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Abstract: Twist phase is a nontrivial second-order phase
that only exists in a partially coherent beam. Such twist
phase endows the partially coherent beam with orbital
angular momentum (OAM) and has unique applications
such as in super-resolution imaging. However, the manip-
ulation and the detection of the twist phase are still far from
easy tasks in experiment. In this work, we present a flexible
approach to generate a famous class of twisted Gaussian
Schell-model (TGSM) beam with controllable twist phase by
the superposition of the complex field realizations using a
single phase-only spatial light modulator. The precise con-
trol of the amplitude and phase of the field realizations al-
lows one to manipulate the strength of the twist phase
easily. In addition, we show that the twist factor, a key factor
that determines the strength of twist phase and the amount
of OAM, can be measured by extracting the real part of the
complex degree of coherence of the TGSM beam. The
experiment is carried out with the help of the generalized
Hanbury Brown and Twiss experiment as the generated
TGSM beam obeys Gaussian statistics. The flexible control
and detection of the twist phase are expected to find
applications in coherence and OAM-based ghost imaging.
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1 Introduction

Over the past three decades, light beams carrying orbital
angular momentum (OAM) have been widely studied owing
to their unique properties and diverse applications in optical
tweezers, optical communications, nonlinear optics, and so
on [1, 2]. Perhaps, the most known light beam carrying OAM
is the vortex beam [3, 4]. Such beam possesses helical phase
front i.e., exp (ilp), where [ is the topological charge and ¢
is the azimuthal angle in polar coordinate [5]. In 1992,
Allen and coauthors found that the vortex beam has a well-
defined OAM, equivalent to I per photon (I is an integer
number), where % is the reduced Plank constant. This
general result opens a new chapter in modern optics,
i.e., singular optics [6]. The vortex beams and optical
vortices can be generated and manipulated by various
methods including the in-cavity and out-cavity approaches
with the use of macroscopic and microstructural elements
[3, 7-9]. Meanwhile, many approaches for the determination
of the topological charge  have been proposed, such as with
the slit interference [10-12], prescribed aperture diffraction
[13], special diffraction gratings [14], coordinate trans-
formation [15], mode conversion [16], and astigmatic trans-
formation [17]. The generation and measurement of the
vortex beam endowed with partial coherence have also been
studied extensively [18-21]. Besides the vortex phase,
astigmatic phase is another phase that could induce OAM
[22, 23]. An elliptical Gaussian beam passing through a cy-
lindrical lens could generate such astigmatic phase. The
advantage of astigmatic phase is that it could produce very
high OAM, e.g., up to 10, 000% per photon.

Twist phase is another nontrivial phase that could
induce the light beams carrying the OAM [24, 25]. Different
from the vortex and astigmatic phases, the twist phase is a
second-order phase that depends on two spatial points and
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cannot be separated with respect to two positions. Thus,
the twist phase exists only in a partially coherent light and
is encoded within the second-order coherence function.
Compared with the fully coherent light, the partially
coherent light has found advantages in many applica-
tions [26-29]. The expression for the twist phase is
exp[ —ipy (x1y, — x2y;)], where p, is the twist factor, related
to the amount of OAM carried by each photon and
(x1,¥1), (x2,y,) are two arbitrary position vectors in the
beam transverse plane. The twist factor is bounded by
ol < 8%, where &, is the transverse spatial coherence
width of the light beam. We can find when the beam be-
comes fully coherent, i.e., §, tends to infinity, y, = 0, and
the twist phase disappears. Since Simon et al. introduced
the twist phase in a Gaussian Schell-model beam, which is
named the twisted Gaussian Schell-model (TGSM) beam,
the propagation of the TGSM beam in paraxial optical
systems, dispersive media, and uniaxial crystal has been
well explored theoretically [30-34]. The OAM flux density
and its interaction with vortex phase were also studied in
detail [35]. Recently, the studies of the conditions for
embedding the twist phase in other kinds of partially
coherent beams and devising new kind of twisted beams
have paid considerable attention [36—-40]. The TGSM beam
has found potential applications in super-resolution im-
aging, optical trapping, free-space optical communica-
tions, and beam self reconstruction enhancement [41-44].
However, the experimental generation of the TGSM beam
with controllable twist factor is far from an easy task. To
the best of our knowledge, there are only a few reports to
generate the TGSM beam experimentally. One way is to a
transform anisotropic GSM beam to the TGSM beam by
using six or three cylindrical lenses system [45, 46].
However, this approach is difficult to modulate the twist
factor. Another method proposed recently is the inco-
herent superposition of the continuous coherent modes
[47, 48]. In that method, the generated twisted beam does
not obey Gaussian statistics as the modes are not
randomly fluctuating. Thus, it is restricted in particular
applications where the Gaussian statistics is required, e.g.,
in ghost imaging [49, 50]. In addition, the experimental
measurement of the twist factor of the TGSM beam is still a
tricky challenge as the TGSM beam has the very weak
spatial coherence and therefore the traditional interfero-
metric methods cannot be used. As far as we know, there is
no report on the experimental measurement of the twist
phase.

In this work, we introduce an efficient way to generate
the TGSM beam with controllable twist phase with the aid
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of a single phase-only spatial light modulator (SLM). The
methodology is based on the superposition of the random
modes generated by the stochastic complex transmittance
screens [51]. Thus, the generated TGSM beam obeys
Gaussian statistics. Moreover, we show that the twist
factor can be quantitatively measured from extracting the
real part of the two-point complex degree of coherence
(DOC) of the twisted source. A proof-of-principle experi-
ment is carried out to determine the twist phase of the
generated TGSM beam with the help of the generalized
Hanbury Brown and Twiss effect [52]. Our results open a
new avenue for manipulating the second-order phase and
OAM of the partially coherent light and may find novel
applications in optical trapping, imaging, and optical
communications.

2 Theory

The second-order statistical properties of a TGSM beam,
propagating along z-axis, is characterized by a two-point
cross-spectral density (CSD) function in space-frequency
domain [24]

W (11,12) = (E" (11)E (12))
with

1
U, 1) = EXP[ —ﬁ(lﬁ - l'z)z]eXp[ -y, (rx1),]. )

0

Above u (1, 15) is the complex DOC function, 1y = (x3,y;)
andr, = (xa,Y,) are two position vectors in the source plane
(z=0), E(r) denotes the electric field realization, the
asterisk and the angular brackets stand for the complex
conjugate and ensemble average over the source fluctua-
tions, respectively. oo and 6, are the beam width and the
spatial coherence width, respectively. The subscript 1 in Eq.
(2) denotes the component of cross-product orthogonal to
the propagation axis. y, is a twist factor, a measure of the
strength of the twist phase. The magnitude of y,, is bounded
by the inequality |y,| < 552, which ensures the nonnegative
definiteness of the CSD function. When r = r; = r,, the CSD
function reduces to the average intensity of the TGSM beam,
ie., S(r)=W(rrx) ={I(1)).

In order to synthesize the TGSM source experimentally,
the DOC function can be written as the following alterna-
tive integral form
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U (1, 1) = exp[ - a(r; + 15)u; /2]
| [p(WH" (1, VH (1, v)d'v. 3

The function p (v) and H (r, v) take the form
p(v) = a exp(-av®)/m, (4)

H(r,v) = exp[ap, (xvy, —yvy)]exp[ —i(xvy +yv,)].  (5)

The parameters a, p,, and §p satisfy the relation:

(26(2))71 = (xy%)/4+ (4a)7!. To produce the random fields
whose correlation function have the complex DOC shown
in Eq. (3), we let H be a realization of an optical field
parameterized by random vector v = (vy, v,), and p(v)
interprets as the joint probability function of v. Now, let us
consider a form of stochastic optical field generated by a
deterministic field 7(r) passing through a complex random
screen T(r), given by E(r) = 7(r)T (r). Taking the second-
order statistic of the stochastic field, one obtains the CSD
function.

W(r,n) =1 (1)t @) (T ()T (1) ). (6)

Compared Eq. (6) to Egs. (1) and (3), one could estab-
lish the bridge between the complex DOC and the complex
random screens, which is

(T" ()T () = [ [ p(WH" (1, MH (R, v)d'v,  (7)

and 7(r) = exp{ - [ (403))’1 + aud/2]r?. Following from the
analysis in Ref. [51], the complex random screen T (r) can
be evaluated from the following integral by changing the
variable v = 27f, i.e.,

T(r) = V2ma[ [ R(F)[2p (2n6)]°H (x, 206)dE,  (8)

where R(f) is the circular complex Gaussian random
numbers with zero mean and unit variance. Eq. (8) can be
evaluated numerically by means of the fast Fourier trans-
form (FFT) algorithm. The procedure for the computing the
single realization, say T,(r) (n =1, 2, 3, ...) of the stochastic
field is as follows: The first exponential function in H
function is evaluated at a desired location (x;, y;), then per-
forming the two-dimensional FFT of Eq. (8). The result of the
FFT at the location (x;, y;) is the true value of the screen T,(r).
The above procedure is repeated for all (x; y;) in the trans-
verse plane. Finally, the obtained screen T,(r) is multiplied
by a Gaussian function 7(r). Figure 1(a) and (b) show the
simulation results of the distribution of the intensity and
the phase of one realization of random electric field E(r).
The parameters are chosen to be 0, = 1.6 mm, §, = 0.4 mm,
and o = 6.25 mm . Obviously, the amplitude and phase
fluctuate randomly in space.
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Figure 1: Theoretical results of the (a) intensity distribution and
(b) phase distribution of one realization (instantaneous electric
field). (c) and (d), the corresponding experimental results of the
intensity distribution and phase distribution.

In practical circumstance, one could express the
ensemble average as the summation of large number of
random electric fields, to be a good approximation, if the
random process is stationary, i.e.,

N
(T )T () = 3 T3 (0T, 1), ©)

where N is the number of realizations. Egs. (7)-(9) pro-
vides an efficient way to experimentally synthesize the
TGSM beams based on incoherent superposition of the
random fluctuating fields. The modulation of the ampli-
tude and phase of each realization can be realized with
the help of particular optical devices, such as a spatial
light modulator (SLM) or a digital mirror device (DMD). It
is worth to note that one can conveniently control the
strength of twist phase, i.e., twist factor, in the process of
generating the random realizations T,(r) since the twist
factor is contained in the kernel function H(r, v) shown
in Eq. (6).

3 Experiment

3.1 Generation of a TGSM beam via random mode
superposition

Part I of Figure 2 shows our experimental setup for generating the
TGSM beam. A linearly polarized beam (A = 532 nm) emitting from a
diode-pumped solid state (DPSS) laser is expanded by a beam
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expander (BE) and reflected by a reflective mirror (RM;). We note here
that the DPSS laser used here is a single longitudinal mode and TEM,
transverse mode laser (Cobolt Samba 532 nm laser). The beam then
goes towards a beam splitter (BS). The transmitted portion entering
part Il is used as a reference wave to measure the twist factor of the
generated TGSM beam, which we will discuss in the next subsection.
The reflected portion impinges on a phase-only spatial light modulator
(SLM, Pluto-VIS, Holoeye) on which a computer-generated hologram
(CGH) is loaded to modulate the amplitude and phase of the incident
beam. Although the phase-only SLM can modulate only the phase of
the incident light, several methods have been proposed to simulta-
neously encode the amplitude and the phase information on a phase-
only CGH. Here, we adopt the method for synthesizing the CGH of type
3 described in Ref. [53]. The basic idea is as follows: we first write the
phase-only CGH as the form h(x,y) = exp[itp (A, ¢)], where i is the
function of the prescribed amplitude A and phase ¢. Note that A and ¢
are the spatially dependent. The h(x,y) function is then expanded in
terms of Fourier series and is associated with the phase modulation
Y (A, @) = f(A)sin(¢) with f (A) being an unknown function. Finally,
the function f(A) is solved by the equation J; [f (4)] = 0.582A. The
inset (a) in Figure 2 illustrates the typical CGH associated with the
blazed grating to generate the single realization of the field.

The modulated light reflects from the SLM and passes through
the BS again, entering a 4f optical system consisting of lenses L,
and L,. The use of the 4f system is to filter out the unwanted
diffraction order and background noise with the help of the CA,
located in the rear focal plane of L;, and to image the modulated
beam with unit magnification. The imaging plane is regarded as the
source plane of the generated TGSM beam. The intensity and phase
distributions of an instantaneous electric field measured from
experiment are shown in Figure 1(c) and (d), corresponding to the
theoretical results shown in Figure 1(a) and (b). One can see that
the generated instantaneous field agrees reasonably well with the
prescribed one. Since the TGSM beam is the incoherent super-
position of a large number of realizations (randomly fluctuating
electric fields), N = 5000 CGHs encoded with the random complex
fields is prepared in advance and is stored in computer memory.

iPart]

fSLM
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The SLM operates in such a manner that at each time step, the
chronologically earliest CGH is removed from the SLM’s screen and
replaced by a new CGH. The SLM’s screen plays 5000 CGHs in cycle
with each CGH being equal displaying time; about 18 ms. The CCD
captures the intensity distributions of all realizations. The average
intensity distribution of the TGSM beam can be obtained by aver-
aging over the intensity of all realizations. In the experiment, we
generate two TGSM beams with twist factors p, = 6.25mm™ and
Mo = —6.25mm2. This can be done by preparing two sets of CGHs,
one for 6.25mm™ and the other for -6.25mm™2.

Figure 3(a) and (i) illustrates the experimental results of the
intensity distribution of the generated TGSM beams in the source plane
with two different twist factors py = 6.25mm2 and p, = —6.25mm™>2,
respectively. The other beam parameters set in the CGH are g, = 1.6 mm,
8o = 0.4 mm. It is found that the two intensity distributions have the
same Gaussian profile that is independent of the value of the twist
factor. Nevertheless, the two TGSM beams exhibit different propagation
characteristics if the circular symmetry of the beam is broken. In the
experiment, we insert a thin lens L; with focal length f =200 mm and a
cylindrical lens (CL) with focal length f, = 150 mm and f, = oo, and
examine the intensity distributions at different propagation distances
after two lenses. The experimental results are shown in Figure 3(a)-(h)
and Figure 3(i)—(p). One can see that the rotation directions of the beam
spot with respect to the propagation axis are opposite. The positive and
negative twist factors correspond to the clockwise and counterclock-
wise rotating direction, respectively. However, such behavior allows
one to judge only the sign of the twist factor. It is difficult to determine
the magnitude of the twist factors quantitatively from the propagation
intensity distributions.

3.2 Measurement of the twist factor

From Eq. (2), it is shown that the twist phase is contained in the phase
of the two-point DOC function. To see clearly the role of the twist factor
in the DOC, we write Eq. (2) as the more specific form, i.e.,

Figure 2: Experimental setup for synthesizing and measuring the TGSM beam with controllable twist phase. DPL, diode-pumped solid-state
laser; BE, beam expander; CA,, CA,, circular apertures; RM;, RM,, RMs, reflect mirrors; HWP, half-wave plate; BS;, BS,, beam splitters; SLM,
spatial light modulator; P, linear polarizer; Ly, L,, Ls, thin lenses; CL, cylindrical lens; NDF, neutral-density filter; PC, personal computers.
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Figure 3: Experimental results of the normalized average intensity distributions of the generated TGSM source with y, = 6.25mm~2 (top) and
Ho = —6.25mm~2 (bottom), respectively, at different propagation distances. The scale bars in the figures are 1 mm.

1
(1) = exp{ - —r - 1’z|2}
26, (10)

x {cos [uy 1y, —y1)] =i sinfp, (xay, - yix2)]}

If we only concentrate on the real part of the DOC and fix the point
1, = (X2, y,) as a reference point, in such a situation, the pattern of the
real part looks like an interference pattern of two plane waves with its
intensity truncated by a Gaussian profile. The period of the pattern
turns out to be

2 1 1
y L 1)
Ho V2 X3
Therefore, by measuring period of the pattern with a known
reference point, one could determine the twist factor quantitatively,
ie., py = (21/T)\x32 + Y52
The real part of the DOC can be measured by interferometry
methods. Here, the generated TGSM beam obeys Gaussian statistics.
Thus, its DOC can be measured with the help of the famous Hanbury
Brown and Twiss (HBT) experiment. The HBT experiment, also known
as the intensity correlation between two spatial points, is an efficient
way to measure the DOC function of partially coherent light with
Gaussian statistics [54-56]. The relation between the intensity corre-
lation and the DOC is established via Gaussian momentum theorem
[54], i.e.,

G(r,12) = (I(1)I (1)) = S(X1)S (1) + W (11, 1), (12)

where S(r) =(I(r)) is the average intensity of the light beam and
[W (11,12)]? = S(11)S (1) | (11, 1) It indicates from Eq. (12) that the
HBT experiment only measures the modulus of the DOC function. The
phase information is lost. In order to recover the phase information or
real part of the DOC function, we recently introduced the generalized
HBT experiment [52]. In this method, a reference wave is used to
interfere with the to-be-detect random field. As shown in part II of
Figure 2, a reference beam transmitted from the BS passes the RM,,
neutral density filter (NDF), and RMs, then, coaxially interferes with
the generated TGSM beam. A CCD camera records a large number of
instantaneous intensity distributions to calculate the intensity corre-
lation function. In this case, the instantaneous mixed electric field can
be written as

E;(r) = E(r) + E, (1), 13)

where E;, E and E, represent the mixed field, random field, and
reference field, respectively. By applying the Gaussian momentum
theorem, the intensity correlation of such mixed field turns out to be
(after some mathematical manipulations)

Gs (11, 12) = (L5 (1) (12))
= S5 (1)Ss (2) + W (10, 12)
+2 \/Sr (rl)Sr (rZ)Re [W(rb 1'2)],

where I; and S = S(r) + S,(r), respectively, stand for the instantaneous
intensity and the average intensity of the mixed field. S,(¥) is the in-
tensity distribution of the reference field. From Eq. (14), it is found that
the last term of the right side contains the real part information of the
CSD function. Combining Egs. (1), (12) and (14), we finally obtain the
expression

(14)

Gs(1,15) — G(11, 1) - S(11, 1)

, 15
2+/S, (1)S, (12)S (11)S (1) (a5

Re[u(r,12)] =

where S(11,1,) = S(11)S,(12) + S, (11)S(12) + S, (11)S,(12). From Eq. (15),
one could extract the real part of the DOC function experimentally
through the following procedures: First, the average intensity distri-
bution of the reference field S(r) and the random field S(r) are
measured, respectively. Second, the intensity correlations of the
random field (the reference arm is closed) and the mixed field are
measured, respectively. Finally, the real part of the DOC is evaluated
by the measured quantities according to Eq. (15). In the experiment,
the CCD records 5000 instantaneous intensity distributions of the
random field and the mixed field to calculate the average intensity
distribution and the intensity correlation.

Figure 4(a)—(d) present our experiment results of the real part of
the DOC function of the generated TGSM beam in the source plane at
four different reference points which are r, = (0, 0), (0, oy),
(00/2,00//2), and (0o, 0). For convenience of comparison, the cor-
responding theoretical results are shown in Figure 4(e)-(h). The
measured beam width oy is about 1.6 mm. It can be seen from Figure 4
that the real part of the DOC pattern is closely dependent on the specific
reference point we choose. When r, = (0, 0), the result reduces to a
Gaussian profile thatis Re [y (11, 0)] = exp ( —rf/Z&é). The value of beam
width 8, is obtained through measuring the width of this profile. If the
reference point leaves the coordinate origin, the real part of the DOC
displays a clear interference pattern, as expected. The line direction of
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pattern coincides with the radial direction in polar coordinate, whereas
the period of the pattern is dependent on the position of reference point
as shown in Eq. (11). Note that only a few interference fringes are visible,
since the pattern is truncated by a Gaussian function. To determine the
twist factor, we plot in Figure 5(a) and (b) the cross-line (red circular
dots) of the real part of the DOC in Figure 5(a) at y = 0, and in Figure 5(b)
atx = 0y, respectively. By theoretically fitting the experimental data, we
obtain that the twist factor is about 6.33 and 6.12 mm™in Figure 5(a) and
(b), respectively, very closing to the theoretical set value 6.25 mm™. In
addition, we also experimentally generate the TGSM beams with
different twist factors and measure the twist factors (not shown here).
The results show that the measured twist factors agree well with the
theoretical setting values, demonstrating the reliability of our genera-
tion and measurement method.

It is known from Refs. [35, 57] that the amount of the time-average
OAM flux of the TGSM beam along propagation direction is
J. = —2uq ko h, where k is the wave number. The OAM flux of the
TGSM beam is proportional to the twist factor and the square of the
beam width. The beam width can be obtained simply from the mea-
surement of the intensity profile of the beam simply. Hence, our
method for measuring the twist factor is crucial to determine the OAM
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flux of the TGSM beam, paving the way to study the transfer of OAM
with matter further.

4 Conclusions

In summary, we presented an effective way to synthesize
the TGSM beam with the help of a single phase-only SLM.
The methodology based on the incoherent superposition
of random modes obeying Gaussian statistics is dis-
cussed. The key in our method is to simultaneously
control the amplitude and phase of each random mode
(realization) using the phase-only SLM. This allows one
to generate the TGSM beams with controllable twist factor
without changing the apparatus physically. We validate
our method by experimentally generating the TGSM
beams with reversed twist phases. The experimental
results agree well with the theoretical predictions.

r; = (0,0) r, = (0,00) r, = (0/V2,0/V2)  1,=(00,0)
(®) ' (© @
|
£ —
5
&
45}
1 mm 1 mm 1 mm
1.00 -0.64 1.00 -0.70 1.00
[ _____aa— | . |
‘ ® (0]
- [ /4
(=]
g /7 —
=
g Figure 4: (a)-(d) Experimental and (e)-(h)
“ 1= . Tk simulation results of the real part of the
100 -0.67 100 -0.75 1.00 DF)C ofthe TGSM beam in the source plane
- [ o | - with different reference points r,.
—~ 12 T T T T T = 12 T T T T T
\\e] o
— (a) o Experimental data I (b) Q o Experimental data
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N 2
S 0.6 5 064
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‘_’({. 0.3 1 ;: 0.3 1
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-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
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Figure5: The cross-line of the real part of the DOC function of the TGSM beam when the reference points are selected as (a) r, = (0, gp) and (b)
r, = (09,0). The solid curves denote the theoretical fits from the experimental results.
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Furthermore, we proposed a reliable protocol to quanti-
tively determine the twist factor of the TGSM beam. The
kernel of our protocol is to acquire the real part of the DOC
from the measurement of the intensity correlations of the
mixed fields form by the superposition of a reference wave
and the generated random TGSM beam. The twist factor
is extracted through evaluating the period of the inter-
ference pattern in the real part of the DOC. Our results
provide a convenient way to control and detect the
second-order phase of a partially coherent light field that
are expected to find uses in novel optical imaging based
on the coherence phase modulation.
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