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Abstract: Fano resonances feature an asymmetric line-
shape with controllable linewidth, stemming from the
interplay between bright and dark resonances. They pro-
vide efficient opportunities to shape the scattering line-
shape, but they usually lack flexibility and tunability and
are hindered by loss in passive systems. Here, we explore a
hybrid parity-time (PT) and anti-parity-time (APT) sym-
metric system supporting unitary scattering features with
highly tunable Fano resonances. The PT-APT-symmetric
system can be envisioned in nanophotonic and microwave
circuit implementations, allowing for real-time control of
the scattering lineshape and its underlying singularities.
Our study shows the opportunities enabled by non-
Hermitian platforms to control scattering lineshapes for a
plethora of photonic, electronic, and quantum systems,
with potential for high-resolution imaging, switching,
sensing, and multiplexing.

Keywords: circuits; nanophotonics; non-Hermitian; PT
symmetry.

1 Introduction

Prof. Mark Stockman has pioneered research in enhanced
light-matter interactions based on nanophotonic phe-
nomena [1-4], demonstrating superb opportunities for
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extreme light confinement and manipulation relying on
passive and active nanostructures. A common fingerprint
of extreme wave-matter interactions in nanostructures is
the Fano resonance [5-9], characterized by an asymmetric
lineshape supported by the interaction between a bright,
usually broad, resonance and discrete dark resonant
states. This feature, emerging in a broad range of different
photonic and electromagnetic platforms, has been utilized
to develop several exciting applications, ranging from ul-
trafast optical switching [10], observation of molecule-level
chemical dynamics [11], and nonlinearity-induced non-
reciprocity [12]. These responses are typically imprinted
within the complex nanostructure geometry, with chal-
lenges in reconfigurability. Being able to dynamically
control and tune the Fano response in real-time would
open new opportunities in a variety of contexts and ap-
plications. A few approaches have been proposed to this
end, such as attosecond laser control [13, 14], geometrical
phase control [15], and electrical control [16]. However,
these approaches rely on complicated experimental
setups, suffer from material loss, and are fundamentally
limited in the range of transformations of Fano resonances
that may be available and in terms of real-time control and
tuning range.

In a parallel effort, active nanophotonic systems have
been recently gaining significant attention in the optics
community, again following the pioneering work of Prof.
Stockman on nanolasing and spasers [1, 17-19]. Recent ef-
forts in this area have been exploring in particular systems
with balanced loss and gain elements, which support exotic
scattering features, including unidirectional invisibility
[17-23], single-mode lasing [24, 25], robust information
transfer [26], enhanced sensing [27, 28], among several other
applications [29-33]. Balanced loss and gain distributions
in space support a Hamiltonian H*" that is invariant under
a dual parity and time-reversal operation: [PT,H''] =0,
which is known as parity-time (PT) symmetry [34-44]. A
variant, known as anti-parity-time (APT) symmetry, is
defined as HA™ = +iH"T, which has also led to the recent
discovery of various intriguing phenomena [45-54].
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Figure 1: (a) Conceptual schematic of a hybrid PT-APT-symmetric system. The system is PT-symmetric with respect to the vertical axis and
APT-symmetric with respect to the horizontal axis. Coupling between the resonator and the waveguide is  and coupling between resonators is
xon the vertical axis and +ik on the horizontal axis, where k is purely real and p is a complex parameter function of the scattering matrix of the

direct process. +wy are the resonant frequencies and +y, are the gain/loss parameter. (b) A nanophotonic implementation based on four

active/passive ring resonators and a bus waveguide.

In this work, we study a hybrid PT-APT-symmetric
geometry with two orthogonal axes of symmetry, show-
casing unique scattering features and opportunities to
realize efficient control of the spectral response. The pro-
posed system consists of four coupled loss/gain nano-
resonators, PT-symmetric along the vertical axis and
APT-symmetric along the horizontal axis (see Figure 1). By
coupling this system to a two-port waveguide, we
demonstrate that it supports a unitary scattering process
(S'S = 1), where S is the scattering matrix and I is a unity
matrix having the same dimension as S, t is the conjugate
transpose operator. The scattering system demonstrates a
wide control over the location of its scattering singularities,
reflected in widely tunable resonance spectra by control-
ling its design parameters. The points at which the spec-
trum dramatically changes in lineshape correspond to
exceptional points (EPs) [44] of the isolated Hamiltonian of
the PT-APT-symmetric system, which are defined as the
symmetry phase transition points of the eigenfrequencies.
Based on these features, the proposed system allows for
real-time control of Fano resonances by tuning the
coupling parameter, offering interesting opportunities for
sensing and dynamic filters.

2 Hybrid PT-APT-symmetric system

The PT-APT-symmetric system is schematically shown in
Figure 1a, and possible nanophotonic implementation in

the form of four nanoring resonators coupled to a bus
waveguide is shown in Figure 1b. Looking at the system
around the vertical axis, it is formed by two pairs of
PT-symmetric resonators with resonances +w,, gain/loss
rates +y,, and coupling coefficient x. Across the horizontal
axis, the same system can be described as two pairs of
APT-symmetric resonators: one is a pair of gain resonators
with lossy coupling coefficient ik, the other is a pair of lossy
resonators with gain coupling coefficient —ix. Therefore,
the Hamiltonian of this system reads as

wWo + 1y, K 0 i
B K wo — 1y, —iK 0
H= 0 —ik W — 1y, K @
ik 0 K —Wo + 1y,

Although our system obeys both PT-symmetry and
APT-symmetry, the PT operator does not commute with H
or +iH, which means [PT,H] =0 and [PT, +iH] # 0. The
system can be categorized as a general non-Hermitian
system, which has peculiar degeneracies and exotic scat-
tering features if coupled to a waveguide due to its non-
diagonalizable Hamiltonian around the supported EPs.

To facilitate the exploration of the scattering features,
we study its eigenfrequency spectrum. By simplifying the
associated characteristic equation Det|H - Iw| = 0, we find

(@ -G R AW - R V) =0, Q)

where I is a unity matrix with the same dimension as the
Hamiltonian. Figure 2 shows the real and imaginary parts
of the eigenfrequencies, as a function of the coupling
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Figure 2: Eigenfrequencies and exceptional points.

(a) The real part of the eigenfrequencies for wg = 1,y, = 0.05, we find two second-order EP when k =

= Vs
K-T

EP when k= 7@% (c) The real part of the eigenfrequencies for wy = 0.05,y, = 1, we find a second-order EP when k=

order EPwhen K=7V”§+y‘z’. (d) Theimaginary part of the eigenfrequencies for wg = 0.05, y, = 1, we find two second-order EPs for k =

second-order EP for x = @

coefficient x, assuming a constant gain or loss rate y, and
resonance wy. The system supports a number of EPs along
the real and imaginary frequency axes, which stem from
the degeneracy of the Hamiltonian with a dimension larger
than 2. The location of these EPs and corresponding
degenerate eigenfrequencies are

Kgp1 = \/—— , Wepy = £\ WG — V5

+Yo

€)

Kgp2 =

+Yo /7
— W =% 2 wo Yo

It is easy to show that xgp; is always smaller or equal to
Kgpa, Where kgp; = Kgp, if wg = Yo. The latter case corresponds
to a system with a fourth-order EP at xgp = wo/V2 and

o

. (b) The imaginary part of the eigenfrequencies for wy = 1,y, = 0.05, we find a second-order EP when k =
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wgp = 0, which is a higher-order degeneracy point. Equa-
tions (2) and (3) also highlight a duality between w, and y,
in this system, implying that the real and imaginary parts of
the eigenfrequencies interchange with each other if we
swap wo and Yy, as shown in Figure 2. Figure 2a and b plot
the real and imaginary parts of the eigenfrequencies for
wo =1,y, = 0.05. Swapping the values of wy and y,, we
interchange real and imaginary parts of the eigenfrequency
spectrum, as shown in Figure 2c and d.

The case wy >y, is naturally more relevant for nano-
photonic applications. When the coupling coefficient x is
smaller than the value of the first EP, the four resonators act
as almost mutually isolated, leading to unitary real
eigenfrequencies and negligible imaginary eigen-
frequencies. As the coupling grows and is tuned between
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Kep and Kgpy, gain and loss in the resonators and coupling
channels are balanced, implying that the system is in the
exact PT-APT symmetry phase. We find purely real eigen-
frequencies in this case. For coupling beyond the second
EP, the eigenfrequencies are again complex, and the
response enters a broken phase with growing and decaying
modes. We show in the next section how we can control
and tune the scattering features by manipulating the
location of the EPs when the system is coupled to a bus
waveguide.

3 Highly tunable Fano resonant
response

Exotic scattering features emerge when our system is
interrogated by a probing network, which may be

DE GRUYTER

transpose operator, C = [: i] is the direct scattering

matrix when the coupled resonators are totally discon-
nected from the waveguide, r is the reflection coefficient,
tis the transmission coefficient, and the lossless nature of
the waveguide implies C'C =1 s*(t) = [s:(t) si(t)]"
are the excitation and response state vectors,
respectively.

By performing a Fourier transform of Eq. (4) and using
the relation CK* = —K dictated by time-reversal symmetry
[56, 57], we obtain the scattering matrix

S=C+iK(wl-H +il"'K", (5)

which is defined by the relation s~ = Ss*. Substituting the
Hamiltonian from Eq. (1) into this equation, we obtain the
detailed expressions:

4i(r+ t)y, [ + kW + (Vi — 2VoK — W)W + VoK — 2y K + KW} ]

Su=S8Sp=r-

SZI:SIZ:t_

(@7 @+ Y3) + 4 (V3w} — Wi — Y3 + by [P + KW + (V] — 2Yok — W) + YRk — 271 + K]

(6)

4i(r+t)y, [ + Kw? + (Y3 — 2YoK — W)W + YK — 2y, K> + KW} |

represented by a coupled waveguide or incident radiation
in the case of a scattering system. As shown in Figure 1b,
we feed the four-ring resonators with a bus waveguide
aligned with the horizontal axis to excite the system and
retrieve its scattering features. The coupling coefficient
between each resonator and the waveguide is defined by
the complex quantity y. Assuming that this system is
excited with signals s (¢) and s3 (¢) on the left and right
sides of the waveguide, respectively, the output signals
are defined as sy (t) and s; (t). Coupled mode theory is a
powerful tool to describe the mutual interaction between
the system and the coupling waveguide, which in our case
reads as [55-57]

da(t)
de
s (t) = Cs* (t) + Ka(t),

(-iH -Da(t) + K's* (t),

(4)

where a(t) = [ai(t) a(t) as(t) az,(t)]T is the field
amplitude inside the resonator, T is the transpose oper-

1111
1111

K'K/2 is the decaying loss matrix, t is a conjugate

ator, K:y[ ] is the coupling matrix, T =

(@2~ W+ y3) + 4(V3wh — wiK? ~ Y3K?) + iy, [P + Kw? + (V] — 290K — W) + V3K = 2yok? + K]

where y, is the decay rate from the resonator to the
waveguide.

From this result, we find that S'S =1, implying that our
scattering system operates as a purely lossless system at
any frequency, even in the broken phase regime in which
the Hamiltonian of the isolated system supports complex
eigenvalues. This result can be understood from two
different perspectives: the system can be modeled as two
PT-symmetric resonators side coupled to a waveguide. We
show in Appendix A that a scattering system where a
PT-symmetric resonator is side-coupled to a lossless
waveguide acts as a lossless/gainless system. Hence, two
side-coupled PT-symmetric systems are also expected to
introduce no net gain or loss into the waveguide under this
excitation scheme. On the other hand, the system can also
be modeled as two complementary APT-symmetric sys-
tems. One of the APT-symmetric resonator pairs absorbs
energy from the waveguide, as s's —1<0 [Appendix BJ;
while the other APT-symmetric resonator pair pumps en-
ergy into the waveguide as S'S —I>0 [Appendix C]. The
overall effect is that the scattering system remains neutral,
despite the presence of gain and loss. The overall passivity
of our scattering system can also be further confirmed by
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studying the eigenvalues and eigenstates of the scattering
matrix. We generally find two eigenvalues A; =r —t and
A = (r+t)e?®, and two corresponding eigenstates |D.),
where ¢ is the phase of the denominator common to all
scattering coefficients Sy,,m =1,2,n=1,2. The lossless
condition of the direct scattering matrix C'C =1 implies
that|A;| = |A;| = 1, meaning that the system does not extract
or impart energy to impinging waves for the arbitrary linear
combination of scattering eigenstates.

The real part of the denominator in Eq. (6) corresponds
to the characteristic Eq. (2), supporting interesting scat-
tering features. When the excitation frequency is identical
to an eigenfrequency, the scattering matrix becomes

S:[4
-r

parent, r=0, t = 1, then the system at these frequencies fully
reflects because of the resonant response, similar to the

-r

]. If we assume that the waveguide is trans-
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functionality of a bandstop filter. The scattering lineshape
as a function of frequency can be engineered by setting the
system in different regimes varying the coupling k. When
K < Kgp1, there is only one real eigenfrequency equal to wo.
As shown in Figure 3a, the system, in this case, exhibits an
asymmetric Fano resonance around w,, with very sharp
features. When the coupling coefficient xgp; < k < Kgpr, We
find two eigenfrequencies and, as shown in Figure 3b, the
system exhibits an asymmetric Fano resonance around the
first eigenfrequency and a symmetric Lorentzian resonance
at the second one. When the coupling coefficient k > kgp,,
we find only one eigenfrequency, as in Figure 3c, and the
system exhibits a symmetric Lorentzian resonance around
such frequency. In all examples, it is evident that the sys-
tem operates as a lossless passive filter, but with a large
degree of manipulation of its spectrum as a function of the
EP location enabled by its underlying non-Hermiticity. Our
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Figure 3: Drastic tailoring of the scattering spectrum with EP engineering in the PT-APT-symmetric system. R indicates reflectance and T

transmittance.

(a) Fano power transmission and reflection lineshape as the system operates at the first EP: k = kgp;. (b) Combined Fano and Lorentzian

resonances when the system works between the first and second EP:

Kep1 < K < Kgpa. (€) Lorentzian transmission and reflection spectra when

the system is at the second EP: k = kgp,. (d) The fractional linewidth of the Fano resonance for kgp; < Kk < Kepy. The following parameters are used:

wo =1,y,=0.05y,=0.05r=0,t=1.
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hybrid PT-APT-symmetric system can be engineered to
control reflection and transmission lineshapes with inter-
esting flexibility, changing smoothly from a Lorentzian to a

PT - symmetric

R C, -R

L L
=c, | == %
s;(t) €
— S re——0 £
s,(t) T os() ©
port1 =—c, | == port2 E

Figure 4: Realistic layout of a PT-APT-symmetric circuit. A pair of
PT-symmetric LC resonators with inductance L, capacitance C;, and
positive (negative) resistance R(—R) are coupled by a capacitance Cp,.
Another pair of PT-symmetric LC resonators with inductance L,
capacitance C,, and positive (negative) resistance R (—R) are coupled
by a capacitance C,. The lossy resonator LC; and the lossy resonator
LC; are coupled through a gain channel -R;,. The gain resonator LC;
and the gain resonator LC; are coupled through a lossy channel R,.
The whole system is PT-symmetric along the vertical axis and
APT-symmetric along the horizontal axis. The circuit parameters are:
L =100pH, C; =100 pF,C; =80pF,Zo =50Q,R=200Q.
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Fano lineshape with arbitrary linewidth as the coupling
parameter is varied. In particular, for systems in the exact
PT-APT-symmetric phase, we find a sharp transition of the
reflectance (or transmittance) from O to 1. In Figure 3d we
show the fractional linewidth variations as a function of x,
showing a highly desirable response for sensing and
switching applications.

4 PT-APT-symmetric
implementation in a microwave
circuit

In this section, we explore the design of a PT-APT-sym-
metric system in a microwave circuit platform [58, 59],
paving the way for real-time reconfigurability with variable
capacitors. Similar designs may be pursued in nano-
photonic implementations. Figure 4 shows a realistic
implementation using lumped circuit elements. The loss
and gain elements are represented by positive and negative
resistance elements R and —R, in which for simplicity here
we neglect the frequency dispersion of the active elements.
The positive and negative resonance are realized by two
series LC resonators with different resonant frequencies,
w; = 1/+/LC; and w, = 1/+/LC,. Positive and negative resis-
tance R, and -R, model the lossy and gain coupling
channel; while C, models the neutral coupling channel.
The system in Figure 4 satisfies the required PT-APT sym-
metry [58, 59]. We show the corresponding scattering fea-
tures in Figure 5 calculated with full-wave simulations.
When R, = 100kQ, C;, = 1500 pF, the system is in the weak
coupling regime and exhibits a sharp Fano resonance;
when R, = 50kQ, C, = 3000 pF, the system supports com-
bined Fano and Lorentzian resonances; when
Ry, =5kQ, C, = 50000 pF, the system is in the strong

(c) 1

Rp=50 kO
Cp=3000 pF

0.5

(a) 1 (b) 1
0.8 08|
06 06
04| 04
02r Rp=100 K 02
i Cp=1500 pF
¢ 1.8 19 2 Ll —
f (MHz)

f (MHz)

1.9 2 2.4

Figure 5: (a) Fano resonance in the weak coupling regime. (b) Fano and Lorentzian resonance in the intermediate coupling regime.
(c) Lorentzian resonance in the strong coupling regime. Dashed lines in the subplot (a) comes from the abrupt change of the spectrum.
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coupling regime and is now tuned to a broad Lorentzian
resonance without sharp spectral features. This drastic
evolution of the scattering spectra is associated with the
tuning of the corresponding EPs of the system, similarly to
the discussion in the previous section, which may be
achieved by tuning the applied voltage to variable capac-
itors in the coupling channels.

5 Conclusions

In this work, we have explored a hybrid PT/APT-symmetric
system unveiling the possibility of drastically controlling
the scattering signature by manipulating the supported
EPs varying the coupling parameter. This manipulation
enables a dynamic and real-time tunability of reflection
and transmission spectra between Fano and Lorentzian
lineshape. We envision that these interesting scattering
features can be practically realized in various open and
guided nanophotonic settings opening prospects for im-
aging, filtering, sensing, and multiplexing applications,
and showcasing the opportunities enabled by non-
Hermitian systems and dispersion engineering in nano-
photonics and electromagnetics, as pioneered throughout
his scientific career by Prof. Mark Stockman. In particular,
for nanophotonic settings these features may be enabled in
coupled nanowaveguides loaded by gain and loss ele-
ments, or in coupled nanoparticles excited in the far-field,
enabling highly unusual scattering phenomena.

Author contribution: All the authors have accepted
responsibility for the entire content of this submitted
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Appendix A: PT-symmetric system
side-coupled to a
waveguide

Figure 6 demonstrates a PT-symmetric resonator pair side-
coupled to a waveguide, in which the Hamiltonian is
defined as

H= Wo —1y, K

K Wo +1iy, | (A1
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Figure 6: PT-symmetric system side-coupled to a waveguide.

where wy, is the resonant frequency, y, is the intrinsic loss

and gain rate in the first and second resonator, and k is the

coupling coefficient between the two resonators. The sys-

tem is side-coupled to a waveguide with a coupling coef-

ficient u. For the above scattering system, the coupled
mode equation is

a
% { 1 +K7| |,
a; S,

E +

a Sy
= (-iH-T)

a ]
] (A2)

Sy rot]|s: [
= +K ,
- +
L | S, tr S5 a

where C = [r

¢ i ] is the direct pathway scattering matrix

and obeys unitary conditions C'C =1, implying that
b is the coupling
11

matrix between the waveguide and the cavity. According to

P+ 1tP = Lt 41t = 0. K :y[

the energy conservation law: K'K=2I, we have
r= |,u|2[ 1 1 ],ye = |u|%, where y, is the decaying rate from
the cavity to the waveguide.

Therefore, we have the following scattering parameters:

2(r+t)y,(w-wo+k)

Sn=Sp=r- ,
nees (W= wo)* + Y3 — k2 +2iy, (W - wo +X)

(A3)

2(r+t)y, (w—-wo+k)

Sn=Sp=t- '
21 =912 ((u—a)o)2+yé—K2+2iYe(w_w0+K)

We can easily confirm that the scattering matrix satisfies the
passivity condition S'S = I at any frequency. This means that
the scattering system behaves as a purely lossless system.
The scattering spectra for various coupling strengths are
shown in Figure 7, confirming that the response is always
consistent with a lossless system, and unveiling Fano and
combined Fano and Lorentzian spectra.
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Figure 7: Power reflection and transmission spectra for wg = 1,y, = 0.05,y, = 0.05,r = 0,t = 1, kgp = 0.05.
(a) Fano resonance with k < kgp. (b) Fano resonance with k = kgp. (c) Fano resonance plus Lorentzian resonance with k > kgp.

Appendix B: APT-symmetric system
with lossy resonators
side-coupled to a
waveguide

Figure 8 shows an APT-symmetric system side-
coupled to a waveguide, in which the Hamiltonian is
defined as

wo — 1y,
—iK

—ix

H= A
—Wo — 1Yo

(B1)
where w, is the resonant frequency, yj is the intrinsic loss
rate in the first and second resonator, and -ix is the
coupling coefficient between the two resonators. The sys-
tem is side-coupled to a waveguide with a coupling coef-
ficient u. For the above scattering system, the coupled
mode equation is

d|a a 51
i = (-iH -T) +K* ,
a, a; S;
] (B2)
S; rot]|s [a,
= +K R
s, t rlls; | @
where C = : 5 ] is the direct pathway scattering matrix
and obeys unitary condition C'C =1, implying that
>+t =1Lrt* +rt=0. K= y[ i i ] is the coupling

matrix between the waveguide and the cavity. According to
the energy conservation law: K'K =2, we have

APT - symmetric

se

s; (t) 5, (t)
_> <—
- —_—
s, (t) 5, (t)

Figure 8: APT-symmetric system side-coupled to a waveguide.

I'= |}1|2[ 1 1 ],ye = |u|?, where y, is the decaying rate from

the cavity to the waveguide.
Therefore, we have the following scattering parameters:

2(r+t)y, (w+1iy, —ix)
W2 - w3 - Y3+ K2+ 2y, (W +1y, —IK) + 2y w’

Su=Sp=r-

2(r+t)y, (w+1iy, —ix)
W — Wi —yi+ 12+ 2y, (W +1y, —iK) + 2y, 0"
(B3)

321=812=t_

In the weak coupling regime x <y, <wy , it is easy to
show that

S's-1<o0, (B4)

which implies that the APT-symmetric system absorbs
energy from the waveguide. The reflection and trans-
mission spectra are shown in Figure 9, which indicates that
the APT-symmetric system only supports Lorentzian
resonances.
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Figure 9: Power reflection and transmission spectrum for wo = 1,y, = 0.05,y, = 0.05,r = 0,t = 1.
(a) Double Lorentzian resonances with k < kgp. (b) Single Lorentzian resonance k = kgp. () Single Lorentzian resonance with k > kgp.

Appendix C: APT-symmetric system
with gain resonator
side-coupled to a
waveguide

Figure 10 shows an APT-symmetric system side-coupled to
a waveguide, in which the Hamiltonian is defined as

iK
-Wo +1y, |

Wo + 1y,

H= .
i

(Cy
where w, is the resonant frequency, y, is the intrinsic gain
rate in the first and second resonator, and ik is the
coupling coefficient between the two resonators. The
system is side-coupled to a waveguide with a coupling
coefficient . For the above scattering system, the coupled
mode equation is

a; a; ] SI
— = (-iH-T) +K" ,
de a a | S5
1 ()]
s; rot]ls: [,
= +K R
s; t r]ls; | @

where C = [ : i] is the direct pathway scattering matrix

and obeys unitary conditions C'C =1, implying that

11
11

matrix between the waveguide and the cavity. According to
the energy conservation law: K'K=2I, we have

Ir?+ |t =1Lrt* +r't=0. K= }1[ ] is the coupling

APT - symmetric
iK

A

@) +iy, —@,+iy,
s, (t) K s, (t)
— J; -—
- ——
s;(t) s, (t)

Figure 10: APT-symmetric system side-coupled to a waveguide.

r= |,u|2[1 1],ye = |u)%, where y, is the decaying rate from

the cavity to the waveguide.
Therefore, we have the following scattering parameters

2(r+t)y, (w-iy, +ix)

Su=Sn=r- ’
=92 W? - Wi —y3 + K2+ 20y, (W -y, +iK) = 2iy,w

2(r+t)y, (w-iy, +ix)
W — Wi -y + 12+ 2y, (W -1y, +iK) - 2iy,w’
(C3)

SZI :SIZZt_

In the weak coupling regime k <y, <wy, it is easy to show
that

S'S—1>0, (C4)

which implies that the APT-symmetric system pumps en-
ergy into the waveguide. The reflection and transmission
spectra are shown in Figure 11, which indicates that the
APT-symmetric system with gain only supports Lorentzian
resonances, and do not behave as a passive system.
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Figure 11: Power reflection and transmission spectra for wo = 1,y, = 0.05,y, = 0.01,r = 0,t = 1.
(a) Double Lorentzian resonances with k < kgp. (b) Single Lorentzian resonance k = kgp. (c) Single Lorentzian resonance with k > kgp.
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