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SHARP APPROXIMATIONS FOR THE GENERALIZED
ELLIPTIC INTEGRAL OF THE FIRST KIND
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ABSTRACT. For a € (0,1/2], r € (0,1), let Kq(r) (K(r)) be the generalized (complete) elliptic
integral of the first kind. In the article, we prove some monotonicity properties of certain combination
of functions involving KCqu(7), and thus establish its two sharp inequalities, which extend and improve
some well-known results of K(r).
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1. Introduction

For real numbers a,b and ¢ with ¢ # 0,—1,—2,..., the Gaussian hypergeometric function|1}|7]
is defined by

F(a,b;e;x) = Z (azz)(:)n %,

n=0

where (a)g =1fora #0, (a), =ala+1)(a+2)...(a+n—1) =T(a+n)/I'(a) is the Pochhammer
(shifted factorial) function, and I'(z) = [t*~le™'dt (x > 0) is the Euler gamma function (cf.

0
[1,30]). If @ + b = ¢, then F(a,b;c;z) is called zero-balanced.
As a special case of the Gaussian hypergeometric function, for ¢ € (0,1) and r € (0,1), the
generalized elliptic integral of the first kind [4}/18] is defined as

{/ca = Kao(r) = 7F(a,1 — a;1;72)/2,

z € (-1,1),

- (1.1)
Ka(0) =m/2, Ko(17) = +o0.

When a = 1/2, Ky/5(r) = K(r) (cf. [2,3]) is the Legendre complete elliptic integral of the first
kind. By the symmetry of , we shall assume that a € (0,1/2] throughout this article.

Tt is well known that the above special functions F'(a, b; ¢; x) and K4 (r)(K(r)) have been widely
applied in mathematics and physics. A lot of problems in geometric function theory, theory of mean
values, number theory and theory of elasticity all depend on these functions [5\8}/11,{13}/2535.36,[38].
During the past few decades, many mathematicians have expanded a great deal of effort in studying
asymptotic properties and establishing sharp bounds for some combinations of functions involving
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F(a,b;c;x), Ko(r) and K(r). As applications, a lot of distortion estimates in quasi-conformal
mappings and analytic properties of modular functions in Ramanujan modular equation have been
derived (cf. [9,/14}[15[17,{19H22L[30H33L[37.39]).

Early at the beginning of the 20-th century, Ramanujan established the asymptotic behavior of
the zero-balanced Gaussian hypergeometric function (cf. [7: 1.48] or [12: pp. 33-34])

B(a,b)F(a,b;a + b;x) +1log(l — z) = R(a,b) + O[(1 — x)log(1l — x)] (1.2)
as x — 1, where B(a,b) = I'(a)['(b)/T'(a + b) is the beta function, R(a,b) = —I'(a)/T'(a) —
n

I'(b)/T(b) — 27y, and v = lim (Y + —logn) = 0.5772... denotes the Euler-Mascheroni constant.
Estimates for zero-balanced hypergeometric functions are given in [7] whereas the estimates for
the non-zero balanced hypergeometric functions are discussed in [23]. See also [10]. Let

™

Bla) = Bla,1 = a) = T(@)l(1 —a) = s (1.3)
and
R(a) = R(a,1—a) = Fr/((Z)) - Fr((11_5>) ~ 2y, (1.4)
Then from we obtain
B(a)F(a,1 — a; 1;2) + log(1 — z) = R(a) + O[(1 — z)log(1 — @)}, @ — 1. (1.5)

Using (1.1)—(L.5), it is not difficult to get the asymptotic formulas for generalized (complete)
elliptic integral of the first kind: for r — 1,

QICG(T) / 2 2
21 = 1-— log(1 —
sin(ra) +2logr’ = R(a) + O]( r“)log(1l — r)],
or
oR(a)/2
Kao(r) ~ sin(ra) log ( v )
and
K(r) +logr’ =log4 + O[(1 — r?) log(1 — r?)],
or

K~ tox ()

respectively. Here and in what follows we set ' = /1 — r2.
In [6: Theorem 1.48], Anderson, Vamanamurthy and Vuorinen showed that the quotient function
r— K(r)/log(4/r") is strictly decreasing from (0, 1) onto (1,7/(41og2)), from which it follows that

4 T 4
log (r’) <K(r) < TTog2 log (ﬂ) , re(0,1). (1.6)

Later, Qiu, Vamanamurthy and Vuorinen [26; Theorem 1.5] proved that r — K(r)/ loglar’+(4/r")]
is piecewise monotone on (0,1) with a = e™/2 — 4. Consequently, they obtained the following
refinement

K(r) > log (ar' + f) . re(0,1). (1.7)

Furthermore, the authors |26] pointed out that, for ¢ € (—o00,00), a is the best possible constant
such that K(r) > log (er’ +4/7") holds for all r € (0,1).
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On the other hand, in 2000, Qiu [24; Theorem 2.3] extended (1.6 to the zero-balanced Gaussian
hypergeometric function and proved that:

U og (Y < Faba b L g (2 1.8
B(a,b) Og<1—x>< (a, b0 + 7x)<R(a7b) Og(l—x) (18)

for a,b > 0 with R(a,b) > 0 and z € (0,1). Letting b=1—a and r = y/z, then from (L.1)), (L.3),
(1.4) and (1.8, we have

, g (€02 T e (€5 ) 1
sin(ma) og( r’ >< o(r) < R@) og( w ), r € (0,1). (1.9)

Motivated by , and , one of the main purposes of this paper is to find analogue
of the inequality for the generalized elliptic integral of the first kind K, (7).

For r € (0,1), let arth(r) denote the inverse of the hyperbolic tangent function. Very recently,
with the combination of the arithmetic-geometric mean and some other classical bivariate means,
Wang et al. [34f Theorems 3.5 and 4.2] proved that the function r — [4rK(r)/m — arth(r) —
3r/(2+r")]/larth(r)/2 + r/2 — 3r/(2 + 1')] is strictly increasing from (0, 1) onto (17/44,8/7 — 2).
Consequently, the following sharp inequality has been derived: for r € (0, 1),

() () (5 )]
et < (52 (B0 1Y (5 8) (20, 2 Y g

Another purpose of this paper is to extend the above result to the generalized elliptic integral
of the first kind /Co (7).
We now state our main results.

THEOREM 1.1. Leta € (0,1/2], ¢ € (—00, +0),
Ag = e™/ 1250 iy (14) — a(1 — a)7]/[2 sin(ra)]
and
F.(r) = p/efe(n)/sin(ma) _oR(@)/2 _ o2 = c (0, 1). (1.11)
Then we have the following conclusions:

(1) The function F.(r) is strictly decreasing if and only if ¢ < A4, in which case the range of
F.(r) on (0,1) is (0,e™/Rsin(ra)l _ oR(a)/2 _ ¢) " Consequently, the inequality

eR(a)/z)

T/

sin(ra) log (cr’ +

(1.12)

/

) , eTr/[2 sin(mwa)] _ c
< Ko(r) <sin(mwa)log | er' + ———
r

holds for all v € (0,1);

(2) If ¢ > A4, then there exists an o € (0,1), such that F.(r) is strictly increasing on (0,7¢9) and
strictly decreasing on (rg,1). Moreover, the inequality

R(a)/2
Kao(r) > sin(ra) log <cr' + 2 ” > (1.13)

holds for all v € (0,1) if and only if ¢ < ¢ = ™/ 2sin(ma)l _ ofi(a)/2,
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THEOREM 1.2. Let a € (0,1/2] and
2rKo(r)/m + (6a® — 6a + 1) arth(r) — 6(3a% — 3a + 1)r/(2 + ')
arth(r) —6r/(2+17) +r

Then G(r) is strictly increasing from (0,1) onto ((45a* — 90a3 + 9642 — 51a + 11)/11,
2sin(ma)/m + 6a? — 6a + 1). Consequently, the inequality

G(r) =

, re(0,1).

5w arth(r)
— 1
T a(a—1)(30? 30— 1)
45 S 90 563, 18\ 3
11 11 2+
o 45 i 90 s % 5l
2 11 11
th
< K, (r) < sin(wa) o ( )
(302 4 30— 2s1n(7ra) 3
247
94
5 <Sm(m) +6a% — 6a + 1) (1.14)
™

holds for all r € (0,1).
Remark 1. If we take a = 1/2, then the inequalities (1.13)) and reduce to and ([1.10)),

respectively.

2. Lemmas

In order to prove our main results, we shall need several formulas and lemmas which we present
in this section. First of all, for @ € (0,1) and r € (0,1), the generalized elliptic integral of the
second kind [41[18] is defined as
sin(ma)
2(1—a)’
In the particular case a = 1/2, then &, reduces to the complete elliptic integral of the second kind
E (cf. [2/7]). We also need the following derivative formulas (cf. [4; Theorem 4.1]):

K, 201 —a) (& —1"K,) déa  2(a—1) (Ko — &)

Eo = Ealr) = gF(a—Ll—a;l;rQ), Ea(0F) =2, E,(17) = (2.1)

57

dr rr’2 ’ dr r ’
d (&, — K, _ _
( r ) — 2ark,, d (Ko — &) _ 2(1 a)ré'a.
dr dr 72

LEMMA 2.1 (cf. [7; Theorem 1.25]). Let —co < a < b < o0, f,g: [a,b] = R be continuous on [a, b]
and differentiable on (a,b), and ¢'(x) # 0 on (a,b). If f'(x)/g'(x) is increasing (decreasing) on
(a,b), then so are the functions

f(z) = f(a) fx) = f(b)

g(x) —gla)”  g(x) —g(b)

If f'(z)/g (x) is strictly monotone, then the monotonicity in the conclusion is also strict.
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LEMMA 2.2 (cf. [16] or [23; Lemma 2.1]). Suppose that the power series f(x) = Y. apa™ and
n=0

g(x) = > bua™ both converge for |x| < R, and b, > 0 for alln € {0,1,2,...}. If the non-constant
n=0

sequencei{an/bn}%‘;o is increasing (decreasing), then h(x) = f(x)/g(x) is strictly increasing (de-
creasing) on (0, R).

Lemma is basically due to [16] and in this form with a general setting was stated in [23]
along with many applications which were later adopted by a number of researchers.

LEMMA 2.3. Let a € (0,1/2]. Then the following statements are true:
(1) The function ¢(r) = (Ea — 1"2K4) /1% is strictly increasing from (0,1) onto (wa/2,sin(ra)/

2(1 —a)]);

(2) The function ¢a(r) = 1"°K, is strictly decreasing from (0,1) onto (0,7/2) if and only if
¢ > 2a(1 — a). Moreover, r — /7K, is strictly decreasing for each a € (0,1/2];

(3) The function ¢3(r) = Ko/ sin(mwa) + logr’ is strictly decreasing from (0,1) onto (R(a)/2,
w/(2sin(wa)));

(4) The function ¢4(r) = [(1+ 1) sin(ra) —2(1 —a) (€, — 1"2K,)] /r2A+)E=a)/3 s strictly
decreasing from (0, 1) onto (0,2sin(ma)).

Proof. Parts (1), (2) and (3) can be found in |4 Lemmas 5.2(1), 5.4(1) and 5.5(1)].
For part (4), let ¢41(r) = (1 + %) sin(ra) — 2(1 — a) (Ea — r’QICa) and ¢yo(r) = r2(+a)2=a)/3,
Simple computations lead to that

a(r) = ﬁilﬁii 60 (17) = di2(17) = 0 (2.2)
and
Pn(r) _ 3 20 —at1)/3 G o a(l — q)p2(@>—a+1)/3
Ga(r) ~ L a)2 ) () + 20ll = a) K] es)

It is not difficult to verify that r/2(2°=a+1/3KC, is strictly decreasing on (0, 1) from part (2),
so that ¢y (r)/¢},(r) is strictly decreasing on (0,1) by (2.3). Combining with and applying
Lemma we derive that ¢4(r) is strictly decreasing on (0, 1).

Part (1) implies that ¢4(0%) = 2sin(wa), and by (2.2, and L’Hospital’s rule we get
¢4(17) = 0. Therefore, part (4) is valid. |

LEMMA 2.4. For a € (0,1/2], define ¥ on (0,1) by

o) = (1-a) (5a — r'QICa) + Sin(ﬂj)rQ [arQICa - (Sa - r’QICa)] . (2.4)

r

Then (1) is strictly increasing from (0,1) onto (ra?(1 — a)[r + sin(wa)] /4, [sin?(7a)]/[4(1 — a)]).

Proof. Let ¢1(r) = (1 —a) (€ — 7"2/Ca)2 + sin(ma)r’? [ar?Kq — (€4 — "?K,)]. Then differenti-
ating i gives

Yi(r) =2r [2a(1 — a)Kqo (Ea — 7%Ka) + (—a® + a + 1)sin(ma) (Ea — r?Ka) — asin(ra)r*k,]
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so that

oy (r) = ripy (r) — 44 (r)
= 2r2 [2a(1 —a)k, (Ea - T’ZICQ)

+ (—a® + a+ 1) sin(ma) (& — "*Ka) — aSin(wa)TQICa}

—4(1 —a) (5a — r’QICa)2 — 4sin(ma)r'? [arlea — (E'a — T/2]Ca)]
=4(1 —a) (Sa — T’/QICG) [ar2lCa — (Sa — r’lea)]

+2a(1 — a)sin(ra)r? (€, — r"*K,)

— 28111(71’0,)7“2 [arlea - (Ea — T'QIC(L)]

— 4sin(ma)r? [ar® K, — (€4 — 1°Ka)]
= 2a(1 — a) sin(ra)r?® (&, — r"*K,)

1 r?
X <41— -
a(l —a)sin(wa) | €, — r2K,
(1+r?)sin(ra) — 2(1 — a) (Ea — r"*Ka)
X 2 (1) (2—a)

- (2.5)

12 (14a)(2—a) 2 _ 2
" {7% (CLT Ka (Sa r ICQ))}}

r

Let ty(r) = r/3(1+a)(2-a) [ar?Kq — (Ea — 7"?K4)] /r*. Then from (L.I)) and (2.1 one has
Po(r) = wla*(1 — a)/4]r'%(1+a)(27a)F(1 +a,2 —a;3;1%).

Since the function x — (1 — z)¢F(a,b;c;x) with a,b,c > 0 and d € R is decreasing on (0,1) if
and only if d > max{a + b — ¢,ab/c}(cf. |27 Lemma 2.15] and also [23]), then 15(r) is strictly
decreasing on (0, 1).

Obviously,
_a*(l—a)r
B 4

Furthermore, it follows from (2.5), (2-6) together with Lemma [2.3] (1) and (4) that ¢/(r) > 0
for all » € (0,1), so that (r) is strictly increasing on (0, 1).

Using (2.6) and Lemma [2.3(1), we get

P2(07) and  92(17) = 0. (2.6)

2 .2
4+ ma*(l—a) ) _ sin“(ma)
_ 17 )= ——"~, 2.
0(0) = e sin(ra)] and w(17) = (2.7
Therefore, Lemma follows from (2.7) and the monotonicity of 1 (r). O

LEMMA 2.5. Fora € (0,1/2], define ¢ on (0,1) by

olr) = ety Slra) = A1 = @) (£ = 1PKa) /12 (28)

7,./

Then o(r) is strictly increasing from (0,1) onto (e™/125n()[sin(rra) — a(1 — a)n], +00).
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Proof. Differentiation gives

SD/(T) — esin(ra) =

Kat) 2(1 — a)(Eq — r"%Ky) lsin(ﬂ'a) —2(1—a) (& —1"K,) /7‘21

rr'2 sin(wa)

Ka(r) 41— a)r? [(Ea — 1%Kq) — ar’Ky] + r? [r?sin(ra) — 2(1 — a)(E, — r2K,)]
gsintra
7373

Ka(r)
. e@sin(ra) 47 9 9 9
- M{r [sin(ma)]” —4(1 — a)* (&, — r"*Ka)

—4(1 = a) sin(ra)r’ [ar’Ka — (Ea — 1K) ] }

T[Sin(ﬂa)]eg‘?’(’?) [1 _ 4(1—a) w(r):| , (2.9)

r’3 [sin(ma)]?

where ¢ (r), defined in (2.4), is strictly increasing on (0, 1).
By (L), (2.1) and Lemma 2.3 (1), (3) together with L’'Hospital’s rule, we obtain that

©(01) = e [sin(ma) — a(1 — a)7] (2.10)
and
Ka(r) / sin(ma) — 2(1 — a) (&, — r'?KC,) /r?
p(17) = lim emtra 787 Jim (ma) — X ,)2( )/
r=1- r—=1- r
o 2o — (Ea — 1K,
—2(1—a)e™® lim & (4 L N (2.11)
r—=1- r

Therefore, Lemma [2.5] follows from (2.10)), (2.11)) and the monotonicity of ¢(r). O

LEMMA 2.6. Fora € (0,1/2], define the function h on (0,1) by

h(r)
_ r?la(1-2a)r?*(E.—1""Ka) — (a® —2a + 2)r*(Ka—&a)—a’(1-2a)r*Kaq + 2(Ka —Ea) —2(1—a)r?&,]
B r2[(1—a)r2€a—a(l1—2a)r2(Ea—1"2Ka) =12 (Ko — Ea)]

Then h(r) is strictly decreasing from (0,1) onto (0,a(1 — a)(7a® — Ta + 4)/[3(5a% — 5a + 2)]).

Proof. Let
hi(r) = r"?[a(l = 2a)r* (€, — r°Ka) — (a* = 2a + 2)r* (K — &,)
—a*(1=2a)r" Ko +2 (Ko — Ea) — 2(1 — a)r?&,]

and
ho(r) = r2[(1 — a)r?&, — a(l — 2a)r* (€, — 1%Kq) — 1" (Ko — &4) |
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Then h(r) = hq(r)/ha(r) and tedious computations lead to that

7h1( ) /2|:Z a2(1_2a)(a’)n(1 - ’ﬂ 2n+4+z a’ _2a+2i( ) (1_a)n+1r2n+4

0 (n+1)(nh)? )(n!)2

o~ —a%(1—2a)(a), (1 — )nr2n+4 - MT%”
+n§::o (n1)? +n§ (n + 1)(n!)2
N i —2(1—a)(a —21)”(1 - a)nr2n+2]

— (n!)

— 2 [i a2(1 —2a)(@)n(1 —a)n p2ntd Z a - 2a + Qi( a)n(l = a)ni1 p2ntd

2Tt Dl )(n))?

> 1_201 ) (1_ n 277, 4 Cl —2a+n+2)( ) ( _a)" 1 2n
D E ' *Z TR TR
1= [a?(1 = 2a)(a), 1—a) —(a® = 2a+2)(a)n(1 — a)ni1
Z{ n+1 N CEDCI
a?(1 — 2a)(a), (l—a)n 2(a? —2a+n+2)(a)n(1 — a)ni1 20
- (n!)? " OO C) A

_ia 1—a n[2(a® —a+ 1)n + 5a? — 5a + 2] J2n+d

(n+2)(n+ )n[(n — D2

n=1

SLCHLET COEPER P, B
-2 (n+2)(n + Dnf(n — D12 h

n=0
- a)n 2 2 4 3 2

2(a” — 1 2(a™ —2 6a” — 5 1
nZ% nT3) n+2)(n+1)(n!)2[ (a®* —a+1)n"+2(a a” + 6a a+1)n

—a(1l —a)(7a® — Ta + 4)} p2nto

and
2 = a(a)n(l—a)y, [2(a®> —a+1)n+5a*> —ba+2| ,.
21 _T; (n+2)(n+ 1)(n!)2 e
Then
S Arn
h(r) = Zlg:; = -2 : (2.12)
n2=:0 Bnr !
where
_ ala),(l —a),
" (n+3)(n+2)(n+1)(n!)?
x [2(a® — a+ 1)n* +2(a* — 2a® 4 6a® — 5a + 1)n — a(1 — a)(Ta® — Ta + 4)]
and

a(a)n(l —a)y [2(a® —a+ 1)n + 5a® — 5a + 2]

Bn = (n+2)(n + 1)(n))2

>0
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for all n € N. Let C,, = A,,/B,, one has

2(a? —a+1)n? 4+ 2(a* — 2a® + 6a® — 5a + 1)n — a(1 — a)(7a® — Ta + 4)

Cn = [2(a® —a+1)n+5a% —5a+ 2] (n+ 3)

and
(a+1)(2—-a)
2(a2 —a+1)n+7a® — Ta+4][2(a? —a + 1)n + 5a2 — 5a + 2] (n + 3)(n + 4)
x {2[(2a® — 2a + 3)n + (16a® — 16a + 9)] (a* — a + 1)n + 61a* — 122a® + 113a* — 52a + 12} .

Cn+1 - Cn —

It is not difficult to verify that 61a* — 122a® + 113a% — 52a + 12 > 0 for all a € (0,1/2]. Thus,
Cpy1 — Cp > 0, ie. Oy, is strictly increasing for all n € N, and h(r) is strictly decreasing on (0,1)

by Lemma and (2.12).
Note that
Ao a(l—a)(7a® —Ta+4) _
R(OT) = -2 = h(17)=0. 2.13
(%) =-%, 3Ga? —sav2) 0 ) (2.13)
Therefore, Lemma [2.6] follows from (2.13) and the monotonicity of h(r). O

LEMMA 2.7. For a € (0,1/2] and ¢ € (—o0, +00), define g. on (0,1) by

P [(1 = a)r?Ea — a(l = 2a)r?(E, — 12 Kq) — (Ko — &4)]
o

ge(r) = ) (2.14)

Then the following statements are true:
(1) ge(r) is strictly decreasing on (0,1) if and only if ¢ > 2a(1—a)(7a? —Ta+4)/[3(5a% — 5a+2)];
(2) ge(r) is strictly increasing on (0,1) if and only if ¢ < 0.

Proof. Differentiating g. gives

, 2 (1 —a)r?€ — a(l = 2a)r? (&, — 1Kq) — 7 (Ko — &4)]
gc(r) = r3

where h(r) is defined in Lemma The proof of Lemma shows that the function r

(1—a)r?& —a(l —2a)r? (&, — r"?K,) — "2 (K4 — &,) is positive on (0,1). Combining with (2.15),

we obtain that g.(r) < 0 for r € (0,1) if and only if ¢ > 2a(1 — a)(7a® — Ta + 4)/[3(5a® — ba + 2)],

and g.(r) > 0 for r € (0,1) if and only if ¢ < 0. Therefore, Lemma [2.7] follows. O

2n(r) — ¢,  (2.15)

3. Proofs of Theorems [1.1] and 1.2l

Proof of Theorem[l Differentiating F, in (1.11) gives

— 2
Fé(r)z—gesﬁ‘?% L oy 21— a)(Ea — 1K)

2
rr! Sil’l(ﬂ'a) + 2cr
e
esxn Ta )
= e 200~ @)(E = 1K) = r2sin(ra)] + 2er

= [20— #(r) } (3.1)

sin(wa)
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where ¢(r) is defined in (2.8)). The assertion about monotonicity properties of F, in parts (1) and
(2) directly follows from (3.1) and Lemma[2.5] Employing (L)) and Lemma [2.3] (3) gives

F,(0F) = e™/@sin(ma)) _oR(a)/2 _ " F(17) = lim {esﬁﬂ((ﬂ% Hlogr' _ o #g _ cr'ﬂ =0. (3.2)

r—1-

Therefore the inequality ((1.12)) holds.

Finally, for the inequality (L.13)), according to the range of F, on (0, 1) in part (1) we conclude
that ¢ = e™/2sin(ra)l _ oR(a)/2 5 )\ for a € (0,1/2], so that F. is piecewise monotone on (0, 1).
This, together with Fe:(0%) = Fe:(17) = 0, shows that Fe:(r) > 0 for all » € (0,1). Since the
inequality

F,(r) = r'efa(n)/sin(ra) _ oR(@)/2 _ /2 5 o e (0,1)

is equivalent to (|1.13)), we see that

/

R(a)/2
Ko(r) > sin(ma) log (CST’ + 2 " >

holds for all € (0,1). Furthermore, (3.2 implies that (1.13]) holds for all » € (0,1) only if ¢ < ¢.
Until now, the optimality of ¢f follows, and the proof is completed. O

Proof of Theorem[L.2l Let

20K, (r) 5 6(3a% — 3a + 1)r
Gi(r) = - + (6a” — 6a + 1) arth(r) R ,
r
Go(r) = arth(r) — S +r,
22Ky +2(1 —a) (E, — 2K, 2 ! !
Gs(r) = [ +2(1—a)( r )]76(3a 3a+1)r(1+2r)+6a276a+1,
™ (2471)2
6r'(1 4 2r") 5
G4(T) =1- W 7'/ s
2a(1 —2a)r?K, —2(1 — a)(KCy — &, 3(3a2 —3a+1)(2+ 7
ey = 2000 200K 201~ ) K~ E) | 330”30+ D)2 177
r (24 1")
B 32417
Ge(r)=—-1+ m

Then simple computations lead to that
G(r) = Gi(r)/Ga(r),
G1(r)/Gy(r) = Gs(r)/Gal(r),
)

5(r)/Gi(r) = Gs(r)/Go(r),
G1(0%) = Go(07) = G3(0F) = G4(0F) = G5(0%) = Go(07) = 0
and
Gy(r) _ dl-a) 2@+
%_3&—3@4-1— 3r 2112 + 81 + 4
X P2 [(1 - a)r?E, —a(l - QG)Z (Ea = 1"%Ka) =1 (Ka = £4)] : (3.3)
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It is easy to check that the function 7~ 7(2 +r?)?/(21r* 4 8r2 + 4) is strictly increasing from
(0,1) onto (0,27/11), and 1/2 > 2a(1 — a)(7a® — 7a + 4)/[3(5a® — 5a + 2)] for a € (0,1/2]. Thus,

GL(r)/Gg(r) is strictly increasing on (0,1) by (3.3) and Lemma Applying Lemma [2.1] three
times, we conclude that G(r) is strictly increasing on (0, 1). Moreover,

Gi(r)  45a* — 90a® + 96a® — 5la + 11

GO0T) = 1 3.4
(07) = lim & 11 (34)
and
G(1) = lim F(a,1—a;1;7%) + (6a® — 61a + 1)F(%, 1; %;TQ) —3(3a% —3a+1)
r—1- F(§,1;§;7‘2)—2
9
_ 2sin(ma) g2 gq oy, (3.5)
T

Therefore, Theorem [L.2]follows from (3.4) and (3.5)) together with the monotonicity of G(r). O

Remark 2. (1) One of the reviewers reminded us that the function R(a) and its properties are
very important, and suggested to add its graph in the paper. In fact, it has been shown in
[27: Lemma 2.14 (2)] that a — [R(a) — log16]/(1/2 — a)? is strictly decreasing from (0,1/2] onto
(14¢(3), 0), so that inequality R(a) > 14¢(3)(1/2—a)?+log 16 > log 16 is valid for all a € (0,1/2],
and a — R(a) is also strictly decreasing from (0,1/2] onto (log 16, +00)(cf. Figure 1(a)), where
¢(x) is the Riemann zeta function. For series expansion and more asymptotic inequalities of R(a),
readers can refer to [28,29].

(2) Numerical experiment results demonstrate that for some given a € (0,1/2], our lower bound
for Ko(r) in is particularly good for 7 € (0,0.8), and the upper bounds in Theorems
and are not comparable on the whole interval (0,1). Moreover, the difference of the two sides
in (L.13) with ¢ = ¢ = e/ Rsin(ra)l _ oR(0)/2 tends to 0 as r tends to 0 or 1. For the above, see
Figure [ b)~(f) and Table[l] Here, for (a,r) € (0,1/2] x (0, 1),

) R(a)/2
Hi(a,r) = sin(ra) log ((e”/[2 sin(ma)] _ eR(“)/z) 42 > ;

7,.1

_ 15ma(a —1)(3a® — 3a — 1) arth(r)
- 22 r
45 90 63 18 3
+(—a4—|—a3—a2 ) T

11 11 n® T v

4 1
+7T(5a4—90a3+96a2—5a+1),

Hy(a,r)

2 \11 11 11 11

Hi(a, ) = sin(ma) 200 <3a _3g2_ 2Sin(m)) 3

- T 241/
94
LT (Sm(7m)+6a26a+1>
2 m
and
7/[2sin(ma)] g —a(l -
. e sin(7a) — a a)m
Hy(a,r) = sin(ra) log ( [2 Sifl(ﬂi) | o

e™/2sin(mal[sin(1a) 4 a(1 — a)7)
2sin(ma)r’ '
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FIGURE 1.
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TABLE 1. Relative errors of the approximation of Kq(r) by Ha(a,r) with a =1/4 and a =1/3

| SRR g0y, | el BT g0y,
0.1 6.02 x 1010 1.27 x 107
0.2 3.98 x 10~8 3.28 x 10~8
0.3 4.87 x 1077 3.94 x 10~7
0.4 3.01 x 107° 2.43 x 1076
0.5 1.31 x 10~° 1.06 x 10~°
0.6 4.71 x 10~° 3.79 x 10~°
0.7 1.52 x 104 1.22 x 104
0.8 483 x 1074 3.86 x 1074
0.9 1.74 x 1073 1.38 x 1073
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