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ABSTRACT. The article delves into the task of formulation of meticulous sequence spaces whose
elements’ convergence is a generalized version of the Cauchy convergence in the setting of intuitionistic
fuzzy norm. The task of attaining a finite limit is attained via an infinite matrix operator, namely,
Jordan totient operator. We discuss some topological and algebraic properties and establish some
inclusion relations between the spaces.
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1. Introduction

Researchers have been taking initiatives in proposing novel theories that suggests the conver-
gence of sequences by either operating a function or transforming it into an entirely different
sequence using a linear operator. This notion of redefining the sequences’ convergence which fail
to converge in the usual sense falls under the category of summability theory. It has proved to
be quite an indispensable tool to analyse the depths of analysis. One can perceive it as a map
with domain and codomain as set of sequences and a finite limit, respectively. The introduction
of regular summability method [38] ensures the convergence of the originally convergent sequence
to its Cauchy limit. Several authors have deployed the notion of one such naturally occuring reg-
ular summability method; regular infinite matrix, see [12,20,28//39]. For a given infinite matrix
P = (pa») and sequence spaces S, 7T, the map P: & — T defined by P(u) = > papup for all
u = (up) € S and a,b € N, is the linear transformation that acts on a sequence space to produce
some finite limit. Readers inquisitive about articles on sequences spaces and summability theory
by means of matrix transformation are advised to explore [11,/16}20,26}27].

Thereafter the introduction of fuzzy norm as a generalization of usual norm by Katsaras [19] and
Felbin [9]; Bag and Samanta [2] established the base of an even general fuzzy norm. The underlying
idea was to define a function that interprets the degree of truth of the length of a vector instead
of assuming the length to be a fixed specified scalar. Later it was Saadati and Vaezpour [32] who
improvised on the conditions of fuzzy norm. In the wake of coming up with the definition of fuzzy
norm defined in terms of degree of truth via membership function, Atanassov [1] pointed out a
shortcoming in the fuzzy norm and proposed the set be defined using an additional function named
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non-membership function which defines the degree of falsity or non-belongingess of an element in
a given set which he named as intuitionistic fuzzy set.

This introduction of a newfangled idea gave the researchers an insight into defining intuitionistic
fuzzy metric space [30] and intuitionistic fuzzy normed space [31] which ultimately led to incep-
tion of sequences’ convergence, statistical convergence [18], lacunary statistical convergence [29],
generalized ideal convergence [7| and summability method [33] in the underlying space.

One such definite matrix operator namely Jordan totient matrix operator denoted by T" was
introduced in [15] via Jordan totient J, function whose domain and codomain are N. The function
is the number of r tuples (h1, ha, ..., h,) such that 1 < h; < n and ged(hy, ho, ..., h-,n) =1. Tt is

defined as J,.(n) = n" ]I_[ 1- p% where h = p{*, p5?, ..., pp" for a > 1 is the prime decomposition
pln
of n. Thereupon the Jordan totient matrix operator denoted by Y" = (v],) is defined as:
Jr(k
. Jo(k) if k|n,
Vnk = n’ (11)
0 otherwise,

and its inverse (Y7)~! is given by

wE) .
kT oif k
(-t = gyt R (1.2)
0 otherwise,
where p is the Mobius function defined as:
0 if p?|n for some prime p,

. 7
(=1)* if n= ][] px where pgs are distinct.
k=1

Later Kara [17], Ilkhan [14] and Khan [21] used the operator to study sequence spaces and ex-
pounded certain riveting results. In the ongoing article we define sequence spaces with the help
of Jordan totient matrix operator in the setting of intuitionistic fuzzy normed spaces, study the
ideal convergence of these sequences, present compelling counter examples and study algebraic and
topological properties of these spaces.

2. Preliminaries

For two sequence spaces S, 7T and an infinite matrix P = (pni), the P transform of u = (uy) is
given by Pu = {P,(u)}22, € T, where

P (u) =ankuk, n e N.
k=1
LeEmMMA 2.1 ([38]). An infinite matriz P = (png) is reqular iff:
(i) for every n € N, there exists M > 0, such that > |pnr] < M,
k
(ii) li_>m Pk =0 for all k € N,

(iii) nl;rréo Xk:pnk =1.
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The article will employ the use of the Jordan totient infinite matrix operator Y" = (v, ) which

is defined as:
Jr (k)

vh=4 o if &f, (2.1)
0 otherwise.
Equivalently,

AR
J-(2 J-(1
A A
AR AR )

Rl e S
SR A R B A ()
6" 67 67 67

The YT transform of (ux) € w is defined as Y7, (u) := - > J,(k)ug.
DEFINITION 1 ([25]). A cluster of subsets Z of a non-empty set X is said to be an ideal in X if:

e eI,

e A BecT=AUBecZ,

e AcT,BCA=Bel

An ideal Z C 2% such that 7 # 2% is a nontrivial ideal. It transforms into an admissible ideal if
7 contains each singleton subset of X’ and into a maximal ideal if there does not exist any nontrivial
ideal J # Z such that Z C J.
DEFINITION 2 ([25]). A cluster of subsets F of a non-empty set X is said to be a filter in X if:

e 0 &7,

e ABeF=ANBeF,

e Ac Fand BD Aimply Be F.

F(I)={K C X :K° €I} is the filter associated with ideal Z. All through the paper, we take
7 as an admissible ideal in N.

DEFINITION 3 (]25]). A sequence u = (uy) € w is said to be Z-convergent to ¢ € C if for every
e >0,
{keN:|uy—c|>¢e} e (2.2)

The commonly used mathematical notation to depict the above definition of convergence is
Z-limug = c.

DEFINITION 4 ([37]). Let Z C P(N) is a non trivial ideal, for any two sequences (uy) and (v), we
say ug = v for a.a.k.r.Z if {k eN:u, # vk} el

DEFINITION 5 (]25]). A sequence u = (uy) € w is said to be Z-Cauchy if, for each ¢ > 0, there
exists a number J = J () such that the set

{keN:|uy—us|>e} el

DEFINITION 6 (|34]). A binary operation *: [0,1] x [0, 1] — [0, 1] is said to be a continuous t-norm
if:

e x is associative and commutative,
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e x is continuous,
e ax1=uqforallae€l01],
e axb < cxdwhenever a < cand b < d for each a,b,c,d € [0, 1].

DEFINITION 7 (|34]). A binary operation o: [0,1]x[0, 1] — [0, 1] is said to be a continuous t-conorm
if:

e ¢ is associative and commutative,

e ¢ is continuous,

e ao0=uaforallacl01],

e aob<codwhenever a < ¢ and b < d for each a,b,c,d € [0, 1].
DEFINITION 8 ([31]). Let X is a linear space, * & ¢ are continuous t-norm and t-conorm respec-

tively and ¢, 1) are fuzzy sets on X' x (0,00). The five-tuple (X, ¢, 1, *,0) is an intuitionistic fuzzy
normed space if for every u,v € X and s,t > 0 the following conditions hold:

o ¢(u,t) +1(ut) <1,

u,t) = 1 if and only if u =0,
au,t) = ¢(u, é) for each «a # 0,
u,t) x p(v,8) < plu+v,t+ s),
(u,-): (0,00) — [0,1] is continuous,
. tlggo d(u,t) =1 and }g% o(u,t) =0,
o Y(u,t) <1,

e ¢Y(u,t) =0 if and only if u =0,

o (au,t) =1 (u, L) for each o # 0,

o P(u,t) xY(v,8) 2 Y(u+v,t + ),

e (u,-): (0,00) — [0,1] is continuous,
. tlggo Y(u,t) =0 and tlgr(l) P(u,t) = 1.

Consequently the pair (¢, ) is called intuitionistic fuzzy norm.

DEFINITION 9 ([22]). Let (X, ¢, 1, *,0) be an IFNS. A sequence u = (uy) is said to be Z-convergent
to I € X with respect to intuitionistic fuzzy norms (¢, ), if for every € > 0 and ¢ > 0, the set

{keN:¢(up —1,t) <l —corp(ur—1,t) > e} €.

The notation Z(*¥)-limu;, = [ will be used in the article to denote the ideal convergence of the
sequence (ug) to [ with respect to the intuitionistic fuzzy norm (¢, ).

DEFINITION 10 (]29]). Let (X, ¢, 1, *,0) be an IFNS. A sequence u = (ug) is said to be Z-Cauchy
sequence with respect to (¢, 1)), if for every € > 0 and ¢ > 0, there exists N' = A (g) € N such that
the set

{kéN:d)(uk—uN,t) <1—¢or Y(ug —up,t) 25} erl.

DEFINITION 11. Let (X, ¢, 1, *,¢) be an IFNS. Then (X, ¢, v, *,0) is said to be complete if every
Cauchy sequence is convergent with respect to the intuitionistic fuzzy norm (¢, ).
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3. Main results

Through the whole of the current section we presume the ideal Z to be a nontrivial admissible
ideal of subset of N. We set out the following sequence spaces:

c@’w)(w) = {u = (ux) Ew:{neN:forsomel e C,dp(Y)(u)—1,t)<1—¢ (3.1)
V(Y (u) —1,t) > e} € I},
cgw’w(rr) = { =(uwx) Ew:{neN: ¢(Y)(u),t) <1—cor (Y (u),t) >et €L}, (3.2)
Copy(X) ={u=(u) ew:{neN: I£€(0,1),0(T)(u),t) <1-¢ (3.3)
or (Y7 (u),t) > £} € T}
loo(o)(T7) = {u=(ur) ew:{neN: 3£ (0,1), ¢(T},(u),t) >1-¢ (3.4)
or w(T (u), ) < ¢}

We bring forth the following definitions of open ball and closed ball with centre at u and radius
r > 0 with respect to parameter of fuzziness € € (0,1) as follows:

Bl(r,e)(Y")={v= () Ew:{neN:¢(Yh(u)— Yh(v),r) <1—¢ (3.5)
or (17, (u) = T),(v),7) > e} € T}
Bilr,el(Y")={v= () Ew:{neN:¢(Th(u)—Yp(v),r) <1l—¢ (3.6)

or (Y7 (u) — Y5 (v),r) > e} € I}.

THEOREM 3.1. The spaces cg(qﬁ)w)(TT) and C(I¢7w)(TT) are linear spaces.

Proof. The proof of linearity of the space cg( dm/ﬂ)(TT) can be conclusively drawn on parallels of
c(IQS,w)(TT). Given arbitrary sequences a = (ag),b = (by) € C(IQW(T’") imply existence of ag, by € C
so that (ax) and (by) Z—converge to ag and by, respectively. For ¢ > 0,0 < e < 1 and 7, € R,
consider the subsequent sets:

o ={neN:o(Th@) ao,ﬁ)gl—sori/(T;(a) O,ﬁ)Ze}eI,
o ={neN:o(Th@) ~ ao. 2(;‘) > 1~ or v(Y](a) — ao, ﬁ) <<heF@),
%= {neN:o(1,0) bo,ﬁ) <1z or o(T5(0) — bo, 2‘&') >eler,
7= {nen:o(Th0) - b0,2|>\|)>1  or (1 (a) a0,2|t>\‘) L e F@)

The set € = &/° N %° being a non-empty set lies in F(Z), so consider n € €, then
T T T t
6(Xh v+ 28) — (a0 + Mbo).£) > 6(vTh(a) ~ 7a0, 5 ) * S(NTL(E) — Abo, 7 )

= 6 (0) — a0 511 ) * 6 (X5(6) — o, )
>(1-eg)x(1—g)=1-¢

= ¢(T;('ya + Ab) — (yao + )\bo)ﬂf) >1-—¢
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and

0 (ha+20) = (yag + o). £) < ¥ (vT5(a) = 7a0, 5 ) 0 (ML) = Moo, 5 )
= 0(Th(0) — a0, ) o v (Y08) ~ bo. 575
<egve=c¢

— w(r;(ya + M) — (vao + Abo), t) <e.

Thereupon, we conclude

€ C {n eN: (b(TfL(va—i— Ab) — (yao + )\bo),t> >1- 5}

or {n eN: 1/}(1"2(7(1 D) — (yao + )\bo),t) < s}.
By employing the properties of F(Z), we have
{n e N:¢(Y](va+ Ab) — (yag + A\bg),t) > 1 —¢
or (Y7 (ya+ Ab) — (vag + Abo),t) < e} € F(Z
which implies that the sequence (yay + A\b;,) Z-converges to yag + Aby. Therefore7 (yar + Abg) €
C(I¢,1/J)(T ). Hence, C(I(bw (Y7) is a linear space. O
THEOREM 3.2. The inclusion relation cg(¢7w)(TT) C c@ﬂp)(’fr) C cfo(d),w)(Tr) holds.

Proof. The inclusion of cg(d),w)(Tr) in C(I(bﬂ/’)(TT) is pretty evident. We demonstrate that
c(I¢7w)(TT) C cfo(d),w)('rr). Consider the sequence u = (uy) € c(Id),w)(Tr). Then there exists
I € C such that Zg ) (T")-lim(ug) = [, and for every 0 < e < 1 and t > 0, the set

T t T t
X = {n eN: qS(Tn(u) -1, 5) >1—cor 1/)<Tn(u) -1, 5) < 5} e F(I).
Let ¢(1,£) = p and ¢(l,£) = ¢ where p,q € (0,1), ¢t > 0 and 0 < € < 1, there exist ¢,d € (0,1)
such that (1—¢)*p>1—cand eoq < d. So for n € 2", we have
t t
qb(T;(u),t) = ¢(T;(u) -1+ l,t) > qb(T:L(u) -1, 5) * ¢(l, 5) >(1-e)xp>1—c
and
T T T t t
B(Th (), ) = 6 (Th(w) =1+ 48) <o (Thw) 15 ) ov(1,5) < (1 —e)oq<d.
Taking h = max{c, d}, we have
{neN,3he(0,1): ¢(Y(u)—1,t) >1—hor (T, (u) —1,t) <h} € F(I)
=  u=(u)€ cfo((b,w)(TT). O
The converse of the inclusion relation does not hold. We present the following examples in
support of our claim.
Ezxzample 1. Let (R, ||.||) be a normed space equipped with supremum norm, a * b = min{a, b}

and a o b = max{a, b} for all a,b € (0,1). Consider the norms (¢,) on X2 x (0,00) as follows:

t [l
d(u,t) = and P(u,t) = .
( ¢+ ull ( ¢+ ull
Then (R, ¢,1, %, ) is a standard IFNS. Consider the sequence (uj)={ug + £} where uy # 0 € R.
The sequence (uy) distinctly lies in c(I¢ o (X7~ Cg(ab o (X7).
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Exzample 2. Let (R, ||-||) be the normed space equipped with the intutionistic fuzzy norms (¢, ¢) as
aforementioned above. Consider the sequence (uz) = sin(3). Then, (uz) € CC1>:O(¢,1ZJ)(TT>\C(I¢,’¢J)(TT)'

THEOREM 3.3. FEvery open ball with centre at z and radius r > 0 with respect to parameter of
fuzziness 0 < e < 1, i.e., BE(r,e)(Y") is an open set in c@ »(X7)-

Proof. Consider the open ball with centre at z and radius r > 0 with parameter of fuzziness
0<e<l,

BI(T e) () ={y=(y) ew: {nEN o(Yh(2) = Th(y),r) <1—e¢
or (Y (2) — Y, (y),r) > e} € I}
= BI(re)(Y}) = { (yk)ew {nGN o(Yh(2) = Th(y),r) >1—¢
(T n(y),r) <e} e F(D)}.
Consider the element y = (y;,) € BZ (r 5) . Then its corresponding set

{neN:¢(Y,(2) = Th(y),r) >1—eor (Y (z) = Yh(y),r) <e} € F(I)

For ¢(Y7(2) — Yo(y),r) > 1 —e and ¢(Y%(2) — Y5(y),r) < €, there exists ro € (0,r) such that
O(T1(2) = Th(y),r0) > 1 — e and ¥(Y7,(2) — Y1, (y), 7o) < e. Setting o = ¢(Y7,(2) — T1,(y), 7o)
we get €9 > 1 — ¢ which further concludes the existence of an element s € (0,1) such that
go0>1—s>1—¢. For agiven g9 > 1 — s, we can find e1,e5 € (0,1) such that g &7 > 1 — s and
(1 —¢p)o(1—e2) <s. Assume €3 = max{e;,e2}. Consider the open ball Bg(r — 19,1 — 53) (7).
The containment of B (r —ro,1 — e3)(T},) in BZ(r,¢)(Y},) will give us the desired result.

Let w = (wy) € Bf (r—r0,1—e3)(T7},), then {n € N: ¢(Y},(y) = T}, (w),r —ro) > &3 or (T} (y) —
Y7 (w),r —7r9) <1—es} € F(I). Therefore,

O(T7(2) = Th(w),r) = ¢(T7(2) = Y7, (y), o) * &(T(y) — T} (w),r = ro)
>egxeg >egker > (1—38)>(1—¢)
=  {neN:¢(Y,(z) = Th(w),r) >1—¢c} € F(T)
and correspondingly
P(T5(2) = Y7 (w), 7) < (Y5 (2) = Tr(y), 7o) o (T (y) — Y7 (w), 7 — 7o)
<(l—gp)o(l—e3)<(1—gp)o(l—ex)<s<e
=  {neN:¢(Y,(2) - Th(w),r) <e} € F(T)
Thus the set
{neN:¢(Yh(z) = Yh(w),r) >1—cor (Yh(z) — Th(w),r) <e} € F(I)
= Bl(r—ro,1—e3)(T}) C BE(r,e)(1)). O
Remark 1. The spaces cf, . (T") and cf, , (Y") are IFNS with respect to intuitionistic fuzzy
norms (¢, ).

Remark 2. T(¢ o1 ={a C c(¢ o (X7) « for each z = (2;) € &/, there exist r > 0 and ¢ €
(0 1) such that BZ(r, 5)(T; C «/}. Then Té ) (Y7) defines a topology on the sequence space

T7). The collection defined by B = {BI re):z€ck "),r>0and ¢ € (0,1)} is a base

T ( @) (T

for the topology T(Iqs’w)(TT) on the space ¢ (6.10) (TT)
(

THEOREM 3.4. The spaces c%((wm('rr) and c(¢ o (X") are Hausdorff spaces.
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Proof. Let v = (vg) and w = (wy) € Co(¢> ) (X7) such that v # w. Then for each n € N and
> 0, implies 0 < ¢ (T}, (v ) - (w),r) <land0<e(Yr(v) = Yh(w),r) < 1.

Putting e1 = ¢(Y7,(v) = YT (w),r), e2 = (L7 (v) = Y1 (w),r) and € = max{ey,1—e2}. Then for
each g9 > ¢, there exist €3, &4 e (O 1) buch that egxez > g and (1—e4)0(1—e4) < (1—¢g). Assigning
€5 = max{es, 4}, consider the open balls BI(l —e5,5)(Yn) and BE (1 — e, 2)(TT) centered at v
and w respectively. We demonstrate that BE (1 — 5, %) (Y5)NBL (1 — €5, %) (Tr) = ¢. If viable let
z=(2) € BE(1 —e5,5)(T7) NBE (1 — €5, 5)(T7). Then for the set {n € N} € F(Z), we have

e1 = ¢(Tn(v) — T (w),r)

> 6(Th(0) = Th(2). 5) * 6(Th() = Th(w). 5 ) (3.7)

> EpkEp > E3%E3 > €0 > €1
and
2 = ¥(T},(v) = T} (w),7)
<o (Th0) = Th(). 5 ) 0w (Th=) = Thw), 3) (3.8)
<(l-e5)0(l—e5)<(1—eq)0(l—e4) <(1—¢g)<ea.
Equation leads to contradiction.Therefore, Bf(l —¢s5, %)(T;) N ij( — €5, 2)(T’") = ¢.
Hence, the space C(Id)’ ) (T7) is a Hausdorff space. O

THEOREM 3.5. If a sequence z = (z1) € w 1is Jordan intuitionistic fuzzy T convergent then the
Ty, (X7,)-limit is unique.

Proof. Presuming the sequence z = (z;) to be Jordan intuitionistic fuzzy Z convergent with
non-identical ideal limits {; and 5. Given an ¢ € (0, 1), there exists 1 € (0,1) such that (1 —eq) *
(1—¢e1)>1—cand ey oe1 < e. Thus the sets

S {neN qb(Tr(z) Iy, ><1—€1 orw(T:L(z)—lh%)zsl}EI
= neN:o(Th() -1y, ;) >1 e or (T2 )_zl,g) <a}eF@D,
{nGN:(b(TIL(z)f[ ;) <1l-—¢g ord)(T (= )712,%) 261} el

= J°= {neN:qS(T:L(z)—lg,%) >1—¢ orw(’f (2 )—12,%) <51} e F(I)
Then .#°N .7 # ¢. Taking n € N T¢, we have
O~ 1ast) 2 6(T5(2) — b, ) 6(T5(2) — s 7 )
>(1—e)*x(l—e1)>(1—¢)
and
o —tat) <0(050) 1,2 ) 00 (Th(e) ~ oy 5)
<groel <E.
e € (0,1) being arbitrary; Iy = lo. That is Z(4 ) (Y},)-limit is unique. O

THEOREM 3.6. A sequence z = (zi) € w is Jordan intuitionistic fuzzy T convergent with respect
to intuitionistic fuzzy norms (¢, ) iff it is Jordan intuitionistic fuzzy T-Cauchy with reference to
the identical norms.
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Proof. Let z = (z;) € w is Jordan intuitionistic fuzzy Z convergent with respect to intuitionistic
fuzzy norms (¢, ) such that Z4 4 (T7,)-lim(zx) = [ and there exists e; € (0,1) such that (1 —e;)*
(I1—e1)>1—candejoe; <eforagiven e € (0,1). Thus for all ¢ > 0,

P = {n eN: ¢(T;(z) le,t) <1-¢ or w(r;(z) le,t) > 61} ez
= oo ={neN:g(T(s) —ht) > 1—eror p(Th(2) — bt) <1} € F(D).

For n € &7¢, QS(T;(Z) — ll,t) >1—¢ or w(TfL(z) — ll,t) < g1. For a particular k € ¢, we can
say
2={neN:¢(Y(z) = Ti(2),t) <1—cor (T (z) — Ti(2),t) >}
Let
ne2 = ¢(T(z) = Ti(z),t) <1—¢ or ¥(Th(z) — Ti(z),t) >e.
On the contrary, let ¢(Y7(z) — Yi(2),t) > 1 —e. Then

1—e2>¢(T(2) — Ti(z), 1)

> 6(15() ~ )+ 0(X5(2) ~ 1 5)
>(1—e)*(l—e1)>(1—¢),

which is a contradiction. Likewise, consider 1 (Y7 (2) =T} (z),t) > e such that ¢ (Y% (z)—1, £) > e;.
On the contrary, let w(Tfl(z) -1, %) < €1. Hence

e < 9(Xh(z) — TE(2).1)

< ¢(T;(z) ~1, %) ow(TZ(Z) -1 %)

<egroe <e,

which is a contradiction too. Therefore, for n € 2, we have ¢(Y7,(z)—1,t) < 1—¢1 and ¢(T7(2) —
l, t) > &1, which imply n € &2. Therefore, 2 C & and 2 € Z. Consequently the sequence z = (zy,)
is Jordan intuitionistic fuzzy Z-Cauchy with respect to norms (¢, ).

Conversely, presuppose z = (z;) is Jordan intuitionistic fuzzy Z- Cauchy with respect to the
norms (¢, 1) and is not Jordan intuitionistic fuzzy Z-convergent. As a result, there exists k € N
such that

o ={neN: (Y (2) = Ti(2),t) <1—¢c or (T (z) = Ti(2),t) >c} el

and
B={neN:¢(Th(z)—l,t) >1—corp(Y,(z)—I,t)<ec} €T
= 1—e>¢(T)(2) — Ti(2),t)
> 6(T3) ~ 1 g )+ (Th() ~ L 3)
>(l—e)*x(l—e1)>1—¢.
Simultaneously,

e <Y(T(2) — Ti(2), 1)
< w(T,ﬁ(z) -1, %) ow(T;(z) -1, %) <egroe <g,

which lead to contradiction. Therefore, # € F(Z) and hence, z = (z) is Jordan intuitionistic
fuzzy Z-convergent. ]
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THEOREM 3.7. Consider IFNS C(Z¢ »(X7) and T(Id)’w)(“f") be the topology on c(I¢7w)(TT). Let (27) =

(z:k)j:1 be a sequence in c(d)’w)('f"). The sequence 22 — z as j — oo if and only if ¢(Y7(27) —
Y7 (2),t) = 1 and (Y5 (27) — Y7 (2),t) = 0 as n — oo.
Proof. Let 2/ — z as j — o0o. Fix a designated » > 0 and 0 < £ < 1, there exists n € N such
that (27) € BZ(r,e)(Y%) for all j > k. Then,

S ={neN:¢(T;(z") = Yh(2),r) <1—eor (Th(z?) = Th(2),r) > e} €T,
or equivalently,

Yc:{neN:cﬁ(T;(zj)—Tfl(z),r)>1—50r¢(T; ),r) <e} € F(T)

For {n € N} C .7¢,¢(Y0(27) =T (2),7) > 1—e = 1—¢(Y7 (27 ) ) < e and 1/1(Tr(z7)
Y7 (z),r) < e. Therefore, for n — co, 1—¢ (Y7 (27) = Y7 (2),r) — O and w(TZ(zJ) 17 (z),r) = 0.
This implies that ¢ (Y7 (27) — Y7 (2),r) — 1 and (Y7 (27) — T7(2),r) — 0 as n — oc.
Conversely, suppose that for each t > 0, ¢(Y7(27) — Y7 (z),t) = 1 and (Y75 (27) — Y7(2),t) = 0
as n — oo. Then for each e € (0, 1), there exists k € N such that 1 — ¢(Y7(27) — T (2),t) < & and
V(Y5 (29)=T0(2),t) <eforalln > k = ¢(T5(27)=T5(2),t) > 1—eand (Y7 (27) =T (2),1) <
¢ for alln > k. Consider the ideal Z generated by the set {n € N : n < k}, implies that the collection
of sets generated by the set {n € N: n > k} belongs to F(Z). Thus {n € N: ¢(T7(2)) =17 (2),t) >
l—eor ¢(Y0(29) =0 (2),t) <e} € F(Z) = (27) € BE(r,e)(Y7) for all n > k. Hence, 27 — z
as j — o0. (Il

THEOREM 3.8. Let z = (zx) € c(I¢ w)(TT). Then for some l € C, z % [ if and only if for
every € € (0,1) and t > 0, there exist positive integers N' = N(z,¢e,t) such that

{J\/EN:Q&(T}"\[(Z) —l,%) >1—¢or w<Tj\/(z)—l,%) <€} e F(I).

Proof. Suppose z % [ for some | € C. For given € € (0,1), there exists r € (0,1) such

that (1—¢e)*x(1—¢)>1—randeoe <r. Slncezk%l for all ¢ > 0,

X = {nEN:¢<TZ(z)—l,§> <l-—¢ or w(TZ(z)—l,i) 25} €T,
which implies that

c __ . T _ E _ r _ E
e = {n EN: (;S(T”(z) l, 2) S1—¢ or ¢(Tn(z) l, 2) < e} c F(I).
Conversely, let us choose ' € 2°¢. Then
r 3 r E
¢>(TN(Z) -1, 5) >1—¢ or w(TN(z) -1, 2) <e
We show the existence of a positive integer N' = N(z,¢,t) such that
P ={neN:¢(Y(2) = Ti(2),t) <1—rorp(Y,(2) — Th(2),t) >r} L

We shall show that & C 2. On the contrary, let & ¢ 27, i.e., there exists n € & such that
n ¢ 2. Then

O(Th(z) = The(),8) <17 and  6(T5(2) — 1, g) S1-c

Particularly,
t
qs(TMZ) —1, 5) >1-e.
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Therefore, we have

1—72>¢(Th(2) = Tir(2),1)
z¢(r;(z)—z,§) m(m(z)—zé) > (l—e)s(l-g)>1—r

which is a contradiction. Similarly,

V(T (2) = Th(2),t) =r and (T} (2) —1,t) <e.

Particularly,
z/J(T}V(z) -1, %) <e.
Therefore,
r <Y (2) = Tie(2), 1)
<o(The) -1, %) o (The(z) ~ 1, %) <cos<m,
which is again a contradiction. Hence, & C 2" and since 2 € Z, implies & € T. O

DEFINITION 12. A non-empty set . C C(I¢ ) (T7) is compact if every open cover of . defined by
the open set of 7(1(15 ) (X") has a finite subcover.

THEOREM 3.9. Fuvery finite subset . of C(I¢ w(TT) is compact.

Proof. Let .7 = {zl,zg,z3,...,zn} be the finite subset of c(I(#’w)(T’"). Forr >0and 0 < e < 1,

let us assume {BZ(r,e)(Y%) : 2z € S} is an open cover of .. Then . C |J BZ(r,e)(Y).
2€S
Now for all z; € .7, i =1,2,3,...n, we have z;€ |J BZ (r,e)(Y7). That implies 2; € ij (r,e)(YT)

2;ES

for some j € {1,2,3,...,n}. Then {Bf (r,s)(T:L) 11=1,2,3,... ,n} is a finite subcover of .. O

THEOREM 3.10. A set . C C(I¢ w)(TT) is compact iff every sequence in % has a convergent
subsequence.

Proof. Suppose . is a compact subset of C(Iaﬁ,w) (Y7). Let (zi) = (#7)52, be a sequence in .. For

given0 < e < landr > 0,let {BZ(%,¢)(Yh): z=(z) € .7} be an open cover of .. This implies,

(z9) € U {B%(%.€)(Y%)}. Then there exists some z = (z;) € S such that (27) € BZ(%,e)(Yh).
z€S

Therefore, the set

2 = {n eN: qs(rg(zj) — YT (2), %) >1-¢ or w(r;(zﬂ‘) YT (2), g) < 5} € F(I).

There exists a finite subcover {Bf (%,5) (Yry: z, € Sandi = 1,2,3,... .m} since . is com-

pact such that . C | BZ (4,¢)(Y;). Let (2/*) be a subsequence of (z7). Then (z77) €
i=1

U BE (%.€)(Yy,), implies (277) € B (%,e)(Yr), for some z; € .. Therefore, the set

i=1

r

v = {n eN: ¢(T;(zﬂ'p) —Th(a)

) > 1=z or g (T5(7) = Th(z0), g) <e} e F@).

449



VAKEEL A. KHAN — UMME TUBA

Forne 2 N%,
o(Th (=) = 1)) = 6(T0() = Thz). 5 )
#0(Th(z) = Tz 5 ) +o(Th(=) = Th(2). 5)
>S(l—g)x(l—e)x(1—¢)=(1—¢2).
Simultaneously,
P (Tn () = Th(),r) < () = Th(z0), 5

ou(Th(=) = Tz, 5) 0¥ (Th() = Th(2). 3)
<eveve=c¢.

Take € = % Then

. 1 1
li_)m QS(T:L(,Z]P)—TZ(Z),T) = lim 1-—=1 and lim ¢<TT(2JP) T:l(z),r) = lim — =0.

n— 00 n n— 00 n—oo N

Thus by theorem (3.7), 2» — z, as p — oo. Conversely, suppose (z77) be the subsequence of a
sequence (27) in . such that (27r) — z in .. Let on contrary .# is not a compact subset of
(¢ o (X7). Let {BL(%,¢)(Y") : x € S} be an open cover of . implies . C zgy {BE(%,2)(Tn).

Therefore, the set
{neN:¢(Yh(z7) = Ti(2),r) >1—¢ or ¥(Y(z7)—Yp(2),7) <e} € F(T)

Since .7 is not compact, there exists a finite subcover {BZI (r,e)(Yr): 2z €8,i=1,2,3.. .,m}
such that S ¢ |J BZ (r,€)(Y%), which implies that the set
2, €S

{neN:g(Yh(z7) = Yh(2),7) >1—¢eor (Y (z77) — Yh(z),r) <e} ¢ F(T

= forany 0 <e < 1andr >0, (2/#) ¢ BL(r,e). Hence, (297) » z, which is a contradiction.
Hence, S is compact. |

THEOREM 3.11. Consider the IFNS ¢ ¢w)(TT). Let r > 0 and e, € (0,1) such that (1 —¢) *

(1—¢) > (1—¢') andeoe < €'. Then for any z = (z1) € C(I(M))( "), BE(%,e)(Yn) € BE(r,e')(YT).

(Yr) and BI ( )(TT) be an open ball with centre at ¢ and radius

Proof. Let ¢ = (qi) GBI(%, )
ze)( TT + (b Suppose v = (vx) € BE(5.)(T7) N BE(5,)(Th).

e. Hence, BX (2,5) (
Then, the sets

2 ={neN:o(Th@) = Thv),5) > 1 =1 orv(Th(a) = Th(v),5) <1} € F(T),
u = {n eN: ¢(T;;(z) YT (), g) >1—¢cor w(r;(z) YT (), g) < 51} e F(I).
Consider n € & N#. Then
6(T0(2) = Thla) ) = 6(Th(2) = Th(v), ) ( - T3 (0). )
>(1-e)x(1—-2)>(1

and
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Therefore, the set
{neN:o(T0() = Ti(@)r) > 1= or v(Th(z) = Thla)r) < '} € F(T)
= q=(a) € BI(r,)(T).
Hence, BE(5,¢)(17,) € BE(5,¢') (T). O
THEOREM 3.12. Let z = (z1,) € w. If there exists a sequence z' = (z},) € c&

(¢,9
Y7 (z) = Y0 (2') for almost all n relative to I, then z € C(I¢7¢)(TT).

y(X") such that

Proof. Suppose Y7, (z) = Y% (2') for almost all n relative to Z. Then
{n e N:TYI(z) # Y(z')} € Z. This implies {n € N: Y7 (2) = T;(z/)} € F(Z). Therefore, for
n € F(Z) for all t > 0,
r T E _ r T E _
o(Th(2) = Th(),5) =1 and  (Th() = Th(2),5) = 0.
Since (z},) € C(Id))w)('fr)7 let Z(4,4)(Y7)-lim(2;,) = I. Then for every ¢ € (0,1) and ¢ > 0,

) >1-c o (1) —z,%) <<heF@).

2 = {neN:¢(T;(z’)—z,§

Consider the set
Y = {n eEN: ¢)(T;(z) — l7t> >1—¢ or w<T2(z) — l,t) < 5}.

We show that & C . So for n € 2", we have

o(T2) — 1) 2 6(T0e) = 1), 5) o (Th ) — L 3)

2 2
>1lx(l—-eg)=1-¢

and
t t
T _ < T _ T ! _ T !/ _ _
v ()~ 1) <0 (Th(z) = Th(z), 5) o v (T0z) — 1. 5)
<0¢e=c.
This implies that n € % and hence, 2" C #. Since 2 € F(ZI), therefore, % € F(Z). Hence,
z=(z) € C(Id)’w)('fr). O

THEOREM 3.13. A closed ball BZ[r,](Y") is a closed set in c(Z¢7w)(TT).
Proof. Let y = (yx) € w be such that y € BZ[r,e](T"). Thus there exists a sequence (y’) =
(y1) € BE[r,e](Y") such that y/ — y as j — oco. Thus

2= {n e N:o(Thy) — T0)r) 21— or $(TL(y) - Th(2).r) <<} € F(D).

Since ¢/ — z as j — oo, by Theorem (Y0 (y)=Tr(y),r) = Land (Y5 (y)) = Y7 (y),r) = 0,
for all ¢ > 0 as n — oo. Hence, for n € 2,

O(T3() = Thlw).t +7) > lim 6(X507) — Y(w).1) = (Th(y7) — Th(2).7)
>1lx(l—e)=1-¢

and
B(C(2) = Thlw) t+7) < T 6 (Th(7) = Thy),t) o 6 (Th () — Th(2),7)
<0¢e=ce.
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A particular k£ € N, take t = % Then

o(Tn() — Tp).r) = lim 6(Th(z) ~ Thl)r +7) 2 1<

k
and

v (X0 = o) r) = Jim o(Y5) — a1 ) <<,

= theset {n € N: ¢(Y0(2) = Yr(y),r) >1—cor ¢(Y(z) — Yr(y),r) <e} € F(T)
—
y € BZ[r,e](YT). Therefore, BL[r,e](Y") is a closed set. O

THEOREM 3.14. Let .¥ be the compact subset of C(IWZ})(TT) such that z = (zx) ¢ #. Then there
exist two open sets U,V in c(I¢ w)(TT) such that & C ¥,z € U and %4 NV = ¢.

Proof. Let.# be a compact subset of c(I¢ »(Y7) and z ¢ .. Then for any s € . we have z # s.
Since c(I¢ w(T’”) is a Hausdorff space, then for some r > 0 and 0 < ¢ < 1 there exist two open

balls % = BZ(r,e)(Y") and ¥ = BZ(r,)(Y") such that Z N ¥ = ¢. Consider the open cover
= {BZ(r,e)(Y") : s € '} of # and .# is compact, therefore, there exists a finite subcover

S ={BL(r,e)(Y") :s; € S andi=1,2,3,...,j} such that & C U”// Taking ¥ = ﬂ%

we have z ¢ .. Hence, %, ¥ are open sets such that . C ¥ and % ﬂ ”// 0. g

4. Conclusion

The article deploys the notion of a regular matrix implemented on an initially non-convergent
sequence to attain some finite limit. It further explores the convergence of the sequences generated
after operating the regular Jordan totient operator in the setting of intuitionistic fuzzy norm via
a collection of finite subsets of N. We formulate novel sequence spaces cg( &) w)(TT') (Irb 7M(T")

EOO( .0) ( ") and Log(g,4)(T") and study relations among them. Researchers’ interest can further
aim at developing function spaces with the aid of a generalized infinite operator and study their
properties.
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