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EQUABLE PARALLELOGRAMS ON THE EISENSTEIN LATTICE
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(Communicated by Istvdn Gadl)

ABSTRACT. This paper studies equable parallelograms whose vertices lie on the Eisenstein lattice.
Using Rosenberger’s Theorem on generalised Markov equations, we show that the set of these paral-
lelograms forms naturally an infinite tree, all of whose vertices have degree 4, bar the root which has
degree 3. This study naturally complements the authors’ previous study of equable parallelograms
whose vertices lie on the integer lattice.
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1. Introduction

A planar polygon is said to be equable if its perimeter equals its area.

DEFINITION 1. An Fisenstein lattice equable parallelogram (or ELEP, for short) is an equable

parallelogram whose vertices lie on the Eisenstein lattice Z[w], where w = —% + 273

In [2H4], we investigated equable quadrilaterals with vertices on the integer lattice. This present
paper begins a project of replicating this investigation for the Eisenstein lattice, with the goal of
comparing the results. In particular, in [2] we studied equable parallelograms with vertices on
the integer lattice. This present paper follows the general approach adopted in [2], but it can be
read independently of [2]. We find that while the mathematics in this paper is very similar to
that of [2], the results are somewhat simpler. We saw in [2] that the equable parallelograms with
vertices on the integer lattice form a forest of three trees, corresponding to three of Rosenberger’s
six generalized Markov equations; these are equations M, R1 and R3 in the notation of [9]. In
the present work, we show that the ELEPs form a single tree corresponding to the Rosenberger
equation R2. Tt is known (see [13]) that the other two equations, R4 and R5, do not have coprime
solutions and so do not appear in the type of study we undertake here or in [2]. So, in that sense,
the tree of ELEPs forms the case that was curiously missing in [2].

We should also remark that it is not surprising that there are relatively fewer equable paral-
lelograms on the Eisenstein lattice than there are on the integer lattice. It was already observed
that for triangles, up to Euclidean transformations, there are only two equable triangles on the
Eisenstein lattice, while there are five on the integer lattice; see [5H7] and the Appendix in [2].

Let us now describe our main results. We first show in Lemma [Il below that the sides of an
ELEP are necessarily of the form n+y/3 with n € N. Throughout this paper, we will denote the side
lengths av/3 and by/3. Note that an ELEP is completely determined, up to a Euclidean motion, by
the integers a, b. Indeed, if # denotes one of the angles between the sides, then the area is 3absin 0
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and so by equability, sinf = 2(a + b)/ V/3ab, which is determined by a and b. Notice, incidentally,
that from sin @ = 2(a + b)/v/3ab, there is no ELEP for which sin # is rational. In particular, there
is no rectangular ELEP, nor any ELEP with angle 7 /6.

Our main aim in this paper is to study the values of a,b for which an ELEP exists with
sides av/3,bv/3. In Section [2, we prove the following criterion, which is the exact analogue of
[2: Theorem 1] in that it can be rephrased as follows: the square of the product of the sides minus
the square of the perimeter is a square.

THEOREM 1. Given positive integers a,b, an Fisenstein lattice equable parallelogram with sides

av/3,bV/3 exists if and only if 9a2b*> — 12(a + b)? is a square.
COROLLARY 1. There is no Fisenstein lattice equable rhombus.

In Section |3] we use Rosenberger’s Theorem on generalised Markov equations to prove the
following result.

THEOREM 2. The set T of ordered pairs (a,b) of positive integers a < b, for which 9a*b*—12(a+b)?
i a square, is the set
T = {2(q,7) € N? | there exist unique odd, coprime, positive integers s,t
such that s + 3t% +2¢*> = 6stq and q < r = 3st — q}.

Furthermore, if (a,b) = 2(q,r) € T, then ab = 2(s®> + 3t?) and a + b = 6st. Moreover, q,r are
coprime; in particular, 3t ab.

Theorems [1] and [2] provide a classification of ELEPs up to FEuclidean motions. In Section
we describe how all ELEPs can be derived from a root example, (a,b) = (2,4), by successive
applications of four functions. This gives the tree of ELEPs; see Figure

FIGURE 1. The root ELEP, (a,b) = (2,4)

The paper [2] included a study of equable parallelograms, with vertices on the integer lattice,
that have a pair of horizontal sides. No such parallelogram exists on the Eisenstein lattice, because
of Lemma Instead, in Section [7} we classify the ELEPs that have a horizontal diagonal. We
show in Section [§] that there is no ELEP with a vertical diagonal. Finally, in Section [0} we classify
the ELEPs with a vertical side, which turns out to be the same as the class of ELEPs with a side
of length 24/3 or 4/3.

Notation. In this paper, we employ the term positive in the strict sense. SoN={n € Z | n > 0}.
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2. Proof of Theorem [1J

Recall that the square of the distance between any pair of points in the Eisenstein lattice is
an integer. Indeed, if z = & 4+ yw € Z[w], then the square of the distance from the origin to z is

22 — zy + y2. If a triangle has its vertices on the Eisenstein lattice, then its area is of the form

V3
4

area is §|xw —yz|.

n, where n € N. Indeed, for the triangle with vertices 0, x + yw, z +ww, with z,y, z,w € Z, the

The following result was proved for triangles in [6].

LEMMA 1. If P is an equable polygon with vertices in Z[w], then the side lengths of P are each of
the form V3n for somen € N.

Proof. Since the area of any triangle with vertices in Z[w] is of the form ?n for some n € N,
the same is true for the area of P. Suppose P has sides si,...,S,, whose squares are therefore

n
integers. The equable hypothesis gives > s; € %N, which implies
i=1

35%+~-~+\/383L:\/§Zsi€(@.
i=1

n
But it is well known that if > |/m; is rational for integers my,...,m,, then \/m; is rational for
i=1

each i; see, for example, [15] or [16]. Thus /3s? is rational for each i. Hence, as 3s%,...,3s2 are
integers, it follows that \/Q ,. -+, 4/382 are also integers. So the side lengths are each of the form
% for some n € N. Thus, since the squares of the side lengths are integers, the required result

follows. 0

LEMMA 2. Suppose an ELEP P has sides a/3, b\/3, where a,b € N. Then a+b=0 (mod 3) and
the lengths of the diagonals of P are given by the following formula:

d? = 3(a® + b*) £ 2/9a202 — 12(a + b)2.

In particular, 9a?b* — 12(a + b)? is a square.

Proof. Consider a diagonal of length d, so d* € N. By Heron’s formula [12; Chap. 6.7], the
triangle with sides av/3, bv/3, d, has area

V/s(s — aV3)(s — bV3) (s — d),

is the semi-perimeter. Hence, the equability hypothesis is

where s = 7‘/§“+Q/§b+d

(V3a +V3b+ d)(—V3a+ V3b + d)(vV3a — V3b + d)(V3a + V3b — d) = 48(a + b)?.
Expanding and rearranging the left hand side gives
—9(a® = b?)? + 6(a® + b*)d® — d* = 48(a + b)%. (1)
In particular, the integer d? is divisible by 3, say d> = 3D. Then gives
—3(a® — v*)? + 6(a® +b*)D — 3D? = 16(a + b)?,
and hence, a + b =0 (mod 3), as required. Furthermore, solving for d? gives
d? = 3(a® + b%) +21/9a2b2 — 12(a + b)2,

as required. In particular, as a, b, d? are integers, 9a%b? — 12(a + b)? is a square. O
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Remark 1. Suppose an ELEP P has sides av/3, bv/3 and diagonals d;, ds. Then the above lemma
gives dids = (a + b)\/48 + 9(a — b)2. Indeed, by Lemma

(dida)? = 9(a* + b*)? — 36ab* + 48(a + b)?
9(a® — b?)* + 48(a + b)? (2)
= (a+b)*(48 + 9(a — b)?),

as required. We remark that the same formula can be deduced from Bretschneider’s formula and
the equable hypothesis, without the use of Lemma Notice that the 3-adic order, v3((a+b)?(48 +
9(a — b)?)), of the right-hand-side of (2)) is odd. Hence, v3(d?) # v3(d2) (mod 2).

Proof of Theorem[l The necessity of the condition was shown in Lemma [2] Therefore,
assume that a, b are positive integers such that 94262 — 12(a + b)? is a square. Consider a triangle
T with sides a\/g, bv/3 and

d 1= \/3(a2 + b2) + 2,/907% — 12(a 1 D)Z.

Notice that such a triangle exists because av/3,bv/3 < d < (a + b)v/3, where the latter inequality
holds as 3(a? + b%) + 21/9a2b2 — 12(a + b)2 < 3(a + b)? since 24/9a2b2 — 12(a + b)? < 6ab. Let 0
denote the angle between sides of length a\/g, bv/3 and note that € is obtuse since d2 > 3a? + 3b2.
Therefore,

d? = 3a® + 3b% — 6abcos 0

— 302 + 30% 4+ 2v/9a2b2 — 9422 sin? 6.

So, from the definition of d, we have 9a?b? sin? 0 = 12(a+b)2, thus 3absin 6 = 2v/3(a+b). But since
twice the area of T is 3absin 6, the area of T'is then v/3(a + b). Now consider the parallelogram P
made from two copies of T'. From what we have just seen, P is equable. It remains to show that P
can be realized on the Eisenstein lattice, or equivalently, that T" can be realized on the Eisenstein
lattice. To do this, we employ the following result.

THEOREM 3 ([5]). A planar triangle T is realizable on the Fisenstein lattice if and only if the
following three conditions hold:

- V3
(1) the area of T is of the form “°n, where n € N,
(2) the squares of the side lengths of T are integers,

(3) one of the side lengths of T is of the form r/t, where r,t € N and t has no prime divisors
congruent to 2 (mod 3).

Note that firstly, we saw above that the area of T is v/3(a +b) € v/3N. Secondly, the squares of
the side lengths are 3a, 3b, 3(a? + b%) + 21/9a2b2 — 12(a + b)2 which are all integers. Thirdly, the
length v/3a has the form rv/t, where r,¢t € N and ¢ has no prime divisors congruent to 2 (mod 3).
So by Theorem [3, T has a realization on the Eisenstein lattice. (|

Proof of Corollary|ll Suppose we had an FEisenstein lattice equable rhombus with side
length a. Then by Lemma [2| 9a* — 48a? is a square and hence 9a% — 48 is a square. But this is
impossible as 6 is not a quadratic residue modulo 9. |
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3. Proof of Theorem [2]

The aim of this section is to prove Theorem [2l We first show that the elements of the set T
have the required property. Suppose that (a,b) = 2(q,r) € T, where for coprime positive integers
s,t, we have s? 4 3t? + 2¢® = 6stq and ¢ < r = 3st — g. Hence, g, r are the two solutions of the
quadratic equation

2u? — 6stu + (s* + 3t?) = 0, (3)
in u, and so, ¢ + r = 3st and 2qr = s 4 3t2. Thus we have
9a2b* — 12(a + b)? = 4(9 - 4¢*r* — 12(q +7)?)
= 4(9(s? + 3t%)% — 12 - 3%5%1?)
=4-9(s* - 31?)%,
which is a square, as required.

We now show that every solution is in 7. The main tool we use is Rosenberger’s Theorem on

generalised Markov equations. Recall that in [13] Rosenberger considered equations of the form
az? + by? + c2? = dayz, 4)

where a, b, c are pairwise coprime positive integers with a < b < ¢ such that a, b, ¢ all divide d. We
are only interested in positive integer solutions, that is, z,y, 2 € N, so we use the word solution to
mean positive integer solution. Rosenberger’s remarkable result is that only 6 such equations have
a solution and when such a solution exists, there are infinitely many solutions. We use the R1-R5
notation of [9).
ROSENBERGER’S THEOREM ([13]). Equation only has a solution in the following 6 cases:

M: 22 + y? + 22 = 3wyz (Markov’s equation),

Rl: 22 + y? + 222 = 4ayz,

R2: 22 + 2y% + 322 = 62yz,

R3: 2% + 9% + 522 = bayz,

R4: 22 + % + 22 = ayz,

R5: 2% +y? + 222 = 2zy2.

We will also require the following classical result. There are several proofs of this result; a direct,
elementary proof is given in [1].

LEMMA 3. Suppose that positive integers x,y,z satisfy the equation x? + 3y?> = z2. Then there
exist k € N and coprime s,t € N such that

k k
ac:§|52—3t2|7 y = kst, 225(324—3252),
where k is even if s,t have different parity.

Returning to the proof of Theorem [2| suppose that a,b are positive integers with a < b such
that 9a%b? — 12(a + b)? is a square. So a+b =0 (mod 3) and a?b* — 12 (‘ITH’)Q is a square integer.
Let z = ab, y = @, r = \/a2b2 - 12 (“T*b)z, so that 2 + 3y? = 22, and y is even. So by
Lemma [3] there exist ¥’ € N and coprime s,¢ € N such that

/ /

k k
T=5 |s? —3t%, y=~Kst, z= 5(52 + 3t%),
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where k' is even if s,t have different parity. In particular, from z and y, we have

k' k'
ab = 5(32—&—3752), a+b= 3731?. (5)

Since s,t are coprime, s,t are both odd if they have the same parity. But in this case, &’ must be
even, by the second equation in . So k' is even in all cases; set k' = 2k. Then from equation ,
we have

ab = k(s* + 3t%), a+ b= 3kst. (6)
Hence, a, b are solutions to the quadratic equation X2 — 3kstX + k(s? + 3t2) = 0. In particular,
we have
ks® + 3kt + a® = 3kast. (7)
Let k = fg¢?, where f is square-free. From , f divides a? and hence f divides a. Let a = fa.
Dividing @ by f gives
5% +3¢%t% + fa? = 3f¢%sta. (8)
From , g2 divides fo? and hence g? divides o, and thus ¢ divides a. Let a = gg. Dividing
by g¢? gives
s2 + 3t + fq* = 3fg stq. (9)
Thus by Rosenberger’s Theorem, using x = s, y = q, z = t, there is only one possibility for @D to
have a solution, namely it is the equation R2, with f = 2 and g = 1. Consequently, we have k = 2
and a = 2q. So equation @ gives

s? + 3t% + 2¢% = 6stq. (10)

In particular, a is even and hence b is even, say b = 2r, by the second equation in @
Notice that as s? + 3t2 4 2¢% = 6stq, then modulo 2, this gives s +t¢ = 0, and so s,t are both
odd.

We now show that if (a,b) = (2¢, 2r), then ¢, r are coprime. Rewriting @, we have
ab = 2(s* + 3t%), a+b=6st. (11)

Suppose p is an odd prime divisor of ged(a,b). Then p? divides s? + 3t? and p divides 3st, by
equation . Thus p divides (s + 3t)? and (s — 3t)2, and so p divides s + 3t and s — 3t. Hence, p
divides 2s and 6¢t. Consequently, as p is odd and s, t are coprime, p = 3 and furthermore, 3 divides
s and 3 doesn’t divide ¢. Since 3 divides a and b, we have 9 divides s% 4 3t2, from the first equation
in . But this is impossible since 9 divides s? and 3 doesn’t divide ¢. Hence ged(a, b) is a power
of 2. Then, as s,t are both odd, the second equation in gives ged(a,b) = 2, as required.
Since a + b = 6st and ged(a,b) = 2, neither a nor b is divisible by 3. It remains to show that,
given a, b, the integers s,t are unique. Suppose that holds and that one has coprime positive
integers s',t" with
ab=2(s?+3t"%), a+b=6s1t. (12)

From the second equations in and , we have s't’ = st. From , we also have s2 +
3t2 4 2¢% = 65't'q, where a = 2¢, as before. Hence, by and (10), s + 3t"? = s% + 3t2, so0 as
t=st/s,

§ 4 3622 = §2(s% + 3t2),
and hence (52 —s?)(s"2 —3t%) = 0. As s’ is a positive integer, it follows that s’ = s and thus t' = ¢.
This completes the proof of Theorem (|

Remark 2. Since a = 2¢ is not divisible by 3, neither is q. So by , s is not divisible by 3.
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4. Comments on Theorem [2]

Theorem [2| identifies the set T of ordered pairs (a, b) of possible side lengths of ELEPs, divided
by V3, with @ < b and a,b even; a = 2¢q and b = 2r. It relates these pairs (a, b) to pairs of coprime
positive integers s, t, for which the equation

s? + 3t% + 2u? = 6stu

is satisfied for both © = ¢ and v = r. From given s, ¢, we have, from ,

a = 3st — /9522 — 2(s2 + 312),

(13)
b= 3st + /9522 — 2(s2 + 3t2).
Conversely, given a, b, we have, from ,
2 o _ ab 2 2 (a+Db)?
s+3t—2and33t— 12
and so
5 3ab+o(a,b)y/9a2b?> —12(a + b)? 4
342 _ 3ab — o(a,b) \/91a22b2 —12(a +b)? 7 (15)

where o(a,b) = £1, and will now be explained. By Remark [2} s # 0 (mod 3), so s =1 (mod 3).
Notice that

2 3ab + o(a,b)/9a2b? — 12(a + b)?2
12

(g +7)?
R

By Theorem [2 a,b are not divisible by 3. So, as ¢ + r = 3st, we have ¢gr = —1 (mod 3). Hence,
since o(a,b) = 1 if and only if s> > 3t2, we have the following result.

=qr+o(a,b)\/¢°r* —

LEMMA 4. Suppose (a,b) € T with a = 2q and b= 2r. Then

o(a,b) = —\/¢*r? — @ (mod 3),

and the following conditions are equivalent:
(a) o(a,b) =1,
(b) s% > 3t2,

(c) \/q?r? — (q—;r)Q = —1 (mod 3).

Remark 3. Suppose that an element z = 2’ + y'w € Z[w] has length v/3n for some n € N. Then
in complex numbers, z = 2’ — % + @i and

3n2 _ x/2 _ x’y' + y/2.

Thus, if n is even, then 2/, ' are necessarily both even. Let 3 = 2y and 2 = 2’ —y, so z = x+y+/3i,
where x,y € Z. In particular, this is the case for the sides of an ELEP, by Theorem [2|
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5. The tree of ELEPs

Consider the set S of solutions (s,t,u), with s,¢ coprime, of the Markov-Rosenberger equation
given in with ¢ = u:
52 + 3t + 2u? = 6stu. (16)
Note that we are not assuming that u < 3st. Following the presentation given in [9], from a
solution = = (s,¢,u) to , one can generate three new solutions by applying the involutions:

¢1 (33) = (GtU -5 ta U),

da(x) = (s,28u — t,u),

¢3(x) = (s,t,3st — u).
The group of transformations of S generated by the maps ¢; is the free product of three copies
of Zo, and this group acts transitively on S. Moreover, the maps ¢; give the set S of solutions
the structure of an infinite binary tree: each solution is a vertex and two distinct solutions are

connected by an edge if one of the maps ¢; sends one solution to the other. The fundamental
solution has the smallest values of s + ¢ + u; it is (s, t,u) = (1,1,1).

LEMMA 5. The fized point sets of the maps ¢1, ¢3 are empty, and (1,1, 1) is the unique fized point
of ¢2.

Proof. If (s,t,u) is a fixed point of ¢1, then s = 3tu. Hence t = 1, as s, ¢ are coprime. Replacing
in gives the contradiction 3 = 7u?. Similarly, a fixed point (s,t,u) of ¢3 would have 2u = 3st,
which is impossible as s,t are odd. If (s,¢,u) is a fixed point of ¢, we have t = su, so s = 1, as
s,t are coprime. Then gives u2 =1 and so t2 = 1. Thus finally s =t =u = 1. O

In summary so far: the group Zs * Zs x Zo generated by ¢1, ¢, ¢3 acts freely on S except at the
fundamental solution (s,t,u) = (1,1,1), which we can take as the root of the tree S.

Having recalled Rosenberger’s theory, we now describe how the solution tree S of the Markov-
Rosenberger equation determine the induced structure on the set 7 of ELEPs. Motivated by ,
we define the map 7: S — T by

(s, t,u) = (3st — /95212 — 2(s2 1 312), 3st + /9522 — 2(s% + 3t2)) . (17)

The map 7 is well defined and surjective by Theorem[2] Note that if (s, ¢, u) = (a,b), then by
and , either a = 2u or b = 2u. Furthermore, trivially, 7 o ¢3(s,t,u) = (a,b); that is, (s,¢,u)
and ¢3(s,t,u) correspond to the same ELEP. In other words, for each (a,b) € T, the pre-image
7~ 1(a, b) consist of two points, which are interchanged by the involution ¢s.

Consequently, as contraction of edges of a tree produces another tree, we can form a tree
structure on 7 by contracting each of the edges of S that are given by the map ¢3; see Figure

FicURE 2. Contraction of the ¢3 edges

This contraction turns vertices of degree 3 into vertices of degree 4. This is the case for all vertices
except for the image of the fundamental solution, which has degree 3. This is the root (2,4) € T.
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The tree T is shown in Figure[3] Here the elements (a,b) are shown above the corresponding pairs
(s,t).

We now see how the maps ¢1,p2, 3 on S generate maps on 7. For each i = 1,2, maps
@i, ¥i: T — T can be naturally defined as follows. If (a,b) € T, with a = 2¢, b = 2r, let
(s,t,q) € S such that 7(s,t,q) = (a,b). Then set

Qpi(aﬂ b) =mo ¢i<57 ta q>7
Yi(a,b) := 1o @i(s,t,r).
Note that from we have a + b = 6st, so (a,b) = (2¢,6st — 2q). From the definition of ¢1, the

map 1 leaves a and ¢ unchanged and s is changed to s’ = 6qt — s = 3at — s. Then under @1, the
value of b is changed to

(18)

b =6s't—a
= 18at® — 6st — a
=18at> — (a+b) —a (19)
_ 3a?b—o(a,b)ay/9a2b? — 12(a + b)?

—2a — b,
2

using . Note that a priori, we don’t know which of the resulting components, a or ¥, is the
larger. So we set

v1: (a,b) = (min(a,v’), max(a,b)).
Similarly, using ¢-, we set
©2: (a,b) — (min(a,b”), max(a, ")),

where

_ 3a?b+ o(a,b)ay/9a2b? — 12(a + b)?
B 2

Similarly, analogous to (1, 2, interchanging the roles of a and b, we have two further maps:
¢1 : (CL, b) = (min(a/7 b)7 max(a’, b)) )

Pa: (CL, b) = (min(a//a b)a max(a", b)) )

b/l

—2a —b. (20)

where
o — 3ab? + o(a, b)b\/gaQb2 —12(a+0)* a2,
S — 3ab? — o(a, b)b\/ZaQb2 —12(a+b)* " — %,

These maps are obtained from the maps ¢ o ¢3 and ¢5 o ¢3, respectively.

Note that while ¢1, @2, @3 are involutions and generate a group of transformations of S, the
same is not true of the maps 1, w2, 11,12 of T. Indeed, they are not even all bijections. For ex-
ample, ¢2(2,4) = (2,4) = ¢2(4, 14). Moreover, the study of the maps ¢1, ¢=2, 11,12 is considerably
complicated by the term o(a,b). So it is often convenient to work instead with the pairs (s, ).
From the definition of the maps ¢;, we have

d1(s,t,u/2) = (But — s,t,u/2),
da(s,t,u/2) = (s,us — t,u/2),
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where u = a or b, and a, b are given by . We define the linear involutions ¢1 ,, ¢2,., on the set
¥ = {(s,t) € N? : 5,t odd and coprime}, by ¢1 (s, t) = (3ut — s,t), p2.u(s,t) = (s,us —t), or
equivalently in matrix form,

¢1,u = (_01 3111‘) ) ¢2,u = (i _01) . (21)

By taking u = a or b, effectively gives four functions. For given (a,b), it is often easier
to employ these functions than the functions ¢1, @2, 11, %2, and then use to determine the
resulting corresponding values of a, b, where necessary. In Figure[3] and later in Figure[7] the edges
are labelled with the corresponding maps ¢;,, for i € {1,2} and u € {a,b}.

----.---- ----.----
(988, 15746) (268, 390206)
(2789, 1)| #1.088 (7231,9)
Y SR :
(62,988) '
(175,1) P12 =---@---- ?1,268
Y S (28,446)
(4,62) P1,28 (79,1) ' ' '
(11,1)|P14 : : :
® P12 ® 02,2 ® 01,2 ; $2.2 ; P12 ; .
(2,4) (2,28) (2,268)]  (2,2644); (2,26164), (2,258988);
(1,D)|P24  (51) (5,9) (49,9)'  (49,89)  (485,89)"
'4"1;""' $2,28
((71 33 P24 ----@---- $2,268
’ 1(28,4142)
DR A '(5,139)
(14,52) p
(1,11)] 7252
____.____ ____.____
(52,194) 1(268, 39662)
(1,41) 1(5,1331)

FIGURE 3. The tree of ELEPs; the elements (a,b) are shown above the corresponding pairs (s, t).

6. Diagonals, heights and altitudes

Let us first fix some terminology and notation; see Figure

DEFINITION 2. Consider a non-square ELEP P. We denote the length of its long (resp. short)
diagonal d; (resp. ds). The heights of P are the distances between opposite sides; we denote the
long (resp. short) height h; (resp. hs). Notice that the long (resp. short) height connects short
(resp. long) sides. Each diagonal d partitions P into two congruent triangles T. We will call the
distance from d to the third vertex of T' an altitude of P. We call the altitude from ds (resp. d;)
the long (resp. short) altitude and denote it n; (resp. 7).
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z hl I_

FIGURE 4. Diagonals, heights and altitudes

LEMMA 6. Suppose an ELEP P has sides a\/g, b3 with a,be N and a <b. Then

(a) hlZQ(UL;—b)7 hS:2(a;_b),
(b) mszjf”), ”S:W'

Proof. By equability, the area of P is 2v/3(a + b), but the area is obviously also ay/3h; and
bv/3h,. This gives (a). But the area of P is also twice the area of the triangle determined by each
diagonal. So the area of P is both n;ds and 7.d;. This gives (b). O

Remark 4. If hy is an integer, then hy = 2 + %“ by Lemma |§|(a), and so as b > a, the only
possibility is b = 2a. But then 9a%b? — 12(a + b)? = 36a?(a® — 3), which is a square only when
a = 2. This is the root parallelogram (a,b) = (2,4). It has hy = 3 and h; = 6. Similarly, if h; is an
integer, then h; = 2 + %b by Lemma |§|(a), and so 2b = ak for some positive integer k. In this case,
h; =2+ k and hS:2+%.

THEOREM 4. For every ELEP the altitudes satisfy 2 < ns < % and 2 < n < 2v/3.

Remark 5. Suppose an ELEP P has sides a\ﬁ, b3 with a,b e Nand a <b. By Theorem we
have ab = 2(s? + 3t?) and a+ b = 6st, so 1/9a2b? — 12(a + b)? = 6|s? — 3t2| for some odd, coprime
integers s,t. If s2 > 3t2, then from Lemma [2| the diagonals are given by

d? = 3(a® + b*) + 21/9a2b% — 12(a + b)2
=3.365% — 12(s* + 3t%) + 12]s* — 3¢
= 12(9s%*t — 6t%),

d? =3-365%1% — 12(s? + 3t?) — 12|s* — 3t?|
= 12(9s%t* — 25?).

Similarly, if s < 3t?, the diagonals are given by d? = 12(9s%t? — 2s?) and d? = 12(9s%t> — 6t2).
Putting the cases together, we have

d? = 12(9s** — 2min(s?, 3t?)),

22
d? = 12(9s%t* — 2max(s?, 3t?)). (22)
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Notice that when a diagonal d satisfies d> = 12(9s%t? — 6t2), one has d = 6t/3s2 — 2, so d is an
integer if and only if 352 — 2 is a square. When d? = 12(9s%t?> — 2s2), one has d = 2sv/27t2 — 6.
In this case, d is never an integer, since 27t> — 6 = 3 (mod 9) and 3 is not a quadratic residue
modulo 9.

Proof. Suppose an ELEP P has sides a\/g, b3 with a,b € N and a < b. By Theorem [2, we
have ab = 2(s? + 3t2) and a + b = 6st, so 1/9a2b2 — 12(a + b)2 = 6|s% — 3t?| for some odd, coprime
integers s,t. Using Lemma [6] and Remark [5] the altitudes are given by

2 12(a+0)? 365212

= d?  9s2¢2 — 2max(s?, 3t2)’
2 12(a+b)?* 36522

s = d? 95242 — 2min(s?, 3t2)

We consider the two cases according to whether s? > 3t? or s? < 3t2. First suppose s > 3t.
Then

9 36522 3612 8
M = g2:2 2 = o072 =4+ 5 )
9s°t? — 2s 9t2 — 2 9t2 — 2
9 365212 1252 8
Ms = ge272 2 = 2.2 =4+ o5 :
9s4t* — 6t 384 —2 384 —2

Hence, as t > 1, we have 4 <} <4+ 8 s02 < < \% Similarly, as s > 1, we have 4 < % < 12,
50 2 < s < 2v/3. Thus, as 1, < 1, we have 2 < 5, < < 5.

S

Now suppose s2 < 3t2. Then

9 365212 1252 8

= 9272 2 = 2.2 =4+ o5
9s4t? — 6t 354 —2 354 — 2

o 36s%r 3612 PR
s T 92z 02 T g2 _2 "o _2

Hence, as s > 1, we have 4 < 7712 <12;s02 < < 2/3. Similarly, as ¢t > 1, we have 4 < ng < 4—|—§,
s0 2 <ny < %. Thus, as 75 < 11, we have 2 < 7, < 1 < 2V/3.

Combining the two cases gives the required bounds on 7, and 7. O

7. ELEPs with horizontal diagonal

Example 1. Here we give examples of ELEPs with a horizontal diagonal. Consider the sequence
(uy,) defined by u,, = 4u,,—1 — Up—2, with ug = 0 and u; = 1. The following result is well known;
see [10; Chap. 5, Ex. 2.1] and sequence A001353 in [14]. We provide a proof for completeness.

LEMMA 7. For all n > 1, one has
(a) Unt1Up—1 =u —1,
(b) 3u2 +1=(2u, — up—1)>.
Proof. (a) One has usug = 0 = u? — 1. Then for n > 2, by induction,
Un1tn—1 — Ul = (4 — Up—1)Up—1 — Un(dUn—1 — Up_2)

2
= UpUp—2 — U,_; = —1L.
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(b) For all n > 1, expanding (2u, — u,_1)?, one has, using (a),
3uZ 4+ 1 — (2up —up_1)? =1 —u2 +up_1 (4, — Up_1)
=1- U% + Up—1Un+1 = 0. O
Let
Ap = (—6un, —2V3), B = (6ups1 — 6uy,0), Cp= (6uny1,2V3).

The vertices OA,, B, C,, form a parallelogram on the Eisenstein lattice with diagonal OB,, on the
x-axis. The parallelogram OA,, B,,C,, has side lengths

OA, = \/36u2 + 12 = 2v/3/3u2 + 1 = 2v/3(2uy, — tp_1),
OC,, = /36u2_; +12 = 2v3,/3u2 | + 1= 2V3(2ups1 — up),

by Lemma [7[b), and area

area(OA, B, C,,) = det <_6u" _2\/§>

6Un+1 2v/3
= 12\/§(un+1 — Up).
Hence,
204, + 0C,,) = 4V3(2upy1 + Up — Un_1)
= 4\/5(2un+1 + U + (Upp1 — 4uy))
= 12\/§(un+1 — uy,) = area(OA, B,C,,),

so OA, B, C, is equable. Table [1] lists the first 9 examples of ELEPs with horizontal diagonal.
Note that the first four of these ELEPs appear in Figure [3]in the branch that starts at the root
(2,4) and descends vertically. Figure |5/ shows the first two examples, with the first one translated
6 units to the left.

TABLE 1. Examples of ELEPs with horizontal diagonal

n (q,u) a b A B (s,t)

0 (1,0) 2 1 9w 6 (1,1

1 (2,1) 4 14 —8 — 4w 18 (1,3)

2 (7,4) 14 52 —26 — 4w 66 (1,11)
3 (26,15) 52 194 —92 — 4w 246 (1,41)
4] (97,56) 194 724 —338—4w 918 (1,153)
) (362, 209) 724 2702 —1256 — 4w 3426 (1,571)
6 (1351, 780) 2702 10084  —4682 —4w 12786  (1,2131)
7| (5042,2911) 10084 37634 —17468 —4w 47718  (1,7953)
8 | (18817,10864) 37634 140452 —65186 —4w 178086 (1,29681)

THEOREM 5. Up to Euclidean isometry, the only ELEPs with horizontal diagonal are those of
Ezample [1]

Proof. By translating and reflecting in the  and/or y axes if necessary, we may assume that the
horizontal diagonal lies on the positive z-axis, starting at the origin 0, and that the side starting
at 0, and lying in the 3rd or 4th quadrants, is the shorter of the two sides. Therefore, suppose
we have a ELEP with vertices A =z —yw, B=2, C = (z — ) + yw, O = 0, where € Z and
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Fi1cURE 5. Two ELEPs with horizontal diagonal

y,z € N. Let av/3,bv/3 denote the lengths of OA and AB, respectively, with a,b € N and a < b.
In particular, we have

3a% = 2 + xy + % (23)
The altitudes from A and C' have length n := yT‘/E By Theorem 2 < n < 2v/3, which gives

% <y <4. So, as y € N, we have y = 3 or 4. First suppose that y = 3. Then gives

3a*> =2* + 32 +9. (24)

So z is divisible by 3, say x = 3z’. But then by , a is divisible by 3, contrary to Theorem
So we have y = 4.

Asy =4, we have n = 2/3 > %. Son =mn; by Theorem and from the proof of Theoremwe

have s? < 3t? and n} = 4 + 5. Hence, (2v/3)? =4+ ;£ giving s = 1. Then by Theorem
(a,b) = 2(q,r) € N* where
1+ 3t? +2¢* = 6lq (25)
and ¢ <1 =3t —q. Let u:=1t—q. From , we have
¢ —3u?=1. (26)

Notice that © > 0. Indeed, from , we have ¢ = 3t=¥3t°=2 VQ?’tLQ, so u = —EV3tT=2 V;’tu >0 for t > 1.
Notice also that a? = 4¢® and gives 3a% = 22 + 4z + 16, so 12¢®> = 2% + 42 + 16. Thus z is
even, say & = 2z’, and so 3¢% = z'2 + 22’ 4+ 4. Hence, by 7 Qu? = 2% + 22" +1= (2 +1)2, s0
xr =2z" = +6u— 2. (27)
Now is one of Pell’s equations and it is well known (see [11]) that the solutions (gy,, u,) to
(26) are given by the recurrence relation
(Qnyun) = 4(Qn—1a un—l) - (Qn—Za Un—2)7 (‘hyul) = (27 1)a (QO7UO) = (17 0)

In particular, u,, agrees with the sequence u,, of Example [I| Notice also that

Gn + 2up = upyq  for all n > 0. (28)

Indeed, both sides of the equation satisfy the same recurrence relation, with the initial conditions
Qo +2up=1=wu; and ¢1 + 2u; = 4 = us.

For each n > 0, we denote by ay, by, Tn, 2n, tn the values of a, b, z, z, t, respectively, determined
by ¢, and u,, and we denote the corresponding parallelogram O A,, B,,C,,. Since there are so many
variables, we recall for the reader’s convenience that A, = xz,, — 4w, B, = z,,, C = (2, — ) + 4w,
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the lengths of OA,,O0C,, are v/3a,,/3b, respectively, and from the definition of u, we also have
an + b, = 6t, and t,, = u, + g,. Furthermore, a,, = 2¢,, and

b, = 6t, — an = 6t,, — 2q, = 6u, + 4q,. (29)
Since A,, has y-coordinate —2v/3, the area of OA,,B,C, is 2v/32,, so the equability condition is
2v/3z2, = 2(ay + by)V/3; that is, 2, = a,, + b, = 6t,. So 2, = 6(un + ).
We now consider the two cases given by :
(i) xp = 6u, — 2 for u, > 0,
(ii) x, = —6u, — 2 for u, > 0.
(i). We show that this case leads to a contradiction. Suppose z, = 6u, — 2 for u, > 0, so
A, = 6u, — 2 — 4w, B, = z, = 6(u, + q) and C,, = 6¢,, + 2 + 4w. So, from ,
3 (6up + 4gn)% = 362 = OC,,
= (6gn +2)* — (6gn + 2)4 + 16,
where the expression on the right comes for the square length of the element C,, = 6¢,, + 2 + 4w.
Expanding, rearranging and dividing by 12 gives ¢2 + 12¢,u, + 9u2 = 1. But this is impossible
for positive integers u,, and g,.
(ii). Now suppose z,, = —6u,, — 2 for u,, > 0. Using , we have A,, = —6u, — 2 — 4w, B, =

Zn = 6(up, + Gn) = 6upy1 — 6uy,, and C,, = 6upy41 + 2 + 4w, which is one of the parallelograms of
Example (|

Since the parallelograms of Example [I| have horizontal short diagonal, we have the following
conclusion.

COROLLARY 2. No ELEP has a horizontal long diagonal.

Remark 6. The upper bounds ns = % and 7; = 21/3 of Theorem H|are both attained by the first

of the parallelograms of Example [I} that is, the root parallelogram (a,b) = (2,4) given by n =0
in Table 5l

8. ELEPs with a vertical diagonal

THEOREM 6. There is no ELEP having a vertical diagonal.

Proof. Suppose we have an ELEP with a vertical diagonal. By translating and reflecting in the
x and/or y axes if necessary, we may assume that the vertical diagonal lies on the positive y-axis,
starting at the origin 0, and that the side starting at 0, and lying in the 1st or 2nd quadrants,
is the shorter of the two sides. Therefore, suppose we have an ELEP with vertices A = = + yw,
B=z2w,C=—x+(2—yw, O=0, where z,2 € N and y € Z. Let a\/3,bv/3 denote the lengths
of OA and AB respectively, with a,b € N and a < b. In particular, we have

3a? = 2% — a2y + 2. (30)

The altitudes from A and C' have length 7 := 2. By Theorem {4} 2 < 1 < 2v/3, which gives z = 3.

Then gives
3a%2 =9 — 3y + 2. (31)

So y is divisible by 3, say y = 3y’. But then by , a is divisible by 3, contrary to Theorem |
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9. ELEPs with a vertical side

Example 2. Consider the Pell-like equation
3u? =2m? + 1. (32)
This equation is well known; see entry A072256 in [14]. Its solutions (u,,, m,,) satisfy the recurrence
relation
(un; mn) = 1O(un717mn71) - (un727mn72>7

with (u1,m1) = (1, 1), (u2, m2) = (9,11).

Now, using complex numbers, consider the parallelogram with vertices A, = 2v/3i, B, =
—2p, + (24 y0)V3i, Cpp = —x,, +ynV/3i, O = 0, where z,, = 3 + 3u,, and y,, = 2m,,. Note that the
vertical side OA,, has length av/3, where a := 2, while the side OC), has length

bV/3 = /22 + 312 = /(34 3u,)? + 12m2
= /94 18u, + 9u2 +6(3u2 — 1) (by (32))
= V3(1 + 3uy).
So OA, B, C, has perimeter 2(a + b,)V3 = 6v3(1 4 u,). Furthermore, OA,B,C, has area
a3z, = 22,3 = 63/3(1 +uy,). So OA, B, C, is equable.
Table 2] lists the first 9 of these examples. The first five of these ELEPs appear in Figure[7] and
in Figure 3] in the branch that starts at the root (2,4) and proceeds horizontally to the right. The

values of (s,t) were computed using . Figure |§| shows the first two examples, with the first one
reflected in the y-axis.

TABLE 2. Examples of ELEPs with vertical side of length 2v/3 and vertex C = —z + yv/3i

n (u, m) b x Yy (s,t)

1 1,1) 1 6 2 (1,1)

2 (9,11) 28 30 22 (5,1)

3 (89, 109) 268 270 218 (5,9)

1 (881,1079) 2644 2646 2158 (49,9)

5 (8721,10681) 26164 26166 21362 (49, 89)

6 (86329, 105731) 258988 258990 211462 (485, 89)
7 (854569, 1046629) 2563708 2563710 2093258 (485, 881)
8 | (8459361, 10360559) 25378084 25378086 20721118 (4801, 881)
9 | (83739041, 102558961) 2486793150 2030458102 205117922 (4801,8721)

Example 3. We now give two sequences of ELEPs having a vertical side of length 41/3. Consider
the equation
132w + 36w + 1 = 2. (33)
This equation is not particularly well known. The first six solutions for (w,y) are:
{1,13}, {5,59}, {52,599}, {236,2713}, {2397,27541}, {10857,124739}.

In fact, using Alpern’s integer equation solver [8], one finds that the sequence of solutions is
composed of two interspersed sequences, having the same recurrence relation

()= Cor ) () + (&)
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FIGURE 6. Two ELEPs having a vertical side of length 2+/3.

- $2,4 P14 $2,4 P14
(4,62) (4,2834))  (4,130286),  (4,5990306)) (4, 275423774)!
(11,1) (11,43)" (505,43))  (505,1977) (23219, 1977)!
$1,4
° $1,2 ° $2,2 ° $1,2 ° $2,2
(2,4) (2,28): (2,268): (2,2644); (2,26164):
(1,1) (5,1); (5,9); (49,9)! (49,89);
$2,4
I | $1,4 i $2,4 i $1,4 i $2,4
(4, 14), (4,626))  (4,28766)  (4,1322504)) (4,60810542),
(1,3)! (35,3)! (35,137))  (1609,137)) (1609, 6299)!

FI1GURE 7. The paths of ELEPs having a side of length 2 or 4.

but different initial conditions. One sequence has (w1, y1) = (1,13), while the other has (wy,y1) =

(5,59).

Now, for each of the two sequences, consider the parallelogram with vertices A,, = 4/3i, B,, =
—2n 4+ (4 + y)V3i, Cp = =2, + ynV/3i, O = 0, where x,, = 6w, + 3. Note that the vertical side
OA,, has length a := 4+/3, while the side OC,, has length

baV/3 = /a2 +3y2 = /(6w +3)% + 3y2

= /(6w, + 3)2 + 3(132w2 + 36w, + 1) (by (33))

= 2v/3(1 + 6wy,).
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So OA,B,C,, has perimeter 2(a + b,) = 12\/5(1 + 2w,,). Furthermore, OA, B,C, has area
az, = 4r,v/3 = 12v/3(1 + 2w,). So OA, B,C,, is equable.

Table [3]lists the first six examples of ELEPs corresponding to the sequence with initial condition
(w1,y1) = (1,13). The first five of these ELEPs appear in Figure[7]in the branch that starts at the
element (a,b) = (4,14) and proceeds horizontally to the right. Table [4]lists the first six examples
of ELEPs corresponding to the sequence with initial condition (wy,y1) = (5,59). The first five
of these ELEPs appear in Figure [7] in the branch that starts at the element (a,b) = (4,62) and
proceeds horizontally to the right. Notice that the two sequences are actually the two ends of a
bi-infinite path, and are connected by the vertical path of length 2 that passes from (4, 14) through
the root (2,4) to (4,62).

TABLE 3. First sequence of ELEPs with vertical side of length 4+/3 and vertex C = —z + yV/3i

n (w, y) b x (s,t)

1 (1,13) 14 9 (1,3)

2 (52, 599) 626 315 (35,3)

3 (2397, 27541) 28766 14385 (35,137)

4 (110216, 1266287) 1322594 661299 (1609, 137)
5|  (5067545,58221661) 60810542 30405273 (1609, 6299)
6 | (232996860, 2676930119) 2795962322 1397981163 (73979, 6299)

TABLE 4. Second sequence of ELEPs with vertical side of length 4v/3 and vertex C = —x + y/3i

n (w,y) b T (s,t)

1 (5,59) 62 i (11,1)

2 (236,2713) 2834 1419 (11,43)

3 (10857,124739) 130286 65145 (505,43)

4 (499192, 5735281) 5990306 2995155 (505, 1977)
5 (22951981, 263698187) 275423774 137711889  (23219,1977)
6 | (1055291940,12124381321) 12663503282 6331751643 (23219,90899)

THEOREM 7. Up to Euclidean transformations, the only ELEPs having a side of length 2v/3 or
4+/3 are those of Example |2 and Example |3|, respectively. Moreover, all ELEPs with a vertical side
have a side of length 2v/3 or 4v/3.

Proof. Let OABC be an ELEP with sides of length av/3 and by/3. First suppose that a = 2.
Then Lemma [2| gives the integer
V9022 — 12(a + b)2 = 24/6((b— 1)2 - 3) € N.

So, (b —1)2 — 3 = 6m? for some m € N. In particular, b = 1 (mod 3), say b = 3u + 1, as in
Example 2] Thus 3u? = 2m? + 1, which is the same equation as (32). Consequently, b is one of the
numbers b, of Example [2] It follows that, up to a Euclidean transformation, the OABC' is one of
the ELEPs of Example

Now suppose that a = 4. Then Lemma [2| gives the integer
V/9a2b? —12(a + b)2 = 24/3(1162 — 8b — 16) € N.

So, 112 — 8b — 16 = 3m? for some m € N. Writing b = 2r, as before, we have that m is even,
say m = 2¢. Thus 11r? — 4r — 4 = 3(2. Note that as a = 2¢ = 4, we have ¢ = 2. So 7 must be

980



EQUABLE PARALLELOGRAMS ON THE EISENSTEIN LATTICE

odd, since q,r are coprime by Theorem Let r = 2v + 1. Thus 44v? + 36v + 3 = 3¢2. Hence,
v is divisible by 3, say v = 3w. So b = 2r = 2(2v + 1) = 2(6w + 1) = 12w + 2, as in Example
It follows that 132w? + 36w + 1 = (2, which is the same equation as (33). Consequently, b is one
of the numbers b,, of Example [3] It follows that, up to a Euclidean transformation, the OABC'is
one of the ELEPs of Example

Finally, suppose that the ELEP OABC has a vertical side. By translating and reflecting in
the = and/or y axes if necessary, we may assume that the vertical side lies on the positive y-axis,
starting at the origin 0, and that the other side starting at O lies in the 2nd quadrant. Therefore,
using complex numbers, we consider an ELEP with vertices A = a/3i, B = —z + (a + y)\/gi,
C = —z+yV/3i, O =0, where a,z,y € N by Remark Then OA has length av/3. Let by/3 denote
the length of OC'. In particular, we have

3b? = 2 4 3y*. (34)

The height from C (to the y-axis) is h := z, which is an integer. So, by Remark |4 if h = hs,
then OABC is the root parallelogram and {a,b} = {2,4}. So we may assume that h = h;, in
which case, by Remark [4] 2b = ak for some positive integer k. Let a = 2¢,b = 2r, as before. Then

2b = ak gives 2r = qk. By Theorem [2| ¢, are coprime, so ¢ = 1 or 2; that is, a = 2 or 4. This
completes the proof of the theorem. O
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