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The Supplementary Material is organized as follows. Sec. 1 is the theoretical framework for
the spontaneous emission of two-level quantum emitter based on macroscopic QED with multipole
expansion. The evaluation of the multipole moments are summarized in Sec. II. Sec. III and IV are
devoted to the details for the numerical simulation of LDOS and the convergence of the multipole
expansion, respectively. Sec. V demonstrates that the exceptional point in the quantum system
can be accessed by rotating the mesoscopic QD with nondipole effect. Sec. VI gives the conditions
of forming a three-order EP by coupling two QDs to nanoshell. In Sec. VII, we briefly study the
nondipole effect induced by the non-spherical QDs.

I. SPONTANEOUS EMISSION FROM QUANTUM DOT WITH MULTIPOLE EXPANSION

We start from the minimal coupling Hamiltonian [1]

H= %(p—eA)erecanUJr/dr/dwhw (f*(r,w)f(r,w)Jr ;) (S1)

where m and e are the mass and charge of the electron, respectively. p is the canonical momentum operator, A and ¢
are the vector and scalar potentials of electromagnetic field, respectively. U is the binding potential and set to be zero.
f (r,w)) and f f(r,w)) are the annihilation and creation operators of the quantized electromagnetic field, respectively.
With Coulomb gauge V - A = 0 which implies [p, A] = 0 in quantum mechanics [2], the interaction Hamiltonian is

(&
Hypyy=——A -p+ep (52)
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where we have omitted the term regarding A? because it is a second-order process. Using the formalism of macroscopic
QED [1], the vector and scalar potential are given by

A(r,w) =4/ — 2/dr VIm e (v, w)]G* (r,r,w) f (v, w) (S3)
TEQ C

Vo(r,w) = HWEO = /dr VIm e (v, w)]Gl (r,r',w) f (v, w) (S4)

where G+ (r,r’,w) and G/l (r,r’,w) are the transverse and longitudinal Green’s function, respectively. According to
E = —Vy — A, the electric field operator E(r) can be expressed as

\/7:0/ dw d3'—mGrrw f (' w) (S5)

where the dyadic Green’s function G (r,r’,w) = G+ (r,r’,w) + Gl (r,r’, w) denotes the electric field with frequency
w at r response to a point source located at r’. The definition of the dyadic Green’s tensor G (r,r’,w) is the solution
of the wave equation with a point source at position r’

V xV xG(rr w)— (%)QE(r,w)G (r,r,w) =16 (r — 1’) (S6)
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where I is the unit tensor. We use the QD notations that an electron can be either in the conduction band or in the
valence band, denoting |¢) and |v), respectively. Then the atomic raising and lowering operators can be recovered by
o_ = |v){c| and o4 = |¢){v]. Expanding the interaction Hamiltonian H;,; on the complete set of electronic states
I =|c){c| + |v)(v|, the H;u¢ in the interaction picture with rotating wave approximation is

Hipt = —% (ei(w_‘“o)to, <v ‘ET(I‘) -p‘ c> + H.c.) (S7)

where wy is the atomic transition frequency. Note that the commutators [r, Hy] = ifip/m is used to covert the position
representation to momentum representation for scalar potential ¢. Here the spatial variation of electromagnetic field
over the wave function of QD is non-negligible, thus the electric field operator cannot be pulled out of the matrix

element like that in dipole approximation, i.e., <v ‘EJ (ro)pi‘ c> — Ej (ro) i, where p; = (v|p;| ¢) is the matrix
element of dipole transition. We also consider the effect of a QD rotation along the direction of dipole transition, as

illustrated in Fig. S1, by applying the unitary transformation ﬁl(qﬁ) = e~ (/WL ¢4 H;y:. Then one can calculate
the transition matrix elements by Taylor expanding the electric field operator around the rg

~ ~

Bi(r,8) = Bi (r0) +15(6) % 0,51 (0)ur, + 21 (0)75(8) X 0605 B (1) oy, + -+ (S8)

r=ro 2

where i,j,k represent the coordinate components, and (r —rg), has been replaced by r; for simplicity. We keep the
expansion to second order and rewrite the interaction Hamilton as

Hiny = = > 00 (13(6) B} (x0) + Asi (80 B (r0) + Qusi ()40 B (x0) ) + Hec. (S9)
i,5,k

where 11;(¢) = (e/m) (v |pi(¢)| c) |, Aji(¢) = (e/m) (v[r;(¢)pi()[¢) and Q;i(¢) = (e/2m) (v |ri(P)r;(d)pi(d)| c) are
defined as the equivalent dipole, quadrupole and octupole transition moments in the momentum representation,
respectively. From Eq. (S5) we can see that the electric field operator is related to the dyadic Green’s function by the

relationship | d%‘g—;w/lm[e(s,w)](}(r, s,w)G* (r',s,w) = Im [G (r,r’,w)], and hence the Taylor expanding of electric
field operator is equivalent to that of dyadic Green’s function G (r,r’,w), which is

1
G (r,1') = G (ro,v0) + ¢+ T [G (1,1)][ 1 1) + 5¢7 - H G (50|10 - € (510)
where ( = (r —rg), J and H are the Jacobian matrix and Hessian matrix, respectively.
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FIG. S1. (a) Rotation of a QD along the direction of its dipole transition (z axis). « and z are coordinate axis before rotation
while 2’ are the new axis of z after a rotation, with the angle ¢ between them. (b) ¢ = 0 corresponds to directed structure
while ¢ = 7 is inverted structure.

The temporal evolution of the system at time ¢ can be obtained by solving Schrédinger equation with the following
wave function

|W(t)) = Ce(t)|c,0) + /d?’r /Ooo dwCy(r,w,t)|v, 1(r,w)) (S11)

where |c,0) represents an electron is promoted to the conduction band and there is no photon in the surrounding,
|v, 1(r,w)) is the state that the transition of an electron from conduction band to valence band generates a photon in
the surrounding. For spontaneous emission, the initial conditions are Ce(0) = 1 and Cy(r,w,0) = 0. Therefore, the
evolution equations of probability amplitude C,(t) and Cy(r,w,t) are

. oo 1 2 ~ )
Co(t) = — /0 dw d / d*r'\/Im[e (', w)] Y EF 4 [Gij (1,17, w)] Cy(r, w, t)e~ 070! (S12)
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where Euk[] = i + Nji(6)0; + Quji(6)0;0k. Using one-sided Fourier transformation, the explicit solutions of C¢(t)
in frequency domain can be expressed as [3, 4]

L(ro.w,¢)

Co(w) = 2 3 (S14)

2 ro,w

[(w—wo) — A(rg,w, 9)]” + {M}
with
r (ro,w ¢ h{:‘oCZ Z ’_‘2,3 k (I‘Q, To, W)H (815)
1,5,k

! T (rg,w',9) , ,

A (ro,w, ¢) = %P/ ﬁdw (516)

where p denotes the principal value. C.(w) is known as the spontaneous emission (SE) spectrum or polarization
spectrum. T (rg,w, @) and A (rg,w, ¢) are the local coupling strength (LCS) and level shift, respectively. The temporal
dynamics C,(t) can be obtained by Fourier transforming C.(w). Since no Markovian approximation has been made,
the results are valid in both weak and strong coupling regime.

One may also concern about the influence of multipolar transitions on coupling coefficient g, since Rabi splitting
appears when the coupling strength of plasmon-exciton interaction is greater than the dissipation. For a point-like
emitter ig = —E (rg) - d, where E (r() is the classical electric field at the location of dipole rg, and d is the dipole
moment. Then the coupling coefficient beyond the dipole approximation /g’ can be intuitively evaluated as

lek ljk‘ [GZJ]]

II. PARITY AND QUANTITY OF MULTIPOLAR MOMENTS

The wave function for electron and hole can be decomposed into the product of Bloch function and envelope
function. The Bloch function has odd parity in the direction of dipole transition, while in other directions are
even parity. The parity of envelope function are dependent on the shape of QD. For self-assemble InAs/GaAs
QD, there is no parity along growth direction due to the structural inhomogeneities, while the parity of two di-
rections inside the growth plane are even [5]. Therefore, given the consideration of the parity selection rules,
we find the following non-zero transition moments for x-polarized exciton: pu, for dipole transition, A,, and A,
for first-order mesoscopic moment, and Qupa, Qyyz, Qzza, Qe2» and .4, for the second-order mesoscopic moment.
The first- and second-order mesoscopic moment can be rewritten in terms of electric and magnetic contributions.
For example, A,, contains the electric-quadrupole (EQ) Q.. = (e/2m) (v |zp, + zp.|c) and the magnetic-dipole
m, = (e/2m) (v|xp, — 2p,| c) contributions. Accordingly, )., couples to electric field gradient Im [0;G. + 0.Gaz),
while m, depends on Im [0,G.; — 0.G4,|. Similarly, one can conclude that the magnetic-quadrupole (MQ) ny of
Qg2 couples to Im [20,0,G .y — 0,0,Gop — 0,0,Gay], Qyz of Qyye depends on Im [20,0, Gy — 050y Gy — 0y03Gyal
and sz of Q.. couples to Im [20.0.G,, — 0,0.G — 0,0,G.,]. There is no MQ for ,,,. In next section we will
show that for plasmonic nanoparticles, only EQ survives in 2y,,, and the contribution of MQ in Q.. and Q... is
much smaller than EQ and can be omitted. Therefore, in the main text we call A;;(¢) and Qy;:(4) as the equivalent
(electric) quadrupole and octupole transition moments, respectively.

To determine the quantity of multipolar transition moments, one only needs to calculate the ratio Aj;/p, and
Qi / e for the reason that on the one hand, in general p, is known; on the other hand, the contribution of multipolar
transition can be estimated by p, [1 + (Aji/pe) 05 + (Quji/z) 0;0k], once the partial derivative of Green’s tensor are
known.

A, scales with the height of QD because of A,, = (e/m) (v|(z — 20) p| ¢), which is much smaller than A,, as it
scales with the radius of QD. The evaluation gives |A., /.| = 0.1nm, while |A;. /x| is around 10nm of a 15nm-radius
QD according to the experimental measurement [5]. But in general it depends on the size, shape and the materials
of QD, and hence we evaluate the multipolar moments via modeling the QD as a harmonic in-plane confinement and
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an infinite barrier in the z direction [6-8]. The convergence of this multipole expansion approach compared with the
fully wavefunction-based computation is shown in Sec. IV.

With the commutation [EI, n} = £4451hr; and [Ew,pz} = £4451hp;, where €4,; is the Levi-Civita symbol, as well as

the identity ABe—¢A = B + & fl, Bl + i /1, A, Bl +-- -, where £ is a c-number, we obtain
21

ﬂz(¢) = Mz (818)
Ay (¢) = cos(p) Az (519)
Quya(d) | _ | 0 cos’(¢) sin*(¢) 0 Qyya
Lon(6) | = | 0 sin2(6) cos2(¢) 0 .., (520)
Qa2 (0) 0 0 0 cos*(¢) | L=

Note that Q,,.(¢) is the same as ,,.(¢). For the electric field expanded as Eq. (S8), the LCS can be collected in
the form as

T (ro, ¢) = I@ (rg) + T (rg, ¢) + IO (rg, ¢) + LD (xg, ¢) + D) (xg, ¢) + D@ (rg, §) (S21)

For T(Q9) (rg, ¢) and T'(O) (rg, ¢) are respected to the third and fouth derivative of the Green’s function and trends
to zero, the final form of LCS is

r (I'o, d)) = F(d) (rO) + F(Q) (r07 ¢) + F(dQ) (r07 ¢) + F(dO) (r07 ¢) (822)
with
T (rg) = Alp|* TmGix (10, To, w) (S23)
(@ (rg, ¢) = —Acos®(¢) [Az|” 90,ImG, (o, 10, w) (S24)
19 (rg, ¢) = 2ARe [cos(¢) Axsti] OxImGx (10, To, w) (525)

(o) (ro, ) =A {2Re [0052 (qb)QXZZ,u;] 0x0,ImG,x (10, o, w) + Re [Quxxpis] OxOxImGyx (ro, 1o, w)}
+ A{Re [(cos®(¢)Qyyx + sin® (@) L) 1] 90y + Re [(cos? () uax + sin®(¢)Qyyx ) 1] 0,0, HmGox (T, To, w)
(526)

where A = 2w?/hegc?, and we discard all terms whose Green’s function exceeds the second order.

III. DYADIC GREEN’S FUNCTION OF THREE-LAYERED SPHERICAL SHELL AND NUMERICAL
CALCULATION OF LDOS

The electromagnetic Green’s function of three-layered spherical shell structure can be analytically obtained. Given
a nanoshell with permittivity e, of core and &, of shell and a source point at ', embedded in a homogeneous medium
of permittivity £,, the scattered part of the Green’s function at r outside the structure is given by [9]

’ __“hl — _ 2n+1 (n_m)' w e/o efo (.1
G () =3 D0 DT (2 Bom) i (e B IS (k) M2 () .

By (@)NG (r k) Nl () }

where ky = £, /gy, m and n identify the eigenvalue parameters. Bys /By are the coefficients corresponding to transverse
clectric/magnetic (TE/TM) waves, and M¢/°/N¢/° are the spherical vector wave functions corresponding to TE/TM

mn mn
waves and separated into even and odd modes. The values of By /By are given by

kal11[0S21 — 0ha1 Ry (w)] — k10S11 [F21 — ha1 R (w)]
kahi1 [0D21 — Ohio1 Ras(w)] — k10h11 [Yo1 — hor R (w)]

B (w) = (528)



k‘gaSH [99521 — h21RN(w)] — k1%811 [6%%21 — 8h21RN(w)}
Bn(w) = — ~ (S29)
koOhi1 [%21 - h21RN(w)} — k1hi1 [0D21 — Oha1 R (w)]
where kg = £/, k3 = £/, and the coefficients
Ry () = F35220%02 = k2852090 (530)
k3hoo0F30 — kaS320N02
k33320922 — k23220332
= 1
R w) k335320022 — kaho2032 (831)
with
St = jn (kir1),  ha = ALY (kiry) (S32)
(1)
. d | phy” (p)
1d[pjn P P
ERUES Ldlpjn(p)] , Ohy = *u (S33)
podp | g, p dp

p=kiry

where j, and hg,l) are the spherical Bessel functions and the spherical Hankel function of the first kind, respectively.
The vector functions are defined as

. pm
M:  (r.k)=— ,ihgll) (kr)P™ (cos 0) sin me@ — h{V (kr) by (cos ) cos MpP (S34)
sin 6 do
~ dP™ 0
M, (r.k) = 1’: D) (kr) Py (cos 0) cos migB — hg)(kr)% sinme@ (S35)

rh @ (k)] dP™ (cos ~
N¢ (r k) = %hg)(kr)ﬂ’ﬁ(ms 0) cos mp + dlrhs) (k)] 4Py (cos0) cos mpf

oo @ (S36)
m_ d[rhD (kr)] 1, ) "
" rsing %Pn (cos 8) sin mep@
rhi) (kr 7 (cos . ~
N7 (r. k) = %hg)(krﬂjﬁ”(cos 0) sinmer + - q[ hndr(k )| apy ée 0 g md .
d[rh(D (k)] ($37)

+ i 45— P}""(cos ) cos mp@

where P are the associated Legendre polynomials.
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FIG. S2. (a) Normalized LDOS of QD with a dipole transition moment parallel to the metallic surface at s = 2nm under the

dipole approximation. (b) Normalized LDOS of the plasmonic mode indicated by the pink circle in (a) with nondipole effect
and QD radius R = 6nm.

The local density of photonic states (LDOS) for a QD 2nm away from the nanoshell with a dipole transition moment
parallel to the metallic surface is shown in Fig. S2(a). Metallic nanoshell structures have two sets of modes, separated



by surface plasmon frequency wgp: the modes whose peaks locates above wgp are called cavity-like modes, while
those modes with peak frequency below wgp are sphere-like modes [10, 11]. We have tuned the lowest sphere-like
mode to match the emission energy of QD, which is fwy = 1.213eV, with the parameters given in the main text. The
normalized LDOS of the third sphere-like mode for s = 2nm with nondipole effect of a 6nm-radius QD is shown in Fig.
S2(b). For calculating the partial derivative of Green’s function, the spatial interval Az = Ay = Az = 5 x 10~3nm
is used.
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FIG. S3. First- and second-order gradients of G;; (a) and 0:0:Gyz/0:0:-G:. (b) as the function of QD-nanoshell separation
s at the QD emission wavelength. Nanoshell parameters are the same as Fig. S2.

Fig. S3(a) compares 0,0, Gz With 0,0yGyz, 0.0,G oy with 0,0,G., as well as 0, G, with 0,G,,. We can see that
for nanoshell 0,0,G, and 0,G,, are exactly equal to 0,0,G, and 0,G.,, respectively, leading to the completely
electric-transition contributions in Ay, and €y,,. While 0,0.G,, is slightly larger than 0,0.G.,, and their ratio
a = 0,0,Gpz/0,0.G ., is shown in Fig. S3(b), where we can see a ~ 0.854 for 2nm < s < 10nm. Then we can
evaluate the ratio of electric contribution to magnetic contribution in 2., and ., as (1+«)/(1—a) = 12. Therefore,
the MQ contributions of €,,, and €,., can be omitted.

The LDOS of the model in Fig. 3(d) in the main text is numerically calculated by MNPBEM toolbox, which is
based on boundary element method (BEM) [12]. The radius and height of GaAs cylinder are R and 4R. A dipole
source is placed at the center of the cylinder to evaluate the LDOS. The nanoshell is embedded in the GaAs substrate
with a separation of R from the dipole.

IV. CONVERGENCE OF MULTIPOLE EXPANSION

For the QDs with lattice distortion, the LCS is expressed as [13]
= C/d3r/d3r’1m [J(r)Gax (v, v/, w) J.* (r')] + 2CRe [/ d®r /d3 Tm [J;(r) Gy (v, 7', w) JF ()]

(S38)
+C’/d3r/d3r’ Im [J,(r)G,, (r,r,w) J} ()]

where C' = 2up€ |p,,|” /moh, o is the permeability of vacuum and Bloch matrix element p,, = ﬁ Joo @ruc(r)pun(r)

is a material parameter. J,(r) = x(r) and J,(r) = xk; ' (9k;/02) x(r), where k; = 27/a is the lattice wave vector
and x(r) is the exciton envelope function. In the calculation we assump that: (i) the dipole orientation is along x
direction, (ii) the exciton with a Gaussian envelope function and (iii) 9k;/0z = Aad (z — 2p), where delta function is

approached by d (2 — zg) = (Azy/m)~} e~ (2=20)*/A2* W use the parameters a/Aa=0.18 and zp = 0 [13].
The normalized LDOS for self—assemble InAs/GaAs QD is

InAs _ Fl(w)
C ‘fd3rx(r)|2 Im [ny - G (rg, ro,w) - Ny

(S39)

Eq. (S38) is the exact expression of the normalized DOS including nondipole effects. In Fig. S4 we compare the
results of Eq. (S39) with that using multipole expansion, i.e., replace I'!(w) in Eq. (S39) by Eq. (522).
For a QD without lattice distortion, the normalized LDOS with nondipole effects is
pCdse _ J&r [dPr'x(r)x (') Im[n; - G (r,v',w) 1] (S40)
= 2
|f d?’TX(I')| Im [n; - G (ro, ro,w) - 0]




where ¢ represents the dipole orientation. The convergence of multipole expansion for a Snm-radius spherical CdSe
QD with different deformations are shown in Fig. S5. Fig. S5(f) shows the exact results of TN = T'/T4 for an
idealized spherical QD. The deviation from point-dipole is too small to observe in normalized LDOS in Fig. S5(c).

FIG. S4.
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Normalized LDOS beyond the point-dipole approximation for self-assemble InAs/GaAs QD as the function of
wavelength for ¢ =0 (a) and ¢ = 7 (b). Other parameters are s = 2nm and R = 6nm.
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FIG. S5. Normalized LDOS beyond the point-dipole approximation for CdSe QDs as the function of wavelength for s = 7Tnm
and R = 5nm. (a)-(e) are for QDs with different deformations. The geometric shape of QDs are illustrated by the blue objects
at the top left corner in figures. Particularly, (c) is an idealized spherical QD. (d) and (e) are actually fliping the QD in (a) and
(b) top to bottom, respectively. (f) is the enhancement of decay rate I'N = T'/T® versus wavelength for an idealized spherical

CdSe QD.

V. TRAJECTORIES OF ENCIRCLING THE EXCEPTIONAL POINT

In this section we show how to use the nondipole effect of mesoscopic QD to encircle the exceptional point (EP) to
reveal this topological property.
By phenomenologically introducing the effective decay rate k of cavity and spontaneous emission rate v of QD,
the coupled system can be treated by a non-Hermitian Hamiltonian in the Jaynes-Cummings form, which in the

single-excitation subspace can be described by the matrix [14]



_ 40
H, — (‘”0 2 9 ) (541)
g wc_zf

where w. and g are the resonant frequency of silver nanoshell and the coupling coefficient of plasmon-QD interaction,
respectively. The diagonalization of H, yields the eigenenergies

1 Y+ kK Y— K Wy — We 2
S - + 1/ g2 — 42
Wi 2(w0+wc) i~ \/g +(z 1 + 5 (S42)

In resonant coupling (wy = w..), the critical point between the strong- and the weak-coupling regime is the EP, the
corresponding coupling strength is ggp = (k —1y)/4. Expressing the perturbation of coupling strength as e = g —ggp,
the eigenenergies spacing A = Re w4 — w_] around the EP can be found as A = 2,/(2¢ggp + €) e. Around the EP

€ < gpp, we have Agp = \/2(k — 7)y/e. While far from the EP,e > 2gpp gives Arincarity = 2€.

Based on the pseudomodes method [10, 16], the cavity parameters w,, g and k can be obtained by fitting the LCS
I (rg,w) with Lorentz function g* W On the other hand, the singular point of SE spectrum C,(w), which
is the root of the denominator in Eq. (S14), yields w—wg+1iv/2 = A (rg,w) — il (rg,w) /2. With the same Lorentzian
fitting parameters, we have

- o —in2
Afro,w) — L0@) _ o @ Yo i/ (S43)
2 (w—we)” + (K/2)?
and thus
2
]. - Wc
wi:2(wo+wc)—ﬂz’€i\/g'2+<ﬂj1'“+“02“) (S44)

We can see the eigenenergies are identical with the non-Hermitian Hamiltonian. The Rabi splitting in SE spectrum
reflects the eigenenergies of H,,.

For the LDOS shown in Fig. S2, we obtain the coupling coefficient g = 5.1meV and plasmonic cavity relax-
ation ik = 12.56meV in dipole approximation when s = 3.5nm. The coupling coefficient fig’ beyond the dipole
approximation can be obtained from Eq. (S17), and shown in Fig. S6.
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FIG. S6. ¢'/g as a funtion of ¢ for s = 4nm and R = 6nm.

For two coupled subsystems, an EP is at the critical coupling between the strong and weak coupling at zero detuning.
Therefore, we need to tune the coupling strength and switch between the strong and weak coupling to encircle an
EP. For s = 3.5nm the critical coupling strength is about 3.1meV, corresponding to ¢ = 0.857; the paramter ¢ we
choose for strong coupling and weak coupling under a cyclic variation in parameter space (Aw, @) are ¢ = 0.727
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FIG. S7. (a)-(c) Real part of the eigenenergies as the function of detunings for ¢ = 0.727 (strong coupling), 0.857 (EP
condition) and 7 (weak coupling) when s = 3.5nm and R = 6nm, respectively. (d)-(f) show the imaginary part of the
eigenenergies. The blue and orange lines show the two eigenstates of polariton.

(hg' = 4.5meV) and ¢ = w (hg' = 2.3meV), respectively. The eigenenergies for these three ¢ when Aw is varied are
shown in Fig. S6. Suppose we start encircling the EP from A(—10,0.727) at an eigenstate colored blue in Fig. S7,
after a 27 rotation: B(10,0.727) — C(10,7) — D(—10,7) — E(—10,0.727), we end up with another eigenstate (the
orange one); continuelly rotate another 2m: F(10,0.727) — G(10,7) — H(-10,7) — A(-10,0.727), now we arrive
at the initial point.

VI. FORMATION OF THREE-ORDER EPS BY TWO QDS

This section derives the critical coupling strengths for forming the three-order EPs (EP3) by resonantly coupling
two QDs to nanoshell. The non-Hermitian Hamiltonian in the single-excitation subspace is given by

We — i g1 0

H? = g1 We — 1% go (S45)

0 go We — 1%

where v1 2 and g; o are the decaying and the coupling strength with plasmon of two QDs, respectively. Denoting the
characteristic polynomial of Eq. (S45) as P(w), the eigenenergy of EP3 can be found by letting P”(w) = 0. The
solution is

K+ 71+ e

WEpPp = We — 1 6 (846)
Substituting back into P(w), the corresponding coupling strengths can be found as
VE+ K+ 72 —2
Y1 — 72
VE+ K47y —2
9pp = 6 n 7% 5 gk VE+m +47 (548)
2 =M

We can see that in general it requires 1 # 72 and thus gL p # g% p-
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VII. NONDIPOLE EFFECT INDUCED BY NON-SPHERICAL SHAPE

A previous study has rigorously proved that for an idealized spherical QD the LCS is equal to that of a point-dipole
[17]. Fig. S8(a) shows a QD with deformation in dipole orientation which is perpendicular to metallic interface shows
striking non-dipole effects: more than 60% enhancement or 30% reducing of the LCS can be observed according to
different QD orientation (see the blue and green lines). On the other hand, only smaller non-dipole effect can be
found for the QD with in-plane (perpendicular to the dipole orientation) deformation, which is less than 4%, as Fig.
S8(b) shown. This great distinction is mainly due to whether the deformation breaks the symmetry of QD: for a QD
envelope function with even parity the quadrupole moment is vanishing in multipole expansion while the octupole
survives. The convergence of multipole expansion have been shown in Sec. IV.
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FIG. S8. The enhancement of LCS T (rg, ) /T‘? (ro, ) versus wavelength of 5nm-radius CdSe QDs located 7nm from the
gold nanoshell with deformation along (a) and perpendicular to (b) its dipole orientation. The inset at the bottom right corner
in (b) schematically illustrates a CdSe QD coupled to a gold nanoshell. Its dipole orientation points towards the center of
nanoshell, and is indicated by the red arrow. The nanoshell with external radius r1=14nm and internal radius r2=12nm. The
dielectric permittivity of gold is taken from Ref. [18], and the permittivity of the core is e = 1.82. The insets at the right side
of figures illustrate the QDs with different deformation, while the number upon the line indexes the corresponding QD.
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