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Abstract: Optical heating of resonant nanostructures is
one of the key issues in modern nanophotonics, being
either harmful or desirable effect depending on the appli-
cations. Despite a linear regime of light-to-heat conversion
being well-studied both for metal and semiconductor
resonant systems is generalized as a critical coupling
condition, the clear strategy to optimize optical heating
upon high-intensity light irradiation is still missing. This
work proposes a simple analytical model for such a
problem, taking into account material properties changes
caused by the heating. It allows us to derive a new general
critical couplingcondition for thenonlinearcase, requiring
a counterintuitive initial spectral mismatch between the
pumping light frequency and the resonant one. Based on
the suggested strategy, we develop an optimized design for
efficient nonlinear optical heating, which employs a cylin-
drical nanoparticle supporting the quasi bound state in
the continuum mode (quasi-BIC or so-called ‘super-cavity
mode’) excited by the incident azimuthal vector beam. Our
approach provides a background for various nonlinear
experiments related to optical heating and bistability,
where self-action of the intense laser beam can change
resonant properties of the irradiated nanostructure.
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1 Introduction
The strong resonant response of all-dielectric resonant
nanosystems in the visible and infrared region along with
the diversity of their optical properties opens the way
for various applications in nonlinear and laser optics [1].
Remarkably, such low-loss nanostructures can support
high-Q modes under proper management of radiative
losses [2] even in single nanocavities on dielectric sub-
strates owing to excitation of super-cavity modes [3],
or in the one- and two-dimensional arrays of resonant
nanostructures [4–7], which are often related to the bound
state in the continuum [8] (BIC) or quasi-BIC in the
systems of finite size. Even though in many applications,
the inherent optical heating of resonators is considered
as a parasitic effect, strong thermooptical coefficients of
all-dielectric materials can be utilized for developing ther-
mally tunable and reconfigurable nanophotonic devices
[9]. Indeed, the achievements of thermo-nanophotonics
based on all-dielectric [10] nanostructures (similarly to
thermoplasmonics [11–13]) showed that efficient nano-
and micro-scale sources of heat are in strong demand in
various nanoscience applications.

From this point of view, the problem of efficient
heating of all-dielectric nanostructures requires special
optimization, depending on the final application of the
nanophotonicdesign. Basedon this approachandemploy-
ing advanced methods of nanothermometry, the case of
linear optical heating of all-dielectric Mie-resonant
nanoparticles was successfully described theoretically
[14–16] and demonstrated experimentally [17–19]. How-
ever, the situation becomes much more complicated once
the optical nonlinearity due to thermorefractive effects
is taken into account [20]. Recently, there has been a
significant progress in the field of nonlinear thermal
nanophotonics with resonant all-dielectric [21] and plas-
monic [22] systems, showing large values of thermal
nonlinearity in single resonant nanostructures [23–26]. In
this prospective, the problem of efficient heating is tightly
connected to maximizing the absorption of resonators
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Figure 1: A schematic illustration of the main idea: optical heating of
the nanoresonator leads to a spectral shift of the mode frequency
inducing strong thermooptical nonlinearity. As the result, the
bistable state can be achieved allowing for further efficient heating
in the nonlinear critical coupling regime.

[27, 28]. While the critical coupling condition is required
for the most optimal linear heating regime [10], the exact
conditions of maximal optical heating in the nonlinear
regime, when the elevated temperature drives change of
the real and imaginary parts of the refractive index, are yet
to be identified.

In this work, we firstly develop a simple analytical
model for the nonlinear optical heating of a single-mode
resonator supporting efficient light-to-heat conversion and
bistable regime of operation, and then employ numerical
simulations to propose a realistic design based on the
super-cavity. The developed formalism and numerical
design dealingwith doped silicon cylindrical particles (see
Figure 1) allow for the creation of novel thermooptical
nanophotonic devices for optical switching and signal
processing, as well as useful for the experiments where
heat generation in resonant nanostructures should be
minimized.

2 Optical heating of a
nanoresonator

Optical heating of matter is a rather complex process,
which combines free carrier generation, their interaction
with light and phonons, and transport of the phonons

across the material [29]. However, in the steady-state
continuous wave (CW) excitation of subwavelength
resonators considered in this paper the situation becomes
much simpler. For a large class of nanophotonic structures
such as nanoparticles and nanoantennasmade ofmaterial
withhigh thermal conductivity (metals or semiconductors)
as compared to surroundingmaterial (air, glass, andwater)
the steady-state temperatureappears tobehomogeneously
distributed along the nanostructure [30] and can be
described by the expression [12]

ΔT = C Pabs
𝜂effR

, (1)

where Pabs is the light power absorbed inside the resonator
due nonradiative (ohmic) losses, R is the typical radius of
the sphere of the same volume as the nanostructure, 𝜂eff is
the effective thermal conductivity of surrounding media,
and C is a constant which is defined by the shape of the
nanoantenna and geometry of the problem.

The problem of efficient heating of nanoresonator is,
thus, reduced to maximization of the absorbed power,
which has its fundamental limitation [28]. This limit,
however, can be reached in the critical coupling regime
when scattered and absorbed power are balanced, which
paves the way for optimizing the absorption losses [27].
However, despite the critical coupling condition is usually
considered for a linear system, it still holds in strongly
nonlinear Kerr systems [31] or two-level systems with
saturated absorption [32, 33] allowing for coherent perfect
absorption. Here, we discuss the nonlinear critical cou-
pling in the context of optical heating of single nanores-
onators. We start by considering a single-mode nonlinear
resonator within a coupled-mode theory [34] as a toy
model to identify themain conditions to reach themaximal
absorption condition.

2.1 Critical coupling in linear regime
We consider a subwavelength resonator with resonance
at the frequency 𝜔0 having radiative and non-radiative
(ohmic) losses rates 𝛾 r and 𝛾nr correspondingly. The latter
are responsible for light absorption inside the resonator
and its consequent heating. Indeed, the absorbed power
Pabs is proportional to nonradiative losses 𝛾nr and the
total electric energyW stored inside the resonator: Pabs =
2𝛾nrW. A single mode resonator can be well-described by
the temporal coupled mode theory [34] and the amplitude
ã of the excited mode can be given by the equation [35]:

dã
dt = (−i𝜔0 + 𝛾)ã+ i

√
𝛾r f̃ , (2)
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where 𝜔0 is the eigenfrequency of the resonator, 𝛾 =
𝛾 r + 𝛾nr is the total loss rate, f̃ corresponds the amplitude
of the incident wave. In the stationary regime under har-
monic excitation f̃ = f exp(−i𝜔t), the spectral amplitude
intensity of the field ã = a exp(−i𝜔t) can be found from
Eq. (2):

|a|2 = 𝛾r| f |2
𝛾2 +Δ𝜔2 , (3)

whereΔ𝜔 = 𝜔0 −𝜔 is the detuning between the pumping
field and the mode frequency. The mode intensity equals
the total energy stored inside the resonator W = |a|2.
Thus, theabsorbedpowerPabs = 2𝛾nr|a|2 alsohas resonant
Lorentz spectral profile and at the resonance reaches its
maximal value

Pabs|𝜔=𝜔0
= 2𝛾nr𝛾r| f |2

(𝛾r + 𝛾nr)2
.

In these terms, the critical coupling condition man-
ifests itself in equal radiative and non-radiative losses
𝛾 r = 𝛾nr. Indeed, once this condition is fulfilled, the
absorbedpower tends to itsmaximalvalueofPabs → |f |2∕2.

2.2 Bistability of nonlinear resonator
Due to the thermorefractive effect, both real and imaginary
parts of the refractive index of the material may start
to depend on temperature resulting in correspondent
dispersive and absorptive Kerr-type nonlinearities. One of
the main consequences is the appearance of a bistability
regime [36] when the system may have several stationary
states. In this section,wewill discuss this behavior inmore
detail as it is directly related to nonlinear critical coupling
conditions and optimized optical heating. It is worth
mentioning, that we neglect the thermal expansion effect
as it gives a much smaller contribution to the resonance
shift in comparison with the thermooptical effect (see
Table 2 [10]).

Within a single-mode approximation, the thermoop-
tical Kerr nonlinearity can be accounted for in the first
order of perturbation theory through the shift of frequency
spectral position𝜔0 → 𝜔0 − 𝛼|a|2 and varied nonradiative
losses 𝛾nr → 𝛾nr + 𝛽|a|2. Here, we assume that both non-
linear coefficients are positive 𝛼, 𝛽 > 0 which results in
the redshift of the resonance and increase of losses with
temperature increase. The exact expressions are presented
in the following Section 2.4. With an account for this the
equation for the stationary mode amplitude Eq. (3) will be
modified:

|a|2 = 𝛾r| f |2
(𝛾 + 𝛽|a|2)2 + (Δ𝜔− 𝛼|a|2)2 →

y = y0
(1+ by)2 + (Δ𝜔̃− y)2

.
(4)

Here, we introduce dimensionless parameters for the
mode intensity y = 𝛼|a|2∕𝛾, the external pump intensity
y0 = 𝛼𝛾 r|f |2∕𝛾3, the relative nonlinear coefficient b =
𝛽∕𝛼, and normalized frequency detuning Δ𝜔̃ = Δ𝜔∕𝛾 =
(𝜔0 −𝜔)∕𝛾 . One can notice that in the system there are
only three independent parameters: the relative nonlinear
coefficient b, normalized detuning frequency Δ𝜔̃, and
normalized pump intensity y0. Interestingly, to analyze the
pump intensity y0 = Δ𝜔eff∕𝛾 which has the form of the
ratio of the effective spectral shift of the resonance under
theexternalpumpΔ𝜔eff = 𝛼|f |2∕𝛾2 over thespectralwidth
of the resonance 𝛾 . Thus, to increase y0 one can increase
the pump field intensity, decrease the total losses in
the system, or increase the nonlinear coefficient making
the system more sensitive to heating. Alternatively, the
equation can be rewritten in a more compact form

y = ymax
1+ (y − ys)

2 ∕Γ2 , where

ymax =
y0(b2 + 1)
(bΔ𝜔̃+ 1)2 , ys =

Δ𝜔̃− b
1+ b2 , Γ = 1+ bΔ𝜔̃

1+ b2 .
(5)

Equations (4)and (5) is thecentral equationdescribing
the state of the nonlinear resonator and its solution y
describes the intensity of the field inside the resonator.
However, this is a third-order algebraic equation and it
may have not a unique solution but also three solutions
that correspond to the bistability regime [36]. Indeed,
the dependence of the mode intensity y on the pump
intensity y0 is shown in Figure 2(a) for different values of
the detuning parameter demonstrating highly nonlinear
dependence. Moreover, for the detuning, Δ𝜔̃ = 3 one
can observe the hysteresis behavior. The loop region
corresponds to three different solutions and only two of
them are stable at the upper and lower parts of the s-type
curve [36] (seeFigure2(a)). For the largervaluesofdetuning
Δ𝜔̃ = 5 the hysteresis will be observed at larger pump
intensities y0 not shown in the plot.

Careful analysis of Eq. (4) shows that there exists a
set of parameters that provide the bistability condition. To
illustrate that, we plot a map showing the mode intensity
y dependence on pump intensity y0 and detuning Δ𝜔̃
(see Figure 2(b)) for fixed value of the relative nonlinear
coefficient b = 0.05. The color shows the mode intensity
normalized over the maximal value ymax in Eq. (5) and
discussed below. The hatched area denotes the region of
bistability and the upper branch of the solution is depicted
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(a) (b) (c)

Figure 2: Bistability in a single-mode nonlinear optical resonator.
(a) Dimensionless mode intensity y = 𝛼|a|2∕𝛾 as a function of dimensionless pumping intensity y0 = 𝛼𝛾 r|f |2∕𝛾3 for different detuning
parametersΔ𝜔̃ = 1, 3, 5 and relative nonlinear coefficient b = 0.05. Gray region corresponds to hysteresis area with height Hh and width
Wh. (b) The map of the heating efficiency as the function of the detuning and the pump intensity for the upper branch of the solution
b = 0.05. The bistability region is shown with a hatch. The critical coupling line (maximal heating efficiency) is denoted with the dashed line.
(c) The evolution of the bistability regions with the variation of relative nonlinear coefficient b.

on themap. One can see the abrupt drop of the intensity at
the right edge of the bistability region corresponding to the
drop from the upper to lower branch of the solution (point
B in the figure). The points A and B show the intensities
corresponding to the switching between the upper and
lower branches of the solution (see also Figure 2(a)).

Further analysis shows that the bistability region
strongly depends on b, which is the ratio of the imaginary
and real parts of thermorefractive constant. Critical point
O which denotes the appearance of the bistability region
moves upwards on the (Δ𝜔̃, y0) map with the increase
of b as illustrated in Figure 2(c) where the bistability
regions are shown for varied parameters b. It turns out
that for b = 0,which corresponds to an absence of thermal
dependence of ohmic losses, the bistability can appear
at the smallest value of the intensity y∗0 = 8

√
3∕9 and

detuningΔ𝜔̃∗ =
√
3. With the increase of b the bistability

region moves upwards and shrinks in the spectral width.
Such behavior has a clear physical explanation. Large

b means that the losses in the system rapidly increase
with the amplitude of mode. To maintain bistability one
needs to decrease the losses in the “cold” system 𝛾,
which means to increase the pump intensity y0. However,
what is less obvious, that the bistability exists only for
values of b smaller the b < bcr = 1∕

√
3. Indeed, once

b→ bcr the point O goes to infinity along the black dashed
line in Figure 2(c). Thus, for a large enough absorptive
nonlinear coefficient 𝛽 > 𝛼∕

√
3 the bistability can not be

observed. One can interpret the existence of the critical
valuebcr in the followingmanner: at large𝛽∕𝛼, the spectral
width of the resonance increases with temperature much
faster than the resonant spectral position shifts, and the
bistability condition (i.e. the shift of the peak should

be larger than its width) simply can not be achieved.
This does not allow achieving a bistability regime in
a single-mode nonlinear resonator (for more details see
Supplementary Information S1).

Finally, it is important to discuss the hysteresis loop
parameters such as hysteresis width Wh and height Hh,
which is the x-axis and y-axis distance between the turning
points (A and B) in Figure 2(a), respectively. In the case of
purely dispersive nonlinearity b = 0, the parameters can
be immediately derived in a simple form (see details in
Supplementary Information, Section S1):

Hh = y(A)− y(B) = 2
3
√
Δ𝜔̃2 − 3;

Wh = y0(B)− y0(A) =
H3
h
2 .

(6)

One can see that the height andwidth of the hysteresis
loop appear to be dependent on the detuning frequency
and aremutually dependent. For large frequency detuning
values Δ𝜔̃ ≫ 1, these quantities behave as Hh ∼ Δ𝜔̃ and
Wh ∼ Δ𝜔̃3, whereas for close to the critical point values
Δ𝜔̃ = Δ𝜔̃∗ + 𝛿 they have the following dependencies on
the detuning: Hh ∼ 𝛿

1∕2 and Wh ∼ 𝛿
3∕2. Consequently,

for small values of detuning near the critical point
hysteresis height increases more rapidly than its width.
Thus, for potential optical switching applications, it is
more prospective to work closer to the critical frequency
Δ𝜔̃∗, where the height of the hysteresis loop is high,
while the width is small providing a stronger amplitude
difference between the stationary states at lower switching
intensities. The graphical plots of these parameters along
with additional details on b > 0 case are provided in
Supplementary Informationmaterials, Section, SectionS1.
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2.3 Nonlinear critical coupling
Till now, we have discussed the possible states of the
resonator with thermally induced Kerr nonlinearity. The
maximal possible mode intensity is provided by the
nonlinear critical coupling conditionbasedon the straight-
forward analysis of Eq. (4). The Lorentz-type of right-hand
side of Eq. (5) ensures that the value y can not be greater
than y ≤ ymax.Moreover, it turns out that there are a certain
set of parameters (y0,Δ𝜔̃, b) for which the maximal value
ymax is reached and they are given by the equation

(Δ𝜔̃− b)(bΔ𝜔̃+ 1)2 = y0(b2 + 1)2. (7)

This equation defines the nonlinear critical coupling
conditions maximizing the mode intensity y. In the first-
order perturbation, one can obtain the proper detuning
frequencyΔ𝜔̃ ≈ y0 + bprovides the critical coupling. This
conditionmeans that to reach themaximalmode intensity
one should have particular detuning between the pump
frequency and the “cold” resonant frequency. The stronger
the pump intensity the larger should be the detuning. Now,
once the b-coefficient becomes stronger the higher-order
dependence appears providing that y0 ∼ Δ𝜔̃3.

The critical coupling regime is seen in Figure 2(b)
where the normalized mode intensity is plotted as the
function of Δ𝜔̃ and y0. One can see that the maximal
value is reached along the black dashed line, which is
obtained as the solution of the nonlinear critical coupling
equation Eq. (7). One can see that the critical coupling
is reached close to the edge of the bistability region at
the upper branch of the solution. So, to achieve critical
coupling one needs to drive the system in the bistable state
at the upper branch.

The nonlinear critical coupling condition formulated
in Eq. (7) in dimensionless units can be reformulated
in terms of radiative and nonradiative losses, which is
convenient for the designing the optical resonators. The
total absorption in the regime of maximal heating when
y = ymax will have a for similar to the classical one with
slight modification

Pabs =
2(𝛾nr + bΔ𝜔)𝛾r| f |2(1+ b2)

(𝛾r + 𝛾nr + bΔ𝜔)2 . (8)

Now for any fixed value of 𝛾 r the maximal absorption will
be observed at

𝛾r = 𝛾nr + bΔ𝜔, (9)

which is an analog of the classical critical coupling
condition and has a clear physical meaning, at least in the

first order perturbation with respect to b: (i) the system
in its “cold” state should be out of the linear critical
coupling condition; (ii) once the resonator is pumped
with the particular intensity and at spectral detuning in
accordance to Eq. (9), in the final “hot” stationary state
the radiative and nonradiative losses should be balanced.
Indeed, expanding Eq. (7) in the series with respect to
b ≪ 1, oneobtains thatΔ𝜔̃ = y0 + O(b) = ymax + O(b) and
bΔ𝜔 ≈ 𝛽|a|2max . Thus, the second term in Eq. (9) simply
corresponds to the added losses due to the heating of the
resonator.

2.4 Nonlinear coefficients 𝜶 and 𝜷
The behavior of the nonlinear resonator strongly depends
on the values of dispersive and absorptive nonlinear
coefficients 𝛼 and 𝛽 which provide the nonlinear coupling.
Their amplitude is fully defined by the resonant mode
propertiesand thermorefractive coefficients expressing the
thermal origin of nonlinear coupling. One can derive it
starting from very general considerations of the absorbed
power:

Pabs =
𝜔

2
𝜀0𝜀

′′∫
VNP

|E(r)|2dV, (10)

where 𝜀0 is the permittivity of vacuum, 𝜀′′ is the imaginary
part of the complex dielectric permittivity 𝜀 = 𝜀′ + i𝜀′′, 𝜔
is the excitation frequency and E(r) is the electric field
amplitude inside of the nanoparticle, and the integration
is taken over the volume of the particle. We can intro-
duce electric field through the mode amplitude as E(r) =
aM(r)∕√𝜀0, whereM(r) is the normalized eigenmode field
distribution [37]. For high-Qmodes this normalization can
be approximated by the expression ∫VNP

𝜀′|M(r)|2dV = 1.
The thermorefractive effect in the linear approximationcan
be introduced as follows:

n = n0 + n1ΔT, k = k0 + k1ΔT, (11)

where n0 and k0 are the initial values of complex refractive
index at room temperature T = 298 K, n1 = dn∕dT|T=298K
andk1 = dk∕dT|T=298K are the linear thermorefracitve coef-
ficients. The imaginary part of the dielectric permittivity𝜀′′0
also increases linearly with temperature and in the first
order approximation we have then 𝜀′′ = 2nk ≈ 2n0k0 +
2(n0k1 + k0n1)ΔT = 𝜀′′0 + 𝜀′′1 ΔT and expression (10) could
be rewritten as:

Pabs =
𝜔

2
𝜀′′0
𝜀′

|a|2 + 𝜔

2
𝜀′′1
𝜀′

ΔT|a|2. (12)

Finally, we relate the temperature with the absorbed
electromagnetic power ΔT = 𝜅Pabs through the linear
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coefficient 𝜅 similarly to Eq. (1). This coefficient depends
on the particular geometry of the system and can be found
withhelp of exact numerical simulation, for instance.With
this, the temperature can be expressed from Eq. (12)

ΔT = ΔT̃
1−ΔT̃∕ΔTc

≈ ΔT̃, (13)

where ΔT̃ = 𝜅𝜔𝜀′′0 |a|2∕2𝜀′ = 𝜅𝜔n0k0|a|2∕𝜀′ is propor-
tional to the mode intensity, and ΔTc = 𝜀′′0 ∕𝜀′′1 =
n0k0∕(n0k1 + k0n1) is critical temperature increase. One
can see that the temperature increase by itself has a
nonlinear relation with the mode amplitude. However, as
far as the temperature increase is smaller than the critical
oneΔT̃∕ΔTc ≪ 1 the connection can be linearized.

For a dielectric resonator the frequency shift is gov-
erned by the change of the refractive index, thus providing
Δ𝜔0∕𝜔0 = −Δn∕n. Recalling introduced mode spectral
shift from Section 2.2 and temperature dependence of the
complex refractive index (11), we obtain

ΔT = n0𝛼
n1𝜔0

|a|2, (14)

where 𝜔0 is unperturbed resonator eigenfrequency. Com-
bination of expressions (13) and (14) gives us the value of
thermooptical coefficient 𝛼:

𝛼 ≈ n1𝜔0
n0

⋅ΔT̃∕|a|2 ≈ 𝜅𝜔2
0k0n1
𝜀′

, (15)

where the last approximation is made for small values of
frequency detuningΔ𝜔∕𝜔0 ≪ 1.

Similarly, we can derive the absorptive nonlinear
coefficient 𝛽. From the amplitude nonradiative losses rate
definition:

𝛾nr =
Pabs
2W

= 𝜔

4
𝜀′′(T)
𝜀′

= 𝜔

4𝜀′
(
𝜀′′0 + 𝜀′′1 ΔT

)
. (16)

Using expression (14) for the relation between temperature
increase inside of the nanoparticle and mode amplitude,
we obtain the nonlinear coefficient 𝛽:

𝛽 = 𝜔

4
𝜀′′1
𝜀′

n0𝛼
n1𝜔0

≈ 𝜅𝜔2
0n0k0 (n0k1 + n1k0)

2𝜀′2 , (17)

which is true if we work in the vicinity of an unper-
turbed eigenfrequency position. Surprisingly, the relative
thermooptical parameter b, which governs the general
behavior of the nonlinear resonator, has the following
form:

b = 𝛽

𝛼
= n0 (n0k1 + n1k0)

2n1𝜀′
= n0

2n1
𝜀′′1
2𝜀′0

, (18)

which does not depend on the resonant characteristics of
the nanoparticles but only on the material properties and
thermorefractive characteristics.

3 Quasi-BIC nanoresonator heating
In this section, we implement the developed approach
for optimizing the optical heating of a single nanores-
onator. In strong contrast to nanoplasmonic designs,
we aim at semiconductor materials, which demonstrate
strong thermooptical nonlinear coefficient [10] and also
can demonstrate high-Q resonance which provides strong
thermooptical reconfigurationundermoderate laser inten-
sities. Moreover, the semiconductor structures allow for
precise tuning of losses in a wide spectral range by
doping the material with free carriers. Together with the
fine engineering of radiative losses with the concept of
quasi-BIC modes [3, 38] one can achieve high efficiency of
optical heating of a single wavelength scale resonator.

3.1 Radiative and nonradiative losses
optimization

Quasi-BIC states are characterized by the destructive
interference of radiation in the far-field zone and, hence,
efficient localization of electromagnetic energy in the
resonator volume [38]. The high-Q states in nanocylinders
can be excited with polarized vector beam [3] enhancing
light–matter interaction. Full-wave numerical simulations
allowed us to locate the spectral position of high-Qmodes
silicon nanocylinders on quartz substrates (see Figure 3(a)
inset). The modes of cylindrical resonators are classified
by their azimuthal number m [39], which indicates the
symmetry of the electromagnetic field E,H ∼ eim𝜑, where
𝜑 is theazimuthalangle tocylinderaxes.We investigate the
azimuthally symmetrical (m = 0) eigenmodes matching
the symmetry of the incident azimuthal vector beam (see
Figure 1). The map showing the eigenmodes spectral
position as a function of the aspect ratio of the cylinder
is shown in Figure 3(a). One can see the formation of
a high-Q state due to coupling between two modes in
the vicinity of the anticrossing region. Fixing then the
incident wavelength 𝜆 = 1400 nm we obtain geometrical
parameters for the declared quasi-BIC state which are
radius 𝜌 = 1238 nm and height h = 885 nm.

Next, we have optimized the nonradiative losses to
get close to the critical coupling condition. The doping of
semiconductors provides an additional degree of freedom
for precise nonradiative losses control. We choose silicon
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(a) (b) (c)

(d)

Figure 3: Linear optimization of optical resonator parameters.
(a) The cylinder eigenmodes positions depending on the dimensionless wavevector 𝜅𝜌 = 2𝜋𝜌∕𝜆, where 𝜆 – mode free-space wavelength,
𝜌 – cylinder radius, and on the dimensionless size parameter 𝜌∕h, where h is the cylinder height. The size of the dots is proportional to the
eigenmode quality factor. The inset shows a normalized electric field for quasi-BIC mode with quality factor Q= 615. (b) Simulated
temperature increase in a cylinder with quasi-BIC mode as the function of the imaginary part of refractive index k responsible for optical
losses of the system. Dashed line shows the optimal value of the losses which corresponds to the concentration of dopants
nd = 4.6 ⋅ 1018 cm−3. (c) Comparison of linear (without thermorefraction) and nonlinear (with thermorefraction) regimes of heating the
nanoparticle for zero detuning 𝛿𝜔 = 0. (d) Spectral shift of heating characteristic from linear (orange) to nonlinear (blue) one for
thermorefractive system. The incident intensity is I = 0.275 mW∕μm2.

for the resonator material since it possesses zero optical
losses in thenear-IR region [40]whichgivesanopportunity
to finely tune the losses in the wide range via modulation
of dopant concentration.

For chosen geometry of the resonator, we perform
rigorousoptimization fornonradiative lossesbysimulating
in numerical commercial software COMSOL Multiphysics
temperature increase inside of the nanoparticle excited by
the azimuthal vector beam [41] Figure 3(b). Analysis of
the temperature as a function of the imaginary part of the
refractive index k responsible for the nonradiative losses
rate in the system allows identifying the critical coupling
value of optical losses k = 0.0031. The estimated concen-
tration of dopants providing this condition according to
the Drude model is expressed as:

ΔIm𝜀(nd) =
𝜔p

2(nd)𝜏e
𝜔
(
1+𝜔2𝜏2e

) = 2nk, (19)

where 𝜔 is the frequency of the incident radiation; 𝜏e = 1
fs is the electron momenta relaxation time; plasmonic
frequency 𝜔p(nd) =

(
nde2∕𝜀0meff

)1∕2; meff = 0.18me is the
effective mass of electrons in the conduction band of
c-Si [42]; 𝜀0 is the permittivity of vacuum, and e is the
elementary charge. Assuming that the real part of the
refractive index n does not change significantly with the
free carrier concentration increase [43], we immediately
obtain donors concentration nd = 4.6 ⋅ 1018 cm−3 corre-
sponding to the optimal value of k = 0.0031Extracted total

loss rate for the resonator with optimized parameters is
then 𝛾 = 𝛾 r + 𝛾nr = 2.4 ⋅ 1012 1/s.

3.2 Numerical modeling of optical heating
We have performed the simulations on the optical heating
of thedesignednanoresonators demonstratingahuge tem-
perature increase ΔT = 815 K for relatively low incident
power flux I = 0.55 mW∕μm2 in the linear regime when
the thermooptical effects are omitted. However, once the
nonlinearity of the system is taken into account, heating
is significantly suppressed under the resonant excitation
(compare linearandnonlinear regimes inFigure3(c)). Such
a noticeable deviation from the linear trend is associated
with theeigenfrequencyspectral shift showninFigure3(d).
Thus, for maximizing heating efficiency in a nonlinear
thermorefractive system one needs to obtain the optimal
condition concerning both excitation frequency and inci-
dent intensity by the basic theory described in Section 2.

Inourdesignof thenanoresonator tuned for IR-region,
the relative absorptive nonlinear coefficient b appears to
be negligibly low b ≈ 0. Indeed, in the near-IR region
crystalline silicon has zero intrinsic optical losses and
thereforenonradiative losses in the systemareonlydefined
by the concentration of dopants. Since typical values of
donors ionization energy are less than thermal energy
for the room temperature E ∼ kT, we suppose them to be
fully ionized at T = 298 K [44]. Consequently, temperature
increase does not influence optical losses and imaginary
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part of the thermorefractive coefficient can be set to zero
k1 = dk∕dT|T=298K = 0. At the same time, the real part of
the thermooptical coefficient at the wavelength 𝜆 = 1400
nmequals ton1 = 2 ⋅ 10−4 1/K [45]which fromEqs. (15)–(17)
results into 𝛼 = 3.25 ⋅ 1028 J−1 s−1 and 𝛽 = 1.44 ⋅ 1025 J−1 s−1
nonlinear coefficients.

With the given material parameters, we perform full-
wave simulations coupled with the heat transfer module
in commercial software COMSOL Multiphysics. The ther-
mooptical coupling provides the nonlinear response of
the simulated system which may initiate computational
difficulties once the bistability regime is reached. In this
case, the final state of the iterative numerical solution
dependson the initial solutions guesswhether the solution
is located on the upper, lower, or unstable part of the
s-curve shown in Figure 4(a). For that, we were carefully
choosing the initial guess and used the obtained solutions
as the initial guess for the next set of parameters. The
dependence of the heating efficiency denoting the temper-
ature increase per unit incident power ΔT∕I0 is shown in
Figure 4(b) and (c) in full analog with the plots shown in
Figure 2(b) for a toy model. Figure 4(b) and (c) shows the
heating efficiency at the upper and lower branch of the
solution correspondingly. One can see that the maximal
efficiency of heating is indeed reached at the upper branch
by the basic theory discussed in Section 2.2. To reach this
solution in the simulations, one can simply start with the
high intensity of the laser pump and high temperature
initial guess and then gradually decrease the pump power.
However, this is not very physical from the experimental
point of view, when normally the excitation of the systems
starts from the cold regime. In this view, we show several
“trajectories” in the parameters space (see Figure 2),which
are tested in numerical simulations. The trajectory I stands
for the increase of the incident power at the frequency

detuning where there is no bistability region. For the
trajectory II the detuning frequency is larger and with the
increase of the intensity one starts at the lower branch of
the solution (see Figure 2) and then by a gradual increase
of the pump intensity reaches the upper branch, after that
with the decreasing of the temperature one can reach
the maximal heating efficiency point A. However, such
a route leads to necessary overheating of the structure:
reaching the optimal heating point one first need to jump
on the upper steady-state branch at higher temperature
and then get to the critical point A (see Figure 2(b) and
trajectory II there). Thus, alternatively, one can choose the
trajectory II′ where one first increases the pump at small
detuning and then gradually increases the detuning at
constant power reaching again point A. Finally, the shown
trajectory III does not reach the supper branch and the
heating efficiency is kept at a very low level.

It isalsoworthnoting thatat thepointofmaximalheat-
ing efficiency in the nonlinear regime, its value becomes
equal to the heating efficiency in the linear regime (see the
linear dash-dotted line in Figure 4(a)), which alsomatches
the basic model described in Section 2. However, that
occurs only in the case of small dissipative nonlinearity
b ≈ 0.

4 Discussion and conclusion
The main idea of this paper is to reveal the key aspects of
optical heating of a semiconductor resonator: (i) once the
resonator is heated in theCWregime, the efficiency of heat-
ing immediately drops due to thermooptical reconfigura-
tion of the resonator; (ii) one can reach high efficiency only
the heating is accompanied with proper spectral detuning
of the pumping laser from the ‘cold’ resonance of the

(a) (b) (c)

Figure 4: Numerical simulations of bistability behavior in single optical resonator.
(a) The dependence of the temperature on the pump intensity for different detuning parametersΔ𝜔∕𝛾 = 1.5 (I),Δ𝜔∕𝛾 = 6 (II),Δ𝜔∕𝛾 = 8
(III). (b) and (c) Heating efficiency mapsΔT∕I0 of the doped silicon

(
nd = 4.6 ⋅ 1018 cm−3) cylinder with radius 𝜌= 1238 nm and height h=

885 nm, as the function of pump intensity I0 and detuning factorΔ𝜔̃ = Δ𝜔∕𝛾 for (b) upper and (c) lower branches of the solution. The
difference in the maps denotes hysteresis region.
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mode; (iii) Themaximal heating efficiency is reached in the
bistability regime which appears under certain conditions
on the pumping intensity, thermooptical coefficients, and
of the resonant mode.

However, despite the discussed design being aimed
at the near-IR range, where the intrinsic losses of silicon
are vanishing, one can tune the proposed design closer to
the visible spectra and balance the radiative losses with
the intrinsic losses of silicon, which occur at around 𝜆 =
865 nm. Here, the imaginary part of thermorefractive coef-
ficient is non-zero k1 = 8.5 ⋅ 10−6 1/K [46], which provides
the relative nonlinear coefficient b = 0.015.

It is also worth mentioning that the suggested effect
of nonlinear critical coupling can be observed not only in
the CW regime, but also under the pulsed excitation once
the pulse duration is long enough so that the equilibrium
temperature is achieved, i.e. for nanosecond laser pulses.
In that case, the quasi-CW regime can be considered and
chirped laser pulses could be used to achieve the effi-
cient heating of nanoresonators. Alternatively, the heating
effects under the short pico- and femto-second pulses
excitation requires more complex models based on the
analysis of nonequilibrium dynamics of carriers [10].

Finally, we would like to provide a brief comparison
of the proposed nanophotonic design in terms of heating
efficiency to existing analogs of nanoscale optical heaters.
Indeed, Figure 4 depicts the map of heating efficiencies
as a function of pump intensity and the detuning factor.
The maximum values of heating efficiencies reached
1400 K/(mW/μm2), which is the highest value of heating
efficiencies for the structures with direct thermal contact
with substrates. For a single c-Si nanodisk laser heating
on a substrate at magnetic dipole and quadrupole modes
the efficiency reaches 150 K/(mW/μm2) [47], and for a c-Si
sphere is about 300 K/(mW/μm2) [17] with considerably
less thermal contact with the substrate than the disk has.
The latter results were obtained experimentally, however,
the best theoretical values reach 750 K/(mW/μm2) for
complex semiconductor structures with quasi-infinite c-Si
nanorod covered with a-Si film [14] and one of the most
promising nanostructures for light-to-heat conversion is
golden doughnut supporting efficiency values up to 230
K/(mW/μm2) in aqueous media. Nevertheless, it remains
questionable of fabrication, experimental feasibility, and
temperature detection possibility [48]. On the other hand,
thermal nonlinearity driven by pulsed laser heating is
also a rather promising approach, but the experimen-
tally demonstrated efficiency for c-Si nanocubes reached
only 30 K/(mW/μm2) [25] mostly due to oil immersion,

which drastically increases the thermal conductivity of the
nanoresonator’s surrounding medium.

In conclusion, we have developed a new simple
theoretical approach to optimization of the resonator
optical heating in the nonlinear regime. The proposed
design based on the super-cavity mode in doped silicon
cylindrical particles has allowed for efficient light-to-heat
conversion when the initial spectrum of incident laser is
detuned from the initial spectral position of the resonance.
Moreover, we have revealed a bistability regime in the
optical heating at intensity around 1 mW/μm2. Our results
are also helpful for resolving the thermal challenges for
all-dielectric resonator-based photonic devices [49, 50],
Raman microlasers [51, 52], and nanoscale photo-thermal
chemistry and sensing [53–55]. As an outlook, we believe
that the developed bistability approach is quite universal
and can be further applied not only for various types
of nonlinearities based on Kerr effect [56, 57], electron-
hole plasma generation [42, 43, 58], and excitonic effects
[59–61].
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