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ABSTRACT. In this paper, Riemannian maps from a CR-submanifold of an almost Hermitian mani-
fold to another almost Hermitian manifold are studied. Such Riemannian maps include the special class
of CR-submersions, which are well known in the literature. First, the notion of Riemannian map from
CR-submanifold to an almost Hermitian manifold is presented and the invariant of the image spaces
of these maps is shown. The harmonicity of these maps is investigated. Also, the relation between the
holomorphic sectional curvature of the target manifold and the holomorphic sectional curvature of the
CR-submanifold is obtained depending on the second fundamental form of the submanifold and the
second fundamental form of the Riemannian map. Finally, the Ricci curvature of the ambient manifold
of the CR-submanifold in the direction of the invariant distribution is established in terms of the Ricci
curvature of the image space, the Ricci curvature of the anti-invariant distribution, the mean curvature
vector fields of the holomorphic distribution and the anti-invariant distribution.
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1. Introduction

Two important research areas of differential geometry are the theory of submanifolds and Rie-
mannian submersions. Especially submanifolds of almost Hermitian manifolds have been and are
still being studied intensively. There are many submanifold classes of these manifolds as holomor-
phic, anti-invariant, CR-submanifold, slant, semi-slant, hemi-slant, bi-slant, pointwise slant sub-
manifolds. We will focus on a class of these submanifolds. This is the class of CR-submanifolds.
This class is a generalization of holomorphic submanifolds and anti-invariant submanifolds. Essen-
tially, a CR-submanifold is a submanifold that has a holomorphic and anti-invariant distribution on
it. The anti-invariant distribution on a CR-submanifold of a Kaehler manifold is always integrable.

On the other hand, the geometry of a Riemannian submersion is determined by the behavior
of vertical and horizontal distributions defined on the total manifold. Also, the O’Neill tensor
fields A and T play an important role in the geometry of Riemannian submersions. The vertical
distribution in a Riemannian submersion is always integrable. The integrability of the horizontal
distribution is determined by the tensor field A, see [2] and [9].

By observing the integrability of the anti-invariant distribution of a CR-submanifold of a Kaehler
manifold and the integrability of the vertical distribution of a Riemannian submersion, Kobayashi
[13] defined the concept of CR-submersion from a CR-submanifold of an almost Hermitian manifold
to an almost Hermitian manifold. In this definition, the vertical distribution and the anti-invariant
distribution are essentially taken as the same. Therefore, the horizontal distribution and holomor-
phic distribution were taken as the same and the holomorphic map was considered between the
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holomorphic distribution and the base manifold. Then, he showed that if the ambient manifold of
the CR-submanifold is a Kaehler manifold, then the base manifold is also a Kaehler manifold. He
also showed that there is a relation between the sectional curvatures.

Riemannian maps were defined by Fischer [12] as generalizations of Riemannian submersions
and Riemannian immersions. The basic concepts of differential geometry of Riemannian maps were
introduced by the present author |22]. Studies on Riemannian maps continue and the relation-
ships between this concept and important concepts in differential geometry such as Ricci solitons,
Clairaut theorems, warped product and helix curves are examined, see [14}|15}|18}|24127]. We note
that vertical distribution is always integrable in a Riemannian map.

In this paper, a holomorphic Riemannian map, which was defined in [21], defined from CR-
submanifold of an almost Hermitian manifold to an almost Hermitian manifold is considered and
the character of the target manifold is investigated. Harmonicity of the map is also explored.
Additionally, relations between sectional curvatures are obtained. Obviously the Riemannian map
of a CR-submanifold is a broader concept that includes the concept of CR-submersion. Moreover,
a relation is found for the Ricci tensor field depending on the vector field of the horizontal dis-
tribution. This relation is obtained among the Ricci tensor fields of the ambient manifold, the
integral manifold of the range distribution and the anti-invariant distribution depending on the
second fundamental form of the Riemannian map, the second fundamental form of the immersion
and the A tensor field of the Riemannian submersion.

2. Preliminaries

Let M be a Kaehler manifold of complex dimension m, equipped with a Kaehler metric g. It
should be noted that in this case, M has a complex structure j satisfying the properties given by

P=-1, g(G,¢) =906, 16), (Vant =0, (2.1)

for each vector fields (1,(2 € 1“(TZ\~4)7 where V is the Levi-Civita connection on M. Let R be the
Riemannian curvature tensor field of M. Consider a unit vector U at a point p of M. Then the
pair {U, jU} determines a plane 7 called a holomorphic sectional whose curvature K is given by

KM = g(R(U, 3U),U, U),

and is called the holomorphic sectional curvature with respect to U [16].

Let N be a real submanifold of M of real dimension n. Hence, the Riemannian metric induced
on N by the Kaehlerian metric g is denoted by the same symbol g.
Denote the morphisms defined on the tangent bundle TN by P and F. Then for any vector field
¢1 €T(TN), we write

JG = PG + Fy, (2.2)

where P(; and F'(; represent the tangential and normal components of 31, respectively. Similarly,
for any vector field ¢ € I'(T'N+), we put

9§ = tE+ f¢, (2.3)

where t and f are the morphisms defined on the normal bundle. Let V" be the Levi-Civita
connection on N. Then the Gauss formula and Weingarten formula are given, respectively, by

Ve o = Vlgvl G+ h(G, G2), (2.4)
Ve &= =81+ V5L, (2.5)
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for any vector fields ¢;,(; € T(T'N) and ¢ € T(T'N+), where h represents the second fundamental
form, V= is the linear connection in the normal bundle TN+ and S¢ is the Weingarten map in
the direction of £. Let R" be the curvature tensor field of N , respectively. Then the Gauss and
Weingarten formulas imply

9(R(C1,G) Gy Ca) = 9(R (C1y G2)Cay Ca) — g(h(Cas G3)y h(Cay Ca)) + g(R(Ca, G3)y h(Cas Ca)) (2.6)

for ClaCQJC?nCZlEX(N)' B
Let M be a Kaehler manifold and X a submanifold of M. R is called a CR-~submanifold [6] if
there exists a differentiable distribution D: p — D, C T, such that D is invariant with respect

i
to , and the complementary distribution D is anti-invariant with respect to 3 [6].
Let (M™,g,,) and (N™, g, ) be Riemannian manifolds, where dim(M) = m, dim(N) = n and
m > n. A Riemannian submersion [17] 7: M — N is a map of M onto N satisfying the following
axioms:

(1) 7 has maximal rank.
(2) The differential 7, preserves the lenghts of horizontal vectors.

For each ¢ € N, m7=%(gq) is an (m — n) dimensional submanifold of M. The submanifolds 7=1(q),
q € N, are called fibers. A vector field on M is called vertical if it is always tangent to fibres. A
vector field on M is called horizontal if it is always orthogonal to fibres. A vector field (; on M
is called basic if (; is horizontal and w-related to a vector field (7, on N. Note that we denote
the projection morphisms on the distributions ker 7, and (ker7,)* by V and H, respectively. For
basic vector fields £1,& on M, we have

Va6 = Ao b+ HY " ¢ 6, 2.7)

where V"' is the Levi-Civita connection on M and A is the O'Neill tensor field which is anti-
symmetric on the set of horizontal vector fields.

By observing the integrability of the anti-invariant distribution of a CR-submanifold and the
vertical distribution of a Riemannian submersion, Kobayashi introduced the submersed CR-sub-
manifolds as follows.

DEFINITION 1 ([13]). Let U be a C R-submanifold of an almost Hermitian manifold (,J) with
distributions 20 and 20+ and the normal bundle v. By a submersion 7: U — 91 of U onto an
almost Hermitian manifold 91 we mean a Riemannian submersion « : 0 — 91 together with the
following conditions:

(i) 2 is the kernel of ,, that is, m,20% = {0};
(ii) m.20, = Ty, is complex isometry, where p € U and Ty, is the tangent space of 91 at
m(p);
(iii) J interchanges 20+ and v, that is, JW+ = v.

Starting from this definition, Kobayashi showed that if the ambient manifold 2 is a Kaehler
manifold, then the target manifold 91 is also a Kaehler manifold. He also obtained the relation
between holomorphic sectional curvatures. After Kobayashi’s results, Deshmukh, Shahid and Hu-
sein studied the effects of such submersions on the geometry of the CR-submanifold [7]. Moreover,
Deshmukh, Ghazal and Hashem studied such submersions in the case of the ambient space being
quasi-Kaehler and nearly Kaehler manifold [8]. This concept is still an active research area in
submanifold theory [10}/11].

Now, a smooth map m: (M, g,,) — (N, gy) is called Riemannian map at p; € M [12] if the
horizontal restriction

h
Top,: (ker Tupy )= — (range T, )
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is a linear isometry between the inner product spaces ((ker Tup, ), g5, (P1) | (ker 7opy)+) and
(range Tup, , G (P2) |(rangem.p,))s P2 = T(p1). From now on, unless otherwise stated, in the Rie-
mannian map 7: M — N between Riemannian manifolds (M, g,,) and (N",g,), the Levi-

Civita connection ofN a manifold M is denoted as V' and the Levi-Civita connection of a manifold
N is denoted as V. For the curvature tensor fields of manifolds, R and RY will be used.
In [20], we showed that (V7,)((1,¢2) € T'((ker 7,)*) for the second fundamental form (V) of the
Riemannian map 7 for (1, € I'((kerm,)*). Thus at p € M, we write

Ve (G2) (p) = 1 (Vy G2) () + (V) (G, G2) (1), (2.8)

V" is the pull-back connection. Hence we have

M

9n (RN (W*Cla W*CQ)TF*C?)? 7*44) =9u (R (Cla CQ)CSa <4) + 9y ((v'ﬁ*)(CL 43)7 (V’]T*)(CQ, <4))
— 9N ((Vﬂ-*)(c% <3)7 (Vﬂ-*)(clv C4))

for (3,4 € T'((kerm,)t) [22]. We note that the equation (2.7)) is valid for a Riemannian map, see
[22: p. 188].

(2.9)

3. Riemannian mapped CR-submanifolds

In this section, the notion of Riemannian map from a CR-submanifold of a Hermitian manifold to
another almost-Hermitian manifold is introduced and its effects on the properties of the Riemannian
map and the geometry of the source manifold and the target manifold are investigated. We first
give the definition as follows.

DEFINITION 2. Let M be a CR-submanifold of an almost Hermitian manifold (M,7,§) with

1L
distributions D and D and the normal bundle 7M*. By a Riemamian map 7: M — B of M to an
almost Hermitian manifold (B, 7,,¢9,) we mean a Riemannian map 7: M — B with the following
conditions:

1L 1L
(i) D is the kernel of 7, that is, 7. (D) =0;
(ii) 7 is a holomorphic Riemannian map between D, and range m,, for p € M, where (range
Tap) is the range of 7, at p € M;
1 1
(iii) 7 interchanges D and TM*, that is j(D) =TM*.
In this case, we say that M is Riemannian mapped into B. Recall that a holomorphic Riemann-
ian map is
JBr(p)T*p = Txp (Jp) (3.1)
for any p € M. By definition, we have the following result.

LEMMA 3.1. Let M be an CR-submanifold of an almost Hermitian manifold (M,7,g). Suppose M
is Riemannian mapped into almost Hermitian manifold (B, ),,9,) by a Riemannian map w: M —
B. Then the range 7, is invariant with respect to j,.

Proof. We denote the orthogonal complementary distribution to rangem,, in T,T(p)B by

(range W*p)L. We have

9B (M(C1), W) =0 for W € F( (rangem)L )
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Then since 7 is Riemannian map between M and B, we have
9B (jB (ﬂ*(cl)) ) W) = 9B (7T* (jCl) ) W) =0,
which shows that j, (7.(¢1)) € T (range 7). O

LEMMA 3.2. Let M be a CR-submanifold of a Kaehler manifold (M,7,g). Suppose that M is
Riemannian mapped into an almost Hermitian manifold (B, ),,gp) by a Riemannian map w: M —
B. Then we have

h(C1,7C2) = J A G2 (3.2)
and
h(¢1,7¢1) =0 (3.3)
fOT‘ C17<2 c F(D)

Proof. Since M is a Kaehler manifold, using Gauss formula (2.4) and (2.7) we derive

Ve, JCo + h(C1,762) = JAG Co+ THY ¢, Co+ Th(Cr, Co).-

Taking the normal parts of the above equation, we get (3.2). Since A is anti-symmetric on the set
of horizontal vector fields, (3.3) follows from ({3.2]). O

It is easily obtained that the image distribution range 7, determined by a Riemannian map =
on the target manifold is integrable. We will now investigate whether the integral manifold of this

image distribution range, is a Kaehler manifold with respect to V', i.e. (VNCIJN)W* () =0
along D for (1,2 € T'(D).

THEOREM 3.1. Let (M, g,,) be a CR-submanifold of a Kaehler manifold (M, 7, 9, ). Suppose that
M is Riemannian mapped to an almost Hermitian manifold N by a Riemannian map w: (M, g,,) —
(N,95,0x)- Then the integral manifold of the distribution range . is a Kaehler manifold if and
only if

(V) (€1, 762) = 15 (V) (C1: G2) (3.4)
fO’f’ Clv CQ € F(D)

Proof. For (3,(s € T'(D) we have
(V' i )me(G) = V0w () = 00V 6ima(G2),

where V™ and V' are the pull-back connection and the Levi-Civita connection of IV, respectively.

Using (3.1]) we get
N M N
(Vo)) = (Vm) (1, JG) + TV ¢ 0¢2) = 9x Vo e mi(C2),
where V"' is the Levi-Civita connection of M. Using |i we derive

N — N
(V) me(G) = (V) (G, JG2) + (Ve G — MG, 762)) = an Vo o ma(G2),
where V is the Levi-Civita connection of M. Since M is a Kaehler manifold, using (3.2]) we have

(VN<1]N)7T*(C2) = (V) (€1, 762) + m(3V¢, Co — JAG C2) — JNVNQ?T*(@)-
Then from we obtain

(V" )T (G2) = (V) (C1, 7G) + TGV 6 Go + TG, G2) = FAGC) = 90V ey (Ga).-

L
On the other hand, from Definition (ii), we know that 7h((1,(2) € T'(D) = I'(ker m,). Then using
(2.7) we derive

(V" )T () = (VI (G JG) + m(FHY . ,G) = 13V eyl C).-
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Thus implies that
(V" caa)me(C2) = (VI (G, 7C2) + 9x (V' ¢1C2) = 9V e ma(C2),

which is equaivalent to

(V Cl]N)ﬂ-*(CQ) (vw*)(Ch]CQ) —In (VW*)(Ch(Q)
Thus proof is complete. O

From Theorem [3.1.1] we have the following result.

COROLLARY 3.1.1. Let (M, g,,) be a CR-submanifold of a Kaehler manifold (M,7,g..). Suppose
that M is Riemannian mapped to into the Kaehler manifold (B,j,,95) by a Riemannian map
w: (M,g,,) = (B,95,75). Then we have

(V) (91, 3C2) = —(Vms)(C1, C2) (3.5)
fO?” Clv CQ S F(D)

We now check the harmonicity of the Riemannian map between a CR-submanifold M of a
Kaehler manifold (M, 7, g) to a Kaehler manifold (B, 35, g5).

THEOREM 3.2. Let M be a CR-submanifold of a Kaehler manifold (M,7,3). Suppose that M is
Riemannian mapped into the Kaehler manifold (B, )5,95). Then Riemannian map w: M — B is
a harmonic map if and only if the fibers are minimal submanifolds in M.

Proof. We choose an orthonormal frame of M such that {e1,...,ep,Je1,...,7e,} is an orthonor-

L
mal basis of D and {e* ...e}} is an orthonormal basis of D. Then we write

q
T = trace(Vm,) Z Vi) (ef,€e)) —|—Z V) (e5,e;) + (Vms) (Fej, 7e5) - (3.6)
i=1 j=1

Using (3.5)) in (3.6|) we arrive at

q
M *
— E T s (V C:ei) B

i=1

which completes proof. O

Remark 1. Note here that holomorphic Riemannian maps between two Kaehler manifolds are
always harmonic [21] as for arbitrary holomorphic maps between two Kachler manifolds [4]. How-
ever, Riemannian mapping of a CR-submanifold of a Kaehler manifold to other Kaehler manifolds
are harmonic subject to the extra condition.

We will now investigate the relation between the holomorphic sectional curvature defined on
the holomorphic distribution of the CR-submanifold and the holomorphic sectional curvature of a
Kaehler manifold in the case of a Riemannian mapping of a CR-submanifold to a Kaehler manifold.
We first give the following lemma.

LEMMA 3.3. Let M be a CR-submanifold of a Kaehler manifold (M,7,g). Suppose that M s
Riemannian mapped into the Kaehler manifold (B, ),,95) by a Riemannian map n: M — B.
Then we have

h(3C1, JC2) = h(Ci, C2) (3.7)
for G, ¢ € T(D).
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Proof. From (3.2)) we have
h(C1,3G2) = JA¢ Ca-

Since A is anti-symmetric for horizontal vector fields (; and (s, we arrive at
h(Claj€2) = 7‘7AC2C1~

Thus using again (3.2]) we get
h(C1,762) = —h(C2, JC1).- (3.8)
Since h is symmetric, from (2.1) we derive (3.7)). O

We note that the ambient manifold (M, 7, g 1) reduces an almost Hermitian structure on the holo-

morphic distribution. Therefore, a holomorphic sectional curvature H M(Cl) =g M(RM(Cl ,7€1)7¢1), ¢1)
is defined for a vector field (; on the holomorphic distribution.

THEOREM 3.3. Let (M,g,,) be a CR-submanifold of a Kaehler manifold (M,7,g,). Suppose
that M is Riemannian mapped to a Kaehler manifold B by a Riemannian map 7: (M,g,,) —
(B,5,95). Then we have

H'(G)=H" (C1) — 2 (V) (¢, ol = (¢ G2,

for (1 € T'(D), where H" and H” are the holomorphic sectional curvatures of M and B, respec-
tively.

Proof. From (2.6) we have

M 2

H(G1) = g3 (B (G, 760761, 1) — g3, (h(Ca, 1), R J6))+ | (G, 36) 11,
for ¢; € (D). Then implies that

M

H" (C1) = gu (R (€15 61)7¢1,C1) = g, (M(C1, C1), h(3C1, 7C1))-
Using we derive
H (1) = gy (B (G1, 561761 60) = | 561 61) 12, -
Then from we have
H (1) = 9 (R (e (1)s ()T (761) 7 (G1) = 9 (V) (G150, (V) (71, )
+ 95 (V) (71, 361), (V) (G, Q)= [ R(C, G 112,
Applying and taking into account the fact that manifold B is a Kaehler manifold and Defi-
nition [2[iii), we obtain

H"(¢) = g5 (R (1(C1), 201 (C))75m (1) e (1)) — 2 11 (V) (Ca, ) 12 = 1 G G) 112,

which proves our assertion. O

Finally, we will obtain the Ricci tensor through a Riemannian map from a CR-submanifold of
a Kaehler manifold to an almost Hermitian manifold, depending on the distributions, the source
manifold and the target manifold. But we first recall the notion of the mean curvature vector field
from [5] for the holomorphic distribution D. Let {e1,...,es,} be an orthonormal frame for D, we

D
the mean curvature vector field H is defined by

1 &
H = % Z h(es, e;) (3.9)
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1L
for D. In a similar way, let {E1,..., F,.} be an orthonormal frame for D, we define the mean
€L
curvature vector field H' by
= - Z (Ew, Ey) (3.10)
1
for D. We also define Ricci tensor fields of range 7, and D for ¢; € T(D) by
2p
RIC(W*(Cl) T (Cl)) ‘range Ty — Z gN 7T*61, 7T*<1)7T*Cla 7'(-*61)
=1
and
Ric(1, ¢1) |¢—ZQM (EasC1)¢1, Ea),
respectively.

THEOREM 3.4. Let (M, g,,) be a CR-submanifold of a Kaehler manifold (M, J,g,,). Suppose that
M is Riemannian mapped to an almost Hermitian manifold N by a Riemannian map w: (M,g,,) —
(N, gx,7x) such that the integral manifold of the distribution range 7, is a Kaehler manifold. Then
we have

Ric(C1,¢1) 7 = Ric [range . (C1,¢1) + Ric |]5 (C1,¢1) + Ric \5 (7¢1, 561)

p
+ 3 I h(Ge) 12, + I Agei 3, =2 1| (Vr)(en ) I3

i=1

+Z||hg<1, VI, + 1 56 Ba) 12, gy, (WG, G)pH” +2rH™)

(3.11)

for ¢1 € T(D), where Ric(C1, (1) |5y denotes the Ricci tensor of M with respect to (; € T'(D).

Proof. From the decomposition of the ambient manifold we have

M b
Ric(C1,¢1) = ZQM (€i,C1)C1,€i) + ZQM EomCl)Cla o) + 9, (R(J(Ea), ()¢, 1(Ey))
(3.12)
for ¢; € T'(D). Since (M,7,g,,) is Kachler manifold, we have
J\7I M

From and we get
Ric(C1, 1) |ar = Z{gM (€3, 1)1 €i) = 9, (P(G1s C1), hleds e4))
+gM( (C1,ei), h(Grre))}
+Z{9M (Bas (1)C1s Ba) = 95 (h(C1, )5 B(Eas Ea)) (3.14)

+9M( (Clv a)vh(glaEa)

g, (R(Ba), 360700, (Ba)) — g, (30, 560), h(Ba Ba)))
+ 9 (h(jCh Ea)a h(jCh Ea)
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On the other hand, from ([3.2)) we have

h(7C1,5C1) = JAz, Gt = —JA¢ 7 = h(C1, ). (3.15)
Using , we have
2p b
Z h(ei,e;) =pH . (3.16)
i=1

Moreover, using again (3.2), we get

P
Zg (Groea)s hlCuren)) = > g(hlCsea) h(Grs ed)) + g(R(GrsTes), h(Gry Jea)

.
Il
—

I
.ME

~
Il
—

g(h(glv ei)v h(Clv ei)) + g(jACl eirjACl ei)

, (3.17)
=Y g(h(Cr,e), (G e0) + g( A, eq, Acye:)
z_pl
=Y A 12 + 1 Age |2,
=1
Inserting (3.15)), (3.16), (3.17)) in (3.14) and using we obtain
Ric(C1, C1) [ = ZQM (€i,C1)Cr€) — 7(h(C1’C1)7PHD +2rHDL)
+Z ” h(cl’ei) Hi;, + H AC1ei ” +ZgM EOH<1)<17 )
i=1
[ (Gt Ba 12, +,0 (R” (B J0)T1, Ba)+ || AT, Ba |2,
Then from we arrive at
RIC Cval |M Z{gz\r W*eia'fT*Cl)ﬂ—*Claw*ei) _gN((V’/T*)(eiacl)v(VW*)(Clvei))
+ In ((Vﬂ-*)(glv Cl)u (Vﬂ-*)(eiv e’b))} — 9 (h(é-lv Cl) pHD + 27"HDJ_) (318)

p
=3 Guen) 12, + 1 Age |2 +ZgM " (Bay (1)1, Ea)

i=1

+ H h((lan ”?\7[ +9M(R (Eangl)jCD a)+ ” h(j(lan ”iq

Since the integral manifold of the distribution range 7, is a Kaehler manifold, from Theorem [3.1.1
and symmetric (V7,) we have

2p p
Z(Vﬂ*)(ei, e;) = Z(w*)(ei, e;) + (V) (Fei, jes) = 0 (3.19)
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and
2p

P
D (Vr)(Ghe) = Zw* (Grres) + (V) (G, 7e)

i=1

o (3.20)
Z Vﬂ-* Clye’t +]N(V7T*)(<1,€Z)
i=1

Putting (3.19) and ( into - we derive
D
Ric(C1,G1) [ = ZgN (Tei, TaC1) a1, Taei) — gy (R(C1, G, H )

+Z I h(Crye) 12, + I Acies 13, =2 1| (Vm)(es, 1) 11

i=1
+ Z{QM "(Bas )Gt Ba)+ || BlGr, Ba |2,

+gM<RM< Eo, 761)%1, Ea)+ || (51, Ea |12}

DL
_2Tgm(h(<17gl)7H )
which gives (3.11]). O
From Theorem [3:4] we have the following corollary.

COROLLARY 3.4.1. Let (M,g,,) be a CR-submanifold of a Kaehler manifold (M,7,g, ). Sup-
pose that M is Riemannian mapped to an almost Hermitian manifold N by a Riemannian map
m: (M, g,,) = (N,gy,7x) such that the integral manifold of the distribution range . is a Kaehler
manifold. Three of the following assertions determine the fourth:

(i) The Ricci curvature of M in the direction of (1 € I'(D) vanishes.
(i) Ric |, (G1, 1) +Ric |, (561,361) = 0.
(iii) The Ricci curvature of range . in the direction of (1 € I'(D) vanishes.
(iv) For ¢4 € T'(D), we have
P
D Dt
w (WG Q) pH T +2eH ) =3 L h(Cred) 12, + I Agees |12, =211 (V) (e ) 1

=1

+ Z I h(56, Ba) 12, + Il A(Cr, Ea) 113,

L
where {e1,... ez} and {E1,...,E.} are orthonormal frames for D and D, respectively.

4. Conclusion remarks

In this paper, a relation is established between a CR-submanifold of an almost Hermitian man-
ifold and a Riemannian map, and results are obtained in terms of the concepts of both research
areas. Thus, this paper may further stimulate the investigation of the interactions between sub-
manifolds and Riemannian maps. In this context, we suggest the following three problems to the
interested reader.
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Problem 1. In articles [19] and |1], Riemannian maps were studied on almost contact manifolds
and nearly Kaehler manifolds. Therefore, the problem can be studied for Riemannian maps from
contact CR and CR-submanifolds of these manifolds to a Riemannian manifold.

Problem 2. Recently, Riemannian submersions on generic submanifolds [10], CR-Warped product
submanifolds [11] and hemi-slant submanifolds of a Kaehler manifold [23] were studied. Therefore,
this problem can be studied for Riemannian maps as well. Thus, the results obtained in those
articles will be generalized.

Problem 3. This problem is studied for a general Riemannian map in this paper. The problem
can also be studied by selecting certain special Riemannian maps (semi-invariant, hemi-slant, semi-
slant, generic, see [22]). This will make it possible to obtain sharp results for these special maps.

Acknowledgement. The author is grateful to the referees for their valuable comments and sug-
gestions.
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