c,d) the metal layers thickness (with
85 nm dielectric thickness). The green curves are the locus of points of the ENZ wavelengths calculated by ISMM for each
geometrical combination.
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Fig. S8: (a,b) Effective optical functions (refractive index n and extinction coefficient ) calculated by EMT as a function
of wavelength for the samples AuAlul6 and AgAlul6. The vertical dashed lines indicate the ENZ and NZI wavelengths. (c)
Modulus of the complex effective refractive index calculated as a function of wavelength from the optical functions in (a,b).
The vertical dashed lines indicate the minimum value of |7| coinciding with the ENZ wavelength. The horizontal dashed line
delimits the bandwidth where |7i| < 1 and NZI| effects occur.
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Fig. S9: Z-scan curves measured at normal incidence for (a-d) AuAlul6 (red) compared to Au thin film (gold), and for (e-f)
AgAlul6 (blue) compared to Ag thin film (gray). The measurements in (a-b, e-f) are performed at the ENZ wavelengths of the
metamaterials, whereas those in (c-d) are taken at A=500 nm. The open circles are the experimental data, and the solid lines are
the best-fitting curves. The following values of the nonlinear parameters are extracted from the presented measurements: (a-b)
at 666 nm AuAlul6 has F=4x10"5 cm/W and n2=3x10"10 cm?2 /W, while Au has no=2x10"1% cm? /W; (c-d) at 500 nm
AuAlul6 has $=5.5x10"% cm/W and no=-6x10"10 cm?/W, while Au has B=5x10"3 cm/W) and na=4x10"° cm?/W;
(e-f) at 632 nm AgAlul6 has B=-4x10"* cm/W) and n2=2x10"2 cm?/W.
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Fig. S10: Effective third-order susceptibility (parallel and perpendicular components) calculated for the samples AuAlul6
(a-b) and AgAlul6 (c-d).

nz (10~%m?2/W B8 (10 %cm/W

Au/Al,03 sample Norm. Inc. (‘ TE 60° /‘ 2I'M 60° Norm. Inc. ‘( TE 60‘{ )‘ TM 60°
15/30 11 + 2 5+2 4+1 3.7+ 0.6 2.2 +0.8 1.2 + 0.6
15/85 33+£09 (09+03|16+0.8| 040+ 0.06 | 0.07 + 0.04 | 0.07 + 0.02
15/120 1.2+ 04 - - 0.07 + 0.03 - -
10/52 42 +04 | 16+07 | 1.6 £03 | 0.22 + 0.02 | 0.12 + 0.03 | 0.04 + 0.01
20/105 1.8+03 | 0.7+0.2 | 0.8 +0.2 | 0.23 £+ 0.02 n.a. 0.10 + 0.04
10/20 13 £ 2 10 +£ 2 5+1 4.6 + 0.5 1.9+ 0.9 0.80 + 0.08
20/40 10 + 2 4+1 4.0 + 0.6 6 + 1.0 0.7 +£ 0.2 1.5 + 0.2

Tab. S2: Nonlinear refractive index (n2) and nonlinear absorption coefficient (3) measured in different configurations (angle

and polarization) at Agnz for the fabricated Au/Al,O3 metamaterials.



8 =—— D. Genchi et al., Suppl. Mat.: Design of OKE in multilayer hyperbolic metamaterials DE GRUYTER

o o
5 Norm. Inc. 05 TE 60 3 TM 60
— 2.0
=4
~ 21
e 1.5
(&)
e 3
o 1.0
= 1'
~N 2l
C 0.5
1 T 0.0 T T 0 T
0.02 0.04 0.06  0.000 0.002 0.004 0.000 0.025 0.050
16 14 7
g14 121 6.
(=] o 10'
SSOE 12 5
™ o
T -
s O 10 4
u— : 6,
c
8 4 3
6 : : 2 : 2 : :
0.00 0.03 0.06 0.09 0.000 0.007 0.014 0.00 0.03 0.06 0.09
FOM FOM FOM

Fig. S11: Trend of nonlinear refractive index as a function of the FOM for multilayer HMs with f,=16% and fn,=33%
(considered in Fig. 5 of the main text) measured at their Agnz (respectively 666 nm and 543 nm).
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