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S1 Electrodynamics of metasurface

S1.1 Lattice model for light-metasurface interaction

The classical formulation of the light scattering problem is based on the Maxwell’s equations without
external currents and charges [1]

∇ · 𝐷 = 0, (S1)

∇ × 𝐸 = −1
𝑐

𝜕𝐵

𝜕𝑡
, (S2)

∇ · 𝐵 = 0, (S3)

∇ × 𝐻 = 1
𝑐

𝜕𝐷

𝜕𝑡
. (S4)

We restrict ourself by considering non-magnetic media, so that the magnetic and diamagnetic fields are equal
(the vacuum electric and magnetic permittivity are set to unity), 𝐵 = 𝐻 . Following the standard Maxwell’s
equations notations, we use the vector of polarization, 𝐷 = 𝐸 + 4𝜋𝑃 . Therefore the system of Maxwell’s
equations are given by Eq. (1) in the main text. Information about the matter is solely contained in the
functional dependence of 𝑃 on 𝐸. The geometry of the system is chosen such that 𝑧 axis of the laboratory
coordinate system can be directed along the normal to the surface and 𝜌 = (𝑥, 𝑦) is a two-dimensional
vector in the plane of metasurface. Particular dependence of 𝑃 on 𝐸 is considered in the following sections.
When the metasurface is placed at the interface between two isotropic media with different refractive incides,
the corresponding 𝑧-dependent terms read

𝑃 (𝑧,𝜌, 𝑡) = ℋ(|𝑧| ≤ 𝑙𝑧/2)𝑃 (𝐸) + ℋ(𝑧 < −𝑙𝑧/2)𝜒𝑖𝐸(𝑧,𝜌, 𝑡) + ℋ(𝑧 > 𝑙𝑧/2)𝜒𝑡𝐸(𝑧,𝜌, 𝑡). (S5)

Here and below Heaviside function ℋ(condition) = {1, when condition is true; 0, when condition is false}.
Then Eq. (1) in the main text for the domain 𝑧 < −𝑙𝑧/2 and 𝑧 > 𝑙𝑧/2 describe the propagating waves with
the effective speeds of light 𝑐𝑖 = 𝑐/𝑛𝑖 and 𝑐𝑡 = 𝑐/𝑛𝑡 where 𝑛𝑖,𝑡 =

√︀
1 + 4𝜋𝜒𝑖,𝑡, respectively, denotes the

refractive index of substrates on both side (see Fig. (S1)).
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Fig. S1: Schematics of the reflection and refraction from the metasurface. The blue arrows represent the incidence light
at the angle 𝜃, ordinary refraction at the angle 𝜃′ and the ordinary reflection. The red arrows are the same but for the
anomalous refraction and reflection.

The polarization in Eq. (1) vanishes in vacuum, and has non-zero values inside the media, which
represents the thin layer of metasurface. We consider a classical linear response model for the metasurface
𝑃 (𝑧,𝜌, 𝑡) = 𝜒(𝜌)𝐸(𝑧,𝜌, 𝑡).

The Fourier transformation of the fields over 𝜌 are defined as follows:

𝐸(𝑧,𝜅, 𝜔) =
∫︁
𝑑2𝜌𝑑𝑡𝐸(𝑧,𝜌, 𝑡)𝑒−i𝜅·𝜌+i𝜔𝑡, 𝐸(𝑟, 𝑡) = 1

(2𝜋)3

∫︁
𝑑2𝜅𝑑𝜔𝐸(𝑧,𝜅, 𝜔)𝑒i𝜅·𝜌−i𝜔𝑡. (S6)

Polarization is expressed in terms of the field,

𝑃 (𝑧,𝜅, 𝜔) = 1
(2𝜋)2

∫︁
𝑑2𝜅′𝜒̃(𝜅 − 𝜅′)𝐸(𝑧,𝜅′, 𝜔), 𝜒̃(𝜅) =

∫︁
𝑑2𝜌𝜒(𝜌)𝑒−i𝜅𝜌. (S7)

The linear susceptibility function 𝜒(𝜌) is a periodic function of coordinates. It can be represented as a
sum of the susceptibilities of the individual primitives shifted and rotated in 𝑥𝑦 plane. The reflection and
transition is therefore defined by the vectors of the reciprocal lattice 𝐺, where the function 𝜒(Δ𝜅) reaches
its maxima.

Fig. S2: Schematics of the metasurface. The length and width of the antenna are 𝑙𝑥 and 𝑙𝑦, respectively. The distance
between the two antennas in 𝑥 and 𝑦 axis are 𝑎1 and 𝑎2, respectively. Along the 𝑥 axis, for 𝑀 = 5 (shown here) the
antennas are rotated by the angle 𝜑 = −𝜋

(2𝑁+1)
.



Z. Gao et al., Revealing topological phase in Pancharatnam-Berry metasurfaces using mesoscopic electrodynamics S3

S1.2 Metasurface with translational symmetry

Since the length of the antenna is in the sub-wavelength scale and the metasurface is translation-invariant
without considering the rotation of the antenna, as shown in Fig. S2, the susceptibility function 𝜒(𝜌) can
be represented by

𝜒(𝑧,𝜌) = 𝜒0
∑︁
𝑚𝑛

𝑁∑︁
𝑗=−𝑁

Ω(𝜌 − 𝜚𝑀𝑚+𝑗,𝑛), 𝜒0 =

⎛⎝ 𝜒𝑥 0

0 𝜒𝑦

⎞⎠ , (S8)

where 𝑁 = (𝑀−1)/2 with the number of elements in the unit cell 𝑀 , and the susceptibilities of the nanopillar
along 𝑥 and 𝑦 directions are 𝜒𝑥 = [4𝜋𝜔 − 4𝜋𝜔0(1 − sin2(𝜃)

𝑛2
𝑒𝑓𝑓

)−1/2]−1, 𝜒𝑦 = [4𝜋𝜔 − 4𝜋𝜔1(1 − cos2(𝜃)
𝑛2

𝑒𝑓𝑓

)−1/2]−1

with different resonance frequencies 𝜔0 and 𝜔1 [2], effective refractive index of the nanopillar 𝑛𝑒𝑓𝑓 and
incident angle 𝜃. The indicator function Ω(𝜌) describes the basic geometric primitive, which has a rectangular
shape:

Ω(𝜌) = ℋ(|𝑥| ≤ 𝑙𝑥/2)ℋ(|𝑦| ≤ 𝑙𝑦/2). (S9)

The lattice translation vector is 𝜚𝑚,𝑛 = 𝑚𝑎𝑥 + 𝑛𝑎𝑦 with lattice primitive translation vectors 𝑎𝑥 =
(2𝑁 + 1)𝑎1𝑒𝑥 and 𝑎𝑦 = 𝑎2𝑒𝑦. 2D spatial Fourier transformation of Eq. (S8) is

𝜒̃(𝜅) = 𝜒0
∑︁

𝑛

𝑒−i𝑛𝜅𝑎2
∑︁
𝑚

𝑁∑︁
𝑗=−𝑁

Ω̃𝑚𝑛𝑗(𝜅) 𝑒−i((2𝑁+1)𝑚+𝑗)𝜅𝑎1 , (S10)

where Ω̃𝑚𝑛𝑗(𝜅) is the Fourier transform of Ω(𝜌 − 𝜚𝑀𝑚+𝑗,𝑛). Since the rotation of antenna in one unite cell
is treated by the rotation of the transmission matrix later by the form ^̃𝑇 ′(𝜑𝑗) = 𝑅̂†(𝜑𝑗) ^̃𝑇𝑅̂(𝜑𝑗) in the main
text, all the Ω̃𝑚𝑛𝑗(𝜅) with different indexes 𝑚,𝑛, 𝑗 are same and the subscripts mnj will be omitted below.

By using the Poisson summation formula
∞∑︀

𝑛′=−∞
𝐹 (𝑘 − 2𝜋𝑛′𝑎) = 1

2𝜋𝑎

∞∑︀
𝑛=−∞

𝐹 ( 𝑛
2𝜋𝑎 )𝑒−i𝑘𝑛/𝑎 where 𝐹 is the

Fourier transformation of 𝐹 , Eq. (S10) reduce to

𝜒̃(𝜅) =
∑︁

𝑚′,𝑛′

𝛿

(︂
𝜅𝑥 − 2𝜋𝑚′

(2𝑁 + 1)𝑎1

)︂
𝛿

(︂
𝜅𝑦 − 2𝜋𝑛′

𝑎2

)︂
𝐹𝑚′𝑛′ , (S11)

where 𝐹𝑚′𝑛′ = 𝜒0(2𝜋)2

(2𝑁+1)𝑎1𝑎2

𝑁∑︀
𝑗=−𝑁

Ω̃(𝜅) 𝑒−i𝑗𝜅𝑎1 . Taking the inverse Fourier transform, we obtain

𝜒̃(𝜌) = 𝜒0
(2𝑁 + 1)𝑎1𝑎2

∑︁
𝑚′,𝑛′

𝑁∑︁
𝑗=−𝑁

Ω̃(𝐺𝑚′𝑛′)𝑒i𝐺𝑚′𝑛′ ·(𝜌−𝑗𝑎1),

where the reciprocal lattice vector 𝐺𝑚′𝑛′ = 2𝜋𝑚′

(2𝑁+1)𝑎1
𝑒𝑥 + 2𝜋𝑛′

𝑎2
𝑒𝑦. Substitution of the result (S11) into (S7)

produces the series for the polarization vector

𝑃 (𝑧,𝜅, 𝜔) = 𝜒0
(2𝑁 + 1)𝑎1𝑎2

∑︁
𝑚′,𝑛′

𝑁∑︁
𝑗=−𝑁

∫︁
𝑑2𝜅′𝛿

(︀
𝜅 − 𝜅′ − 𝐺𝑚′,𝑛′

)︀
𝑒−i𝑗(𝜅−𝜅′)𝑎1Ω̃(𝜅 − 𝜅′)𝐸(𝑧,𝜅′, 𝜔).

(S12)
By taking inverse Fourier transform of Eq. (S12), polarization vector is given by Eq. (2) in the main

text as a sum over the Brillouin zones. To define the nonuniform part of the system of Maxwell’s equations,

we assume that the incident light has the form 𝐸(𝑧,𝜌, 𝑡) = 𝐸𝑖 𝑒
i𝑘𝑧𝑖𝑧+i𝜅𝑖𝜌−i𝜔𝑖𝑡 where 𝑘𝑧𝑖 =

√︁
𝜔2

𝑖
𝑛2

𝑖

𝑐2 − 𝜅2
𝑖

with the conditions 𝜔𝑖𝑛𝑖 > 𝑐𝜅𝑖. Since there are no other temporal characteristics except the 𝜔𝑖, all the
time-derivatives can be replaced by the multiplication by −i𝜔𝑖. We seek for the solution of the Maxwell’s
equations (1) in the form of Eq. (4) in the main text.
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S1.3 Thin metasurface limit

In zeroth approximation, we assume that the surface polarization is caused by the incident light only, so
that 𝑃|| = 𝜒𝐸𝑖𝑛𝑒

i𝑘𝑧𝑖+i𝜅𝑖𝜌 and

𝜕2

𝜕𝑧2 𝐸|| + ∇2
𝜌𝐸|| +

𝜔2
𝑖 𝑛

2
𝑖,𝑡

𝑐2 𝐸|| = −4𝜋∇𝜌(∇𝜌 · 𝑃||) − 4𝜋∇𝜌
𝜕

𝜕𝑧
𝑃𝑧 − 4𝜋

𝜔2
𝑖

𝑐2 𝑃||. (S13)

The following equations are written for the 𝑒i(𝐺𝑚𝑛+𝜅)𝜌 components of above equations. All the 𝐺𝑚𝑛 + 𝜅

spatial components of the 𝐸̃, 𝑃 have the same subscripts 𝑚 and 𝑛 which will be further omitted. And the
corresponding thin polarization component ℋ(|𝑧| ≤ 𝑙𝑧/2)𝑃 (𝐸) is

ℋ̃(k𝑧)𝑃||(k𝑧,𝜅) = sin(𝜉𝑙𝑧)
4𝜋𝜉 𝜒0𝑓𝑚𝑛𝐸||,𝑖𝛿(𝜅𝑖 − 𝜅) ≃ 𝑙𝑧

4𝜋𝜒0𝑓𝑚𝑛𝐸||,𝑖𝛿(𝜅𝑖 − 𝜅), (S14)

where 𝑓𝑚,𝑛 =
∑︀𝑁

𝑗=−𝑁 𝑓𝑚𝑛,𝑗𝑒
−i𝑗𝐺𝑚𝑛𝑎1 , 2𝜉 = 𝑘𝑧𝑖 − k𝑧, 𝐸||,𝑖 is the 𝑥, 𝑦 amplitudes of incident light. When

the incident angle or the thickness of the antenna 𝑙𝑧 is small which corresponds to 𝜉 ≈ 0 or 𝑙𝑧 ≈ 0, then
sin(𝜉𝑙𝑧)

𝜉 ≈ 𝑙𝑧 . Considering the thickness of the metasurface to be small, we neglect the 𝐸𝑧 and 𝑃𝑧 components
in the model and obtain

1
2𝜋 (

𝜔2
𝑖 𝑛

2
𝑖,𝑡

𝑐2 −𝐾2
|| − k2

𝑧)𝐸̃𝑥(k𝑧,𝜅) = (𝐾2
𝑥 −

𝜔2
𝑖

𝑐2 )𝑃𝑥 +𝐾𝑥𝐾𝑦𝑃𝑦, (S15)

1
2𝜋 (

𝜔2
𝑖 𝑛

2
𝑖,𝑡

𝑐2 −𝐾2
|| − k2

𝑧)𝐸̃𝑦(k𝑧,𝜅) = (𝐾2
𝑦 −

𝜔2
𝑖

𝑐2 )𝑃𝑦 +𝐾𝑦𝐾𝑥𝑃𝑥, (S16)

where 𝐾𝑥 = 𝐺𝑚𝑛,𝑥 + 𝜅𝑥, 𝐾𝑦 = 𝐺𝑚𝑛,𝑦 + 𝜅𝑦, 𝐾2
|| = (𝐺𝑚𝑛,𝑥 + 𝜅𝑥)2 + (𝐺𝑚𝑛,𝑦 + 𝜅𝑦)2, 𝐸̃𝑦(k𝑧,𝜅), 𝐸̃𝑦(k𝑧,𝜅)

are function of k𝑧,𝜅 need to be calculated, 𝑃|| = 𝑙𝑧𝜒0𝑓𝑚𝑛𝐸||,𝑖𝛿(𝜅𝑖 − 𝜅).

S2 Reflection and refraction from metasurfaces with
translational symmetry

S2.1 Transmission matrix

We can now investigate how the light is transmitted through the metasurface. In the present model, we
assume that, for a typical design, individual primitives are spaced sparsely which eliminates a possibility
of the inter-element interactions. In this case, one can calculate the transmission through the individual
primitive and then sum over all the elements of the unit cell and the entire metasurface. Consider the
rectangular primitive with perfectly aligned sides along x and y coordinates such that the long side 𝑙𝑦 is
along the 𝑦-axis and the short side 𝑙𝑥 is along the 𝑥-axis. We can thus recast Eqs. (S15) - (S16) in terms
of the transmission matrix ^̃𝑇 given by Eq. (4) in the main text (Due to 𝑒−i𝑗𝐺𝑚𝑛𝑎1 is included in the
propagation phase 𝜓𝑚𝑛,𝑗 , we omitted it in here.):⎛⎝ 𝐸̃𝑥,𝑚,𝑛

𝐸̃𝑦,𝑚,𝑛

⎞⎠ =

⎛⎝ 𝑡𝑥𝑥 𝑡𝑥𝑦

𝑡𝑦𝑥 𝑡𝑦𝑦

⎞⎠ ⎛⎝ 𝐸𝑥𝑖

𝐸𝑦𝑖

⎞⎠ ,
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where the elements of transmission matrix are given by

𝑡𝑥𝑥 = 𝐶′
𝑟

𝐶′ (𝐾2
𝑥 −

𝜔2
𝑖

𝑐2 )𝜒𝑥,

𝑡𝑥𝑦 = 𝐶′
𝑟

𝐶′ (𝐾𝑥𝐾𝑦)𝜒𝑦,

𝑡𝑦𝑥 = 𝐶′
𝑟

𝐶′ (𝐾𝑥𝐾𝑦)𝜒𝑥,

𝑡𝑦𝑦 = 𝐶′
𝑟

𝐶′ (𝐾2
𝑦 −

𝜔2
𝑖

𝑐2 )𝜒𝑦. (S17)

Here 𝐶′ = −k2
𝑧 + 𝜔2

𝑖 𝑛2
𝑖,𝑡

𝑐2 −𝐾2
||, 𝐶

′
𝑟 = 2𝜋𝑙𝑧𝑓𝑚𝑛,𝑗𝛿(𝜅𝑖 − 𝜅), 𝜅𝑖 < 𝐺1,1 = 2𝜋

(2𝑁+1)𝑎1
𝑒𝑥 + 2𝜋

𝑎2
𝑒𝑦. In the physical

space, the transmission matrix 𝑇 can be written as

𝑡𝑥𝑥 = 𝐶′
𝑟

𝐶′ (𝐾2
𝑥 −

𝜔2
𝑖

𝑐2 )𝜒𝑥,

𝑡𝑥𝑦 = 𝐶′
𝑟

𝐶′ (𝐾𝑥𝐾𝑦)𝜒𝑦,

𝑡𝑦𝑥 = 𝐶′
𝑟

𝐶′ (𝐾𝑥𝐾𝑦)𝜒𝑥,

𝑡𝑦𝑦 = 𝐶′
𝑟

𝐶′ (𝐾2
𝑦 −

𝜔2
𝑖

𝑐2 )𝜒𝑦, (S18)

where 𝐶′ =
√︂

𝜔2
𝑖

𝑛2
𝑖,𝑡

𝑐2 −𝐾2
||
⃒⃒
𝜅=𝜅𝑖

, 𝐶′
𝑟 = i𝑙𝑧𝑓𝑚𝑛,𝑗/4𝜋|𝜅=𝜅𝑖 .

S3 Derivation of the Fresnel coefficient
So far we have investigated the transmission properties of the metasurfaces assuming that the incident and
transmitted light are polarized linearly. We now consider a circularly polarized (CP) light. We therefore
have to transform the solution to the CP basis 𝜎± = (𝑒𝑥 cos(𝜃′) ± i𝑒𝑦)/

√
2, where 𝜃′ is the refraction angle

(see Fig. S1). For an ordinary operator 𝐴 in the linear polarization basis, we define an operator ^̄𝐴 in the
CP basis 𝐴 (𝑥,𝑦)→(𝜎±) ^̄𝐴. For instance, the rotation operator 𝑅̂(𝜑𝑗) defined in Eq. (6) can be recast in the
circular polarization basis as an operator ^̄𝑅(𝜑𝑗) defined as follows

^̄𝑅(𝜑𝑗) =

⎛⎜⎝ 𝑒i𝜑𝑗 (2−sec 𝜃′−cos 𝜃′)+𝑒−i𝜑𝑗 (2+sec 𝜃′+cos 𝜃′)
4

𝑒i𝜑𝑗 (sec 𝜃′−cos 𝜃′)+𝑒−i𝜑𝑗 (− sec 𝜃′+cos 𝜃′)
4

𝑒−i𝜑𝑗 (sec 𝜃′−cos 𝜃′)+𝑒i𝜑𝑗 (− sec 𝜃′+cos 𝜃′)
4

𝑒−i𝜑𝑗 (2−sec 𝜃′−cos 𝜃′)+𝑒i𝜑𝑗 (2+sec 𝜃′+cos 𝜃′)
4

⎞⎟⎠ . (S19)

Similarly the transmission matrix 𝑇 in Eq. (5) takes the form

^̄𝑇 ≡

⎛⎜⎝
𝑡𝑦𝑦+𝑡𝑥𝑥−i𝑡𝑥𝑦 cos 𝜃′+i𝑡𝑦𝑥 sec 𝜃′

2
𝑡𝑦𝑦−𝑡𝑥𝑥−i𝑡𝑥𝑦 cos 𝜃′−i𝑡𝑦𝑥 sec 𝜃′

2

𝑡𝑦𝑦−𝑡𝑥𝑥+i𝑡𝑥𝑦 cos 𝜃′+i𝑡𝑦𝑥 sec 𝜃′

2
𝑡𝑦𝑦+𝑡𝑥𝑥+i𝑡𝑥𝑦 cos 𝜃′−i𝑡𝑦𝑥 sec 𝜃′

2

⎞⎟⎠ . (S20)

We then consider the in plane transmission condition 𝑡𝑥𝑦 = 0, 𝑡𝑦𝑥 = 0. In the CP basis the corresponding
operator reads

^̄𝑇 (𝜑𝑗) =

⎛⎝ 𝑡′1𝑗 𝑡′2𝑗

𝑡′*2𝑗 𝑡′*1𝑗

⎞⎠ , (S21)
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where

𝑡′1𝑗 =
4(𝑡𝑥𝑥 + 𝑡𝑦𝑦) + 𝑒i2𝜑𝑗 (𝑡𝑥𝑥 − 𝑡𝑦𝑦)(cos 𝜃′ − sec 𝜃′) + 𝑒−i2𝜑𝑗 (𝑡𝑥𝑥 − 𝑡𝑦𝑦)(sec 𝜃′ − cos 𝜃′)

8 ,

𝑡′2𝑗 =
𝑒−i2𝜑𝑗 (𝑡𝑥𝑥 − 𝑡𝑦𝑦)(2 − sec 𝜃′ − cos 𝜃′) + 𝑒i2𝜑𝑗 (𝑡𝑥𝑥 − 𝑡𝑦𝑦)(2 + sec 𝜃′ + cos 𝜃′)

8 .

The CP light with the incident angle 𝜃 can be recast as { 1
2 (±1 + sec 𝜃′ cos 𝜃) , 1

2 (∓1 + sec 𝜃′ cos 𝜃) , 0}. The
𝐸𝑚𝑛,𝑗 component of the refracted light then reads

𝐸𝑚𝑛,𝑗 =

⎛⎝ 𝐸+1 + 𝐸+2𝑒
−i2𝜑𝑗 + 𝐸+3𝑒

i2𝜑𝑗

𝐸−1 + 𝐸−2𝑒
−i2𝜑𝑗 + 𝐸−3𝑒

i2𝜑𝑗

⎞⎠𝐹𝑚𝑛,𝑗 , (S22)

where

𝐸+1 =
(𝑡𝑥𝑥 + 𝑡𝑦𝑦)(cos 𝜃 sec 𝜃′ ± 1)

4 , 𝐸+2 =
(𝑡𝑥𝑥 − 𝑡𝑦𝑦)(cos 𝜃 ± 1)(sec 𝜃′ − 1)

8 ,

𝐸+3 =
(𝑡𝑥𝑥 − 𝑡𝑦𝑦)(cos 𝜃 ∓ 1)(sec 𝜃′ + 1)

8 ,

𝐸−1 =
(𝑡𝑥𝑥 + 𝑡𝑦𝑦)(cos 𝜃 sec 𝜃′ ∓ 1)

4 , 𝐸−2 =
(𝑡𝑥𝑥 − 𝑡𝑦𝑦)(cos 𝜃 ± 1)(sec 𝜃′ + 1)

8 ,

𝐸−3 =
(𝑡𝑥𝑥 − 𝑡𝑦𝑦)(cos 𝜃 ∓ 1)(sec 𝜃′ − 1)

8 . (S23)

Consider the general refraction law, the refraction angle satisfies sin 𝜃′ = 𝑚𝜆
5𝑎1𝑛𝑖,𝑡

+ 𝑛𝑖 sin 𝜃
𝑛𝑖,𝑡

where 𝑚 = 0,±1.
Using the field amplitudes in the circular polarization basis 𝐸±𝑠 = (𝑒𝑥 cos(𝜃′) ± 𝑠𝑖𝑒𝑦)/

√
2, which yields the

general result:

𝐸 =
∑︁
𝑚𝑛𝑗

(𝐸1 + 𝐸2𝑒
−𝑠i2𝜑𝑗 + 𝐸3𝑒

𝑠i2𝜑𝑗 )𝐹𝑚𝑛,𝑗 (S24)

with 𝐸1, 𝐸2, 𝐸3 can be written as Eq. (9) where

𝑡1± =
(𝑡𝑥𝑥 + 𝑡𝑦𝑦)(cos 𝜃 sec 𝜃′ ± 1)

4 ,

𝑡2±± =
(𝑡𝑥𝑥 − 𝑡𝑦𝑦)(cos 𝜃 ± 1)(sec 𝜃′ ± 1)

8 ,

𝐸±𝑠 = (𝑒𝑥 cos(𝜃′) ± 𝑠i𝑒𝑦)/
√

2. (S25)

Since 𝑙𝑦 << 𝜆 and 𝑙𝑥 < 𝜆, then 𝑡𝑦𝑦 ∝ 𝜒𝑦 can be neglected. In order to get a more clear and simper
analytic expression without effect physical picture, we discuss a 1D model in the following. Consider

𝑡𝑥𝑥 = i𝑓𝑚𝑛,𝑗 𝑙𝑧𝜒𝑥(𝐾2
𝑥−

𝜔2
𝑖

𝑐2 )

2

√︁
𝜔2

𝑖
𝑛2

𝑖,𝑡

𝑐2 −𝐾2
𝑥

≈ 𝑡′𝑥𝑥 cos 𝜃′ where 𝑡′𝑥𝑥 = −i𝑓𝑚𝑛,𝑗 𝑙𝑧𝜒𝑥

2 and the refractive indexes in two sides of the

metafursace are close 𝑛𝑖 = 𝑛𝑡 ≈ 1, then 𝐸1, 𝐸2, 𝐸3 can be written as

𝐸1 = 𝑡′1+𝐸
𝑠 + 𝑡′1−𝐸

−𝑠,

𝐸2 = 𝑡′2−+𝐸
𝑠 + 𝑡′2++𝐸

−𝑠,

𝐸3 = −𝑡′2+−𝐸
𝑠 − 𝑡′2−−𝐸

−𝑠, (S26)

where

𝑡′1± = 1
4 𝑡

′
𝑥𝑥(cos 𝜃 ± cos 𝜃′),

𝑡′2±± = 1
8 𝑡

′
𝑥𝑥(cos 𝜃 ± 1)(cos 𝜃′ ± 1).

(S27)
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Fig. S3: Schematic of the light transmission through the PB metasurface.

It is clear that the amplitude of different components satisfy |𝑡′1+| >> |𝑡′2−+|, |𝑡′2+−| and |𝑡′2++| >>
|𝑡′1−|, |𝑡′2−−|, when the incident and refracted angles are small. The transmission light is therefore given by

𝐸 =
∑︁
𝑚𝑛𝑗

(𝑡′1+𝐸
𝑠 + 𝑡′2++𝐸

−𝑠𝑒−𝑠i2𝜑𝑗 )𝐹𝑚𝑛,𝑗 .

Combining with the constant phase term 𝑒2i𝑚𝜑𝑗 in 𝐹𝑚𝑛,𝑗(𝑧, 𝜌) (antennas are rotated in a clockwise direction
in Fig. S2), for RCP incident light (𝑠 = 1), only 𝑚 = 0, 1 order components can be refracted; for LCP
incident light (𝑠 = −1), only 𝑚 = 0,−1 order components can be transferred due to the averaging out of
the phase components

∑︀
𝑗 𝑒

±i2𝜑𝑗 ≃
∑︀

𝑗 𝑒
±i4𝜑𝑗 ≃ 0.

S3.1 Derivation of the transmission efficiency

In order to describe experimental observations, the details of theoretical model are presented as follows. As
shown in the Fig. S3, the transmission of the light traverses three medium: the air, the substrate, and the
metasurface.

We first consider light transmission through the air/substrate interface. Refraction angle satisfies ordinary
Snell’s law: sin(𝜃′′)

sin(𝜃) = 𝑛0
𝑛𝑖

where 𝑛0 and 𝑛𝑖 are the refractive indexes of air and substrate, respectively. The
𝑥 and 𝑦 components of the electric field in the substrate satisfy the Fresnel formula

𝐸𝑥 = 2 cos(𝜃)2
√

2[cos(𝜃) + 𝑛2 cos(𝜃′′)]
, 𝐸𝑦 = 𝑖2 cos(𝜃)√

2[cos(𝜃′′) + 𝑛2 cos(𝜃)]
.

After passing through the substrate light interacts with the metasurface where the refraction is described
by the generalized Snell’s law and the amplitude obeys Eq. (10) of the main text. In order to model the
structural birefringence of the rectangular nano pillars, the x nd y components of the susceptibility tensor of
GaN nanopillar are defined after Eq. (S8), which agrees with angle resolved photoluminescence experiments
of the birefringent material. In addition, by expanding the angle-dependent susceptibility components in
a Taylor series, one can obtain an angular dispersion similar to that observed in THz metasurfaces [3],
where the phenomenological amplitudes in the expansion represent inter-particle coupling strengths. The
transmission through the metasurface is further described by our mesoscopic model (see Eq. (10)), which
allows us to obtain the final anomalous refraction efficiency.



S8 Z. Gao et al., Revealing topological phase in Pancharatnam-Berry metasurfaces using mesoscopic electrodynamics

S4 Design of the polarization dependent beam splitter
The interferometric measurement between normal and anomalous refraction imposes that the scattering
properties of the interface should contain both zero and first diffraction order with similar amplitude and
polarization. The latter can be addressed by inserting a quarter wave plate into the path of the one of the
diffracted beams. The former condition requires tuning the antenna scattering parameter. The amplitude
and phase responses of the nanopillars forming the PB metasurface are related to the length and width of the
nanopillar with a constant height of 800 nm. To maximize the PB metasurface efficiency, the antenna should
maximally convert the polarization from the opposite orthogonal circular polarization, thus introducing
a phase shift between ordinary and extraordinary axis of a nanopillar [4]. However, in contrast to the
previous PB metasurface works seeking for the high performance devices [5], we are herein interested in
quantifying the PB phase from the self-referenced interferometric measurements. Proper design is achieved
by considering birefrigent nanopillar introducing 𝜋/2 or 3𝜋/2 phase retardation, as indicated in Fig. 2A.
To account for both tapering and to compensate for anisotropic etching, we choose the nanopillar size
corresponding to 3𝜋/4 phase shift. To quantify the phase-shift of the light transmitted through the GaN
nanopillars, we perform the electromagnetic simulations of the light transmission through a subwavelength
array of nanopillars arranged in a square lattice. The metasurface consists of GaN nanopillar array on
Sapphire (Al2O3) substrate. The refractive index for GaN has the following Sellmeier like relation [6]:

𝑛0(𝜆) =

√︃
1 + 𝐴0𝜆2

𝜆2 − (𝜆𝐺
0 )2 + 𝐵0𝜆2

𝜆2 − (𝜆𝐻
0 )2 ,

𝑛𝑒(𝜆) =

√︃
1 + 𝐴𝑒𝜆2

𝜆2 − (𝜆𝐺
𝑒 )2 + 𝐵𝑒𝜆2

𝜆2 − (𝜆𝐻
𝑒 )2 .

Here, 𝐴0 = 0.213, 𝐵0 = 3.988, 𝐴𝑒 = 0.118, 𝐵𝑒 = 4.201, 𝜆𝐺
0 = 𝜆𝐺

𝑒 = 350𝑛𝑚, 𝜆𝐻
0 = 153𝑛𝑚, 𝜆𝐻

𝑒 = 173.5𝑛𝑚.
For Sapphire (Al2O3), refractive index relation is referred from [7]. For 𝜆 = 632.8 nm, the design wavelength,
𝑛 = 1.766. GaN has very small birefringence, which we decided to neglect as a first approximation. To avoid
diffraction both in free space and in the substrate, we arranged the spacing between the elements with a
subwavelength period of 320 nm. The simulations are performed using the FDTD using plane wave sources
at 632.8𝑛𝑚 wavelength polarized along 𝑥 and 𝑦 axis, impinging at normal incidence satisfying the perfectly
matched layer (PML) conditions in the direction of the light propagation subject to periodic boundary
conditions along all the in-plane directions. The use of PML boundary conditions in the propagation direction
results in an open space simulation while in-plane periodic boundary conditions mimic a subwavelength
array of the identical nanostructures.

In figure S4, the polarization-conversion efficiency of a single GaN nanopillar is obtained by FDTD
simulation. A meta-atom is impinged with two plane waves sources (x and y-polarized) of varying wavelength
from 480 nm to 680 nm with the interval of 20 nm. The other simulation conditions are kept same as in the
design simulation. To perform interference measurements as described in the main text, the design of the
element is chosen to diffract 50% of the incident light on cross polarization.

S5 Interpretation of the interferometric experiments
Note, that Eq. (12) shows that MZI detects the displacement phase. Technically the displacement phase
is a propagation phase, also known as detour phase, since the measurement involves translational motion
alone. However as has been already pointed out in the discussion following Eq. (7), the propagation phase
contains two parts, one of which cancels out the PB phase yielding non vanishing first diffraction order.
The detour phase is therefore a remaining part of the propagation phase which enters the Snell’s law. Note,
however, that due to the translational invariance and uniform distribution of PB phases in the unit cell,
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Fig. S4: Polarization conversion efficiency of a single GaN nanopillar.

the magnitude of the displacement phase is equivalent to the PB phase. This equivalence is not accidental
and follows directly from the metasurface design itself, and therefore can be controlled at will. The MZI
measurements thus provides although indirect yet unambiguous and conclusive measurement of the PB
phase.
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Fig. S5: Top: Measured angular deflection efficiency as a function of the incident wavelength for 𝜎+ incident polarization,
to be compared with Fig 2D. Bottom: deflection efficiency as a function of the wavelength.
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