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ABSTRACT. The article delves into the task of formulation of meticulous sequence spaces whose

elements’ convergence is a generalized version of the Cauchy convergence in the setting of intuitionistic

fuzzy norm. The task of attaining a finite limit is attained via an infinite matrix operator, namely,
Jordan totient operator. We discuss some topological and algebraic properties and establish some

inclusion relations between the spaces.

c©2023
Mathematical Institute

Slovak Academy of Sciences

1. Introduction

Researchers have been taking initiatives in proposing novel theories that suggests the conver-
gence of sequences by either operating a function or transforming it into an entirely different
sequence using a linear operator. This notion of redefining the sequences’ convergence which fail
to converge in the usual sense falls under the category of summability theory. It has proved to
be quite an indispensable tool to analyse the depths of analysis. One can perceive it as a map
with domain and codomain as set of sequences and a finite limit, respectively. The introduction
of regular summability method [38] ensures the convergence of the originally convergent sequence
to its Cauchy limit. Several authors have deployed the notion of one such naturally occuring reg-
ular summability method; regular infinite matrix, see [12, 20, 28, 39]. For a given infinite matrix
P = (pab) and sequence spaces S, T , the map P : S → T defined by P(u) =

∑
pabub for all

u = (ub) ∈ S and a, b ∈ N, is the linear transformation that acts on a sequence space to produce
some finite limit. Readers inquisitive about articles on sequences spaces and summability theory
by means of matrix transformation are advised to explore [11,16,20,26,27].

Thereafter the introduction of fuzzy norm as a generalization of usual norm by Katsaras [19] and
Felbin [9]; Bag and Samanta [2] established the base of an even general fuzzy norm. The underlying
idea was to define a function that interprets the degree of truth of the length of a vector instead
of assuming the length to be a fixed specified scalar. Later it was Saadati and Vaezpour [32] who
improvised on the conditions of fuzzy norm. In the wake of coming up with the definition of fuzzy
norm defined in terms of degree of truth via membership function, Atanassov [1] pointed out a
shortcoming in the fuzzy norm and proposed the set be defined using an additional function named
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non-membership function which defines the degree of falsity or non-belongingess of an element in
a given set which he named as intuitionistic fuzzy set.

This introduction of a newfangled idea gave the researchers an insight into defining intuitionistic
fuzzy metric space [30] and intuitionistic fuzzy normed space [31] which ultimately led to incep-
tion of sequences’ convergence, statistical convergence [18], lacunary statistical convergence [29],
generalized ideal convergence [7] and summability method [33] in the underlying space.

One such definite matrix operator namely Jordan totient matrix operator denoted by Υr was
introduced in [15] via Jordan totient Jr function whose domain and codomain are N. The function
is the number of r tuples (h1, h2, . . . , hr) such that 1 ≤ hi ≤ n and gcd(h1, h2, . . . , hr, n) = 1. It is

defined as Jr(n) = nr
∏
p|n

(
1− 1

pr

)
where h = pα1

1 , pα2
2 , . . . , pαkk for α ≥ 1 is the prime decomposition

of n. Thereupon the Jordan totient matrix operator denoted by Υr = (νrnk) is defined as:

νrnk =


Jr(k)

nr
if k|n,

0 otherwise,
(1.1)

and its inverse (Υr)−1 is given by

(Υr)−1 =


µ(nk )

Jr(n)
kr if k|n,

0 otherwise,
(1.2)

where µ is the Möbius function defined as:

µ(n) =


0 if p2|n for some prime p,

1 if n = 1,

(−1)i if n =
i∏

k=1

pk where pks are distinct.

Later Kara [17], İlkhan [14] and Khan [21] used the operator to study sequence spaces and ex-
pounded certain riveting results. In the ongoing article we define sequence spaces with the help
of Jordan totient matrix operator in the setting of intuitionistic fuzzy normed spaces, study the
ideal convergence of these sequences, present compelling counter examples and study algebraic and
topological properties of these spaces.

2. Preliminaries

For two sequence spaces S, T and an infinite matrix P = (pnk), the P transform of u = (uk) is
given by Pu = {Pn(u)}∞n=1 ∈ T , where

Pn(u) =
∑
k=1

pnkuk, n ∈ N.

Lemma 2.1 ([38]). An infinite matrix P = (pnk) is regular iff:

(i) for every n ∈ N, there exists M > 0, such that
∑
k

|pnk| ≤ M,

(ii) lim
n→∞

pnk = 0 for all k ∈ N,

(iii) lim
n→∞

∑
k

pnk = 1.
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The article will employ the use of the Jordan totient infinite matrix operator Υr = (νrnk) which
is defined as:

νrnk =


Jr(k)

nr
if k|n,

0 otherwise.
(2.1)

Equivalently,

Υr =



Jr(1)
1 0 0 0 0 0 . . .

Jr(2)
2r

Jr(1)
2r 0 0 0 0 . . .

Jr(1)
3r 0 Jr(3)

3r 0 0 0 . . .
Jr(1)

4r
Jr(2)

4r 0 Jr(4)
4r 0 0 . . .

Jr(1)
5r 0 0 0 Jr(5)

5r 0 . . .
Jr(1)

6r
Jr(2)

6r
Jr(3)

6r 0 0 Jr(6)
6r . . .

...
...

...
...

...
...

. . .


The Υr transform of (uk) ∈ ω is defined as Υr

n(u) := 1
nr

∑
Jr(k)uk.

Definition 1 ([25]). A cluster of subsets I of a non-empty set X is said to be an ideal in X if:

• ∅ ∈ I,

• A,B ∈ I ⇒ A ∪ B ∈ I,

• A ∈ I,B ⊆ A⇒ B ∈ I.

An ideal I ⊆ 2X such that I 6= 2X is a nontrivial ideal. It transforms into an admissible ideal if
I contains each singleton subset of X and into a maximal ideal if there does not exist any nontrivial
ideal J 6= I such that I ⊂ J .

Definition 2 ([25]). A cluster of subsets F of a non-empty set X is said to be a filter in X if:

• ∅ 6∈ F ,
• A,B ∈ F ⇒ A∩ B ∈ F ,

• A ∈ F and B ⊃ A imply B ∈ F .

F(I) =
{
K ⊂ X : Kc ∈ I

}
is the filter associated with ideal I. All through the paper, we take

I as an admissible ideal in N.

Definition 3 ([25]). A sequence u = (uk) ∈ ω is said to be I-convergent to c ∈ C if for every
ε > 0, {

k ∈ N : |uk − c| ≥ ε} ∈ I. (2.2)

The commonly used mathematical notation to depict the above definition of convergence is
I-limuk = c.

Definition 4 ([37]). Let I ⊆ P (N) is a non trivial ideal, for any two sequences (uk) and (vk), we
say uk = vk for a.a.k.r.I if

{
k ∈ N : uk 6= vk

}
∈ I.

Definition 5 ([25]). A sequence u = (uk) ∈ ω is said to be I-Cauchy if, for each ε > 0, there
exists a number J = J (ε) such that the set{

k ∈ N : |uk − uJ | ≥ ε
}
∈ I.

Definition 6 ([34]). A binary operation ∗ : [0, 1]× [0, 1]→ [0, 1] is said to be a continuous t-norm
if:

• ∗ is associative and commutative,
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• ∗ is continuous,

• a ∗ 1 = a for all a ∈ [0, 1],

• a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d for each a, b, c, d ∈ [0, 1].

Definition 7 ([34]). A binary operation � : [0, 1]×[0, 1]→ [0, 1] is said to be a continuous t-conorm
if:

• � is associative and commutative,

• � is continuous,

• a � 0 = a for all a ∈ [0, 1],

• a � b ≤ c � d whenever a ≤ c and b ≤ d for each a, b, c, d ∈ [0, 1].

Definition 8 ([31]). Let X is a linear space, ∗ & � are continuous t-norm and t-conorm respec-
tively and φ, ψ are fuzzy sets on X × (0,∞). The five-tuple (X , φ, ψ, ∗, �) is an intuitionistic fuzzy
normed space if for every u, v ∈ X and s, t > 0 the following conditions hold:

• φ(u, t) + ψ(u, t) ≤ 1,

• φ(u, t) > 0,

• φ(u, t) = 1 if and only if u = 0,

• φ(αu, t) = φ
(
u, tα

)
for each α 6= 0,

• φ(u, t) ∗ φ(v, s) ≤ φ(u+ v, t+ s),

• φ(u, ·) : (0,∞)→ [0, 1] is continuous,

• lim
t→∞

φ(u, t) = 1 and lim
t→0

φ(u, t) = 0,

• ψ(u, t) < 1,

• ψ(u, t) = 0 if and only if u = 0,

• ψ(αu, t) = ψ
(
u, tα

)
for each α 6= 0,

• ψ(u, t) ∗ ψ(v, s) ≥ ψ(u+ v, t+ s),

• ψ(u, ·) : (0,∞)→ [0, 1] is continuous,

• lim
t→∞

ψ(u, t) = 0 and lim
t→0

ψ(u, t) = 1.

Consequently the pair (φ, ψ) is called intuitionistic fuzzy norm.

Definition 9 ([22]). Let (X , φ, ψ, ∗, �) be an IFNS. A sequence u = (uk) is said to be I-convergent
to l ∈ X with respect to intuitionistic fuzzy norms (φ, ψ), if for every ε > 0 and t > 0, the set{

k ∈ N : φ
(
uk − l, t

)
≤ 1− ε or ψ

(
uk − l, t

)
≥ ε
}
∈ I.

The notation I(φ,ψ)-limuk = l will be used in the article to denote the ideal convergence of the
sequence (uk) to l with respect to the intuitionistic fuzzy norm (φ, ψ).

Definition 10 ([29]). Let (X , φ, ψ, ∗, �) be an IFNS. A sequence u = (uk) is said to be I-Cauchy
sequence with respect to (φ, ψ), if for every ε > 0 and t > 0, there exists N = N (ε) ∈ N such that
the set {

k ∈ N : φ(uk − uN , t) ≤ 1− ε or ψ(uk − uN , t) ≥ ε
}
∈ I.

Definition 11. Let (X , φ, ψ, ∗, �) be an IFNS. Then (X , φ, ψ, ∗, �) is said to be complete if every
Cauchy sequence is convergent with respect to the intuitionistic fuzzy norm (φ, ψ).
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3. Main results

Through the whole of the current section we presume the ideal I to be a nontrivial admissible
ideal of subset of N. We set out the following sequence spaces:

cI(φ,ψ)(Υ
r) =

{
u = (uk) ∈ ω : {n ∈ N : for some l ∈ C, φ

(
Υr
n(u)− l, t

)
≤ 1− ε (3.1)

or ψ
(
Υr
n(u)− l, t

)
≥ ε} ∈ I

}
,

cI0(φ,ψ)(Υ
r) =

{
u = (uk) ∈ ω : {n ∈ N : φ

(
Υr
n(u), t

)
≤ 1− ε or ψ

(
Υr
n(u), t

)
≥ ε} ∈ I

}
, (3.2)

`I∞(φ,ψ)(Υ
r) =

{
u = (uk) ∈ ω : {n ∈ N : ∃ ξ ∈ (0, 1), φ

(
Υr
n(u), t

)
≤ 1− ξ (3.3)

or ψ
(
Υr
n(u), t

)
≥ ξ} ∈ I

}
.

`∞(φ,ψ)(Υ
r) =

{
u = (uk) ∈ ω : {n ∈ N : ∃ ξ ∈ (0, 1), φ

(
Υr
n(u), t

)
≥ 1− ξ (3.4)

or ψ
(
Υr
n(u), t

)
≤ ξ}.

We bring forth the following definitions of open ball and closed ball with centre at u and radius
r > 0 with respect to parameter of fuzziness ε ∈ (0, 1) as follows:

BIu(r, ε)(Υr) =
{
v = (vk) ∈ ω : {n ∈ N : φ

(
Υr
n(u)−Υr

n(v), r
)
≤ 1− ε (3.5)

or ψ
(
Υr
n(u)−Υr

n(v), r
)
≥ ε} ∈ I

}
BIu [r, ε](Υr) =

{
v = (vk) ∈ ω : {n ∈ N : φ

(
Υr
n(u)−Υr

n(v), r
)
< 1− ε (3.6)

or ψ
(
Υr
n(u)−Υr

n(v), r
)
> ε} ∈ I

}
.

Theorem 3.1. The spaces cI0(φ,ψ)(Υ
r) and cI(φ,ψ)(Υ

r) are linear spaces.

P r o o f. The proof of linearity of the space cI0(φ,ψ)(Υ
r) can be conclusively drawn on parallels of

cI(φ,ψ)(Υ
r). Given arbitrary sequences a = (ak), b = (bk) ∈ cI(φ,ψ)(Υ

r) imply existence of a0, b0 ∈ C
so that (ak) and (bk) I–converge to a0 and b0, respectively. For t > 0, 0 < ε < 1 and γ, λ ∈ R,
consider the subsequent sets:

A =
{
n ∈ N : φ

(
Υr
n(a)− a0,

t

2|γ|

)
≤ 1− ε or ψ

(
Υr
n(a)− a0,

t

2|γ|

)
≥ ε
}
∈ I,

A c =
{
n ∈ N : φ

(
Υr
n(a)− a0,

t

2|γ|

)
> 1− ε or ψ

(
Υr
n(a)− a0,

t

2|γ|

)
< ε
}
∈ F(I),

B =
{
n ∈ N : φ

(
Υr
n(b)− b0,

t

2|λ|

)
≤ 1− ε or ψ

(
Υr
n(b)− b0,

t

2|λ|

)
≥ ε
}
∈ I,

Bc =
{
n ∈ N : φ

(
Υr
n(b)− b0,

t

2|λ|

)
> 1− ε or ψ

(
Υr
n(a)− a0,

t

2|λ|

)
< ε
}
∈ F(I).

The set C = A c ∩Bc being a non-empty set lies in F(I), so consider n ∈ C , then

φ
(

Υr
n(γa+ λb)− (γa0 + λb0), t

)
≥ φ

(
γΥr

n(a)− γa0,
t

2

)
∗ φ
(
λΥr

n(b)− λb0,
t

2

)
= φ

(
Υr
n(a)− a0,

t

2|γ|

)
∗ φ
(

Υr
n(b)− b0,

t

2|λ|

)
> (1− ε) ∗ (1− ε) = 1− ε

=⇒ φ
(

Υr
n(γa+ λb)− (γa0 + λb0), t

)
> 1− ε
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and

ψ
(

Υr
n(γa+ λb)− (γa0 + λb0), t

)
≤ ψ

(
γΥr

n(a)− γa0,
t

2

)
� ψ
(
λΥr

n(b)− λb0,
t

2

)
= ψ

(
Υr
n(a)− a0,

t

2|γ|

)
� ψ
(

Υr
n(b)− b0,

t

2|λ|

)
< ε � ε = ε

=⇒ ψ
(

Υr
n(γa+ λb)− (γa0 + λb0), t

)
< ε.

Thereupon, we conclude

C ⊂
{
n ∈ N : φ

(
Υr
n(γa+ λb)− (γa0 + λb0), t

)
> 1− ε

}
or

{
n ∈ N : ψ

(
Υr
n(γa+ λb)− (γa0 + λb0), t

)
< ε
}
.

By employing the properties of F(I), we have{
n ∈ N : φ

(
Υr
n(γa+ λb)− (γa0 + λb0), t

)
> 1− ε

or ψ
(
Υr
n(γa+ λb)− (γa0 + λb0), t

)
< ε
}
∈ F(I),

which implies that the sequence (γak + λbk) I-converges to γa0 + λb0. Therefore, (γak + λbk) ∈
cI(φ,ψ)(Υ

r). Hence, cI(φ,ψ)(Υ
r) is a linear space. �

Theorem 3.2. The inclusion relation cI0(φ,ψ)(Υ
r) ⊂ cI(φ,ψ)(Υ

r) ⊂ cI∞(φ,ψ)(Υ
r) holds.

P r o o f. The inclusion of cI0(φ,ψ)(Υ
r) in cI(φ,ψ)(Υ

r) is pretty evident. We demonstrate that

cI(φ,ψ)(Υ
r) ⊂ cI∞(φ,ψ)(Υ

r). Consider the sequence u = (uk) ∈ cI(φ,ψ)(Υ
r). Then there exists

l ∈ C such that I(φ,ψ)(Υ
r)-lim(uk) = l, and for every 0 < ε < 1 and t > 0, the set

X =
{
n ∈ N : φ

(
Υr
n(u)− l, t

2

)
> 1− ε or ψ

(
Υr
n(u)− l, t

2

)
< ε
}
∈ F(I).

Let φ
(
l, t2
)

= p and ψ
(
l, t2
)

= q where p, q ∈ (0, 1), t > 0 and 0 < ε < 1, there exist c, d ∈ (0, 1)
such that (1− ε) ∗ p > 1− c and ε � q < d. So for n ∈X , we have

φ
(
Υr
n(u), t

)
= φ

(
Υr
n(u)− l + l, t

)
≥ φ

(
Υr
n(u)− l, t

2

)
∗ φ
(
l,
t

2

)
> (1− ε) ∗ p > 1− c

and

ψ
(
Υr
n(u), t

)
= ψ

(
Υr
n(u)− l + l, t

)
≤ ψ

(
Υr
n(u)− l, t

2

)
� ψ
(
l,
t

2

)
< (1− ε) � q < d.

Taking h = max{c, d}, we have{
n ∈ N,∃ h ∈ (0, 1) : φ

(
Υr
n(u)− l, t

)
> 1− h or ψ

(
Υr
n(u)− l, t

)
< h

}
∈ F(I)

=⇒ u = (uk) ∈ cI∞(φ,ψ)(Υ
r). �

The converse of the inclusion relation does not hold. We present the following examples in
support of our claim.

Example 1. Let (R, ‖.‖) be a normed space equipped with supremum norm, a ∗ b = min{a, b}
and a � b = max{a, b} for all a, b ∈ (0, 1). Consider the norms (φ, ψ) on X 2 × (0,∞) as follows:

φ
(
u, t) =

t

t+ ‖u‖
and ψ

(
u, t) =

‖u‖
t+ ‖u‖

.

Then (R, φ, ψ, ∗, �) is a standard IFNS. Consider the sequence (uk)={u0 + 1
k} where u0 6= 0 ∈ R.

The sequence (uk) distinctly lies in cI(φ,ψ)(Υ
r) r cI0(φ,ψ)(Υ

r).
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Example 2. Let (R, ‖·‖) be the normed space equipped with the intutionistic fuzzy norms (φ, ψ) as
aforementioned above. Consider the sequence (uk) = sin( 1

k ). Then, (uk) ∈ cI∞(φ,ψ)(Υ
r)rcI(φ,ψ)(Υ

r).

Theorem 3.3. Every open ball with centre at z and radius r > 0 with respect to parameter of
fuzziness 0 < ε < 1, i.e., BIz (r, ε)(Υr) is an open set in cI(φ,ψ)(Υ

r).

P r o o f. Consider the open ball with centre at z and radius r > 0 with parameter of fuzziness
0 < ε < 1,

BIz
(
r, ε
)
(Υr

n) =
{
y = (yk) ∈ ω : {n ∈ N : φ

(
Υr
n(z)−Υr

n(y), r
)
≤ 1− ε

or ψ
(
Υr
n(z)−Υr

n(y), r
)
≥ ε} ∈ I

}
=⇒ BIz

(
r, ε
)
(Υr

n) =
{
y = (yk) ∈ ω : {n ∈ N : φ

(
Υr
n(z)−Υr

n(y), r
)
> 1− ε

or ψ
(
Υr
n(z)−Υr

n(y), r
)
< ε} ∈ F(I)

}
.

Consider the element y = (yk) ∈ BIz
(
r, ε
)
(Υr

n). Then its corresponding set{
n ∈ N : φ

(
Υr
n(z)−Υr

n(y), r
)
> 1− ε or ψ

(
Υr
n(z)−Υr

n(y), r
)
< ε
}
∈ F(I).

For φ
(
Υr
n(z) − Υr

n(y), r
)
> 1 − ε and ψ

(
Υr
n(z) − Υr

n(y), r
)
< ε, there exists r0 ∈ (0, r) such that

φ
(
Υr
n(z) − Υr

n(y), r0

)
> 1 − ε and ψ

(
Υr
n(z) − Υr

n(y), r0

)
< ε. Setting ε0 = φ

(
Υr
n(z) − Υr

n(y), r0

)
we get ε0 > 1 − ε which further concludes the existence of an element s ∈ (0, 1) such that
ε0 > 1− s > 1− ε. For a given ε0 > 1− s, we can find ε1, ε2 ∈ (0, 1) such that ε0 ∗ ε1 > 1− s and
(1− ε0) � (1− ε2) < s. Assume ε3 = max{ε1, ε2}. Consider the open ball BIy

(
r − r0, 1− ε3

)
(Υr

n).

The containment of BIy
(
r − r0, 1− ε3

)
(Υr

n) in BIz
(
r, ε
)
(Υr

n) will give us the desired result.

Let w = (wk) ∈ BIy
(
r−r0, 1−ε3

)
(Υr

n), then {n ∈ N : φ
(
Υr
n(y)−Υr

n(w), r−r0

)
> ε3 or ψ

(
Υr
n(y)−

Υr
n(w), r − r0

)
< 1− ε3} ∈ F(I). Therefore,

φ
(
Υr
n(z)−Υr

n(w), r
)
≥ φ

(
Υr
n(z)−Υr

n(y), r0

)
∗ φ
(
Υr
n(y)−Υr

n(w), r − r0

)
≥ ε0 ∗ ε3 ≥ ε0 ∗ ε1 > (1− s) > (1− ε)

=⇒
{
n ∈ N : φ

(
Υr
n(z)−Υr

n(w), r
)
> 1− ε

}
∈ F(I),

and correspondingly

ψ
(
Υr
n(z)−Υr

n(w), r
)
≤ ψ

(
Υr
n(z)−Υr

n(y), r0

)
� ψ
(
Υr
n(y)−Υr

n(w), r − r0

)
≤ (1− ε0) � (1− ε3) ≤ (1− ε0) � (1− ε2) < s < ε

=⇒
{
n ∈ N : ψ

(
Υr
n(z)−Υr

n(w), r
)
< ε
}
∈ F(I).

Thus the set{
n ∈ N : φ

(
Υr
n(z)−Υr

n(w), r
)
> 1− ε or ψ

(
Υr
n(z)−Υr

n(w), r
)
< ε
}
∈ F(I)

=⇒ BIy
(
r − r0, 1− ε3

)
(Υr

n) ⊂ BIz
(
r, ε
)
(Υr

n). �

Remark 1. The spaces cI0(φ,ψ)(Υ
r) and cI(φ,ψ)(Υ

r) are IFNS with respect to intuitionistic fuzzy

norms (φ, ψ).

Remark 2. τI(φ,ψ)(Υ
r) =

{
A ⊂ cI(φ,ψ)(Υ

r) : for each z = (zk) ∈ A , there exist r > 0 and ε ∈
(0, 1) such that BIz

(
r, ε
)
(Υr

n) ⊂ A
}

. Then τI(φ,ψ)(Υ
r) defines a topology on the sequence space

τI(φ,ψ)(Υ
r). The collection defined by B =

{
BIz (r, ε) : z ∈ cI(φ,ψ)(Υ

r), r > 0 and ε ∈ (0, 1)
}

is a base

for the topology τI(φ,ψ)(Υ
r) on the space cI(φ,ψ)(Υ

r).

Theorem 3.4. The spaces cI0(φ,ψ)(Υ
r) and cI(φ,ψ)(Υ

r) are Hausdorff spaces.
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P r o o f. Let v = (vk) and w = (wk) ∈ cI0(φ,ψ)(Υ
r) such that v 6= w. Then for each n ∈ N and

r > 0, implies 0 < φ
(
Υr
n(v)−Υr

n(w), r
)
< 1 and 0 < ψ

(
Υr
n(v)−Υr

n(w), r
)
< 1.

Putting ε1 = φ
(
Υr
n(v)−Υr

n(w), r
)
, ε2 = ψ

(
Υr
n(v)−Υr

n(w), r
)

and ε = max{ε1, 1−ε2}. Then for
each ε0 > ε, there exist ε3, ε4 ∈ (0, 1) such that ε3∗ε3 ≥ ε0 and (1−ε4)�(1−ε4) ≤ (1−ε0). Assigning
ε5 = max{ε3, ε4}, consider the open balls BIv

(
1− ε5,

r
2

)
(Υr

n) and BIw
(
1− ε5,

r
2

)
(Υr

n) centered at v

and w respectively. We demonstrate that BIv
(
1− ε5,

r
2

)
(Υr

n)∩BIw
(
1− ε5,

r
2

)
(Υr

n) = φ. If viable let

z = (zk) ∈ BIv
(
1− ε5,

r
2

)
(Υr

n) ∩ BIw
(
1− ε5,

r
2

)
(Υr

n). Then for the set {n ∈ N} ∈ F(I), we have

ε1 = φ
(
Υr
n(v)−Υr

n(w), r
)

≥ φ
(

Υr
n(v)−Υr

n(z),
r

2

)
∗ φ
(

Υr
n(z)−Υr

n(w),
r

2

)
> ε5 ∗ ε5 ≥ ε3 ∗ ε3 ≥ ε0 > ε1

(3.7)

and

ε2 = ψ
(
Υr
n(v)−Υr

n(w), r
)

≤ ψ
(

Υr
n(v)−Υr

n(z),
r

2

)
� ψ
(

Υr
n(z)−Υr

n(w),
r

2

)
< (1− ε5) � (1− ε5) ≤ (1− ε4) � (1− ε4) ≤ (1− ε0) < ε2.

(3.8)

Equation (3.7) leads to contradiction.Therefore, BIv
(
1− ε5,

r
2

)
(Υr

n) ∩ BIw
(
1− ε5,

r
2

)
(Υr

n) = φ.

Hence, the space cI(φ,ψ)(Υ
r) is a Hausdorff space. �

Theorem 3.5. If a sequence z = (zk) ∈ ω is Jordan intuitionistic fuzzy I convergent then the
I(φ,ψ)(Υ

r
n)-limit is unique.

P r o o f. Presuming the sequence z = (zk) to be Jordan intuitionistic fuzzy I convergent with
non-identical ideal limits l1 and l2. Given an ε ∈ (0, 1), there exists ε1 ∈ (0, 1) such that (1− ε1) ∗
(1− ε1) > 1− ε and ε1 � ε1 < ε. Thus the sets

S =
{
n ∈ N : φ

(
Υr
n(z)− l1,

t

2

)
≤ 1− ε1 or ψ

(
Υr
n(z)− l1,

t

2

)
≥ ε1

}
∈ I

=⇒ S c =
{
n ∈ N : φ

(
Υr
n(z)− l1,

t

2

)
> 1− ε1 or ψ

(
Υr
n(z)− l1,

t

2

)
< ε1

}
∈ F(I),

T =
{
n ∈ N : φ

(
Υr
n(z)− l2,

t

2

)
≤ 1− ε1 or ψ

(
Υr
n(z)− l2,

t

2

)
≥ ε1

}
∈ I

=⇒ T c =
{
n ∈ N : φ

(
Υr
n(z)− l2,

t

2

)
> 1− ε1 or ψ

(
Υr
n(z)− l2,

t

2

)
< ε1

}
∈ F(I).

Then S c ∩T c 6= φ. Taking n ∈ S c ∩T c, we have

φ
(
l1 − l2, t

)
≥ φ

(
Υr
n(z)− l1,

t

2

)
∗ φ
(

Υr
n(z)− l2,

t

2

)
> (1− ε1) ∗ (1− ε1) > (1− ε)

and

ψ
(
l1 − l2, t

)
≤ ψ

(
Υr
n(z)− l1,

t

2

)
� ψ
(

Υr
n(z)− l2,

t

2

)
< ε1 � ε1 < ε.

ε ∈ (0, 1) being arbitrary; l1 = l2. That is I(φ,ψ)(Υ
r
n)-limit is unique. �

Theorem 3.6. A sequence z = (zk) ∈ ω is Jordan intuitionistic fuzzy I convergent with respect
to intuitionistic fuzzy norms (φ, ψ) iff it is Jordan intuitionistic fuzzy I-Cauchy with reference to
the identical norms.
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P r o o f. Let z = (zk) ∈ ω is Jordan intuitionistic fuzzy I convergent with respect to intuitionistic
fuzzy norms (φ, ψ) such that I(φ,ψ)(Υ

r
n)-lim(zk) = l and there exists ε1 ∈ (0, 1) such that (1−ε1)∗

(1− ε1) > 1− ε and ε1 � ε1 < ε for a given ε ∈ (0, 1). Thus for all t > 0,

P =
{
n ∈ N : φ

(
Υr
n(z)− l1, t

)
≤ 1− ε1 or ψ

(
Υr
n(z)− l1, t

)
≥ ε1

}
∈ I

=⇒ Pc =
{
n ∈ N : φ

(
Υr
n(z)− l1, t

)
> 1− ε1 or ψ

(
Υr
n(z)− l1, t

)
< ε1

}
∈ F(I).

For n ∈ Pc, φ
(
Υr
n(z)− l1, t

)
> 1 − ε1 or ψ

(
Υr
n(z)− l1, t

)
< ε1. For a particular k ∈ Pc, we can

say
Q =

{
n ∈ N : φ

(
Υr
n(z)−Υr

k(z), t
)
≤ 1− ε or ψ

(
Υr
n(z)−Υr

k(z), t
)
≥ ε
}
.

Let
n ∈ Q =⇒ φ

(
Υr
n(z)−Υr

k(z), t
)
≤ 1− ε or ψ

(
Υr
n(z)−Υr

k(z), t
)
≥ ε.

On the contrary, let φ
(
Υr
n(z)−Υr

k(z), t
)
> 1− ε. Then

1− ε ≥ φ
(
Υr
n(z)−Υr

k(z), t
)

≥ φ
(

Υr
n(z)− l, t

2

)
∗ φ
(

Υr
k(z)− l, t

2

)
> (1− ε1) ∗ (1− ε1) > (1− ε),

which is a contradiction. Likewise, consider ψ
(
Υr
n(z)−Υr

k(z), t
)
≥ ε such that ψ

(
Υr
n(z)−l, t2

)
≥ ε1.

On the contrary, let ψ
(
Υr
n(z)− l, t2

)
< ε1. Hence

ε ≤ ψ
(
Υr
n(z)−Υr

k(z), t
)

≤ ψ
(

Υr
n(z)− l, t

2

)
� ψ
(

Υr
k(z)− l, t

2

)
< ε1 � ε1 < ε,

which is a contradiction too. Therefore, for n ∈ Q, we have φ
(
Υr
n(z)− l, t

)
≤ 1−ε1 and φ

(
Υr
n(z)−

l, t
)
≥ ε1, which imply n ∈P. Therefore, Q ⊂P and Q ∈ I. Consequently the sequence z = (zk)

is Jordan intuitionistic fuzzy I-Cauchy with respect to norms (φ, ψ).

Conversely, presuppose z = (zk) is Jordan intuitionistic fuzzy I- Cauchy with respect to the
norms (φ, ψ) and is not Jordan intuitionistic fuzzy I-convergent. As a result, there exists k ∈ N
such that

A =
{
n ∈ N : φ

(
Υr
n(z)−Υr

k(z), t
)
≤ 1− ε or ψ

(
Υr
n(z)−Υr

k(z), t
)
≥ ε
}
∈ I

and

B =
{
n ∈ N : φ

(
Υr
n(z)− l, t

)
> 1− ε or ψ

(
Υr
n(z)− l, t

)
< ε
}
∈ I

=⇒ 1− ε ≥ φ
(
Υr
n(z)−Υr

k(z), t
)

≥ φ
(

Υr
n(z)− l, t

2

)
∗ φ
(

Υr
n(z)− l, t

2

)
> (1− ε1) ∗ (1− ε1) > 1− ε.

Simultaneously,

ε ≤ ψ
(
Υr
n(z)−Υr

k(z), t
)

≤ ψ
(

Υr
n(z)− l, t

2

)
� ψ
(

Υr
n(z)− l, t

2

)
< ε1 � ε1 < ε,

which lead to contradiction. Therefore, B ∈ F(I) and hence, z = (zk) is Jordan intuitionistic
fuzzy I-convergent. �
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Theorem 3.7. Consider IFNS cI(φ,ψ)(Υ
r) and τI(φ,ψ)(Υ

r) be the topology on cI(φ,ψ)(Υ
r). Let (zj) =

(zjk)∞j=1 be a sequence in cI(φ,ψ)(Υ
r). The sequence zj → z as j → ∞ if and only if φ

(
Υr
n(zj) −

Υr
n(z), t

)
→ 1 and ψ

(
Υr
n(zj)−Υr

n(z), t
)
→ 0 as n→∞.

P r o o f. Let zj → z as j → ∞. Fix a designated r > 0 and 0 < ε < 1, there exists n ∈ N such
that (zj) ∈ BIz

(
r, ε
)
(Υr

n) for all j ≥ k. Then,

S =
{
n ∈ N : φ

(
Υr
n(zj)−Υr

n(z), r
)
≤ 1− ε or ψ

(
Υr
n(zj)−Υr

n(z), r
)
≥ ε
}
∈ I,

or equivalently,

S c =
{
n ∈ N : φ

(
Υr
n(zj)−Υr

n(z), r
)
> 1− ε or ψ

(
Υr
n(zj)−Υr

n(z), r
)
< ε
}
∈ F(I).

For
{
n ∈ N} ⊆ S c, φ

(
Υr
n(zj)−Υr

n(z), r
)
> 1−ε =⇒ 1−φ

(
Υr
n(zj)−Υr

n(z), r
)
< ε and ψ

(
Υr
n(zj)−

Υr
n(z), r

)
< ε. Therefore, for n→∞, 1−φ

(
Υr
n(zj)−Υr

n(z), r
)
→ 0 and ψ

(
Υr
n(zj)−Υr

n(z), r
)
→ 0.

This implies that φ
(
Υr
n(zj)−Υr

n(z), r
)
→ 1 and ψ

(
Υr
n(zj)−Υr

n(z), r
)
→ 0 as n→∞.

Conversely, suppose that for each t > 0, φ
(
Υr
n(zj)−Υr

n(z), t
)
→ 1 and ψ

(
Υr
n(zj)−Υr

n(z), t
)
→ 0

as n→∞. Then for each ε ∈ (0, 1), there exists k ∈ N such that 1−φ
(
Υr
n(zj)−Υr

n(z), t
)
< ε and

ψ
(
Υr
n(zj)−Υr

n(z), t
)
< ε for all n ≥ k =⇒ φ

(
Υr
n(zj)−Υr

n(z), t
)
> 1−ε and ψ

(
Υr
n(zj)−Υr

n(z), t
)
<

ε for all n ≥ k. Consider the ideal I generated by the set {n ∈ N : n < k}, implies that the collection
of sets generated by the set {n ∈ N : n ≥ k} belongs to F(I). Thus {n ∈ N : φ

(
Υr
n(zj)−Υr

n(z), t
)
>

1− ε or φ
(
Υr
n(zj)−Υr

n(z), t
)
< ε
}
∈ F(I) =⇒ (zj) ∈ BIz

(
r, ε
)
(Υr

n) for all n ≥ k. Hence, zj → z
as j →∞. �

Theorem 3.8. Let z = (zk) ∈ cI(φ,ψ)(Υ
r). Then for some l ∈ C, zk

I(φ,ψ)(Υ
r)

−−−−−−−→ l if and only if for

every ε ∈ (0, 1) and t > 0, there exist positive integers N = N (z, ε, t) such that{
N ∈ N : φ

(
Υr
N (z)− l, t

2

)
> 1− ε or ψ

(
Υr
N (z)− l, t

2

)
< ε
}
∈ F(I).

P r o o f. Suppose zk
I(φ,ψ)(Υ

r)
−−−−−−−→ l for some l ∈ C. For given ε ∈ (0, 1), there exists r ∈ (0, 1) such

that (1− ε) ∗ (1− ε) > 1− r and ε � ε < r. Since zk
I(φ,ψ)(Υ

r)
−−−−−−−→ l, for all t > 0,

X =
{
n ∈ N : φ

(
Υr
n(z)− l, t

2

)
≤ 1− ε or ψ

(
Υr
n(z)− l, t

2

)
≥ ε
}
∈ I;

which implies that

X c =
{
n ∈ N : φ

(
Υr
n(z)− l, t

2

)
> 1− ε or ψ

(
Υr
n(z)− l, t

2

)
< ε
}
∈ F(I).

Conversely, let us choose N ∈X c. Then

φ
(

Υr
N (z)− l, t

2

)
> 1− ε or ψ

(
Υr
N (z)− l, t

2

)
< ε.

We show the existence of a positive integer N = N (z, ε, t) such that

P =
{
n ∈ N : φ

(
Υr
n(z)−Υr

N (z), t
)
≤ 1− r or ψ

(
Υr
n(z)−Υr

N (z), t
)
≥ r
}
∈ I.

We shall show that P ⊆ X . On the contrary, let P * X , i.e., there exists n ∈ P such that
n /∈X . Then

φ
(
Υr
n(z)−Υr

N (z), t
)
≤ 1− r and φ

(
Υr
n(z)− l, t

2

)
> 1− ε.

Particularly,

φ
(

Υr
N (z)− l, t

2

)
> 1− ε.
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Therefore, we have

1− r ≥ φ
(
Υr
n(z)−Υr

N (z), t
)

≥ φ
(

Υr
n(z)− l, t

2

)
∗ φ
(

Υr
N (z)− l, t

2

)
≥ (1− ε) ∗ (1− ε) > 1− r

which is a contradiction. Similarly,

ψ
(
Υr
n(z)−Υr

N (z), t
)
≥ r and ψ

(
Υr
n(z)− l, t

)
< ε.

Particularly,

ψ
(

Υr
N (z)− l, t

2

)
< ε.

Therefore,

r ≤ ψ
(
Υr
n(z)−Υr

N (z), t
)

≤ ψ
(

Υr
n(z)− l, t

2

)
� ψ
(

Υr
N (z)− l, t

2

)
≤ ε � ε < r,

which is again a contradiction. Hence, P ⊆X and since X ∈ I, implies P ∈ I. �

Definition 12. A non-empty set S ⊂ cI(φ,ψ)(Υ
r) is compact if every open cover of S defined by

the open set of τI(φ,ψ)(Υ
r) has a finite subcover.

Theorem 3.9. Every finite subset S of cI(φ,ψ)(Υ
r) is compact.

P r o o f. Let S =
{
z1, z2, z3, . . . , zn

}
be the finite subset of cI(φ,ψ)(Υ

r). For r > 0 and 0 < ε < 1,

let us assume
{
BIz
(
r, ε
)
(Υr

n) : z ∈ S
}

is an open cover of S . Then S ⊆
⋃
z∈S

BIz
(
r, ε
)
(Υr

n).

Now for all zi ∈ S , i = 1, 2, 3, . . . n, we have zi∈
⋃
zi∈s
BIzi
(
r, ε
)
(Υr

n). That implies zi ∈ BIzj
(
r, ε
)
(Υr

n)

for some j ∈
{

1, 2, 3, . . . , n
}
. Then

{
BIzi
(
r, ε
)
(Υr

n) : i = 1, 2, 3, . . . , n
}

is a finite subcover of S . �

Theorem 3.10. A set S ⊆ cI(φ,ψ)(Υ
r) is compact iff every sequence in S has a convergent

subsequence.

P r o o f. Suppose S is a compact subset of cI(φ,ψ)(Υ
r). Let (zjk) = (zj)∞j=1 be a sequence in S . For

given 0 < ε < 1 and r > 0, let
{
BIz
(
r
3 , ε
)
(Υr

n) : z = (zk) ∈ S
}

be an open cover of S . This implies,

(zj) ∈
⋃
z∈S

{
BIz
(
r
3 , ε
)
(Υr

n)
}

. Then there exists some z = (zk) ∈ S such that (zj) ∈ BIz
(
r
3 , ε
)
(Υr

n).

Therefore, the set

X =
{
n ∈ N : φ

(
Υr
n(zj)−Υr

n(z),
fr

3

)
> 1− ε or ψ

(
Υr
n(zj)−Υr

n(z),
r

3

)
< ε
}
∈ F(I).

There exists a finite subcover
{
BIzi
(
r
3 , ε
)
(Υr

n) : zi ∈ S and i = 1, 2, 3, . . . .m
}

since S is com-

pact such that S ⊆
m⋃
i=1

BIzi
(
r
3 , ε
)
(Υr

n). Let (zjp) be a subsequence of (zj). Then (zjp) ∈
m⋃
i=1

BIzi
(
r
3 , ε
)
(Υr

n), implies (zjp) ∈ BIzi
(
r
3 , ε
)
(Υr

n), for some zi ∈ S . Therefore, the set

Y =
{
n ∈ N : φ

(
Υr
n(zjp)−Υr

n(zi),
r

3

)
> 1− ε or ψ

(
Υr
n(zjp)−Υr

n(zi),
r

3

)
< ε
}
∈ F(I).
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For n ∈X ∩ Y ,

φ
(

Υr
n(zjp)−Υr

n(z), r
)
≥ φ

(
Υr
n(zjp)−Υr

n(zi),
r

3

)
∗ φ
(

Υr
n(zj)−Υr

n(zi),
r

3

)
∗ φ
(

Υr
n(zj)−Υr

n(z),
r

3

)
> (1− ε) ∗ (1− ε) ∗ (1− ε) = (1− ε).

Simultaneously,

ψ
(

Υr
n(zjp)−Υr

n(z), r
)
≤ ψ

(
Υr
n(zjp)−Υr

n(zi),
r

3

)
� ψ
(

Υr
n(zj)−Υr

n(zi),
r

3

)
� ψ
(

Υr
n(zj)−Υr

n(z),
r

3

)
< ε � ε � ε = ε.

Take ε = 1
n . Then

lim
n→∞

φ
(

Υr
n(zjp)−Υr

n(z), r
)

= lim
n→∞

1− 1

n
= 1 and lim

n→∞
ψ
(

Υr
n(zjp)−Υr

n(z), r
)

= lim
n→∞

1

n
= 0.

Thus by theorem (3.7), zjp → z, as p → ∞. Conversely, suppose (zjp) be the subsequence of a
sequence (zj) in S such that (zjp) → z in S . Let on contrary S is not a compact subset of
cI(φ,ψ)(Υ

r). Let
{
BIz
(
r
3 , ε
)
(Υr

n) : x ∈ S
}

be an open cover of S implies S ⊆
⋃
z∈S

{
BIz
(
r
3 , ε
)
(Υr

n).

Therefore, the set{
n ∈ N : φ

(
Υr
n(zj)−Υr

n(z), r
)
> 1− ε or ψ

(
Υr
n(zj)−Υr

n(z), r
)
< ε
}
∈ F(I).

Since S is not compact, there exists a finite subcover
{
BIzi(r, ε)(Υ

r
n) : zi ∈ S, i = 1, 2, 3 . . . ,m

}
such that S *

⋃
zi∈S

BIzi
(
r, ε
)
(Υr

n), which implies that the set{
n ∈ N : φ

(
Υr
n(zjp)−Υr

n(zi), r
)
> 1− ε or ψ

(
Υr
n(zjp)−Υr

n(zi), r
)
< ε
}
/∈ F(I)

=⇒ for any 0 < ε < 1 and r > 0, (zjp) /∈ BIz (r, ε). Hence, (zjp) 9 z, which is a contradiction.
Hence, S is compact. �

Theorem 3.11. Consider the IFNS cI(φ,ψ)(Υ
r). Let r > 0 and ε, ε′ ∈ (0, 1) such that (1 − ε) ∗

(1−ε) ≥ (1−ε′) and ε�ε ≤ ε′. Then for any z = (zk) ∈ cI(φ,ψ)(Υ
r), BIz

(
r
2 , ε
)
(Υr

n) ⊆ BIz
(
r, ε′

)
(Υr

n).

P r o o f. Let q = (qk) ∈ BIz
(
r
2 , ε
)
(Υr

n) and BIq
(
r
2 , ε
)
(Υr

n) be an open ball with centre at q and radius

ε. Hence, BIz
(
r
2 , ε
)
(Υr

n) ∩ BIq
(
r
2 , ε
)
(Υr

n) 6= φ. Suppose v = (vk) ∈ BIq
(
r
2 , ε
)
(Υr

n) ∩ BIz
(
r
2 , ε
)
(Υr

n).
Then, the sets

X =
{
n ∈ N : φ

(
Υr
n(q)−Υr

n(v),
r

2

)
> 1− ε1 or ψ

(
Υr
n(q)−Υr

n(v),
r

2

)
< ε1

}
∈ F(I),

Y =
{
n ∈ N : φ

(
Υr
n(z)−Υr

n(v),
r

2

)
> 1− ε or ψ

(
Υr
n(z)−Υr

n(v),
r

2

)
< ε1

}
∈ F(I).

Consider n ∈X ∩ Y . Then

φ
(

Υr
n(z)−Υr

n(q), r
)
≥ φ

(
Υr
n(z)−Υr

n(v),
r

2

)
∗ φ
(

Υr
n(q)−Υr

n(v),
r

2

)
> (1− ε) ∗ (1− ε) ≥ (1− ε′)

and

ψ
(

Υr
n(z)−Υr

n(q), r
)
≤ ψ

(
Υr
n(z)−Υr

n(v),
r

2

)
� ψ
(

Υr
n(q)−Υr

n(v),
r

2

)
< ε � ε ≤ ε′.
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Therefore, the set{
n ∈ N : φ

(
Υr
n(z)−Υr

n(q), r
)
> 1− ε′ or ψ

(
Υr
n(z)−Υr

n(q), r
)
< ε′} ∈ F(I)

=⇒ q = (qk) ∈ BIz
(
r, ε′

)
(Υr

n).

Hence, BIz
(
r
2 , ε
)
(Υr

n) ⊆ BIz
(
r
2 , ε
′)(Υr

n). �

Theorem 3.12. Let z = (zk) ∈ ω. If there exists a sequence z′ = (z′k) ∈ cI(φ,ψ)(Υ
r) such that

Υr
n(z) = Υr

n(z′) for almost all n relative to I, then z ∈ cI(φ,ψ)(Υ
r).

P r o o f. Suppose Υr
n(z) = Υr

n(z′) for almost all n relative to I. Then{
n ∈ N : Υr

n(z) 6= Υr
n(z′)

}
∈ I. This implies

{
n ∈ N : Υr

n(z) = Υr
n(z

′
)
}
∈ F(I). Therefore, for

n ∈ F(I) for all t > 0,

φ
(

Υr
n(z)−Υr

n(z′),
t

2

)
= 1 and ψ

(
Υr
n(z)−Υr

n(z′),
t

2

)
= 0.

Since (z′k) ∈ cI(φ,ψ)(Υ
r), let I(φ,ψ)(Υ

r)- lim(z′k) = l. Then for every ε ∈ (0, 1) and t > 0,

X =
{
n ∈ N : φ

(
Υr
n(z′)− l, t

2

)
> 1− ε or ψ

(
Υr
n(z′)− l, t

2

)
< ε
}
∈ F(I).

Consider the set

Y =
{
n ∈ N : φ

(
Υr
n(z)− l, t

)
> 1− ε or ψ

(
Υr
n(z)− l, t

)
< ε
}
.

We show that X ⊂ Y . So for n ∈X , we have

φ
(

Υr
n(z)− l, t

)
≥ φ

(
Υr
n(z)−Υr

n(z′),
t

2

)
∗ φ
(

Υr
n(z′)− l, t

2

)
> 1 ∗ (1− ε) = 1− ε

and

ψ
(

Υr
n(z)− l, t

)
≤ ψ

(
Υr
n(z)−Υr

n(z′),
t

2

)
� ψ
(

Υr
n(z′)− l, t

2

)
< 0 � ε = ε.

This implies that n ∈ Y and hence, X ⊂ Y . Since X ∈ F(I), therefore, Y ∈ F(I). Hence,
z = (zk) ∈ cI(φ,ψ)(Υ

r). �

Theorem 3.13. A closed ball BIz [r, ε](Υr) is a closed set in cI(φ,ψ)(Υ
r).

P r o o f. Let y = (yk) ∈ ω be such that y ∈ BIz [r, ε](Υr). Thus there exists a sequence (yj) =

(yjk) ∈ BIz [r, ε](Υr) such that yj → y as j →∞. Thus

X =
{
n ∈ N : φ

(
Υr
n(yj)−Υr

n(z), r
)
≥ 1− ε or ψ

(
Υr
n(yj)−Υr

n(z), r
)
≤ ε
}
∈ F(I).

Since yj → z as j →∞, by Theorem 3.7, φ
(
Υr
n(yj)−Υr

n(y), r
)
→ 1 and ψ

(
Υr
n(yj)−Υr

n(y), r
)
→ 0,

for all t > 0 as n→∞. Hence, for n ∈X ,

φ
(
Υr
n(z)−Υr

n(y), t+ r
)
≥ lim
n→∞

φ
(
Υr
n(yj)−Υr

n(y), t
)
∗ φ
(
Υr
n(yj)−Υr

n(z), r
)

≥ 1 ∗ (1− ε) = 1− ε
and

ψ
(
Υr
n(z)−Υr

n(y), t+ r
)
≤ lim
n→∞

ψ
(
Υr
n(yj)−Υr

n(y), t
)
� ψ
(
Υr
n(yj)−Υr

n(z), r
)

≤ 0 � ε = ε.
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A particular k ∈ N, take t = 1
k . Then

φ
(

Υr
n(z)−Υr

n(y), r
)

= lim
k→∞

φ
(

Υr
n(z)−Υr

n(y), r +
1

k

)
≥ 1− ε

and

ψ
(

Υr
n(z)−Υr

n(y), r
)

= lim
k→∞

φ
(

Υr
n(z)−Υr

n(y), r +
1

k

)
≤ ε,

=⇒ the set
{
n ∈ N : φ

(
Υr
n(z)−Υr

n(y), r
)
≥ 1− ε or φ

(
Υr
n(z)−Υr

n(y), r
)
≤ ε
}
∈ F(I)

=⇒
y ∈ BIz [r, ε](Υr). Therefore, BIz [r, ε](Υr) is a closed set. �

Theorem 3.14. Let S be the compact subset of cI(φ,ψ)(Υ
r) such that z = (zk) /∈ S . Then there

exist two open sets U ,V in cI(φ,ψ)(Υ
r) such that S ⊆ V , z ∈ U and U ∩ V = φ.

P r o o f. Let S be a compact subset of cI(φ,ψ)(Υ
r) and z /∈ S . Then for any s ∈ S we have z 6= s.

Since cI(φ,ψ)(Υ
r) is a Hausdorff space, then for some r > 0 and 0 < ε < 1 there exist two open

balls U = BIz (r, ε)(Υr) and V = BIs (r, ε)(Υr) such that U ∩ V = φ. Consider the open cover
Vs =

{
BIs (r, ε)(Υr) : s ∈ S

}
of S and S is compact, therefore, there exists a finite subcover

Ssi =
{
BIsi(r, ε)(Υ

r) : si ∈ S and i = 1, 2, 3, . . . , j
}

such that S ⊆
j⋃
i=1

Vsi . Taking V =
j⋂
i=1

Vsi

we have z /∈ S . Hence, U ,V are open sets such that S ⊆ V and U ∩ V = φ. �

4. Conclusion

The article deploys the notion of a regular matrix implemented on an initially non-convergent
sequence to attain some finite limit. It further explores the convergence of the sequences generated
after operating the regular Jordan totient operator in the setting of intuitionistic fuzzy norm via
a collection of finite subsets of N. We formulate novel sequence spaces cI0(φ,ψ)(Υ

r), cI(φ,ψ)(Υ
r),

`I∞(φ,ψ)(Υ
r) and `∞(φ,ψ)(Υ

r) and study relations among them. Researchers’ interest can further

aim at developing function spaces with the aid of a generalized infinite operator and study their
properties.
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[37] ŠALÁT, T.—ZIMAN, M.: On some properties of I-convergence, Tatra Mt. Math. Publ. 28(2) (2004), 274–286.

[38] WILANSKY, A.: Summability through Functional Analysis. NorthHolland Mathematics Studies 85, 1984.

[39] YAYING, T.—HAZARIKA, B.: On sequence spaces defined by the domain of a regular Tribonacci matrix,
Math. Slovaca 70(3) (2020), 697–706.

453



VAKEEL A. KHAN — UMME TUBA

Received 7. 3. 2022
Accepted 27. 4. 2022

Department of Mathematics
Aligarh Muslim University

Aligarh-202002

INDIA

E-mail : vakhanmaths@gmail.com
ummetuba01@gmail.com

454


	1. Introduction
	2. Preliminaries
	3. Main results
	4. Conclusion
	REFERENCES

