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Abstract: We study the effect of structural disorder on the
transition from the bound states in the continuum (BICs) to
quasi-BICs by the example of the periodic photonic struc-
ture composed of two layers of parallel dielectric rods. We
uncover the specificity in the robustness of the symmetry-
protected and accidental BICs against various types of
structural disorder. We analyze how the spatial mode local-
ization induced by the structural disorder results in an
effective reduction of the system length and limits the
Q factor of quasi-BICs. Our results are essential for the
practical implementation of BICs especially in natural and
self-assembled photonic structures, where the structural
disorder plays a crucial role.

Keywords: bound states in the continuum; metasurface;
spatial localization; structural disorder.

1 Introduction

Bound states in the continuum (BICs) are the specific solu-
tions of the wave equation which are spatially localized
despite the fact that their frequencies lay in the radia-
tion continuum. Initially, BICs were proposed in quantum
mechanics by von Neumann and Wigner [1]. In the last two
decades, BICs have been observed in many photonic struc-
tures such as photonic crystals, metasurfaces [2- 4], chains
of coupled resonators [5—8], waveguides [9-13], and even
single subwavelength resonators supporting quasi-BIC in
a form of supercavity modes [14-16]. A divergent radiative
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quality (Q) factor, strong spatial localization, and drastic
enhancement of the incident field make BICs very prospec-
tive for many applications including lasers [17-25], optical
filters [26—28], biological and chemical sensors [29-33],
and nonlinear photonics [34-43].

A genuine BIC with an infinitely large radiative Q factor
is a mathematical idealization. In real samples, the radia-
tive Q factor becomes finite due to roughness, diffraction
on the edges and into the substrate, and other imperfec-
tions inevitably appearing during the fabrication. Thus,
in practice, a genuine BIC turns into a quasi-BIC (g-BIC)
manifesting itself in the scattering spectra as a high-Q
resonance [44-47]. The material absorption also results
in a decrease in the total Q factor of g-BIC and makes it
hardly recognizable in the experimental scattering spec-
tra. The identification of the dominant loss mechanism is
the crucial point allowing enhancing the performance of
the photonic devices based on BICs.

Most of the systems supporting q-BIC are periodic
(metasurfaces, grating, chains etc.). The structural dis-
order in such systems drastically affects their optical
properties resulting in nontrivial Fano resonance evo-
lution, light localization, and coherent back-scattering
etc. [48-52]. The disorder effects are most essential in
self-assembled and natural photonic structures [53—-55].
Despite the important role of the structural disorder in
periodic photonic structures, it is weakly studied in appli-
cation to BICs and their transition to g-BICs. In particular,
the coupled-wave theory (CWT) framework was devel-
oped to study the Q factor of symmetry-protected BIC in
dielectric gratings with randomly perturbed filling fac-
tor and the element position [56]. The radiation losses of
symmetry-protected BICs were shown to decrease quadrat-
ically with the fluctuation amplitude. It was shown in Ref.
[57] that disorder can results in the formation of BIC band
in multichain and multilayer systems. The robustness of
symmetry-protected BICs was partly analyzed in Ref. [58]
in the framework of the Fano—Anderson model applied to
the system of parallel coupled waveguide.

Here we provide a rigorous analysis of the Q fac-
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accounting for the structural disorder in the position of the
rods keeping them parallel, i.e. preserving the translation
symmetry. In contrast to the Ref. [56], we uncover two con-
current radiation loss mechanisms due to a finite number
of periods and scattering due to the structural disorder. We
find the disorder amplitude up to which the vertical and
horizontal fluctuations in the rod position contribute to
the radiation losses independently. We demonstrate that
accidental BIC is more resistant to the fluctuation of the
position along the direction of periodicity rather than to
the perturbation of distance between two layers of rods.
Contrary, the symmetry-protected BIC shows greater sensi-
tivity to the fluctuation of the distance between the layers.
Also, we reveal the disorder-induced spatial localization of
the g-BICs and prove that it limits the Q factor of g-BICs if
the array of rods is longer than the localization length.

2 Results and discussions

2.1 Infinite array without structural disorder

We start the analysis from the consideration of the infi-
nite periodic structure without structural disorder shown
in Figure 1(a). It consists of two identical periodic arrays
of infinitely long dielectric rods. The radius of the rods
r = 0.5 cm and the period a = 3 cm. Thus, the unit cell
of the structure contains two rods spaced apart by distant
h. For further analysis we will use permittivity of the rods
& = 2.1that corresponds to low-loss polymers, for example,
Teflon in the frequency range 0.1-10 GHz [59, 60]. The
advantage of such low-refractive-index materials is that
the electromagnetic field is mostly localized outside the
rods, i.e. in air, where the losses are negligible. Thus, the
material absorption is substantially suppressed substan-
tially and we will not account for it in the further analysis.
The considered two-layer system is convenient as it pro-
vides a simple way to precisely tune the accidental and
symmetry-protected BICs [61-67].

According to the Bloch theorem, the -electric
field of eigenmodes can be written as E(x,y,z) =
U (6.) elkotikz Here, k, is the wavenumber correspond-
ing to the direction of the translation symmetry, k, is the
Bloch wavenumber, s is the index of the band and we will
omit for simplicity, U (x,y) is the periodic function of x.
The BICs in such system appear only if either k, = 0 or
k, = 0. Further, we will limit our analysis to the case of TE-
polarized modes [E = (0, 0, E,)] with k, = 0. For TE modes
with k, = 0, we can write E,(x,y) = U, (x, y)et*, The peri-
odic Bloch amplitude can be expanded into the Fourier
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Figure 1: Bound states in the continuum in two-layered structure of
infinite dielectric rods. (a) Schematic view of the photonic structure.
(b) Electric field E, distribution of accidental (mode 1, mode 2) and
symmetry-protected (mode 3) BICs in the ["-point. The mode profiles
are plotted for different distances between layers h (h = 4.7 cm for
modes 1and 3; h = 3 cm for mode 2). (c) The band diagram of
TE-polarized modes. (d) Q factor versus distance between layers h.

series as follows:
U (6y) =D Cop ()0, ®)
n

where n is the index of the diffraction channel. At the
frequencies above the light line (w/c > |k,|), the mode
leaks from the structure to the radiation continuum via
the open diffraction channels. BIC appears when the
leakage into all open diffraction channels is forbidden,
i.e. the complex Fourier coefficients C, (v) — the ampli-
tudes of the outgoing waves — are zero. In the subwave-
length regime A < a, only the zeroth diffraction channel
is open. Thus, the amplitude of the outgoing leaky wave
is defined by the zeroth Fourier coefficient C, (y). By the
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definition, it is equal to the field averaged over the period,
ie. Cop ) =< Uo (x,¥)),. For the structures having the
time-reversal and z-rotational symmetries, denoted as
TC’Z’, the coefficient CO,kX(y) becomes pure real for BICs
[68-70]. At the I'-point (the center of the Brillouin zone),
ka (x,y) is either odd or even function of x since the pho-
tonic structure is C;-invariant [71, 72]. Obviously, for an
odd function ka(x, y) the zero-order Fourier coefficient
vanishes. In this case, the symmetry-protected BIC occurs
— the coupling to the radiation continuum disappears due
to the point-symmetry of the structure. In the case of the
even mode, the spatial average <U0,kX(X’ y)), may vanish
not only due to the symmetry reasons but at specific val-
ues of the structure parameters such as period, the radius
of rods, permittivity, interlayer distance resulting in the
appearance of accidental BIC also called tunable BIC.

Figure 1(b) and (c) show the spectra of TE-modes and
the electric field distribution for possible BICs appeared in
the I'-point. Mode 3 is odd with respect to Cg transforma-
tion and, thus, it has a symmetry-protected BIC labeled as
sp-BIC. Modes 1 and 2 are even with respect to Cg trans-
formation and, thus, they can have only accidental BICs.
The dependence of the Q factor for all three modes in the
I'-point versus the distance between the layers h is shown
in Figure 1(d). One can see from this figure that the BICs
in the I'-point of modes 1 and 2 appear only at the spe-
cific distances between the layers, while the Q factor of
the sp-BIC is insensitive to h. The spectral position of the
I"-point for all three modes versus h is shown in Figure
6 in Appendix A. Modes 1 and 2 have different symme-
tries with respect to the y - —y transformation. Mode 1
is even (symmetric) and mode 2 is odd (anti-symmetric).
Thus, we denote the corresponding BICs as s-BIC and a-BIC.
These BICs can be considered as Fabry—Perot resonances
formed due to the total reflection from the array of the rods
[5, 73, 74].

2.2 Structural disorder and Q factor

In this section, we consider the structure of finite size, con-
sisting of N periods, accounting for the structural disorder.
In this case, the total Q factor is contributed by two parts

1 1 1

Qtot Qord - Qdis

as we neglect absorption and the effect of surface rough-
ness. Here, Qg is responsible for the radiation due to
the structural disorder; Q.4 is responsible for the radi-
ation due to the finite size of the structure and it is a
function of N. Since the finite structure is not true peri-
odic, the diffraction directions are smeared out resulting
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in additional diffraction losses. Therefore, a genuine BIC
transforms into a resonant state (quasi-BIC) with finite Q
factor [7, 75]. Recently, the Q factor of a symmetry-protected
quasi-BIC was shown to grow as ~N?, see Ref. [76], while
the Q factor of an accidental quasi-BIC emerging at the
center of the Brillouin zone increases as ~N3, see Refs. [76,
77]. The dependence of Q.4 on N calculated numerically
for the structure under consideration is shown in Table 1.

As a next step, we account for the contribution of the
structural disorder Qg;, to the total quality factor Q,,. We
will consider a model of the uncorrelated disorder intro-
ducing a fluctuation to the position of the rod keeping all
the rods parallel. To gain deeper insight into how the struc-
tural disorder affects symmetry-protected and accidental
BICs, we first consider the fluctuations in the rod positions
along the x and y axes independently and then account
for these shifts simultaneously. In both cases, the shift of
the rod is given by 6t =R - ¢ - a. Here, a is the period of
the structure, o is a fluctuation amplitude (disorder ampli-
tude); R is a uniformly distributed random number in the
range [—1;1].

To analyze Qg;, we use the finite element method cal-
culating the complex eigenfrequencies and total Q factors
of the disordered array of rods with the finite number of
periods N. We collect the data from ensembles of 100 struc-
tures for each value of amplitude ¢ at the given number
of periods N. Then we average the calculated Q factors
over the ensemble as (Q,) = X", Q. . /m, where m is the
number of ensembles.

Figure 2 exhibits decreasing of the Q factor for both
symmetry-protected and accidental BICs (sp-BIC and s-
BIC) with the growing amplitude of disorder o. As it was
mentioned above, the in-I" accidental BICs (a-BIC and
s-BIC) require particular values of the distance between
layers h at which the round-trip phase shift accumulates
to a value being multiple of 2. Therefore, the accidental
BICs are more sensitive to the fluctuations in rod position
along the y axis rather than along the x axis [see Figure
2(a)]. Thus, when we account the shift of rods along both
coordinates, we observe that the random shifts along the
y-axis make the main contribution to the decreasing of the

Table 1: Radiative Q factor (Q,,4) for different types of BICs in
structures of finite size consisting of N periods.

Number of periods, N 100 150 200
sp-BIC 7600 22,500 47,300
a-BIC 10,300 33,900 78,800
s-BIC 7800 24,700 60,200
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Figure 2: Dependence of average Q,,, of disordered structures on
disorder amplitude o for (a) the accidental s-BIC and (b) the
symmetry-protected sp-BIC. Bars indicate the standard deviation.
Number of periods N = 100. Schematic view of the rod array with the
structural disorder (c) along x-axis, (d) along y-axis and (e) along
both axes. Green solid circles show the ordered structure, blue open
circles show the structures with disorder.

Q factor for the accidental BICs. In contrast, the symmetry-
protected BIC (sp-BIC) exist at any distance between the
layers (Figure 1). Therefore, the y-axis disorder does not
affect much its Q factor. However, the random shifts of
rods along the x-axis induce an additional polarization
(dipole moment) along the x-axis resulting in radiative
losses. Thus, the symmetry-protected BIC is most sensi-
tive to the lateral shifts of meta-atoms inside the unit cell
[Figure 2(b)].

Next, we calculate the dependence of the total Q factor
(Qp) of the accidental s-BIC on the disorder amplitude o
for three structures of different length (N = 100, 150, 200)
accounting for random shifts of the rods only along the
x-axis [Figure 3(a)]. One can see from this figure that the Q
factor becomes sensitive to structural disorder only when
the disorder amplitude reaches a threshold ¢ ~ 0.01. For
smaller o, the Q factor is completely defined by the radia-
tion losses due to the finite size of the structure. In contrast,

DE GRUYTER

for ¢ > 0.01 the main contribution to the radiation losses
is made by the scattering events on the structural disorder
resulting in quadratic decaying of the Q factor with ¢. This
quadratic dependence is observed for both types of the
structural disorder (along the x and y axes) (see Figure 7 in
Appendix A.1). The similar dependence of the Qg factor
was shown recently for eigenmodes of the periodic dielec-
tric grating composed of supercells with fluctuations in
grooves positions and filling factor [56].

Next, we examine whether the losses due to disorder
along the x and y axes can be decomposed into two inde-
pendent terms corresponding to the disorder along each
axis separately

1 1

1
= o+ 5 3)
X,y

Qdis Q)c(lis Q}(;is

Usually, it is true only when the radiative losses caused
due to both of these shifts are small. For a large amplitude
of the disorder, the total losses might not be expanded
into a sum of simple terms from each disorder obtained
independently. We expect that some correlation between
shifts along x and y appearing since the shape of a sole rod
is conserved may impact on Q). To analyze the validity
of this decomposition, we consider an auxiliary quantity
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Figure 3: (a) Average Q,,, of the accidental s-BIC supported by the
structure with disorder along x axis with different number of periods
N. Vertical bars denote the standard deviation. Solid lines show the
approximation. (b) Average Qd‘ils of the accidental s-BIC supported by
the structure with disorder along x axis with different number of
periods N. Blue, red, and green symbols correspond to

N = 100,150, 200, respectively.
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Figure 4: Average Q" of (a) the symmetry-protected BIC, (b) the
accidental s-BIC. Blue squares show dependence of inverse average
Qfactor on the disorder degree along both axes, green points are the
difference according to Eq. (4). Solid lines are guides for an eye only.
Red dashed circle shows the region of o, where Eq. (4) is not valid.

characterizing the deviation from it

1 1 1
les )(;is ths

If the composition (3) is correct then A has to be zero. Figure
4 demonstrates the dependence of 1/Q;” and A on an
amplitude of disorder ¢ for the symmetry-protected (panel
a) and accidental s-BIC (panel b). As it can be seen from
the figure, decomposition (3) breaks for the accidental s-
BIC for ¢ > 0.7. This can be caused by correlation between
shifts for a sole rod which impact becomes comparable
with separate contributions with ¢ increasing. In addition
to correlation, large disorder amplitudes can result in the
spatial localization of the mode at a scale less than the
length of the structure, thus, reducing its effective length.
For the symmetry-protected BIC, there are some deviations
of A for large ¢ but they are substantially smaller than
ones for the accidental s-BIC. We suppose that a symmetry

of field distribution plays a crucial role causing stability of
sp-BICs rather than accidental BICs.

2.3 Effect of spatial localization

As we discussed previously, the Q factor of all types of
BICs depends on the size of the sample. From other hand
it is known that disorder can result in spatial localization
of wavefunctions (eigenmodes) that can be considered as
effective reduction of the sample size [50, 78—81]. In this
section, we analyze how the structural disorder results
in spatial localization of BICs and how it affects their Q
factors.

As we discussed in the previous section, there is a
deviation from Eq. (3) for large disorder amplitudes for
the accidental BIC (s-BIC). We suppose that this deviation
can be related to the wave localization inherited to one-
dimension systems with structural disorder [50, 78], which
leads to an effective reduction of the structure length. We
examine the amplitude of the electric field distribution
along the structures of different length.

Figure 5 shows the envelop curves (mode profiles)
of the accidental BIC (s-BIC) for the structure of various
length (N = 100, 150, 200) for the fixed disorder amplitude
o = 0.085. The shaded areas of different colors correspond
to different realization from the ensemble. The gray curves
correspond to the envelope function of the accidental s-BIC
in structures without disorder. To estimate the localization
length, we superpose the envelope function of the acci-
dental s-BIC in structure with N = 60 (dashed curve). One
can see that for disorder amplitude ¢ = 0.085 the wave-
function is localized on around 60 periods for all x-, y- or
xy-oriented disorder. From one hand, the structural disor-
der localizes the wavefunction inside the structure, thus,
the losses due radiation from the ends of the chain are
negligible. Therefore, this loss mechanism is essential as
for regular structure. From other hand, the structural dis-
order reduces the effective length of the structure limiting
the Q factor. The localization can be neglected for the most
practical shorter structures; it has to be taken into account
for larger, self-assembled, and natural structures, though.
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3 Conclusions

In conclusion, we have uncovered how the uncorrelated
structural disorder affects the symmetry-protected and
accidental in-I" BICs in the one-dimensional periodic struc-
ture composed of two layers of dielectric rods. Regardless
of the direction along which the position of rods are per-
turbed, the Q factor of both symmetry-protected and acci-
dental BICs decays quadratically with the amplitude of
the disorder o. Importantly, the symmetry-protected BIC is
more resistant to the fluctuation of the distance between
layers (along y) rather than the fluctuation of position
along x. And vice versa, the accidental BIC is more robust
against the fluctuation along the direction of periodicity
(along x). We have shown that the fluctuations of position
along the direction of periodicity and distance between the
layers contribute to the losses independently for low disor-
der amplitudes. For the large values of disorder amplitude
o or long structures, the localization of electromagnetic
energy suppresses the total Q factor due to the effective
reduction of the system length. We anticipate our findings
provide useful guidelines for practical implementation of
resonators supporting bound states in the continuum in

self-assembled and natural structures, where the role of
structural disorder is the most relevant.
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Appendix A: BIC’s frequency in a
periodic structure without disorder
Figure 6 shows how the frequencies of sp-, a-, and s-BICs

depend on the distance between layers h of the infi-
nite periodic structure. While the frequency of the sp-BIC
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increases slowly, the frequencies of the mode 1 and mode
2, at which the accidental BICs occur, exhibit complicate
behavior.
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A.1 Radiative losses due to structural
disorder

Figure 7 shows that, for both symmetry-protected and acci-
dental BICs, the losses due to various types of structural
disorder exhibit quadratic dependence on the disorder
amplitude.
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