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Abstract: Nonreciprocity originating from classical inter-
actions among nonlinear scatterers has been attracting
increasing attention in the quantum community, offering
a promising tool to control excitation transfer for quan-
tum information processing and quantum computing. In
this work, we explore the possibility of realizing largely
nonreciprocal total cross sections for a pair of quantum
metasurfaces formed by two parallel periodic arrays of two-
level atoms. We show that large nonreciprocal responses
can be obtained in such nonlinear systems by controlling
the position of the atoms and their transition frequencies,
without requiring that the environment in which the atoms
are placed is nonreciprocal. We demonstrate the connection
of this effect with the asymmetric population of a slowly
decaying dark state, which is critical to obtain large nonre-
ciprocal responses.

Keywords: atomic arrays; nonreciprocity; quantum meta-
surface; subradiance.

1 Introduction

Combining the classical concepts of metasurfaces and meta-
materials with quantum effects has attracted increasing
attention over the past few years [1-5]. Recently, ensem-
bles of cold atoms in free space have emerged as a novel
platform to control light-matter interactions at the few-
photon level. In these systems, often termed quantum
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metamaterials, exotic phenomena emerge due to interplay
between the field radiated and scattered by multiple atoms
[1, 6-10]. Moreover, these systems offer exciting opportuni-
ties for applications in quantum information processing and
metrology in free space [6, 11-13].

Among the many desirable features for quantum and
classical computation, there is a strong need for devices
that support nonreciprocal wave propagation, i.e., systems
in which light is transmitted along opposite directions with
different efficiencies. Several approaches for nonreciprocity
have been recently suggested in both the classical [14-16]
and quantum realms [17-19]. In particular, in recent works
it has been shown that nonreciprocal propagation or scat-
tering can be obtained in nonlinear systems if they couple
asymmetrically to different input/output channels. In classi-
cal electromagnetism, this approach has been demonstrated
with resonators (such as optical cavities or radio-frequency
circuits) coupled asymmetrically to two ports and loaded
with Kerr-like nonlinearities, such that their resonant fre-
quencies depend on the stored energy [20-24]. As a conse-
quence, the transmission can be markedly different along
the two directions. In parallel, similar behaviors have been
shown in quantum devices by suitably combining quantum
nonlinearities with breaking of spatial symmetry [25-32].
Fratini et al. have shown [27] that a system of two atoms,
optimally detuned and positioned in a waveguide, can lead
to large asymmetries between the signals transmitted along
the two directions for a large range of input powers. Impor-
tantly, both classical and quantum approaches have the
important advantage of not requiring any form of exter-
nal bias, which makes their practical implementation much
easier and compatible, for instance, with conventional plat-
forms for quantum computing and processing. However, so
far nonlinearity-induced nonreciprocity in free-space quan-
tum systems has not been investigated to the best of our
knowledge.

In this work, we investigate whether it is possible to
obtain free-space nonreciprocity in quantum metasurfaces,
adding an important tool to this rapidly emerging area of
research. We consider a system formed by two parallel 2D
arrays, each including a large number of atoms, excited
by classical plane waves. We demonstrate that, by tailoring
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the system geometry, it is possible to leverage the quantum
nonlinearity of the atoms and obtain large nonreciprocal
scattered fields for power levels at which the atomic satu-
ration becomes non-negligible. In particular, we show that
the total cross section of the system can be made strongly
dependent on the direction of the impinging wave, a feature
that cannot be obtained in reciprocal systems. Importantly,
here we obtain nonreciprocity by solely engineering the
position and detuning of the atoms, without requiring that
the electromagnetic environment in which the atoms are
placed (i.e., free space) supports nonreciprocal wave propa-
gation [33].

2 System and model

We consider a system composed of two squared 2D arrays
of two-level atoms (Figure 1). The arrays are parallel to each
other, orthogonal to the z direction, and separated by a
distance L. We assume that each array contains N| X N
identical two-level atoms (where N, is the number of atoms
along each dimension). In each array (i = 1,2) the atoms
have the same transition frequency w; and they are sepa-
rated by a lattice pitch a;. Hence, the total number of atoms
inthe systemis N = 2 X N X N . For simplicity, we assume
that all atoms have the same transition dipole moment d =
de,, directed along the x axis. We denote by |0;) and [1;)
the ground and excited states of the jth atom (j =1, ..., N).
In the following, we will find it useful to normalize the
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decay rates of the atomic collective modes by the decay
rate of a single atom in free space (with frequency w; and

dipole moment magnitude d), which is given by yé = 3:50 e
[34], where c is the speed of light and ¢, is the vacuum
permittivity.

We are interested in modeling the response of this
system to impinging classical monochromatic plane waves
of arbitrary intensities. For simplicity, we focus here on
the case of waves propagating perpendicular to the plane
of the arrays, but the formalism can be easily generalized
to tilted excitation directions. The impinging electric field
is E;, (r)e™ 0! = E, e, exp(ik,r)e~ !, where the wave vector
k, = +|k;|Z has magnitude |k,| = w,/c =27 4,/c and it
points towards either the +z or —z direction. For brevity,
we define as forward (f) the direction corresponding to
propagation along the positive z direction (k, = |k;|2), and
as backward (b) the opposite direction (k, = —|k,|2).

A full quantum description of the system response
would require to explicitly describe the temporal dynamics
of the infinite free-space modes that the atoms can inter-
act with, which would make any analytical or numerical
solution very challenging. Following standard approaches
[35, 36], it is possible to drastically simplify the system
description by applying the Born-Markov approximation.
Assuming that the typical relaxation time of the atoms is
much slower than the time required by light to propagate
between atoms, the photonic degrees of freedom can be
traced out from the full Hamiltonian of the system, resulting
into an effective master equation which involves only the
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Figure 1: Sketch of two periodic atomic arrays separated by the distance L. Both arrays are parallel to the xy plane, and are composed of N; X N
identical atoms with frequency w;, spatially separated by a lattice constant a;.
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atomic degrees of freedom. In our scenario, the validity
of the Born-Markov approximation requires that 1/y ., >
Ao/ C, Where y . is the largest atomic decay rate and a,,,,
is the largest inter-atomic distance. The effective master
equation reads [35, 36]

U A N D o ant anta Ata A
p= ﬁ[p,Hs] + Z%(Zcrjpai+ —-p676;—-676;p) O
i.j

where we have assumed that, in the frequency range of
interest, thermal excitations in the environment are negli-
gible, and thus dissipation can only occur from the atomic
system into the environment. For a general arrangement of
atoms in free space excited by a classical EM field, the effec-
tive Hamiltonian (in the frame rotating at the frequency w,
of the incident field) is [35, 37, 38]

N
2 S ~t+tar _Oka _ Ok A+ At A
Hs—hz (AkO'kO'k QRO'k QR*Gk)-'-hZQUO-l O-]',
k=1 i#j

V)
where the indices k, i, j run over all the atoms. We defined
the atom-field detuning, A, = w; — @,, and the interaction
constant between the incident field and the kth atom, Q; =
d - E{ (r))/h. For a fixed dipole moment and atom position,
Qﬁ, is proportional to the impinging field amplitude. In the
system considered in Figure 1, due to the planar symme-
try of the atomic system and to the plane wave excita-
tion, the coefficients in Eq. (2) simplify. In particular, atoms
that belong to the same array will have the same detuning
(denoted A? for the first array and A® for the second
array), and the same interaction constants, denoted Qg) and
Qg). Moreover, Qg) and Qg) only differ by a phase factor
el and we define |Q,| = |Qg)| = |Qg)|.The terms propor-
tionalto I'; in Eq. (1) and ©; in Eq. (2) account for the dipole-
dipole dissipative and coherent interactions, respectively,
and they read

Qij = —% yéyédee(E(rl, r]',a))>d]', (3)
r,= % yéyédjlm@(ri,rj, co))d,-, @

where G is the free-space total Green’s tensor,

] eik|r—r’|

- - 1
/ — I - e
G o = [T+ A P

2 6)]
and T is a unit tensor.

The total electric field, given by the sum of the imping-
ing field and the field scattered by the atoms, can be calcu-
lated using the input-output relations [37, 39],

E} () =Er )+ EX ). (6)
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The incident field operator is defined as fl;;(r) =E )],
where I is an identity operator acting in the Hilbert space of
the atoms and Ei”;(r) is the classical field defined above. The
scattered field operator is given by

N
2
At _ [0} - RN
E;(r) = P ]E:l G(r,r;, w)d;6 ;. @)

Equations (6) and (7) allow to calculate the opera-
tors associated to the electric field. Following standard
approaches, the expectation value of any operator A in a
given state of the system, described by the density matrix
p, is obtained by (A) = Tr(45). Equations (6) and (7) can be
used to calculate either the field generated by the ensemble
of atoms upon external excitation, or the field generated
when the system is prepared in any arbitrary state and
there is no external excitation (f:;;(r) = 0). If the system
is prepared in one of its eigenstates, denoted as |y ), the
density operator is g, = |y, ){¥y|.

3 Spectral analysis and fields
generated by atomic collective
states

In order to understand the scattering properties of this sys-
tem, it is useful to first study its eigenstates. We initially
focus on the single-excitation subspace of the full Hamilto-
nian. In order to study also the dissipation in the system,
we recast the master equation Eq. (1) into a non-Hermitian
Hamiltonian,

N P | AP
Hy=Hg— thTJka;rok ®
jok

where the imaginary part accounts for dissipation. By
introducing the so-called “quantum jump” terms, 6;&,(,
this effective non-Hermitian Hamiltonian becomes formally
equivalent to the master Eq. (1), as shown in Ref. [40].

3.1 Symmetric infinite arrays

For the general case in which the system does not obey
parity symmetry (i.e. w; # w, and/or a; # a,), it is challeng-
ing to diagonalize the Hamiltonian in Eq. (8) analytically. In
order to gain insights on the system dynamics, we initially
assume that the system is symmetric, i.e., w; = @, = o,
and a; = a, = a. Such symmetric double-array system was
also investigated in ref. [11]. Assuming infinitely extended
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lattices, the eigenvalues and eigenstates of the Hamiltonian
in Eq. (8) can be calculated analytically [11].

Following [11], we label each atom by a vector index
j=(y.J,), where j, =1[j,,j,] are integer numbers iden-
tifying the in-plane position of each atom, R(jj,) =
a(j@, + j,&,), whereas j, = 1,2 specifies which array each
atom belongs to (see Figure 1). The general single-excitation
eigenstate of the Hamiltonian in Eq. (8), Hoglw,) = &,1W,,),
can be written as

lyy,) = ZWn,j'ej> 9
i

where the sum runs over all the atoms in the system, |e;)
is the excited state of the atom identified by j, and
is a complex coefficient denoting the contribution of the
j-th atom to the nth eigenstate of the system. Due to parity
symmetry and translational invariance, the eigenstates of
ﬁeff have a plane-wave nature [11, 37]. In particular, each
eigenstate can be associated to an in-plane vector ¢, defined
within the first Brillouin zone of the lattice, and to a parity
index p,, = +1. Specifically,

Yy = €9 el 50 /1 /o (10)
_ SzronkZ—l(q —Q- d|2
&= " kay 0, —
X (1 + pel kz—lqn—leL>. S

The sums in Eq. (11) run over all the vectors Q =
(2r /a)(m, + m,) of the reciprocal lattice, where m, and m,
are integers, and k = w/c. The decay rate of each eigenstate
can be calculated from the imaginary part of the expression
inEq. (1), y, = 2Im[&,]. Itis easy to verify that y , is different
from zero only when |q, — Q| < k. In other words, only a
finite number of terms in the infinite sum contributes to
the decay rate y,. The decay rate of the nth eigenstate is
therefore given by

k> — |(q, — Q) - dJ?
Q:lq,—Q|<k kyvk2 —|q, — Q|?

><<1+pn cos<\/k2—|qn—Q|2L>>. (12)

Equation (12) can be further simplified when the lattice
constant is smaller than the atomic wavelength, a < 4, and
for eigenstates with zero momentum q, = 0. In this case
the two eigenstates, corresponding to the two parity val-
ues p = +1, have decay ratesy ., = 377y (1 + cos(kL)) In the

(ka2
specific case where kL = mx with m an integer, we obtain

_ 3%
Yn - (ka)z

2
Szyy — i( ) 7,- Here, the system has

y_1=0and y, = =z
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a dark eigenstate, characterized by zero decay rate, and a
bright eigenstate, with a decay rate which is finite and larger
than y, (because of the a < A assumption). In the following,
we will use the subscripts D and B to denote quantities
pertaining to the dark and bright states, respectively. The
dark and bright states are the result of collective effects in
the atomic array, leading to constructive and destructive
interference of the collective emission. As we will discuss
later, the existence of these states is the key property paving
the way to nonreciprocal effects in the scattered fields.

3.2 Symmetric finite arrays

In the previous section, we have considered quantum meta-
surfaces formed by infinitely extended periodic arrays,
which allowed us to calculate analytically the eigenstates of
the atomic ensemble and to show the existence of dark and
bright states. In the remainder of the paper, we will focus
on systems of finite size. This is due to two reasons: first,
we want to be sure that the predicted effects are observ-
able in experimentally feasible atomic systems, which are
currently limited to squared arrayswith N} X N| <14 x 14
[41]. Second, considering finite and small arrays will facili-
tate the analysis of their nonlinear dynamics. When multi-
ple collective excitations are created in the atomic system,
analytical results are very challenging to obtain and we will
therefore resort to numerical calculations, which are only
feasible for small systems.

As discussed in [11], in finite symmetric arrays the col-
lective decay rates are generally different from the ones
calculated in infinite arrays Eq. (12). One can still identify
bright and dark states by looking at eigenstates whose decay
rate are much larger or smaller, respectively, than the decay
rate of a single atom in free space. However, the decay
rate of dark states in finite systems remains always larger
than zero. In Ref. [11], the authors addressed this issue and
minimized the decay rate of a dark state by assuming that
the arrays are not planar but instead possess a Gaussian-like
curvature, calculated based on the phase profile of a Gaus-
sian mode. This allowed them to find analytical expressions
for decay rates and frequency shifts of the eigenstates, and
to express the eigenmodes as Hermit—Gaussian modes with
|a,| close to 0.

In order to keep our system more realistic, we restrict
ourselves to planar arrays, considering collective modes
with arbitrarily large |, |, and we calculate numerically the
single-excitation spectrum of the effective Hamiltonian in
Eq. (8). As an example, in Figure 2 we consider a system of
two identical arrays, each of them with N; X N, =10X 10
atoms and we plot the amplitudes of the dark state (defined
here as the eigenstate with the smallest decay rate) and the
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Figure 2: Dark (left panels) and bright (right panel) eigenstates of a two-array system with N, X N, =10 X 10 atoms in each array obeying mirror
symmetry (o, = a, = A, /4, @, = w,) for L = 0.64,. Panel (a) and (c) show the amplitude ly;l and phase arg(y;) of the dark eigenstate at each atom
in the first array. Panels (b) and (d) show the same quantities for the bright state. The amplitudes are the same in the second array, while all phases are
shifted by 7 due to the parity parameter p, in Eq. (10) (pg, = —1in this case).

bright state (defined here as the eigenstate with the largest
decay rate) at each atomic location in the first array.

Assuming that the system is prepared in one of
these eigenstates (and in absence of any impinging
field, we can calculate the electric field intensity
generated by the quantum metasurfaces. By using
Eq. (7), the field intensity generated at any point is
10) & 3,085 (6 — 1, )6 (r — xy7, ) )dy1(6¥ 61). The
field distribution in the xy plane is expected to follow the
pattern shown in Figure 2, whereas the distribution in the
xz plane gives us new information about the character of
emission of the system in the dark and bright states.

Figure 3 shows the field intensity generated by the
bright and dark states in the plane of the array (xy) and in
a plane perpendicular to it (xz). The in-plane field profiles
(Figure 3a-b) bears similarity to a Hermit—Gaussian mode

[11]. As expected, the dark mode (i.e., an eigenstate with
almost-zero decay rate) is associated to an almost-zero field
far from the arrays (Figure 3c). On the other hand, the bright
mode generates a strong field along the two directions per-
pendicular to the arrays (Figure 3d).

While the decay rate of dark states in a finite atomic
system will always be non-zero, it can be made arbitrarily
small by increasing the number of atoms. In particular, as
discussed in [37] the decay rate of the dark state is expected
to scale as y, ~ N3 for collective modes at the edge of the
Brillouin zone, where N is the total number of atoms in
the system. In Figure 4, we show the dependence of y, on
N, while all other parameters are left constant (see caption
to Figure 2). We note that the decay rates of bright states
fulfill the condition of applicability of the Born-Markov
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Figure 3: Field intensity in the dark and bright state: (a), (b) slices in xy plane; (c), (d) slices in xz plane.
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Figure 4: Dependence of the decay rate of the dark state on the number of atoms in the system. The black line is the fit y, ~ N™%, @ = 2.5.
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approximation discussed above, i.e.,1/y, > a,../c, for all
the values of N considered here.

For the largest arrays considered here (N, XN, =
20 X 20, N = 800), yp, is about 1077 smaller than the decay
rate of a single atom in free space (y,). The black curve
in Figure 4 shows the fit of the decay rates of the dark
state, y, ~ N~% with @ ~ 2.5. This value is smaller than the
one found in the case of one array [37], which we tenta-
tively attribute to the interactions between the arrays at the
parameters of choice. In a different geometry, L = A, and
a = Ay/5, we found that @ = 3. As suggested in Refs. [11, 37],
such extremely subradiant atomic systems can be used as a
quantum memory in network and information processing
applications, and protocols for writing and reading states in
these systems have been proposed [6, 11].

4 Nonreciprocal total cross section
in asymmetric systems

4.1 Arrays with few atoms - quantum
analysis

After having elucidated the spectral properties of symmet-
ric systems, we now investigate under what conditions a
two-array system can lead to nonreciprocity. As discussed
in the introduction, we expect, based on general consider-
ations [23], that a system can become electromagnetically
nonreciprocal when geometric asymmetry is combined
with a nonlinear optical response. When restricted to the
single-excitation subspace, the dynamics of the two-array
system is fully linear, and it is analogous to a system
of classical dipoles. The two-level atoms, however, fea-
ture a saturable absorption. A nonlinear response is there-
fore obtained at sufficiently high excitation powers. The
required geometric asymmetry can be obtained by relax-
ing the assumption that a; = a, and/or w; = w,. Note that,
when considering impinging fields with arbitrarily large
power, we cannot use low-power approximations [37, 38]
which neglect nonlinear terms.

In order to quantify the degree of nonreciprocity for
a given geometry and input power, we calculate the total
extinction cross section of the system (for both excitation
directions), which can be readily obtained via the opti-
cal theorem. Following the formalism described above, we
assume that the system is excited by a plane wave with
spatial field distribution E;,(r) = E,e,exp(ik,r), where the
impinging propagation direction is dictated by the wave
vector k, = +|k|2. At large distances (r > 4,), the field
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scattered along the propagation direction, E..(r = +rZ), can
be written as an asymptotic spherical wave,
R etkor

E (r=4r2) - TEof(k =ky), (13)
where f(k) is the scattering amplitude along the direction
defined by k. By applying the optical theorem [42], the total
extinction cross section of the system can be then calculated
as

Gror(kg) = %Im(eg ik = k).

Note that in the following text we use the term “total
cross section” to refer to the total extinction cross section.
In our model, the scattering amplitude can be found by
solving numerically the master Eq. (1) and calculating the
expectation values of the dipole operators in steady-state.
After that, the expectation value of the scattered field E:C at
a point very far from the quantum metasurfaces is found
using Eq. (7), and then the scattering amplitude is extracted
using Eq. (13).

We are interested in quantifying the nonreciprocal
extinction of the system, i.e., how differently the system
scatters and absorbs waves propagating along opposite
directions. Following the forward (f)/backward (b) notation
defined above, we define the forward total cross section,
at/;t = 0y,(|k,|2) and the backward total cross section, at”ot =
O1ot(—1Ky|2). This allows us to the quantify the degree of
nonreciprocity by the nonreciprocal extinction efficiency,
defined as

(14)

f _ b
atot 0

tot
f b |
Gtot + O-tot

M= max(af ob )

tot® ~tot

(15)

For a reciprocal system, M = 0 always. In order to
find an optimal geometry, we employed an optimization
algorithm based on gradient descent to find the optimal sys-
tem parameters which maximize the function M? (we used
the square of M in order to get a smooth objective function
and its derivative). In the optimization, we fix N, to a given
value, and we optimize the following parameters: the lat-
tice constant of the array 1, a;, the difference between the
array lattice constants, 6 = a, — q;, the distance between
arrays L, the frequency detuning relative to the frequency of
the incident field A = 2(w, — ®;) = 2(w, — ®y) = W, — W,
(where we assume that the incident field frequency always
lies in the middle between w; and w,) and the amplitude
of the incident field E,. For numerical convenience, in the
following plots, we normalize the total cross sections and
the function M by the total cross section of a single atom
with transition frequency w,, spontaneous emission rate y,,
and dipole moment d, placed in free space, which is denoted

o-t%t (see Appendix A for the derivation).
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We start by optimizing the geometry and input power
to achieve large nonreciprocal extinction in a simple system
composed of two dimers. That is, each array is composed
of only two atoms separated along the x axis by a distance
a;, and the two dimers are separated by a distance L along
the z axis, see Figure 5c. We found that a maximum of
M2 oceurs for A =—y,, 6 =a, —a; = 4,/10, a;, = 4,/3,
L = 1,/10, |€4| = y,/2. Figure 5a shows, for a system with
these optimized parameters, the total cross sections for both
excitation directions versus the impinging power. A clear
nonreciprocal region, whereby the cross sections o, and
at’;t are markedly different, is visible. As expected, at low
impinging powers the total cross sections ot’;t and ag)t are

the same. This is due to the fact that, for low powers, the pop-
ulation inversion of the atoms is negligible <(8§) = —1).
In this scenario, the atoms behave as a system of classical
linear dipoles, which is bound to be reciprocal. Moreover,
the total cross sections are identical also at high powers.
In this case the atoms of both arrays are completely sat-
urated <(6’§) ~ 0), and the whole system becomes fully
transmissive along both directions. The black dashed curve
in Figure 5a shows that the maximum of the function M is
obtained for impinging powers such that |Qg| = y,/2.

To gain more insight on the system dynamics, we look
at the steady-state density matrices of the dimer system for
the two opposite propagation directions, denoted j, and
Py, and for a value of impinging powers corresponding to
the largest nonreciprocal extinction. The elements of these

(a) (c)
4
obs 31 —Dilrect?onz f
\P 2 — Direction: b
38 - - Mot
o 14 e S
= ———— :
10-2 10" 100 10°
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0.51 E:
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matrices are shown in Figure 6a and b, with respect to the
basis of the uncoupled atomic states. Specifically, the vector
[Si, Sii» Siii» Siy) denotes a state where each of the 4 atoms
of the two-dimer system is either in the ground (s; = 0) or
the excited (sj = 1) state. Figure 6a shows that, for forward
excitation, the density matrix has a non-trivial structure
and it is a superposition of several states of the uncoupled
atomic basis. The density matrix for the backward exci-
tation direction (Figure 6b), and for the same impinging
power, has, in contrast, a simple structure in which the
ground state |0, 0, 0, 0) is the most populated one. This gives
a first hint to explain the nonreciprocal total cross sections
observed in Figure 5a. Similar to situations involving few
atoms in waveguides [29, 32, 43], a larger ground state pop-
ulation leads to stronger reflection when the atomic system
is excited on resonance. A larger reflection implies a larger
total cross section, thus explaining the asymmetry observed
in Figure 5a.

Further insights can be gained by plotting the den-
sity matrix for forward excitation, g, with respect to the
basis of the eigenstates of the system, denoted |y;) (j =
1,...,16), which are obtained by diagonalizing the corre-
sponding Hamiltonian. The result, displayed in Figure 6c,
clearly shows that for forward excitation the system pop-
ulates almost exclusively the eigenstate |y ;). By calculat-
ing the corresponding eigenvalues of (8) (not shown here),
we verified that |y5) is a dark state, with decay rate
¥p = 0.6y,. Thus, nonreciprocity is intimately linked to an
asymmetric state population. In a certain power range, the

dimera1 dimer2

1 .ll)
¢ R R " b
@ | [ E

— Direction: f
— Direction: b

102 101 100 10°

2]/

Figure 5: Two-dimer system. (a) Total cross section, (b) population of the dark state and (d) von Neumann entropy of the two-dimer system (with total
number of atoms N = 4) when exciting along the forward direction (red line) and the backward direction (blue line), versus the amplitude of the
incident field. The two-dimer system is sketched in panel (c). The black dashed line in panel (a) shows the corresponding value of the nonreciprocal
extinction efficiency M. The system parametersare A = —y,, 6 = a, — a, = 4,/10, 0, = Ao /3,L = A,/10.
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Figure 6: The elements of the steady-state density matrices when the two-dimer system is excited along the forward (a) and backward (b) direction.
In panels (a) and (b), the density matrix is plotted in the basis of the uncoupled atomic states (as described in the text). In panel (c), we plot the same
density matrix as in panel (a), but with respect to the basis of the system eigenstates, |y, ), enumerated from 1 to 16. The dark state corresponds to the
eigenstate |y ). The system parametersare A = —y,, 6 = a, — a; = 4,/10,0, = Ao /3, L = 4,/10, || = ¥,/2.

steady state of the system evolves towards a dark state
when excited along the forward direction, while it evolves
into the ground state when excited from the opposite direc-
tion. This mechanism is analogous to what described in
Refs. [19, 29, 32] for the case of two atoms in a waveguide,
whereby different population transfer paths are realized
due to interference.

Such asymmetric state population is more clearly dis-
played in Figure 5b, which shows the population of the
dark state, cj,, versus impinging power for the forward and
backward directions of excitation. For forward excitation
direction the population of the dark state reaches 0.6 within
the range of powers where nonreciprocity is large, while it
drops to low values at both low and high impinging powers.
In the same range of powers, the dark state population
is below 0.1 for backward excitation, and it remains low
throughout the range of impinging powers.

The dynamics of the system can be further analyzed
with the help of the von Neumann entropy which, for any
arbitrary state p, is defined as

Sy = — Tr(p In(p)). (16)

The entropy S,y quantifies the degree of mixing of the
state p. In particular, it is equal to zero when the system is in
a pure state, and it increases as the state p becomes a more
and more complicated mixture of pure states. In our system
the maximum value of entropy is S,y = In(2V), where N is
the total number of atoms, corresponding to a maximally
mixed state. The von Neumann entropy versus impinging
power for both excitation directions is shown in Figure 5d.
For low powers, S, = 0 for both directions, corresponding
to the fact that system remains in the (pure) ground state.
As the impinging power increases, the entropy increases
as well, but in a different way for the two impinging

directions. For forward excitation (red line in Figure 5d) the
dark state gets partially populated at intermediate powers
(cp = 0.6). However, the steady-state of the system in this
scenario is not pure, since additional states are populated.
This increases the entropy. When exciting along the back-
ward direction (blue line in Figure 5d), at the same interme-
diate power level, the system is instead almost entirely local-
ized in the ground state, which results in a lower entropy. At
large impinging powers, the entropy tends to its maximum
value, S,y = In(2") ~ 2.77 for both directions of excitation,
highlighting that the system is in a maximally mixed state,
see also Figure 15 in Appendix B.

The system considered in Figures 5 and 6 was obtained
by optimizing the geometry and parameters of the atomic
ensemble for a given input frequency w,. As discussed
above, here nonreciprocity is due to the asymmetrical exci-
tation of a dark state. Thus, the nonreciprocal behaviour is
expected to depend strongly on the excitation frequency (for
a given set of system parameters). This is confirmed by the
calculations shown in Appendix B, where we calculate the
nonreciprocal efficiency M for different values of the input
frequency w,.

Having verified the emergence of nonreciprocal extinc-
tion in a small system composed of two dimers, we now
consider a slightly bigger system, composed of two squared
arrayswith N| X N; = 2 X 2atoms each. For this system we
are unable to find the global maximum of the M? function
in the entire parameter space, due to the higher numeri-
cal complexity. However, we found that the same optimal
parameters which optimize the two-dimer system (see the
caption of Figure 5) lead to large nonreciprocal effects also
in this larger system. In Figure 7 we show the total field
intensity, the real part of scattered field (x-component) and
the real part of total field (x-component) when this larger
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Figure 7: Total field intensity, real part of £X. and real part of £ of 2-array system, with each array containing N; X N, = 2 X 2 atoms, for forward
(panel a) and backward (panel b) excitation direction parameters: A = —y,, 8 = a, — a; = 4,/10, 0, = Ay/3,L = 4,/10, || = 7,/2.

system is exited along the forward or backward direction,
for the power level corresponding to |Qz| = y,/2 (a sim-
ilar plot for the two-dimer system can be found in the
Appendix B, Figure 14). A clear nonreciprocal behaviour
can be seen in Figure 7: for a wave incident along the for-
ward direction the magnitude of the scattered field is much
smaller than the case in which the same wave propagates
along the backward direction.

We emphasize that, in all the systems considered in this
work, the difference between the total cross sections (i.e. the
fact that o'tfOt > og)t within a certain power range) is solely
dictated by the geometry of the arrays and by the distance
between them, which in turns introduces a phase shift in the
transmitted field exp(ik,L). In particular, the direction along
which the total cross section is the largest can be switched
by simply changing the value of L. For example, for the
two-dimer system the total cross section along the backward
excitation becomes larger than the one along the forward
direction when, for example, L > 4,/2.

In conclusion, nonreciprocity arises in the system due
to the realization of different routes of population transfer
depending on the excitation direction. When the system is
excited along the forward direction the population is par-
tially trapped in the dark state, whereas for the opposite

direction the system remains in the ground state. This asym-
metric population in the system’s steady state (Figure 6)
leads to nonreciprocal extinction, which manifests itself in
different total cross sections, Figure 5.

4.2 Large arrays - semiclassical approach

In the previous section we have focused on systems com-
posed of few atoms. Keeping the number of atoms small
(N < 10) allowed us to numerically solve the full master
Eq. (1) without any approximation. However, as the number
of atoms increases, the exponential increase of the dimen-
sion of the Hilbert space prevents us from using the full
quantum formalism to calculate the dynamics of larger
arrays. This is particularly challenging for the scenario con-
sidered in this work: as we are considering large excita-
tion powers, we cannot truncate the Hilbert space to the
single-excitation subspace. A common way to address this
challenge, and to be able to describe systems composed of
hundreds of atoms, is to employ the so-called semiclassical
approximation. The core idea of this approximation is to
neglect quantum correlations between atoms. In particu-
lar, one begins by writing down the Langevin—Heisenberg
equations for the operators & ) 67, &;, and then take the
average values of both sides of the each equation. Solving
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the time-dependent differential equations for (6 ), (&;r),
(8;), however, requires knowing the time-dependent values
of two-operator expectation values, such as (6-;*6 ;) and oth-
ers, which, in turn, depend on three-operator expectation
values and so on. This results in a cascaded hierarchy of
a large number of differential equations. Within the semi-
classical approximation, one assumes that the expectation
value of a product of operators is always factorizable, i.e.,
(AB) = (A)(B) for any pair of operators A and B [34, 44].
This approximation allows to describe a system of N atoms
by solving a system of 3N coupled differential equations
instead of 22V, In particular, the equations describing the
evolution of the system are [35]:

r
6y = (—lAk 1"2 >0'k + Z(lQJk + 2’k>ak
j7k
dkE (rk)

—h O
é';':(l
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where the first and second equations are the complex
conjugated of each other. The semiclassical approximation
allows us to use the optimization procedure described above
(based on maximizing M?, Eq. (15)) for very large arrays.
In Figure 8, we show an example of an optimized geome-
try (parameters in caption) with N, = 10 (total number of
atoms N = 200).

From Figure 8, we see a similar behavior of the scat-
tered field as for the small arrays (compare with Figure 7)
— the significant difference being the scattered field for
the forward and backward directions of the excitation.
When excited along the forward direction, the scattered
field (Figure 8a, center panel) has a larger magnitude than
when excited from the opposite direction. The perturba-
tion to the total field is also more noticeable in the case of

A E (1))
k . . . . .
+i T . (18)  the forward direction of excitation (Figure 8a, left panel).
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Figure 8: Total field intensity, real part of EX_and real part of E}

tot

upon forward (panel a) and backward (panel b) excitation of a 2-array system, each of

them composed by N, X N, =10 X 10 atoms. Parameters: 6 = a, — 0, = 0,0, = 4,/4, A =2y, L = 0.6, |Qy| = 2,.
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As mentioned earlier, the direction along which the scat-
tering is larger is set by the phase shift between the arrays
and the specific in-plane geometry. For the particular set of
optimal parameters considered here, differently from the
small arrays considered earlier, for intermediate powers the
system is trapped in the dark state when excited along the
backward direction.

We can understand better the details of the scatter-
ing process by looking at 1D slices of the field distribu-
tions shown in Figure 8. Let us consider first the case of
forward excitation direction (Figure 9a): the scattered field
(red solid lines) has a high amplitude, comparable to the
one of the incident field (E,, black dashed lines). For z < 0
the real parts of the incident and scattered fields are in
phase, while the imaginary parts cancel each other. This
leads to the emergence of a standing-wave pattern of the
total field for z < 0 and to a large reflection level. For z >
0 the incident and scattered fields interfere destructively,
and the total field is suppressed for 4, < z < 34,. Beyond
this region (i.e. for z > 34,), the total field increases and its
magnitude becomes comparable to the incident field. This
is due to the fact that, since the incident field is assumed
to be an infinitely extended plane wave, diffraction of the
impinging field from the edges of the array dominates the
total field at large distances, where the scattered field is
instead almost zero. For the backward excitation direc-
tion (Figure 9b) the incident and scattered fields interfere

DE GRUYTER

destructively for z < 0. However, due to the large dif-
ference between the amplitudes of these two fields, the
total field is not fully canceled. For z > 0 the incident
and scattered fields have a mutual phase shift of ~z/2,
which does not lead to either destructive or constructive
interference.

The nonreciprocal extinction in this large system is also
confirmed by the total cross sections. In Figure 10, we plot
the total cross sections for forward (red line) and backward
(blue line) impinging directions versus the amplitude of the
incident field. Similarly to what found in Figure 5a for the
case of small arrays, we found that ot’;t and atbot are markedly
different for intermediate powers. Interestingly, we note
that increasing the size of the system does not increase the
nonreciprocal extinction efficiency M. The maximum ratio
between the two cross sections is a{;t / aﬁ)t ~ 1.5, which is
slightly smaller than the one obtained in Figure 5 for the
two-dimer system. Moreover, we note that the maximum
value of M occurs at higher values of input amplitude,
Qp = 2y,.

The connection between the nonreciprocal behavior
and the excitation of a dark state can be further proved
by analyzing the distribution of the amplitudes and phases
of the dipole moments of each atom (given by arg(c;))
in the steady state and at the power level where nonre-
ciprocity is maximized. Figure 11 shows the phases of the
dipoles in polar plots, while Figure 12 shows the amplitude
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Figure 9: Real part, imaginary part and absolute value of the x component of incident, total and scattered fields at x = 0, y = 0, for the same system

asin Figure 8.
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Figure 10: Total cross section associated with the forward and backward direction of excitation versus the absolute interaction constant between the
incident field and the atoms, |Q,| /7, normalized by the total cross section of a single atom, 62 , N; X N, = 100. Parameters are the same as in
Figure 8.
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Figure 11: Phases of the atomic dipole moments in the steady state at optimal parameters for forward (panel a) and backward (panel b) direction of
excitation. Red stars and blue crosses denote the average phases in the array 1 and array 2, respectively, N, X N, = 100. Parameters are the same as
in Figure 8.

and phase of each atom in cartesian color-coded scatter subscript d =f,b denotes the excitation direction, and
plots. the sum runs over all atoms in the array specified by k.

For forward impinging direction (Figure 11a), the For forward excitation direction, the phases of the dipoles
phases of the dipoles are distributed over a large interval. in array 1 are grouped around arg (()')/I ~ /10 with a
On the contrary, for backward impinging direction
(Figure 11b), the phases are tightly localized in a small
interval around 3z /2. To quantify this phenomena, we
define the average phase m =3, arg(ai ) /NP Var [arg ©)] ] = 0.25 is larger by an order of magnitude.
The difference between the average dipole phases in the

relatively small variance, Var [arg (6){ ] = 0.025, whereas

for array 2 we find arg(a)’; ~ 4r /5, and the variance

and corresponding variance Var[arg(c)¢|, where j;
denotes the jth atom of the kth array (k=1,2), the two arrays is arg (6)’;—arg(6)£| ~ 7r /10, which is equals
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Figure 12: Absolute values and phases of the atomic dipole moments in the steady state at optimal parameters for forward (panel a) and backward
(panel b) direction of excitation. N, X N, =100, other parameters are the same as in Figure 9.

~17xz /10 when taking into account the phase shift between
arrays (=x).

When considering the backward direction, instead, we
observe a strong phasing of the dipole moments [45, 46] both
within each array and between array 1 and array 2. The aver-

age phases are equal for both arrays, arg (a)i’ ~ arg (a)’z’ =
—m/2, and the variances are Var[arg(c)’] =2-10~3 and
Var|[arg (6)2] = 2107 for array 1 and array 2, respectively.
Combined with the fact that the arrays are separated by the
distance L = A,/2, this shows that the dipoles in the two
arrays have almost the opposite phase. Opposite phases lead
to suppression of the scattered field (see Figure 10b), which
is a manifestation of trapping the system’s population in the
dark state. Importantly, despite the similar phases and their
distributions across the arrays, the amplitudes of the atomic
dipole moments are distributed differently on array 1 and
array 2, see Figure 12b.

Thus, also within a semiclassical approximation appr-
oach, we found a clear connection between nonreciprocity
and excitation of a dark state. This trapping manifests itself
as phasing of the dipoles in both arrays when the system is
excited from one direction. In addition, the dipoles in array
1and array 2 have opposite phases, which also highlights the
connection to a subradiant state.

5 Conclusions

In this work, we demonstrated large nonreciprocal extinc-
tion from asymmetric pairs of quantum metasurfaces

composed of two-level atoms. Nonreciprocity is obtained
by properly combining geometrical asymmetry and non-
linear response, hereby provided by the atoms saturable
absorption. For a given number of atoms in the system,
we optimized several parameters in the metasurface design
to achieve the largest asymmetry between the total cross
sections calculated when the system is excited from oppo-
site directions. We have investigated systems composed of
few atoms, which can be described by a fully quantum
master equation approach, and also systems composed of
hundreds of atoms, whereby the semiclassical approxima-
tion is required to keep the numerical calculations feasible.
In both cases, we showed that the occurrence of nonre-
ciprocal extinction is intimately related to the asymmetric
population of a dark state, and it results in nontrivial fea-
tures in the spatial distribution of the scattered and total
fields. Moreover, we show that the nonreciprocal extinc-
tion, and the excitation of a dark state, also manifests pecu-
liar phasing phenomena, whereby the phases of atomic
dipoles condense near some common average phase within
array 1 and array 2, and the phase shift between arrays
is &7,

Our results show that the dark state plays a key role
in the emergence of nonreciprocity in complex free-space
atomic systems, where atoms interact with each other
through dipole-dipole interactions. We expect these results
to stimulate experimental studies in atomic lattices of
trapped cold atoms and quantum metasurfaces. Dark-state-
induced nonreciprocity in atomic arrays may contribute to
the development of quantum technologies that requiring
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efficient and tunable state transfer and state management
at microscopic scale.
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Appendix A: Derivation of the total
cross section for one atom

We consider a system consisting of a two-level atom, with
transition frequency w, and dipole moment d, located at r;,
and excited by a classical monochromatic EM field with an
arbitrary profile and frequency w,. The Hamiltonian of this
system reads

H = ho,6%6 — dE] (r)e™'6 — d*E; (r)e 6%, (A1)

In order to get rid of the explicit time dependence, we
rewrite the Hamiltonian in a frame rotating at the frequency
of the incident field w,. The can be obtained via a unitary
transformation, described by the operator

U = exp(—ihw,66) (A2)
fr= 00 - i+, *3)

and the Hamiltonian in the rotating frame is
H=1nA6%6 — h(Qp6 + Qi6), (Ad)

where A = w, — @, and Q, = dE (r;)/A. The atom inter-
acts with the EM modes of free space and, therefore, spon-
taneously emits at the rate

342
a)od

- 3rweyhcd’ (45

Yo

After applying Born and Markov approximations, we
obtain the master equation in Lindblad form [34],

A i[5 A

-— H, ]

P="% [ P
+ —7;) (1+ nlw,, D) Q26p6* — p6+6 — 676p)

+ %n(a)a, T)26*p6 — p66
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where n(w,, T) = 1/ (e"®«/kT — 1) is the Bose—Einstein dis-
tribution. By looking for the steady-state of the master
equation, we find the steady-state density matrix,

4]Q,
o5, 72n(0,T)H) +8]Qp [2+4A2
u 2n(w,, T) +1 ’

+n(w,, T)
(AB)

2iQp (7o (2n(w,, T) +1) +2iA)

s = ,
Y n(00T) +1) (1 (20(00 T) +1)" + 81012 + 44%)
(A7)
. 2Q5(2A + iyy (2n(w,, T) +1))
T (20 T) 1) (7 (2n(0 T) 1) + 8822 +44%)
(A8)
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Figure 13: Two-dimer system: spectral properties. (a) Total cross section
and nonreciprocal extinction efficiency, (b) population of the dark state,
and (c) von Neumann entropy of the two-dimer system (with total
number of atoms N = 4) when exciting along the forward direction (red
line) and the backward direction (blue line), versus the frequency of the
incident field. The black dashed line in panel (a) shows the corresponding
value of the nonreciprocal extinction efficiency M. The system
parametersare A = —y,, 6 = a, — a; = A, /10, 0, = 4,/3,L = 4,/10.
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4Qp
12 (2n(0, T)+1) +8]Qp [P+4A2

2n(w,, T) +1

+n(wg T)
(A9)

Py =1-

Following standard procedures, we can calculate the
average value of the atom polarization as (p) = Tr(p**p)
assuming that n(w,, T) =~ 0, resulting into

2i(y, — 2010
v2+8|Qp2 +4A%

Py =d(6)=d (A10)

We then substitute the average polarization (p) into
Eq. (7) and using Eq. (14) we find the total cross section of

a
1atom, o,

Appendix B: Further analysis of the
dimer system

B.1 Spectral properties of the system

In the main text, the frequency of the incident field was fixed
to a certain value w, and the system geometry and param-
eters where then optimized to maximize nonreciprocity.

DE GRUYTER

In this section we discuss the dependence of the total
cross section, the von Neumann entropy of the system
and the dark state population on the input frequency w,,
for the same parameters considered in the main text (see
Section 4.1. and the caption of Figure 6). In the main text,
the atoms were symmetrically detuned with respect to the
incident EM field frequency, i.e., the input frequency was
fixed to wy = w;, = (@) + @,) /2.

Figure 13 shows the dependence of the total cross
sections, dark state populations and von Neumann entropy
for the forward and backward directions of excitation on
the frequency of the incident field (normalized by the aver-
age atomic frequency, ;).

The total cross sections have a spectral bandwidth
determined by the dark state decay rate, y;, and, therefore,
the nonreciprocity effect is observable within a comparable
bandwidth Aw = y),. At the same time, due to the optimiza-
tion procedure described in the main text, the maximum of
M is reached when the incident field frequency is approx-
imately equal to the average atomic frequency, wy, = @, ,.
Moreover, both the population of the dark state, c,, and
the von Neumann entropy have the maximum contrast for
forward and backward directions of excitation at wy = @,

15 3.00
1.0 1.0
1.0
2.25
05| | 05 05
° < £ & &
< 00 1503 (4 00 = 00 =
X 2 cond 5 g
< w W
_05 4 -4
0.75 -0.5 -0.5
-1.0 1
-1.0 -1.0
-15 ' , ' 0.00 ) ;
-1 0 1 -1 0
z/Ao 2/Ao z/Ao
(a) Forward direction.
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1.0 1.0
1.0
225
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5 < > g g
< 001 ( 1503 [ 00 = 00 =
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-1.0 -1.0
-15 ' , ' 0.00 . ]
-1 0 1 —1 0
z/Ao z/Ao z/Ao

(b) Backward direction.

Figure 14: Total field intensity, real part of £_and real part of £ upon forward (panel a) and backward (panel b) excitation of the two-dimer system,
each of them composed by 2 atoms. Parameters: A = —y,, 6 = a, — a; = 4, /10,0, = 4,/3,L = 4,/10.
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as well. The doublet of peaks visible in some of the panels
of Figure 13 is due to the detuning between atoms in array 1
and array 2.

B.2 Total and scattered fields

In the main text we studied nonreciprocity emerging in
the simple dimer system (whose geometry is sketched in
Figure 5c¢). Using the approach developed in the main text,
we found the total field and the scattered field for the
dimer system at the optimal parameters which maximize
the nonreciprocal extinction efficiency (15), see the caption
of Figure 6. In Figure 14, we show additional results for this
system, namely the total intensity, scattered field and total
field. From Figure 14, one can see that all the characteristic
features of the fields behavior matches the case of a larger
arrays shown in Figure 8.

B.3 Steady-state density matrix at the high
power

Further let us have a look at the steady state of the system
at high powers of excitation, i.e., when |Q;| > y,. The cor-
responding density matrix is shown in Figure 15.

O - OO0+ 0O - O OO - O -
SoddodddododdooHd
Socododdddoccocdddd
segdgedsedddddddd
(0,0,0,0/- i
©0,0,0,1- [l 0.06
(0,0,1,0|- [ |
(0,0,1,1]- . 0.04
(0,1,0,0] - [ |
(0,1,0,1] - B 002
(0,1,1,0| - [ |
10,2,1,1)- . L 0.00
(1,0,0,0| - B
(1,0,0,1|- B
(1,0,1,0|- . -0.02
(1,0,1,1- [ |
(1‘110'0[_ . —-0.04
(1,1,0,1- [ |
(1,1,1,0] - . -0.06
(1,1,1,1]- B

High power: both directions

Figure 15: The elements of the steady-state density matrices when the
two-dimer system is excited along either the forward and backward
direction. The density matrix is plotted in the basis of the uncoupled
atomic states. The system parametersare A = —y,, 6 =a, — 0, =
Ao/10,a, = Ao /3, L = A3/10, |€2,| = 20y,.
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Here the density matrix is close to a diagonal form,
i.e. all the nondiagonal elements are negligible. Moreover,
the diagonal elements which are responsible for the popu-
lations of the correspondent states are all equal. This fact
is reflected in the behavior of the von Neumann entropy,
which reaches its maximum at the high power of the inci-
dent field, see Figure 5d.
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