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In this supplementary material we present: (i) the details of FDTD simulation; (ii) the derivation
of the degree of second-order coherence, particle statistics, and conditioned signal-to-noise ratio.

FDTD Simulation

The design of the plasmonic structure given in Fig. 1b is simulated with a 2-D FDTD simulations by a 130 µm
domain in x direction and 8 µm along the y direction. The boundary condition is satisfied via the perfect matching
layers to efficiently absorb the light scattered by the structure. Besides, the simulations time was long enough so that
all energy in the simulation domain was completely decayed. The upper clad is made of CYTOP, a polymer with
refractive index that closely matches the refractive index of 1.33. The mesh size was as small as 0.03 nm along x
direction and where we have highly confined field propagation. To create the propagating plasmonic modes, we use
a pair of mode sources in both sides of the central slit. The generated SP modes propagate toward the central slit
where they interfere. The near-fields along a linear line underneath the nanostructure were extracted and used for the
far-field analysis. The coupled light to the mode ê, i.e. Tph, was calculated by the power flow through to the same
linear line beneath the slit normalized to the input power. To have a realistic estimation of the subtracted light, the
mode d̂ was first propagated for a distance of 10λ (8.1 µm) along the gold-glass interface and then a grating coupling
efficiency of 36% was considered to out couple the plasmonic mode to the free space [1]. The out-coupling was done
far from the slit to avoid interactions of slit near-fields with fields of the assumed grating.

Derivation of the degree of second-order coherence, particle statistics, and conditioned signal-to-noise ratio

First, we calculate the second-order correlation function g
(2)
L (0) associated to the L-plasmon-subtracted light field.

We assume a thermal light field with Bose-Einstein statistics described by ρth =
∑∞

n=0 ppl(n)|n⟩⟨n|, where ppl(n) =
n̄n/(1 + n̄)1+n. The subtraction of L-plasmon(s) from a single-mode thermal field gives

ρL =
(â)Lρ (â+)

L

Tr
(
(â)Lρ (â+)

L
) =

∞∑
n=0

(n+ L)!

n!L!

n̄n

(1 + n̄)L+n+1
|n⟩⟨n| = ppl(n)|n⟩⟨n|. (S.1)

The second-order correlation function of a single-mode field is given by

g(2)(0) =

〈
â†â†ââ

〉
⟨â†â⟩2

=
⟨n̂(n̂− 1)⟩

⟨n̂⟩2
=
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⟨n̂⟩2

. (S.2)

We can now calculate each element in Eq. (S.2). We have

⟨n̂2⟩ =
∞∑

n=0

n2ppl(n) = (L+ 1)n̄[(L+ 2)n̄+ 1]. (S.3)

Similarly,

⟨n̂⟩ =
∞∑

n=0

nppl(n) = (L+ 1)n̄. (S.4)

Combining Eq. (S.2), Eq. (S.3) and Eq. (S.4), we obtain

g
(2)
L (0) =

L+ 2

L+ 1
, (S.5)
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which is independent of the mean occupation number n̄ of the input thermal field.
Now we derive Eq. (5) in the main paper. First, we note that in our calculation, we assume that mode â and mode

ĉ come from the same input source. Following similar approaches to those presented in [2], for the lossless case, the
mean occupation number of mode ê is given by n̄e = n̄ξ cos2 (φ2 ). Here, n̄ is the mean occupation number in the
input modes â and ĉ, and ξ represents the normalized transmission of the plasmonic tritter [3]. However, we need to
consider that the plasmonic structure induces loss, and we have non-unity detection efficiency. As discussed in the
main body of the paper, conditional measurements will change the mean occupation number of the mode ê. We first
consider the situation in which no plasmons are subtracted (no conditional measurement is implemented). In this
case, the average occupation number of mode ê is simply modulated by the loss γ of the plasmonic tritter, and the
quantum efficiency ηph of the detector,

n̄e = n̄γξηph cos
2
(φ
2

)
. (S.6)

In this case, since no conditional measurement is made, the particle statistics are preserved. Therefore, the standard
deviation is the same to that of a thermal field,

∆ne =
√
n̄e + n̄2

e. (S.7)

Therefore, the signal-to-noise ratio (SNR) is given by

SNR =
n̄e

∆ne
=

n̄e√
n̄e + n̄2

e

=

√
n̄γξηph cos2 (

φ
2 )√

(1 + n̄γξηph cos2 (
φ
2 ))

. (S.8)

Now we consider the conditional subtraction of plasmons. The L-plasmon subtracted state ρe(L) of mode ê is

conditioned on detection of L plasmon(s) in mode d̂ [4],

ρe(L) =
1

pd(L)
Trd [ρI⊗ΠL (ηpl)] . (S.9)

Specifically, pd(L) is the probability of measuring L plasmon(s) in mode d̂. Since the transformation of the plasmonic

tritter preserves the particle statistics, mode d̂ still possess thermal statistics,

pd(L) =
(n̄d)

n

(1 + n̄d)n+1
, (S.10)

where n̄d = n̄γξηpl sin
2 (φ2 ). Additionally, without loss of generality, we describe the initial state ρ before conditional

measurements as

ρ =

∞∑
n=0

ppl(n)

n∑
k,l=0

An
k (ξ)A

n
l (ξ)|n− k⟩⟨n− l| ⊗ |k⟩⟨l|, (S.11)

which describes the two-mode state after the reduced plasmonic tritter transformation. We note that this reduced plas-

monic tritter transformation is similar to the beam splitter transformation, therefore An
k (ξ) =

√(
n
k

)
ξn−k(1− ξ)k.

Finally, the positive-operator-valued measure (POVM) of a realistic photon-counting device with quantum efficiency
η is given by [4]:

ΠL(η) =

∞∑
m=L

Bm,L(η)|m⟩⟨m|, (S.12)

in which Bm,L(η) =

(
m
L

)
ηL(1− η)m−L. Combining the above equations, we have

ρe(L) =
1

pd(L)

∞∑
m=L

∞∑
n=0

Bm,L (ηpl) ppl(m+ n)
[
Am+n

m (ξ)
]2 |n⟩⟨n|. (S.13)
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Then we can calculate the conditional mean occupation number using Eq. (S.13),

n̄e = n̄γξηph cos
2
(φ
2

)(
L+ 1

1 + n̄γ(1− ξ)ηpl cos2
φ
2

)
. (S.14)

Similarly, one can calculate the standard deviation of the number of detection events of mode ê, when conditioned
on the detection of L plasmons,

∆ne =
n̄e√

(1+L)n̄γηphξ cos2
φ
2

1+n̄γ(ξηph+(1−ξ)ηpl) cos2
φ
2

. (S.15)

Finally, the L-plasmon subtracted signal-to-noise ratio (SNR) is given by

SNR =
n̄e

∆ne
=

√
(1 + L)n̄γηphξ cos2

φ
2

1 + n̄γ(ξηph + (1− ξ)ηpl) cos2
φ
2

. (S.16)

[1] U. Felix-Rendon, P. Berini, and I. D. Leon, Ultrasensitive nanoplasmonic biosensor based on interferometric excitation of
multipolar plasmonic modes, Opt. Express 29, 17365 (2021).

[2] S. M. H. Rafsanjani, M. Mirhosseini, O. S. M. na Loaiza, B. T. Gard, R. Birrittella, B. E. Koltenbah, C. G. Parazzoli, B. A.
Capron, C. C. Gerry, J. P. Dowling, and R. W. Boyd, Quantum-enhanced interferometry with weak thermal light, Optica
4, 487 (2017).

[3] A. Safari, R. Fickler, E. Giese, O. S. Magaña Loaiza, R. W. Boyd, and I. De Leon, Measurement of the photon-plasmon
coupling phase shift, Phys. Rev. Lett. 122, 133601 (2019).

[4] A. Allevi, A. Andreoni, M. Bondani, M. G. Genoni, and S. Olivares, Reliable source of conditional states from single-mode
pulsed thermal fields by multiple-photon subtraction, Phys. Rev. A 82, 013816 (2010).

http://www.osapublishing.org/oe/abstract.cfm?URI=oe-29-11-17365
http://www.osapublishing.org/optica/abstract.cfm?URI=optica-4-4-487
http://www.osapublishing.org/optica/abstract.cfm?URI=optica-4-4-487
https://link.aps.org/doi/10.1103/PhysRevLett.122.133601
https://doi.org/10.1103/PhysRevA.82.013816

	Supplementary Material: Conditional Quantum Plasmonic Sensing
	Abstract
	FDTD Simulation
	Derivation of the degree of second-order coherence, particle statistics, and conditioned signal-to-noise ratio

	References


