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The Supplementary Material is organized as follows. Sec. I is the theoretical framework for
the spontaneous emission of two-level quantum emitter based on macroscopic QED with multipole
expansion. The evaluation of the multipole moments are summarized in Sec. II. Sec. III and IV are
devoted to the details for the numerical simulation of LDOS and the convergence of the multipole
expansion, respectively. Sec. V demonstrates that the exceptional point in the quantum system
can be accessed by rotating the mesoscopic QD with nondipole effect. Sec. VI gives the conditions
of forming a three-order EP by coupling two QDs to nanoshell. In Sec. VII, we briefly study the
nondipole effect induced by the non-spherical QDs.

I. SPONTANEOUS EMISSION FROM QUANTUM DOT WITH MULTIPOLE EXPANSION

We start from the minimal coupling Hamiltonian [1]

H =
1

2m
(p− eA)2 + eϕ+ U +

∫
dr

∫
dω~ω

(
f̂†(r, ω)f̂(r, ω) +

1

2

)
(S1)

where m and e are the mass and charge of the electron, respectively. p is the canonical momentum operator, A and ϕ
are the vector and scalar potentials of electromagnetic field, respectively. U is the binding potential and set to be zero.

f̂(r, ω)) and f̂†(r, ω)) are the annihilation and creation operators of the quantized electromagnetic field, respectively.
With Coulomb gauge ∇ ·A = 0 which implies [p,A] = 0 in quantum mechanics [2], the interaction Hamiltonian is

Hint = − e

m
A · p+ eϕ (S2)

where we have omitted the term regardingA2 because it is a second-order process. Using the formalism of macroscopic
QED [1], the vector and scalar potential are given by

A(r, ω) =

√
~
πε0

ω

c2

∫
dr′
√

Im [ε (r′, ω)]G⊥ (r, r′, ω) f̂ (r′, ω) (S3)

∇ϕ(r, ω) = −i
√

~
πε0

ω2

c2

∫
dr′
√

Im [ε (r′, ω)]G‖ (r, r′, ω) f̂ (r′, ω) (S4)

where G⊥ (r, r′, ω) and G‖ (r, r′, ω) are the transverse and longitudinal Green’s function, respectively. According to

E = −∇ϕ− Ȧ, the electric field operator Ê(r) can be expressed as

Ê(r) = i

√
~
πε0

∫ ∞
0

dω

∫
d3r′

ω2

c2

√
Im [ε (r′, ω)]G (r, r′, ω) f̂ (r′, ω) (S5)

where the dyadic Green’s function G (r, r′, ω) = G⊥ (r, r′, ω) + G‖ (r, r′, ω) denotes the electric field with frequency
ω at r response to a point source located at r′. The definition of the dyadic Green’s tensor G (r, r′, ω) is the solution
of the wave equation with a point source at position r′

∇×∇×G (r, r′, ω)−
(ω
c

)2

ε(r, ω)G (r, r′, ω) = Iδ (r− r′) (S6)
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where I is the unit tensor. We use the QD notations that an electron can be either in the conduction band or in the
valence band, denoting |c〉 and |v〉, respectively. Then the atomic raising and lowering operators can be recovered by
σ− = |v〉〈c| and σ+ = |c〉〈v|. Expanding the interaction Hamiltonian Hint on the complete set of electronic states
I = |c〉〈c|+ |v〉〈v|, the Hint in the interaction picture with rotating wave approximation is

Hint = − e

m

(
ei(ω−ω0)tσ−

〈
v
∣∣∣Ê†(r) · p

∣∣∣ c〉+H.c.
)

(S7)

where ω0 is the atomic transition frequency. Note that the commutators [r, H0] = i~p/m is used to covert the position
representation to momentum representation for scalar potential ϕ. Here the spatial variation of electromagnetic field
over the wave function of QD is non-negligible, thus the electric field operator cannot be pulled out of the matrix

element like that in dipole approximation, i.e.,
〈
v
∣∣∣Ê†i (r0) pi

∣∣∣ c〉 → Ê†i (r0)µi, where µi = 〈v |pi| c〉 is the matrix

element of dipole transition. We also consider the effect of a QD rotation along the direction of dipole transition, as

illustrated in Fig. S1, by applying the unitary transformation Ûx(φ) = e−(i/h)L̂xφ to Hint. Then one can calculate
the transition matrix elements by Taylor expanding the electric field operator around the r0

Êi(r, φ) = Êi (r0) + rj(φ)× ∂jÊi (r)|r=r0
+

1

2
rk(φ)rj(φ)× ∂k∂jÊi (r)|r=r0

+ · · · (S8)

where i,j,k represent the coordinate components, and (r− r0)i has been replaced by ri for simplicity. We keep the
expansion to second order and rewrite the interaction Hamilton as

Hint = −
∑
i,j,k

ei(ω−ω0)tσ−

(
µi(φ)Ê†i (r0) + Λji(φ)∂jÊ

†
i (r0) + Ωkji(φ)∂k∂jÊ

†
i (r0)

)
+H.c. (S9)

where µi(φ) = (e/m) 〈v |pi(φ)| c〉 |, Λji(φ) = (e/m) 〈v |rj(φ)pi(φ)| c〉 and Ωkji(φ) = (e/2m) 〈v |rk(φ)rj(φ)pi(φ)| c〉 are
defined as the equivalent dipole, quadrupole and octupole transition moments in the momentum representation,
respectively. From Eq. (S5) we can see that the electric field operator is related to the dyadic Green’s function by the

relationship
∫
d3sω

2

c2

√
Im[ε(s, ω)]G(r, s, ω)G∗ (r′, s, ω) = Im [G (r, r′, ω)], and hence the Taylor expanding of electric

field operator is equivalent to that of dyadic Green’s function G (r, r′, ω), which is

G (r, r′) ∼= G (r0, r0) + ζ · J [G (r, r′)]|(r0,r0) +
1

2
ζT ·H [G (r, r′)]|(r0,r0) · ζ (S10)

where ζ = (r− r0), J and H are the Jacobian matrix and Hessian matrix, respectively.

(a) (b)
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h
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FIG. S1. (a) Rotation of a QD along the direction of its dipole transition (x axis). x and z are coordinate axis before rotation
while z′ are the new axis of z after a rotation, with the angle φ between them. (b) φ = 0 corresponds to directed structure
while φ = π is inverted structure.

The temporal evolution of the system at time t can be obtained by solving Schrödinger equation with the following
wave function

|Ψ(t)〉 = Ce(t)|c, 0〉+

∫
d3r

∫ ∞
0

dωCg(r, ω, t)|v, 1(r, ω)〉 (S11)

where |c, 0〉 represents an electron is promoted to the conduction band and there is no photon in the surrounding,
|v, 1(r, ω)〉 is the state that the transition of an electron from conduction band to valence band generates a photon in
the surrounding. For spontaneous emission, the initial conditions are Ce(0) = 1 and Cg(r, ω, 0) = 0. Therefore, the
evolution equations of probability amplitude Ce(t) and Cg(r, ω, t) are

Ċe(t) = −
∫ ∞

0

dω

√
1

~πε0

ω2

c2

∫
d3r′

√
Im [ε (r′, ω)]

∑
i,j,k

Ξ̂∗i,j,k [Gij (r, r′, ω)]Cg(r, ω, t)e
−i(ω−ω0)t (S12)
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Ċg(r, ω, t) =

√
1

~πε0

ω2

c2

√
lm [ε (r′, ω)]

∑
i,j,k

Ξ̂i,j,k
[
G∗ij (r, r′, ω)

]
Ce(t)e

i(ω−ω0)t (S13)

where Ξ̂i,j,k[·] ≡ µi + Λji(φ)∂j + Ωkji(φ)∂j∂k. Using one-sided Fourier transformation, the explicit solutions of Ce(t)
in frequency domain can be expressed as [3, 4]

Ce(ω) =
Γ(r0,ω,φ)

2

[(ω − ω0)−∆ (r0, ω, φ)]
2

+
[

Γ(r0,ω,φ)
2

]2 (S14)

with

Γ (r0, ω, φ) =
2ω2

~ε0c2

∑
i,j,k

Ξ̂2
i,j,k [Im [Gij (r0, r0, ω)]] (S15)

∆ (r0, ω, φ) =
1

2π
℘

∫
Γ (r0, ω

′, φ)

ω − ω′
dω′ (S16)

where ℘ denotes the principal value. Ce(ω) is known as the spontaneous emission (SE) spectrum or polarization
spectrum. Γ (r0, ω, φ) and ∆ (r0, ω, φ) are the local coupling strength (LCS) and level shift, respectively. The temporal
dynamics Ce(t) can be obtained by Fourier transforming Ce(ω). Since no Markovian approximation has been made,
the results are valid in both weak and strong coupling regime.

One may also concern about the influence of multipolar transitions on coupling coefficient g, since Rabi splitting
appears when the coupling strength of plasmon-exciton interaction is greater than the dissipation. For a point-like
emitter ~g = −E (r0) · d, where E (r0) is the classical electric field at the location of dipole r0, and d is the dipole
moment. Then the coupling coefficient beyond the dipole approximation ~g′ can be intuitively evaluated as

~g′

~g
=

√∑
i,j,k Ξ̂2

i,j,k [Im [Gij ]]∑
i µ

2
i Im [G∗ii]

(S17)

II. PARITY AND QUANTITY OF MULTIPOLAR MOMENTS

The wave function for electron and hole can be decomposed into the product of Bloch function and envelope
function. The Bloch function has odd parity in the direction of dipole transition, while in other directions are
even parity. The parity of envelope function are dependent on the shape of QD. For self-assemble InAs/GaAs
QD, there is no parity along growth direction due to the structural inhomogeneities, while the parity of two di-
rections inside the growth plane are even [5]. Therefore, given the consideration of the parity selection rules,
we find the following non-zero transition moments for x-polarized exciton: µx for dipole transition, Λxz and Λzx
for first-order mesoscopic moment, and Ωxxx,Ωyyx,Ωzzx,Ωxzz and Ωzxz for the second-order mesoscopic moment.
The first- and second-order mesoscopic moment can be rewritten in terms of electric and magnetic contributions.
For example, Λxz contains the electric-quadrupole (EQ) Qxz = (e/2m) 〈v |xpz + zpx| c〉 and the magnetic-dipole
my = (e/2m) 〈v |xpz − zpx| c〉 contributions. Accordingly, Qxz couples to electric field gradient Im [∂xGzx + ∂zGxx],

while my depends on Im [∂xGzx − ∂zGxx]. Similarly, one can conclude that the magnetic-quadrupole (MQ) Q̃yy of

Ωxzz couples to Im [2∂x∂zGzx − ∂z∂xGzx − ∂z∂zGxx], Q̃yz of Ωyyx depends on Im [2∂y∂yGxx − ∂x∂yGyx − ∂y∂xGyx]

and Q̃zy of Ωzzx couples to Im [2∂z∂zGxx − ∂x∂zGzx − ∂z∂xGzx]. There is no MQ for Ωxxx. In next section we will
show that for plasmonic nanoparticles, only EQ survives in Ωyyx, and the contribution of MQ in Ωxzz and Ωzzx is
much smaller than EQ and can be omitted. Therefore, in the main text we call Λji(φ) and Ωkji(φ) as the equivalent
(electric) quadrupole and octupole transition moments, respectively.

To determine the quantity of multipolar transition moments, one only needs to calculate the ratio Λji/µx and
Ωkji/µx for the reason that on the one hand, in general µx is known; on the other hand, the contribution of multipolar
transition can be estimated by µx [1 + (Λji/µx) ∂j + (Ωkji/µx) ∂j∂k], once the partial derivative of Green’s tensor are
known.

Λzx scales with the height of QD because of Λzx = (e/m) 〈v |(z − z0) px| c〉, which is much smaller than Λxz as it
scales with the radius of QD. The evaluation gives |Λzx/µx| ≈ 0.1nm, while |Λxz/µx| is around 10nm of a 15nm-radius
QD according to the experimental measurement [5]. But in general it depends on the size, shape and the materials
of QD, and hence we evaluate the multipolar moments via modeling the QD as a harmonic in-plane confinement and
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an infinite barrier in the z direction [6–8]. The convergence of this multipole expansion approach compared with the
fully wavefunction-based computation is shown in Sec. IV.

With the commutation
[
L̂x, ri

]
= εxiji~rj and

[
L̂x, pi

]
= εxiji~pj , where εxij is the Levi-Civita symbol, as well as

the identity eξÂB̂e−ξÂ = B̂ + ξ[Â, B̂] + ξ2

2! [Â, [Â, B̂]] + · · · , where ξ is a c-number, we obtain

µx(φ) = µx (S18)

Λxz(φ) = cos(φ)Λxz (S19)

 Ωxxx(φ)
Ωyyx(φ)
Ωzzx(φ)
Ωxzz(φ)

 =


1 0 0 0
0 cos2(φ) sin2(φ) 0
0 sin2(φ) cos2(φ) 0
0 0 0 cos2(φ)


 Ωxxx

Ωyyx
Ωzzx
Ωxzz

 (S20)

Note that Ωzxz(φ) is the same as Ωxzz(φ). For the electric field expanded as Eq. (S8), the LCS can be collected in
the form as

Γ (r0, φ) = Γ(d) (r0) + Γ(Q) (r0, φ) + Γ(O) (r0, φ) + Γ(dQ) (r0, φ) + Γ(dO) (r0, φ) + Γ(QO) (r0, φ) (S21)

For Γ(QO) (r0, φ) and Γ(O) (r0, φ) are respected to the third and fouth derivative of the Green’s function and trends
to zero, the final form of LCS is

Γ (r0, φ) = Γ(d) (r0) + Γ(Q) (r0, φ) + Γ(dQ) (r0, φ) + Γ(dO) (r0, φ) (S22)

with

Γ(d) (r0) = A|µ|2ImGxx (r0, r0, ω) (S23)

Γ(Q) (r0, φ) = −A cos2(φ) |Λxz|2 ∂x∂xImGzz (r0, r0, ω) (S24)

Γ(dQ) (r0, φ) = 2ARe [cos(φ)Λxzµ
∗
x] ∂xImGzx (r0, r0, ω) (S25)

Γ(dO) (r0, φ) = A
{

2Re
[
cos2(φ)Ωxzzµ

∗
x

]
∂x∂zImGzx (r0, r0, ω) + Re [Ωxxxµ

∗
x] ∂x∂xImGxx (r0, r0, ω)

}
+A{Re

[(
cos2(φ)Ωyyx + sin2(φ)Ωzzx

)
µ∗x
]
∂y∂y + Re

[(
cos2(φ)Ωzzx + sin2(φ)Ωyyx

)
µ∗x
]
∂z∂z}ImGxx (r0, r0, ω)

(S26)
where A = 2ω2/~ε0c

2, and we discard all terms whose Green’s function exceeds the second order.

III. DYADIC GREEN’S FUNCTION OF THREE-LAYERED SPHERICAL SHELL AND NUMERICAL
CALCULATION OF LDOS

The electromagnetic Green’s function of three-layered spherical shell structure can be analytically obtained. Given
a nanoshell with permittivity εc of core and εm of shell and a source point at r′, embedded in a homogeneous medium
of permittivity εb, the scattered part of the Green’s function at r outside the structure is given by [9]

GS (r, r′, ω) =
ik1

4π

∑
e,0

∞∑
n=1

n∑
m=0

(2− δ0m)
2n+ 1

n(n+ 1)

(n−m)!

(n+m)!

{
BM (ω)M e/o

mn (r, k1)M e/o
mn (r′, k1)

+BN (ω)N e/o
mn (r, k1)N e/o

mn (r′, k1)
} (S27)

where k1 = ω
c

√
εb, m and n identify the eigenvalue parameters. BM/BN are the coefficients corresponding to transverse

electric/magnetic (TE/TM) waves, and M e/o
mn/N

e/o
mn are the spherical vector wave functions corresponding to TE/TM

waves and separated into even and odd modes. The values of BM/BN are given by

BM (ω) = −k2I11 [∂=21 − ∂~21RM (ω)]− k1∂=11 [γ̃21 − ~21RM (ω)]

k2~11 [∂=21 − ∂~21RM (ω)]− k1∂~11 [γ̃21 − ~21RM (ω)]
(S28)
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BN (ω) = −k2∂=11 [=s21 − ~21RN (ω)]− k1==11 [∂==21 − ∂~21RN (ω)]

k2∂~11

[
=̃21 − ~21RN (ω)

]
− k1~11 [∂=21 − ∂~21RN (ω)]

(S29)

where k2 = ω
c

√
εm, k3 = ω

c

√
εc and the coefficients

RM (ω) =
k3=̃22∂=32 − k2=̃32∂=22

k3~22∂=32 − k2=̃32∂~22

(S30)

RN (ω) =
k3=32∂=22 − k2=̃22∂=32

k3=s32∂~22 − k2~22∂=32
(S31)

with

=il = jn (kirl) , ~il = h(1)
n (kirl) (S32)

∂=il =
1

ρ

d [ρjn(ρ)]

dρ

∣∣∣∣
ρ=kirl

, ∂~il =
1

ρ

d
[
ρh

(1)
n (ρ)

]
dρ

∣∣∣∣∣∣
ρ=kirl

(S33)

where jn and h
(1)
n are the spherical Bessel functions and the spherical Hankel function of the first kind, respectively.

The vector functions are defined as

M e
mn(r, k) = − m

sin θ
h(1)
n (kr)Pmn (cos θ) sinmϕθ̂ − h(1)

n (kr)
dPmn (cos θ)

dθ
cosmϕϕ̂ (S34)

Mo
mn(r, k) =

m

sin θ
h(1)
n (kr)Pmn (cos θ) cosmϕθ̂ − h(1)

n (kr)
dPmn (cos θ)

dθ
sinmϕϕ̂ (S35)

N e
mn(r, k) = n(n+1)

kr h
(1)
n (kr)Pmn (cos θ) cosmϕr̂ + 1

kr

d[rh(1)
n (kr)]
dr

dPm
n (cos θ)
dθ cosmϕθ̂

− m
kr sin θ

d[rh(1)
n (kr)]
dr Pmn (cos θ) sinmϕϕ̂

(S36)

No
mn(r, k) = n(n+1)

kr h
(1)
n (kr)Pmn (cos θ) sinmϕr̂ + 1

kr

d[rh(1)
n (kr)]
dr

dPm
n (cos θ)
dθ sinmϕθ̂

+ m
kr sin θ

d[rh(1)
n (kr)]
dr Pmn (cos θ) cosmϕϕ̂

(S37)

where Pmn are the associated Legendre polynomials.
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FIG. S2. (a) Normalized LDOS of QD with a dipole transition moment parallel to the metallic surface at s = 2nm under the
dipole approximation. (b) Normalized LDOS of the plasmonic mode indicated by the pink circle in (a) with nondipole effect
and QD radius R = 6nm.

The local density of photonic states (LDOS) for a QD 2nm away from the nanoshell with a dipole transition moment
parallel to the metallic surface is shown in Fig. S2(a). Metallic nanoshell structures have two sets of modes, separated
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by surface plasmon frequency ωSP : the modes whose peaks locates above ωSP are called cavity-like modes, while
those modes with peak frequency below ωSP are sphere-like modes [10, 11]. We have tuned the lowest sphere-like
mode to match the emission energy of QD, which is ~ω0 = 1.213eV, with the parameters given in the main text. The
normalized LDOS of the third sphere-like mode for s = 2nm with nondipole effect of a 6nm-radius QD is shown in Fig.
S2(b). For calculating the partial derivative of Green’s function, the spatial interval ∆x = ∆y = ∆z = 5 × 10−3nm
is used.

(a) (b)

FIG. S3. First- and second-order gradients of Gij (a) and ∂z∂zGxx/∂x∂zGzx (b) as the function of QD-nanoshell separation
s at the QD emission wavelength. Nanoshell parameters are the same as Fig. S2.

Fig. S3(a) compares ∂y∂yGxx with ∂x∂yGyx, ∂z∂zGxx with ∂x∂zGzx as well as ∂xGzx with ∂zGxx. We can see that
for nanoshell ∂y∂yGxx and ∂zGxx are exactly equal to ∂x∂yGyx and ∂xGzx, respectively, leading to the completely
electric-transition contributions in Λxz and Ωyyx. While ∂x∂zGzx is slightly larger than ∂z∂zGxx, and their ratio
α = ∂z∂zGxx/∂x∂zGzx is shown in Fig. S3(b), where we can see α ≈ 0.854 for 2nm < s < 10nm. Then we can
evaluate the ratio of electric contribution to magnetic contribution in Ωzzx and Ωxzz as (1+α)/(1−α) ≈ 12. Therefore,
the MQ contributions of Ωzzx and Ωxzz can be omitted.

The LDOS of the model in Fig. 3(d) in the main text is numerically calculated by MNPBEM toolbox, which is
based on boundary element method (BEM) [12]. The radius and height of GaAs cylinder are R and 4R. A dipole
source is placed at the center of the cylinder to evaluate the LDOS. The nanoshell is embedded in the GaAs substrate
with a separation of R from the dipole.

IV. CONVERGENCE OF MULTIPOLE EXPANSION

For the QDs with lattice distortion, the LCS is expressed as [13]

ΓI(ω) = C

∫
d3r

∫
d3r′Im [Jx(r)Gxx (r, r′, ω) Jx

∗ (r′)] + 2CRe

[∫
d3r

∫
d3r′Im [Jx (r)Gxz (r, r′, ω) J ∗z (r′)]

]
+ C

∫
d3r

∫
d3r′ Im [Jz(r)Gzz (r, r′, ω) J ∗z (r′)]

(S38)

where C = 2µ0e |pcv|
2
/m0~, µ0 is the permeability of vacuum and Bloch matrix element pcv = 1

vUC

∫
UC

d3rue(r)puh(r)

is a material parameter. Jx(r) = χ(r) and Jz(r) = xk−1
l (∂kl/∂z)χ(r), where kl = 2π/a is the lattice wave vector

and χ(r) is the exciton envelope function. In the calculation we assump that: (i) the dipole orientation is along x
direction, (ii) the exciton with a Gaussian envelope function and (iii) ∂kl/∂z = ∆aδ (z − z0), where delta function is

approached by δ (z − z0) = (∆z
√
π)−1e−(z−z0)2/∆z2 . We use the parameters a/∆a = 0.18 and z0 = 0 [13].

The normalized LDOS for self-assemble InAs/GaAs QD is

ρInAs =
ΓI(ω)

C
∣∣∫ d3rχ(r)

∣∣2 Im [nx ·G (r0, r0, ω) · nx]
(S39)

Eq. (S38) is the exact expression of the normalized DOS including nondipole effects. In Fig. S4 we compare the
results of Eq. (S39) with that using multipole expansion, i.e., replace ΓI(ω) in Eq. (S39) by Eq. (S22).

For a QD without lattice distortion, the normalized LDOS with nondipole effects is

ρCdSe =

∫
d3r

∫
d3r′χ(r)χ (r′) Im [ni ·G (r, r′, ω) · ni]∣∣∫ d3rχ(r)

∣∣2 Im [ni ·G (r0, r0, ω) · ni]
(S40)
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where i represents the dipole orientation. The convergence of multipole expansion for a 5nm-radius spherical CdSe
QD with different deformations are shown in Fig. S5. Fig. S5(f) shows the exact results of ΓN = Γ/Γ(d) for an
idealized spherical QD. The deviation from point-dipole is too small to observe in normalized LDOS in Fig. S5(c).
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FIG. S4. Normalized LDOS beyond the point-dipole approximation for self-assemble InAs/GaAs QD as the function of
wavelength for φ = 0 (a) and φ = π (b). Other parameters are s = 2nm and R = 6nm.
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FIG. S5. Normalized LDOS beyond the point-dipole approximation for CdSe QDs as the function of wavelength for s = 7nm
and R = 5nm. (a)-(e) are for QDs with different deformations. The geometric shape of QDs are illustrated by the blue objects
at the top left corner in figures. Particularly, (c) is an idealized spherical QD. (d) and (e) are actually fliping the QD in (a) and

(b) top to bottom, respectively. (f) is the enhancement of decay rate ΓN = Γ/Γ(d) versus wavelength for an idealized spherical
CdSe QD.

V. TRAJECTORIES OF ENCIRCLING THE EXCEPTIONAL POINT

In this section we show how to use the nondipole effect of mesoscopic QD to encircle the exceptional point (EP) to
reveal this topological property.

By phenomenologically introducing the effective decay rate κ of cavity and spontaneous emission rate γ of QD,
the coupled system can be treated by a non-Hermitian Hamiltonian in the Jaynes-Cummings form, which in the
single-excitation subspace can be described by the matrix [14]
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Hn =

(
ω0 − iγ2 g

g ωc − iκ2

)
(S41)

where ωc and g are the resonant frequency of silver nanoshell and the coupling coefficient of plasmon-QD interaction,
respectively. The diagonalization of Hn yields the eigenenergies

ω± =
1

2
(ω0 + ωc)− i

γ + κ

4
±

√
g2 +

(
i
γ − κ

4
+
ω0 − ωc

2

)2

(S42)

In resonant coupling (ω0 = ωc), the critical point between the strong- and the weak-coupling regime is the EP, the
corresponding coupling strength is gEP = (κ−γ)/4. Expressing the perturbation of coupling strength as ε = g−gEP ,

the eigenenergies spacing ∆ = Re [ω+ − ω−] around the EP can be found as ∆ = 2
√

(2gEP + ε) ε. Around the EP

ε� gEP , we have ∆EP =
√

2(κ− γ)
√
ε. While far from the EP,ε� 2gEP gives ∆Linearity = 2ε.

Based on the pseudomodes method [15, 16], the cavity parameters ωc, g and κ can be obtained by fitting the LCS
Γ (r0, ω) with Lorentz function g2 κ

(ω−ωc)2+(κ/2)2
. On the other hand, the singular point of SE spectrum Ce(ω), which

is the root of the denominator in Eq. (S14), yields ω−ω0 + iγ/2 = ∆ (r0, ω)− iΓ (r0, ω) /2. With the same Lorentzian
fitting parameters, we have

∆ (r0, ω)− iΓ (r0, ω)

2
= g2 ω − ωc − iκ/2

(ω − ωc)2
+ (κ/2)2

(S43)

and thus

ω± =
1

2
(ω0 + ωc)− i

γ + κ

4
±

√
g′2 +

(
i
γ + κ

4
+
ω0 − ωc

2

)2

(S44)

We can see the eigenenergies are identical with the non-Hermitian Hamiltonian. The Rabi splitting in SE spectrum
reflects the eigenenergies of Hn.

For the LDOS shown in Fig. S2, we obtain the coupling coefficient ~g = 5.1meV and plasmonic cavity relax-
ation ~κ = 12.56meV in dipole approximation when s = 3.5nm. The coupling coefficient ~g′ beyond the dipole
approximation can be obtained from Eq. (S17), and shown in Fig. S6.

(rad)f

0.2p 0.4p 0.6p p0

g/g ’

0.4

0.6

0.8

1

1.2

1.4

0.8p

FIG. S6. g′/g as a funtion of φ for s = 4nm and R = 6nm.

For two coupled subsystems, an EP is at the critical coupling between the strong and weak coupling at zero detuning.
Therefore, we need to tune the coupling strength and switch between the strong and weak coupling to encircle an
EP. For s = 3.5nm the critical coupling strength is about 3.1meV, corresponding to φ = 0.85π; the paramter φ we
choose for strong coupling and weak coupling under a cyclic variation in parameter space (∆ω, φ) are φ = 0.72π
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FIG. S7. (a)-(c) Real part of the eigenenergies as the function of detunings for φ = 0.72π (strong coupling), 0.85π (EP
condition) and π (weak coupling) when s = 3.5nm and R = 6nm, respectively. (d)-(f) show the imaginary part of the
eigenenergies. The blue and orange lines show the two eigenstates of polariton.

(~g′ = 4.5meV) and φ = π (~g′ = 2.3meV), respectively. The eigenenergies for these three φ when ∆ω is varied are
shown in Fig. S6. Suppose we start encircling the EP from A(−10, 0.72π) at an eigenstate colored blue in Fig. S7,
after a 2π rotation: B(10, 0.72π)→ C(10, π)→ D(−10, π)→ E(−10, 0.72π), we end up with another eigenstate (the
orange one); continuelly rotate another 2π: F(10, 0.72π) → G(10, π) → H(−10, π) → A(−10, 0.72π), now we arrive
at the initial point.

VI. FORMATION OF THREE-ORDER EPS BY TWO QDS

This section derives the critical coupling strengths for forming the three-order EPs (EP3) by resonantly coupling
two QDs to nanoshell. The non-Hermitian Hamiltonian in the single-excitation subspace is given by

H2
n =

 ωc − iγ12 g1 0
g1 ωc − iκ2 g2

0 g2 ωc − iγ22

 (S45)

where γ1,2 and g1,2 are the decaying and the coupling strength with plasmon of two QDs, respectively. Denoting the
characteristic polynomial of Eq. (S45) as P (ω), the eigenenergy of EP3 can be found by letting P′′(ω) = 0. The
solution is

ωEP = ωc − i
κ+ γ1 + γ2

6
(S46)

Substituting back into P (ω), the corresponding coupling strengths can be found as

g1
EP =

√
κ+ γ2

6

√
κ+ γ2 − 2γ1

γ1 − γ2

√
κ+ 4γ1 + γ2 (S47)

g2
EP =

√
κ+ γ1

6

√
κ+ γ1 − 2γ2

γ2 − γ1

√
κ+ γ1 + 4γ2 (S48)

We can see that in general it requires γ1 6= γ2 and thus g1
EP 6= g2

EP .
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VII. NONDIPOLE EFFECT INDUCED BY NON-SPHERICAL SHAPE

A previous study has rigorously proved that for an idealized spherical QD the LCS is equal to that of a point-dipole
[17]. Fig. S8(a) shows a QD with deformation in dipole orientation which is perpendicular to metallic interface shows
striking non-dipole effects: more than 60% enhancement or 30% reducing of the LCS can be observed according to
different QD orientation (see the blue and green lines). On the other hand, only smaller non-dipole effect can be
found for the QD with in-plane (perpendicular to the dipole orientation) deformation, which is less than 4%, as Fig.
S8(b) shown. This great distinction is mainly due to whether the deformation breaks the symmetry of QD: for a QD
envelope function with even parity the quadrupole moment is vanishing in multipole expansion while the octupole
survives. The convergence of multipole expansion have been shown in Sec. IV.
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FIG. S8. The enhancement of LCS Γ (r0, φ) /Γ(d) (r0, φ) versus wavelength of 5nm-radius CdSe QDs located 7nm from the
gold nanoshell with deformation along (a) and perpendicular to (b) its dipole orientation. The inset at the bottom right corner
in (b) schematically illustrates a CdSe QD coupled to a gold nanoshell. Its dipole orientation points towards the center of
nanoshell, and is indicated by the red arrow. The nanoshell with external radius r1=14nm and internal radius r2=12nm. The
dielectric permittivity of gold is taken from Ref. [18], and the permittivity of the core is εc = 1.82. The insets at the right side
of figures illustrate the QDs with different deformation, while the number upon the line indexes the corresponding QD.
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