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ABSTRACT. This work is devoted to the nonlinear fractional differential equations of arbitrary order,
considering the Riemann-Liouville derivative. We extend well-known oscillation criteria for super-
linear integer-order differential equations. Finally, we show some discrepancies between the asymptotic
behavior of solutions for fractional and integer order case.
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1. Introduction

Consider the fractional differential equations

Dga(t) + a®)f () =0, >0, (1.1)
and

Dga(t) — a)f () =0, >0, (1.2)
where n —1 < o < n and n € {3,4,...}, and D§ denotes the Riemann-Liouville fractional
differential operator of the order «, that is, for a < n,

1

Dgx(t) = T(n—a)

¢

d

d—/ (t—s)" " La(s) ds,
0

and Djz(t) = %x(t) = (™ (). As usually, T' denotes the Gamma function.

Throughout the paper, we assume:

(i1) the function ¢ is a real-valued positive continuous defined on (0, c0) such that for some Ay > 1
1
/ temi=dm=) (1) dt < oo; (1.3)
0

(iz) the function f € C°(R), f(u)u > 0 for u # 0 satisfies for some X such that 1 < X\ < \g
|f ()] > |ul? for u € R, (1.4)
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and

limsup)\f(iu)
|u|—o00 |U| 0 sgn u

(1.5)

In last few years, the study of fractional differential equations and their applications have been
developed in various directions. The current research in the asymptotic and oscillation theory is
devoted to the differential and difference equations with various types of fractional operators, see,
e.g., and references therein.

Our aim here is to study asymptotic and oscillatory behavior of solutions to equations and
when the nonlinearity term f is super-linear. In particular, we extend well-known oscillation
criteria for super-linear integer-order differential equations Corollary 10.1] and we point out
some similarities and discrepancies between fractional and integer-order case.

If & = n, then and are integer-order differential equations, which can be considered
on [tg,00) for some ty > 0. The asymptotic and oscillatory behavior of integer-order differential
equations have been deeply studied in the literature, see, e.g., monographs @, and recent
contributions . The classification of integer-order differential equations as having Property
A or Property B has been introduced by I. T. Kiguradze, see Sections 1.1,10.2] and the
prototypes of such classification are equations (™ + kx = 0, k € R. Roughly speaking, Property
A and Property B state that every solution which may oscillate, does oscillate ([L1} Section 8.5]).
The natural question which arises whether it is possible to extend these properties for nonlinear
fractional differential equations and .

A partial answer was given in . In , the fractional linear equations of the order o €
(2, 3] were investigated assuming g is positive continuous function on (0, 00) such that ¢ € L*(0,1)

o0
and [ ¢(t) dt = co. Under the same conditions on g, oscillatory properties of solutions of (L.1)) were

0
treated in for any o > 2 and f satisfying (1.5) for Ao = 1. In [5], asymptotic and oscillatory
behavior for (|1.1)) and (1.2))was investigated under the conditions ([1.3))—(1.5]) for 0 < A < 1, A < Ao.
This paper extend and completes for the super-linear case A > 1.

By a solution z of (1.1)) or (1.2)), we mean a real-valued function in C'(0,00) such that
t""%x(t) € C[0,0), (1.6)

D§x exists on (0,00) and x satisfies ((1.1)) or (1.2]) for ¢ > 0. A solution z is said to be oscillatory
if it has arbitrary large zeros, otherwise is called nonoscillatory.

Let x be a solution of equation (1.1)) or (1.2)). Denote for o € (n — 1,n)

¢
1
x1(t) = Jy %x(t) = Tn—a) /(t —8)" o yp(s) ds, t>0, (1.7)
0
where Jj' ¢ is the Riemann-Liouville fractional integral operator. For oo = n, we set z1(t) = z(t).
Any solution x of (|1.1)) satisfies 1 € C[0, 00), and xﬁ") = D"Jy~ %z = Dz, see [5: Lemma 1 and
Remark 1]. Thus from ([1.1)

2 (1) = —q() f(z(t), >0, (1.8)

and similarly, any solution z of (1.2)) satisfies :cﬁ") (t) = q(t) f(x(t)) for t > 0.

To describe oscillatory properties of solutions of (1.1)), (1.2]), the following definitions were
introduced in as an extension of Property A and Property B for integer-order differential
equations.
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DEFINITION 1. Equation (1.1]) is said to have weak Property A if for n odd, every its nonoscillatory
solution x satisfies for large ¢

(—Diz®)2"(t) >0  (i=0,....,n—1), (1.9)
and for n even, every its nonoscillatory solution z satisfies either
(—D)*a)2(t) >0 (i=0,...,n—1), (1.10)
or _
sz (t) >0, (—D)Ma@)2V@)>0  (i=1,....n—1). (1.11)
Moreover, solutions of type (|1.9)), (1.10) and (1.11]) satisfy
. _ . @)y . _
tlirgo z(t) =0, tlggoxl (t) =0, (t=2,...,n—1), (1.12)

luti f 1.11 isfy 1i = .
and solutions of type satisfy Jim z1(t)=c#0
Equation (|1.1)) is said to have Property A if it has weak Property A, there exist no solutions of
1.11 luti f 1. 1.1 isfy li =0.
type , and solutions of type (1.9) and (1.10) satisfy Jim x1(t) =0

DEFINITION 2. Equation (|1.2) is said to have weak Property B if for n even, every its nonoscillatory
solution z satisfies for large ¢ either (1.9) or

a2 >0  (i=0,...,n—1), (1.13)

and for n odd, either ((1.10)) or (1.11) or (1.13). Moreover, solutions of type (L.9) and (1.10) satisfy
(1.12)), solutions of type (1.11]) satisfy tlim 21(t) = ¢ # 0 and solutions of type (1.13) satisfy
— 00

. o Y . B
tlggo|z(t)| 7t1i>lgo|xl ()] = o0 (t=0,1,...,n—1). (1.14)

Equation (|1.2) is said to have Property B if it has weak Property B, there exist no solutions of

type (1.11), and solutions of type (1.9)) and (1.10] satisfy tlim x1(t) = 0.
—00

Remark 1. If @ = n, then z1(¢) = z(t) for t > 0 and solutions satisfying as well as solutions
satisfying and cannot exist. Thus weak Property A and weak Property B coincide
with Property A and Property B for integer-order differential equations, see Sections 1.1,10.2].
Moreover, solutions satisfying are sometimes called Kneser solutions and are typical for
[(1.2)] when n is odd [even], while solutions satisfying are called strongly increasing solutions
and are typical for .

2. Preliminaries

Define RT = [0,00). For 8 > 0, the operator Joﬂ is defined on L'(0,b] by

t

W) = JEu(t) = ﬁ / (t— )% Ty(s) ds

0
for 0 < ¢t < b, and is called the Riemann-Liouville fractional integral operator of order B. For
B =0, we set JJ := I, the identity operator.

By D, we denote the operator that maps differentiable functions onto its derivative, i.e.,

Dy(t) = Sylt) = (1)
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For 8 > 0, the operator Dg is the Riemann-Liouville fractional differential operator of order 8
Dglu)(t) = Dgy(t) := D5~ y(t),

where n = [§] is the ceiling function and D™ denotes the n-fold iterates of D. For § = n € N,

Dg coincides with the classical differential operator, it means that Dg y(t) = y™(t). It is worth

to note that (™ is local, while D§y is non-local, depending on (0,b]. We refer [10] for the basic

results of fractional calculus.

In the sequel, x is a solution of or (1.2) and x; is defined by . We prove some prop-
erties for eventually positive solutions of (|1.1); the analogous results hold for eventually negative
solutions.

The next two lemmas can be viewed as an extension of the well-known Kiguradze lemma (|14t
Lemma 1.1]) for integer-order differential equations.

LEMMA 2.1. Let z be an eventually positive solution of (1.1)). Then there exists k € {0,1,...,n—1}
such that for large t either n — k is odd and

2 (0)>0(=01...k), (D" Fe()>0  (i=k+1....n), 1)

orn s even and

(D)2 >0 (=0,1,...,n), lm z.(t)=0. (2.2)
t—o0
Proof. It follows from Lemmas 3 and 5, Corollary 1(a) and Remark 3 in [5]. O

LEMMA 2.2. If x is an eventually positive solution of (1.2), then there exists k € {0,1,...,n}
such that for large t either n — k is even and

A9 >0 (i=01,....k), (~D)"2P@ >0 (i=k+1,...,n), (2.3)
or n is odd and (2.2]) holds.

Proof. It follows from Lemmas 4 and 5, Corollary 1(b), Remark 3 in [5]. g
LEMMA 2.3. Let k € {1,...,n — 1} be fized and
/ kA A=k g At = 0. (2.4)

1

Assume that © is an eventually positive solution of (L.1) satisfying (2.1) or solution of (1.2
satisfying (2.3)) for t > to > 0. In addition, for k = 1 assume that tlim x1(t) = oo. Then there
— 00

exists T > to such that fort > T,

@ a—n 670 a—n+k—1_(k—1) 070 a—n+k, (k)
x(t) > 5 7"z (t) > okl t xzy (t) > Skl t xy (¢), (2.5)
where cg = 1/T(a—n+1), and
t
k—1 k—1 1 ek | (n
2V @) > (1) + m/s F1a{™ (s)] ds. (2.6)

T

Proof. Using [5f Lemma 6 and Remark 3|, we get the first two inequalities in (2.5)). Moreover,
by Lemmas [2.1{ and we have (—1)""“3:5") > 0 and (2.6) holds. By (2.4, we have

[ee]

/t"’k 2™ ()] dt = 0.

T
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From here the last inequality in (2.5)) follows, taking into account Lemma 1.3], choosing i = 1
and | = k in (1.20). O

LEMMA 2.4. Let z be an eventually positive solution of (1.1) [(1.2)] satisfying either (1.9) or
(1.11) with tlim x1(t) < oco. Then
—00

/t”’lq(t)f(x(t))dt < 0. (2.7)

Proof. Tt is similar as the proof of [4: Lemma 9] for (1.1)). Assume that 2 is an eventually positive
solution of (1.1)) [(1.2)] satisfying (1.11]) such that for ¢ > o,

o) >0, (~1)2P@) >0, i=1,....n-1,
and tlim x1(t) = d < 0o. The Taylor series at ¢, where ¢t > tg, gives
e el

to
0 ) gy VW) ey [ B0 =9 o
,dSZEl(to)ffL'l(t)—T(to*t)#* 2' (t()ft) ++m(t07t) -+ WCEI (s)ds.
If = is a solution of (1.1)) [(1.2)], then by Lemma [Lemma with &k = 1, we have n is even
and xgn)(t) <0 [n is odd and xﬁ") (t) > 0] for t > ty. Thus all members on the right-hand side are
negative, and we get (2.7)).

Similarly, if « is an eventually positive solution of (L1.1) [(1.2])] satisfying (1.9), then x; is
positive decreasing. Thus, there exists 26lim 21(t) = d < 0o and the rest of the proof is the same as
— 00

above. O

LEMMA 2.5. Let x be an eventually positive solution of (L.1) or (1.2) satisfying (L.9) or (1.10)
or (1.11)) with bounded x1. Then there exists ¢ > 0 such that

0<a(t) <

o for large t. (2.8)

Proof. By Lemma 2 and Remark 3], for T' > 0 fixed, there exists M > 0 such that
|} (t)| < Mt~ >t for t € (0,T],

and ,
1 1(0) / ' (s)
t) = ( ds)  fort>0.
W= T arn e T Gospra ort>
0
Under these conditions, the estimation (2.8)) has been proved in [4; Lemma 7]. O

We close this section by the following inequality.

LEMMA 2.6 ([14} Lemma 10.3]). Let ¢ € C([a,00) x R) be such that
o(t,z) > p(t,y) fort>a, >y>0

and the differential equation

a'(t) = o(t, z) (2.9)
has no positive solution. Let co € (0,00), tg € [a,00) and h: [tg,00) — (0,00) be continuous
nondecreasing function. Then there exists no continuous function y: [tg,00) — (0,00) satisfying
the inequality

w0zt [ ﬁw(s,hw)y(s)) ds, >t (2.10)
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3. Property A and Property B

Our main results are the following.

THEOREM 3.1. Letn—1<a<n, A>1 and

(oo}

!/}nflan*ahnwcu::oo. (3.1)
1

Then equation (L.1) has weak Property A and equation (1.2)) has weak Property B.
Proof Letn—1<a<n, ke {l,...,n—1} and = be an eventually positive solution of ([1.1J).
When k =1, let tlgglo 21(t) = co. By Lemma x is either of type (2.1)) or (2.2)). First, we prove

that solutions satisfying (2.1)) do not exist.
Assume that x satisfies (2.1)) for ¢t > g > 0. By Lemma n — k is odd. The condition (3.1
implies the validity of (2.4]), and Lemma can be applied. From ([1.4)), , (2.5) and (2.6)), we

have that there exists T' > ¢ty such that
t
A
@) 2 ol D) e [ o) (o) s (3:2)
T
where ¢; = W (2K T(a—n+1))"" . Putfor t > T

k- 1 A(n— A1)k
y(t) =" @),  eltz) = IO g@)lal, ) = o/ OV
Since h is nondecreasing, from (3.2)) we have for t > T

t

) = 0T+ [ s (o) (b)) s,

thus

=
\
<
—
~
~
_|_
=
NP
3S)
/N
»
=
—~
»
~—
=
&
——
(oW
»

y( (3-3)

Consider equation (2.9) where a = T'. If there exists a solution y of (2.9) such that y(¢) > 0 for
t > o > T, then from (2.9) and the fact that A > 1, we get

t t /( ) y(t) ) oo )
n—1-A(n—«a _ y s _
/s ( )q(s)ds—/y)\(s)dS—/T—AdTS/T—)\d7'<oo,
o o y(o) y(o)

which is a contradiction with . Hence, has no positive solution. Applying Lemma
with tg = T, there exists no function y satisfying (2.10f), which is a contradiction with . Thus
every nonoscillatory solution of is one of types 1 1.9)—(1.11)) and their limit properties (1.12))
follow from [4: Lemma 2.10].

By the similar way, we get that equation does not have solution of type for k €
{1,...,n — 1} with tlgglc x1(t) = 0o in case k = 1. Therefore, every eventually positive solution is

of type either (1.9) or (1.10) or (1.11)) or (1.13).
It remains to prove that solution of (|1.2)) given by (1.13|) satisfies (1.14]). Let kK =n — 1. From
(2.5) and the fact that xgn_l) is increasing, we have

w(t) > et™™t,  t>T, (3.4)
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ASYMPTOTIC BEHAVIOR OF FRACTIONAL SUPER-LINEAR DIFFERENTIAL EQUATIONS
where ¢p = comgnfl)(T)/(Z(n — 1)) and T, ¢y are given by Lemma From (3.1)) and (3.4)), we
have for t > T,

t t
2 (t) > /x&")(s) ds > cé\/q(s) sMaD ds > cé\/q(s) st 45 oo as t — oo.
T T

t

T

. (n—1) _ . o
Thus, tlg(r)lo xy  (t) = 0o, and from (3.4)), we have tlggo x(t) = 00, so ((1.14)) holds.
If & = n, then the result follows from Corollary 10.1]. O

As claimed above, for a = n, weak Property A for (1.1) coincides with Property A and weak
Property B for (1.2 coincides with Property B introduced in . In the fractional case, the
following holds.

THEOREM 3.2. Letn—1<a<n, A>1 and (3.1) hold. If there exists e € (0,1) such that

A—1

t
n—1 R
lim inf ¢ (@~ (/ 8_*—1Q(s)_*1—1) ds =0, (3.5)
1

t—o00

then equation (1.1)) has Property A and equation (1.2) has Property B.

Proof. First observe that the solution of type (1.10]) satisfies tlg]go 71(t) = 0, see Lemmas ,

We have to prove that there exists no solution of type (1.11)) and no solution of type (1.9)) such
that both solutions satisfy

tlim z1(t) = ¢, ceR, ¢c#N0. (3.6)
— 00

Assume by contradiction that there exists an eventually positive solution x either of type (1.11]) or
(1.9) satisfying (3.6) for ¢ > 0. We proceed following the idea as in the proof of in [4; Theorem 1.2].
Let ¢t > 1 such that x(¢) > 0 for ¢ > ¢y and € be such that 0 < ¢ < 1. By Lemma there exists
co > 0 such that

0<z(t) <1, z(t) < for t > o, (3.7)

and for t — t¢ > t,

t t—t° t

xl(t)r(nl—a>(j<t—zgi)—n+l vt [ gt [ gt )

to t—te

By (|1.6), there exists ¢ = max |s" *z(s)|. Thus,

0<s<tg
to ( ) to q
r\Ss C S
/ (t _ 8)a7n+1 ds S (t _ to)a7n+1 / gn—a —0
0 0

as t — co. By Lemma[2.4) and (L.4)), we can set

L= /s"_lq(s)x/\(s) ds < o0.

to
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Using Hélder inequality, we have

t—t° ¢
) 1 i) el
(t _ S)a—n+1 - ts(a—n+1) (Sn—lq(s))l/)\
to to
1 t /A, ¢ (A—=1)/A
< W </ Snlq(s)x)‘(s)ds) (/ 5("1)/0‘1)(11/()\1)(3)(15)
to to
! (A—1)/A
< LU/ p—e(a—n+1) </ 3—% q—ﬁ d8> )
to

Thus, from ({3.5)), we have

t—t°

lim inf / ) 4oy

t—o0
to

and using (3.7))

¢ ¢
x(s) o co 1 _
— 7 ds< ds < ts(n @) 50
/ (t _ 8)a7n+1 §> / (t _ s)afnJrlSnfa §> (t _ ta)nfa n— o
e t—te
as t = co. Therefore, htrgg)lfxl(t) =0, so tli)rglo x1(t) = 0, which is a contradiction with (3.6). O

4. Examples

The following example illustrates our results.

Example 1. Consider equation

Dgx(t) + q(t)|z(t)|* sgnz = 0, t>0, (4.1)
wheren —1<a<n,n>3, A>1and

A=) for t € [0,1],
{t“ fort>1, peR.
Obviously, is satisfied. Moreover, holds for
p>—n+An—a). (4.2)

Applying Theor equation has weak Property A for p satisfying . Similarly, one
can check that (3.5) is satisfied if the strict inequality in holds. Thus, by Theorem |[3.2
equation has Property A for u > —n + A(n — ).

Observe that this result is in accordance with the oscillation criterion for the integer-order
equation

q(t) =

2™ (t) + t*|z(t)|} sgnz = 0, t >ty >0,
where A > 1. Using [14; Corollary 10.1], this equation has Property A for u > —n, i.e., for n
even all solutions are oscillatory and for n odd any solution is either oscillatory or Kneser solution
tending to zero as t — oco.

Next example illustrates that (1.1) can have “purely fractional” solution satisfying (1.11) and
tlim x1(t) = 0o. Moreover, it shows that conditions in Theorem are optimal in a certain sense.
— 00
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Ezxzample 2. Consider equation
Dgx(t) — q(t)|z(t)| sgnz(t) = 0, t>0, (4.3)
where 5/2 < a <3, A > 1,
g(t) = 3t75/2 (clta—?’ + 02ta_5/2) -
and ¢; = 1/T' (o — 2), ¢ = 8['(2)/T'(a — 2). The function
z(t) = 11973 + et * /2
satisfies ([1.6), i.e., t3~%z(t) € C]0, 00) and, using
o1(t) =1+8Vt,  Dga(t) =z}'(t) = 3752,

and z is a solution of (4.3). Hence (4.3)) does not have weak Property B. Observe that condition
(1.3)) is satisfied for A = \g. Indeed, we have

q(t) < cgtB=A=5/2 for t € (0,1],

where c3 = 3(c; + ¢2) ™, and for A > 1,
1 1 1

/ta—l—)\o(S—a)q(t) dt < C3/ta—l—A(S—a)t(S—a))\—5/2 dt = /ta—7/2 dt < oo.
0 0 0
On the other hand, if e >0 and 1 < A <1+ 2¢, then
/t2*A(3*“>q(t) dt < oo, /t2*”3*“)+5q(t) dt = oo.
1 1

Thus, the condition (3.1) in Theorem is not satisfied and cannot be replaced by the weaker

condition
o0

/ Aty () dt = 00, £> 0.
1

5. Concluding remarks

We close the paper with some suggestions for possible further progress.

(1) If = n and f(u) = |u|*sgnu, A > 1, then the condition (3.1]) is necessary and sufficient in
order to have (1.1)) [(1.2)] Property A [Property B], see [14: Corollary 10.1 and Theorem 15.1].

Ifn—1<a<mnand f(u) = |u|*sgnu, A > 1, it is open problem whether the condition (3.1]) is
also necessary in order to have (1.1]) [(1.2))] weak Property A [weak Property B].

(2) As claimed above, Property A for even-order equations means that all solutions are oscillatory.
Ifn—1< a<nandnis even, it is an open problem whether solutions of (|1.1)) satisfying (1.10))
exist, i.e., whether property A means oscillation of all solutions of (1.1).

(3) The typical phenomena for the super-linear integer-order equation
™ — q(t) |z sgnx = 0, t > to, (5.1)

where A > 1, n > 2, is the existence of noncontinuable to infinity nonoscillatory solutions (blow-
up solutions). Such solutions are defined on [tg,7), 7 < oo, and different from zero in a left
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neighbourhood of 7 such that tlim |z(t)] = oo. Their existence can be proved by considering
=T

the

Cauchy problem with the initial conditions z("(tg) > 0, i = 0,1,...,n — 1. If (5.1) has

Property B and no solutions satisfying exist, then solutions of the Cauchy problem must be
noncontinuable to infinity, see |14 Theorem 11.4].

Hence, it is natural to study the existence of blow-up solutions for (L.2). In view of Theorem 2,
this problem leads to the problem of the nonexistence of solutions satisfying (1.13]).
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