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ON OBLIQUE DOMAINS OF JANOWSKI FUNCTIONS
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ABSTRACT. We investigate certain properties of tilted (oblique) domains, associated with the Janow-
ski function (1 + Az)/(1 + Bz), where A, B € C with A # B and |B| < 1. We find several bounds for
these oblique domains and also establish various subordination, radius, argument estimates involving
Janowski function with complex parameters. Moreover, some results also generalize earlier well-known
results pertaining to Janowski function.
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1. Introduction

Let #H(ID) denote the class of analytic functions defined on the open unit disk D = {z € C :
|z| < 1}. Assume Hla,n] == {f € H(D) : f(2) = a+ ap2" + ant12" ™ + ...}, where n = 1,2,...
with a € C and Hy := H[1,1]. Let A, := {f € HD) : f(2) = 2 + ant12" ™ + api22" ™2 + ...}
and A := A;. A subclass of A consisting of all univalent functions is denoted by S. We say, f
is subordinate to g, written as f < g, if f(z) = g(w(z)), where f, g are analytic functions and
w(z) is a Schwarz function. Moreover, if g is univalent, then f < g if and ouly if f(D) C g(D) and
f(0) = g(0). For —/2 < A < w/2, |23] introduced the tilted Carathéodory class by angle X as:

; 1+
Py = {p € Hi:ep(z) < T z} (1.1)

Here Py = P, the well-known Carathéodory class. A Janowski function is a bilinear transformation,

which was first investigated in [3]. Author introduced the class P(A, B), where -1 < B < A <1,
which comprises of the set of all p in H; such that

1+ Az

1+ Bz

The domain p(D), where p € P(A, B) is either a disk or a half plane, which is symmetric with
respect to positive real axis and lying in the Carathéodory portion of the complex plane. In the
present paper, we investigate much broader class, i.e., P(A, B, «), where A, B € C with |B| < 1,
A # B and 0 < a < 1, which includes the set of all p € H; satisfying

(2) < 1+ Az\°
Pz 1+Bz)
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Here the domain p(D), where p € P(A, B,1) is also either a disk or a half plane but is oblique,
i.e., neither necessarily it is symmetric with respect to positive real axis nor necessarily it is lying
in the Carathéodory portion of the complex plane, and whenever p € P(A, B, «), then p(D) is
either a squeezed disk forming a petal shaped domain or a sector. In particular, this class can give
information about various well-known classes, like S§*(A, B, «), the class of Janowski strongly
starlike functions of order a which consists all functions f € S satisfying

%fé§)< (1j:gz>a. (1.2)

Here S§*(1,—1, ) =: §§*(a), the class of strongly starlike functions of order a. And for a = 1
in , we obtain the class of Janowski starlike functions, denoted as S*(A, B), which specifically
reduces to many well-known classes such as the class of starlike functions, $*(1, —1) =: §*; the class
of starlike functions of order a, $*(1 — 2a, —1) =: S*(«) (0 < @ < 1). Note that analogous to all
above classes, we can also study the classes of Janowski convex functions, convex functions, convex
functions of order «, etc., by replacing zf'(z)/f(z) by 1+ zf"(2)/f'(z). Furthermore, there are
many more interesting classes, some of them are the class of starlike functions of reciprocal order
a, §*(1,2a—1) = RS (a)(0 < a < 1), the class of Uralegaddi functions M(5) := S*(1 — 28, —1)
(8 > 1) and the class of a-spirallike functions of order 3, S¥(B) := S*(e™i® (e*io‘ — 2/ cos oz) ,—1)
(—7/2 < a<w/2and 0 < < 1). From the above classes the range of A in Py, M(8) and SZ(8) is
not as given by Janowski. This motivates us to extend and study Janowski function with complex
parameters.

In the past, various authors have done subordination results for (1+ Az)/(1+ Bz), where A, B €
C with |B| < 1 and A # B (see |1,4-648]). In this paper we found various bounds and properties of
our class P(A, B, «) and also establish several subordination, radius, argument problems involving
Janowski function with complex parameters. Moreover, some results also generalize earlier well-
known results pertaining to Janowski function.

2. Basic properties of the class P(A, B, «)

In the present section, we discuss various geometric properties concerned with functions belong-
ing to P(A, B, «). We begin with the following bound estimate result.

THEOREM 2.1. Let h € Hy and A, B € C with A # B and |B| < 1. Further if

b < - (150 ) +9 (2.1)

for some 0 < a <1, vy¢€ C\ {1}, then for |z| =r < 1, we have
(i)
1 |[A—Blr

h(z) — Im(AB)r?
arg ((z) 7) —atan™! —( )r 1_ 4B 2‘, whenever |A| < 1;
— r

L=~ Re(AB)r2 — 1

‘ < asin™

(i)

|1 — ABr?| — |A— BJr a< h(z) —~ < |1 — ABr?| + |A— B|r\*
1 —|B|%r2 | 1—q |~ 1 —|B|%r2 ’
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(iii)
min{M (t1) cos(N(t1)), M (t1 + m) cos(N(t1 + 7))} < Re (W)
< max{M (t;) cos(N(t1)), M(t1 + ) cos(N(t1 + 7)) };

(iv)
min{ M (t2) sin(N (t2)), M (7 — to) sin(N (1 — t2))} < Im (h(lz)_—v'y>
< max{M (tz)sin(N(t2)), M (1 — t2) sin(N (7 — t2))},
where
M(t) = ( (u(t))? + (v(t))Q)a and N(t) = atan™! (ZEQ),
with
1 —Re(AB)r* + |A — Blrcost _ |A— Blrsint — Im(AB)r?
u(t) = 1B and v(t) = =B
Further t1 and to are the roots of
w0 ol (1) ()
e = (e ) 22
and
o0 (1)~ w0 ()
s = (e ) 23

respectively. Further, all the above bounds are sharp.

Proof. Let H(z) := ((h(z) —7)/(1 —7))=. Since h(z) # 0 and h(0) = 1, we have H € H; and
1+ Az
1+ Bz’
As A, B € C, clearly H(z) is contained in the oblique circle shown in the Figure whose radius and
center are given by R := |A— Blr/(1—|BJ*r?) and C := 1— ABr?/(1 — | B|?r?), respectively, with
angles 7(r) := tan~*(Im(AB)r?/ (Re(AB)r? — 1)) and ((r) :=sin" ' (|A — B|r?/(]1 — AB|r?)). By
taking argument estimate of and using the Figurewith the fact that circle is symmetric about
the line passing through origin and center, we obtain (i). Let |z| = r < 1 and ¢ € [0,27), we have
(h(re') —4)/(1 —~) € Q:= ((1 + A2)/(1 4+ Bz))®, which implies 99 : (C + Rel*)® := M(t)e'N(®).
To find modulus, real and imaginary parts estimate, we need the critical points. By a simple
computation, we obtain M'(t) =0 at ¢t = 7(1) = 7 and 7+ m, (M (¢) cos N(¢))’ = 0 at the roots ¢;
and t; + 7 of the equation and (M (t)sin N(t))’ = 0 at the roots to and 7 — t5 of the equation
([2-3), all these values eventually yield (ii), (iii) and (iv), respectively. O

H(z) < (2.4)

Remark 1. 1) When v = 0, we can obtain from Theorem various bound estimates for

functions in P(A, B, ).

2) By taking « = 1/2, v =0, A=1and B =0 in Theorem we have h(z) < 1+ z.
Therefore the estimates are |arg h(z)| < sin"'7/2 and V1 —7 < |h(2)| < VI+ 7. Ifr =1,
we have t; = 0 and ¢, = 27/3, which implies 0 < Reh(z) < v/2 and —0.5 < Im h(z) < 0.5.

3) Note that if w(z) = (14+ Az)/(1+ Bz), then w(0) = 1 € w(D). Thus the image domain w(D)
will always intersect real axis even if it is an oblique domain, non-symmetric with respect to
real axis.
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FIGURE 1. The image of D under (1 + Az)/(1 + Bz).

For a =1 and v = 0, Theorem reduces to the following sharp bounds:
COROLLARY 2.1.1. Let h € Hy and A,B € C with A # B, |A| <1 and |B| < 1. Further if

1+ Az
h(z) < T+ B
then for |z| = r < 1, we have
(1)
_, Im(AB)r? . 1, |[A=Bjr
h — t 1 — | < S 1 77;
argh(z) —tan = g B —1) < 1= A3

|1 — ABr?| — |A - Bjr |1 — ABr?| +|A— Blr

<|h(2)] <

1—|BJ?r2 1—|BJ?r2 ’
(i)
1 —Re(AB)r? —|A - BJr 1 —Re(AB)r? +|A - Br
< < ;
1—|B|2r2 < Reh(z) < 1—|B|2r2 ’
(iv)
B2 _ B2 (A _
Im(AB)r* + |A — Bjr < Imh(z) < Im(AB)r* — |A B|r'

B2z — 1 IB]2r2 — 1

Note that if A = ae'™™ and B = be!™™, where a > 0,0<b <1, -1 <m,n <1 and A # B, then
(1+ Az)/(1 4+ Bz) maps the unit disk onto
1-4B
1—[BJ?

@)= fwecs|o

< |1A—1§|l } (2.5)

Clearly, H(DD) represents a disk when b < 1 and a half plane when b = 1. We see that w = 0 is
an exterior or interior or boundary point of H(ID) is decided by the value of ¢ as a < 1 or a > 1
or a = 1, respectively. Therefore to investigate argument related problems of a Janowski function,
we take 0 < a < 1lor |[A—B|<|l—AB| (|B| < 1) so that w = 0 is not an interior point of H (D).
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Following are the radius and center of the disk (2.5):

R |A—B| _ \/a?+b> —2abcos((n — m)m)

1= |BP 10
oo 1—AB  1—abcos((n —m)m) + iabsin((n — m)m)
" 1-|B]2 1—b2 '

We observe that whenever the difference of m and n is same, then the corresponding R and C' also
remain same. Therefore, without lose of generality, we can fix n = 1. Accordingly, we confine our
study of Janowski function by considering

1+ Az
1—bz’
where A+b#0, Ae C,0<b<1and the class P(A,b) = {p € H1 : p(z) < (1+Az)/(1—bz)}. The
corresponding class of Janowski strongly starlike functions of order « is denoted by SS (A, b, a) =
{feS:zf'(2)/f(z) < (1+ Az)/(1 — bz))*}. As a consequence of Theorem the following

result yields an equivalence relation between half plane Janowski sector whose boundary passes
through origin and its argument bounds.

(2.6)

THEOREM 2.2. For 0 < a <1 and —1 <m < 1, then the function

h(z) = (W)a 2.7)

s analytic, univalent and convex in D with

h(D) = {wE(C:—a(l—m) Sargwga(l—i—m)g}. (2.8)

m
2

Proof. By using Theorem the function h(z) given in (2.7) satisfy

2 2

arg h(z) — atan™! (tan m) ’ < ﬂ’
which gives the desired result. O

Remark 2. 1) From the domain we have:
(h(D)Y* = {w € C: Ree™ ™/ > 0}. (2.9)
2) For 0 <a; <land 0 <as <1,if m= (g —a)/(a1 + a2) and a = (a; + as)/2 in [2.7),
then Theorem [2.2| reduces to [9; Lemma 3].
The following result generalizes Theorem [2.2] with o = 1.
THEOREM 2.3. Let h € Hy and 0 < b < 1 with b+ €™ #£0, where —1 < m < 1. Also, if
1+emmz

h(z) < b

(2.10)

then
Ree h(z) > 0, (2.11)

where A\ = tan™! < bsin (mm) )

bcos (mm) + 1
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Proof. To obtain (2.11), it suffices to show that |arg(e™*w)| < 7/2 or |argw — A| < 7/2, where
w = h(z). By using Theorem with a = 1, the function h(z) given in (2.10) satisfies
bsi imm
_, bsin(mmn) < sin-! e + b| _ ﬁ,
bcos(mm) + 1 [1+ belmm| 2

which leads to the desired result. O

arg h(z) — tan

Remark 3. 1) When b = 1, then Theorem provides sufficient condition for functions to be
in the class P_,.
2) Let |A] <1 and |B| <1 with A # B. Assume a(«a) := arg((1 + Az)/(1 + Bz))®. Then from
Theorem 2.1} we observe that max a(a;) < maxa(ay) and mina(a;) > mina(ws), whenever
0 < a1 < ap < 1. Therefore we have

14+ A2\ 14+ Az\*?
< <1).
<1+Bz) —<<1—|—Bz> O<ar<az<1)

THEOREM 2.4. Let |AJ| <1 and ‘B]| <1 (] = 1,2) with A1 75 B1 and A2 75 By. Let Cj and Rj
be the centres and radii of (1+ A;z)/(1+ B;z) = ¢,(2) (j = 1,2), respectively. Then
(i) P(A1, B1) C P(As, B2) if and only if the line segment C1Cy lies entirely in the domain ¢1 (D),
whenever |C; — Co| < Ry.
(ii) P(A1,B1) C P(Az, Bs) if and only if the line segment C1Cy does not lie entirely in the
domain ¢1(D), whenever |Chy — C3| > R;y.

The proof is skipped here, as the result is evident from the Figure

0.0 - 00
c
c1
L0.2 - 02 R1
o R g

Lo4 - L04
L06 - Los

0.4 06 08 1.0 1.2 04 06 08 1.0 1.2

FIGURE 2. The image of D under ¢;(z) (i =1,2).

We note that if P(A1, B1) C P(Az, Ba), then (14 A12)/(1+ B1z) < (1+ A22)/(1 + Baz), thus
from Theorem [2.4] we obtain the following result:
COROLLARY 2.4.1. If P(Ay, By) C P(As, By), then for 0 < a <1, we also have
1+A12 oz-< 1+A22 *
1 + Blz 1 + BQZ ’
Note that the observations made in [19] are generalized in part (2) of Remark [3| and Corol-

lary 2]
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3. Argument related results

In this section, we obtain certain subordination results using Theorem and the following

versions of the Jack’s Lemma:

LeMMA 3.1 (|11]). Let h € H[1,n]. If there exists a point zg € D such that
T
larg p(2)| < argp(zo)l = = (2] < [=0])
for some B > 0, then we have
zop'(20) _ 2k arg p(zo)
p(20) m
for some k > n(a+a=')/2 > n, where p(20)*/? = +ia, and a > 0.

LEMMA 3.2 ([13]). Let h(z) be analytic in D with h(0) =1 and h(z) # 0. If there exist two points

21,29 € D such that

—% =argh(z) < argh(z) < argh(z2) = %
for a1, a0 € (0,2] and |z| < |z1| = |22], then we have
Zlh/(Zj) _ —ial + OéQk and ZQhI(ZQ) _ ial + i k.

where

1 _
k> o] and aitamﬂ(a2 041).
1+|a| 4\ as + oy

In [18], authors have considered Janowski function with complex parameters and therefore the
corresponding Janowski disk is non-symmetric with respect to real axis. However, their findings
were based on the Janowski disk that is symmetric with respect to real axis, which is possible only
if the parameters are real in Janowski function. Therefore by eliminating this limitation, we obtain

the following result as an extension of [18; Lemma 2.17].

THEOREM 3.1. Let a € (0,1], I,m € [~1,1] and a,b,c,d € [0,1] such that ael'™ +b # 0 and

ce'™™ +d#0. Let Q € H[1,n] satisfy

1+ ael™z
.< —
Q) 1—bz
and
o 1+ cel™ 2
Qe () < T2
forpeHy. If
. 1 | 2+ d?+2cdcos(mm) . 1 | a®+ b2+ 2abcos(lr) _ am
M= sIn sin < —,
1+ c2d? + 2c¢d cos(mm) 1+ a2b? + 2ab cos(I) 2
then
Re(e™™/2p(2)) > 0,
_ _ , d sin(mm) absin(lm)
h = (tan"' A —tan"!' B th A= SNy g = GOSUT)
where 7 = (tan an )/ wi cdcos(mm) + 1 an abcos(lr) + 1

(3.1)

(3.2)

(3.3)
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Proof. From Theorem (3.1)) yields

4 2 2
arg Q(z) — tan™! (“bsm(l”) >’<sin1\/ a? + b 4 2abcos(i) (3.4)

abcos(lm) + 1 1+ a2b? + 2abcos(Im)’

Similarly, from (3.2]), we obtain

arg Q(2) + aargp(z) — tan~! (

ed sin(m) . 1 | 2+ d?+2cdcos(mm)
—————— | | <sin . (3.5)
edcos(mm) + 1 1+ c2d? + 2c¢d cos(m)

After some computations using (3.4) and (3.5)), we obtain

T [ 2 [ 2
S e < <- (= )
5 (Om (n w)) < argp(z) < 5 (M (n+ w)) (3.6)
which eventually yields
(2) < 14+e72
p{=z -2
that completes the proof. O

The next result of this section produces various corollaries and also generalizes Pommerenke’s
result [17]: Let f € A, g€ C and 0 < a < 1, then
s (1)) < e

arg <f'(2))‘ PN

9'(2) 2 9(2) 2
THEOREM 3.2. Let f,g€ A and0 < a < 1. For somem € [-1,1) and § € (0,1), let a = itan T
and |9(2)/(29'(2))| > B. If

/ 1 ipr,\ c(p1ti2)/2
f'(z) - + eHT ’ 57
g'(2) 1-z
then .
1 imm [e4
f(z) < + ™My 7 (58)
9(2) 1—=z
where
, aB(1 —|a]) cos (arg jﬁi 3
py =1+ (=1)m + = tan™" ( g()) (j=1,2) and p= 2~ F1
am 1+ |a| 4+ (=1)i+1aB(1 — |a|) sin (arg Zj%) 11+ p2

Proof. Let p(z) := f(2)/g(2). Then in view of Theorem[2.2} to prove (3.8), it is sufficient to show
—a(l —m)m/2 < argp(z) < a(l + m)7/2. On the contrary, if there exist two points 21,22 € D
such that

—a(l—m)> = argp(z1) < argp(z) < argp(z) = a(1 + m)g

2
for |z| < |21] = |22/, then by Lemma [3.2] we have
/ /
2YAY) (z1) — ok and 22 (22) = iak.
p(21) p(22)

Since p(z) = f(2)/g(z), thus we have

PE)_ (14 22 96))

ot (22) = gy g (1 222 961)

and
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For z = z1, we have

s (gtay) < o0 =m0 o (1 (o (o 55 ) w1 (s 555 ) )

aflal - 1) cos (‘arg 221

1+ |a| + aB(1 — |a]) sin (arg zfg(fzé)l>>

1

< —a(l- m)g + tan~

which contradicts (3.7]). Similarly, for z = 25, we have

o () 2 e m s (1 ioms (o (s 205 o (s 2525 ) )
aB(1 — al) cos ( arg 902) )

/
>a(l+ m)g +tan~! 29 (22)( ] ,
. g(z2
1+ |a| —aB(l —|a|)sin | ar
ol = a1 fasin (arg 222}
which again contradicts (3.7]), that completes the proof. |

If we choose g(z) = z in Theorem it reduces to the following corollary:

COROLLARY 3.2.1. Let f € A and 0 < a < 1. For somem € [-1,1), let a = itan 7. If

1_|_ei,u7'rz a(pitpz)/2
/ e —
1)< (F57) ,
then 1) )
z 14 emmz\ @
3.9
z = ( 1—2z ) ’ (39)
, 2 L, a(l—=la]) . H2 —
h =1 —1)7 —t Pt S A =1,2 dy=——.
where [, +( )m+a7r an T+ al (j ,2) and p Lt i
. _ —y a(l —af)
Further, f € S§*(B), where 5 = am + tan .
1+ |al
Proof. The subordination (3.9) holds, by using Theorem Now just to prove f € S§*(f).
Since 70
z2f'(z z
arg = arg — +arg f'(2),
fo) ~ g teEl )
using Theorem [2:2] we obtain
!
—a(l+m+ ,uﬂg < arg Z]{(S) <a(l—-m+ uz)g,
—1 a1 —af) 2f'(2) —ya(l —Jaf)
—am —tan~?! t
T an 1+|a| < arg ) < am + ta 1—|—|a| ,
which implies f € S8 (). O

Remark 4. If m = 0, then Corollary reduces to |14} Theorem 1.7].
The next corollary is a generalization of |12 Theorem 1].

COROLLARY 3.2.2. Let f € A, g €C and g € RS*(B), where 0 < 8 < 1. Suppose 0 < a <1 and

for some m € [—1,1), let a = itan . If
f/(Z) . <1+eiyﬂz>(0¢(ﬂl+ﬂ2))/2
9'(2)

9

1—=2
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then _ N
1 mmm
flz) | (LA™ ’
g(z) 1—2
2 1-— —
where pj =1 —m+ — tan™! a5 lal) (j=1,2) and p = H2— i
am L+ |a] + a(1 — |a]) P+ 2

Proof. Since g € C, from Marx-Strohhécker’s theorem, we have Re(zg'(z)/g(z)) > 1/2, which
implies that |g(z)/(z¢'(z)) — 1| < 1. Thus we obtain

m (2 ) <1 and me(2EL) s g, (3.10)
z9'(2) zg'(2)
Now using (3.10) and the methodology of Theorem the result follows at once. O

Remark 5. When we take m = 0 in Corollary then the result reduces to [12; Theorem 1].
Next result also have a wide range of applications and the result generalizes [21; Theorem 1].

THEOREM 3.3. Letp € Hy and m € [—1,1). Also, for a fized v € [0,1] and o > 0, let 8 > [o(> 0),
where By is the solution of the equation

2
aB(l—m)+ Ltan~tn =0, (3.11)
™

and for a suitable fized n > 0, let A(z) : D — C be a function satisfying
BReA(2)

1+ A TmAz) =" (312
If S
o 2/ (2)\7  [(1+e*Tz
(p(2)) <1 + A(2) o) ) = ( T ) , (3.13)
then . 5
p(z) < (W) : (3.14)

2y

where pj = af(l+ (—1)m) + —~tan"'n (j =1,2), § = 1t o and p = M2 =
7r

2 w1+ e

Proof. According to Theorem to prove (3.14), it is sufficient to show that —3(1 —m)% <
argp(z) < B(1+m)%. On the contrary if there exists two points z1, 22 € D such that

7 T
—B(l —m)5 = argp(z1) < argp(z) < argp(zz) = H(1+m)5
for |2| < |21| = |22/, then from Lemma [3.2] we have
/ /
z1p'(21) — _ikB and zap’ (22) — kB,
p(z1) p(z2)
where k£ > 1;—{2" and a = itan 7. For 2z = 21, using 1D we have
BmReA(z1)

am(@uma0+awu“ﬂ@”f>s—umrﬂm”—wmfl

p(z1) 2 1+ Bm|Im A(z1)]

<—Qwu—mg+vmrw)
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which contradicts (3.13)). Similarly, for z = 2z, we have

ByReA(z2)
1+ By[Im A(22)]

> af(1 +m)g +ytan~ ',

arg (<p<zQ>>a (1 ; A(w)'zjg”('jj;))v) > (1 +m) ] + ktan!

which also contradicts (3.13)) and this completes the proof of the theorem. O

COROLLARY 3.3.1. Let f € A, g € A and A\(z) = g(2)/(2¢'(2)), which satisfies (3.12)). Also, for
a fized v € [0,1], m € [-1,1), @ > 0 and B be as defined in (3.11). If

(5 (Fe) < (=)
/) <1 Jreim”z)ﬁ,

9(2) 1—=

where p and & are same as defined in Theorem [3.3]

then

Proof. Let p(z) = f(z)/g(z). By simple computation we have
AN/ ()\ T 2 2 (2)\”
(£0)7(20) — oy (14 2L 2O
9(2) 9'(2) 29'(2) p(z)
Hence p € H;1, thus result follows from Theorem O

COROLLARY 3.3.2. Let f € A, g € C and g € RS*(¢), where 0 < { < 1. Also, for a fized v € [0, 1],

m € [-1,1) and o > 0. If
(5) (5 < (=)

then
f(Z) 1 +eim7rz B
= )
9(2) 1—2
where 1 and § are same as defined in Theorem and B > Bo(> 0) is the solution of the equation
2
aBf(l —m)+ % tan~! % =0.

Proof. Since g € C, from Marx-Strohhécker’s theorem, we have Re(zg'(z)/g(z)) > 1/2, which
implies that |g(z)/(z¢'(z)) — 1| < 1. Thus we obtain

| Tm A(2) _'Im( 9(2) )‘ <1 and Re)\(z)—Re( 9(2) > > 8,

zg'(2) zg'(2)
which satisfies (3.12) with n = 5¢/(1+ ). Now letting p(z) = f(z)/g(z), the result follows at once,
by following the proof of Corollary [3.3.1] O
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4. Subordination results

In this section we discuss certain differential subordination implications to obtain sufficient

conditions for functions to be in §S*(A, b,7). The book [10] provides numerous results pertaining
to differential subordination and motivate authors (see [2}/7]) to establish various generalised results
on differential subordination. Here are some of the results which we need in context of our study.

LEMMA 4.1 ([10: Theorem 3.1d, p. 76]). Let h be analytic and starlike univalent in D with h(0) = 0.
If g is analytic in D and zg'(z) < h(z), then

o2) <90+ [

0

LEMMA 4.2 ([10; Theorem 3.4h, p. 132]). Let g(z) be univalent in D, ® and © be analytic in a
domain Q containing g(D) such that ®(w) # 0, when w € g(D). Now letting G(z) = z¢'(2)-®(g(z)),
h(z) = ©(g(z)) + G(2) and either h or g is convex. Further, if

() (00) | )
Rl ~Re(Seiy o) >
as well as p is analytic in D, with p(0) = ¢g(0), p(D) C Q and

O(p(2)) + 2p'(2) - 2(p(2)) < O(g(2)) + 29'(2) - 2(g(2)) := h(2),
then p < g, and g is the best dominant.

dt.

The following result gives us the sufficient condition for a function p(z) € H1 to be in SS° (A,b,7).

THEOREM 4.1. Let p(z) € H1, A€ C and 0 < b <1 with |[A] <1, A+ b # 0 and Re(1 + Ab) >
|A + b|. Further let o, are two real parameters lying in [0,1] and p,d,p and n are complex
parameters such that Re(u/n) >0, Red > 0 and Rep > 0. If

u(p(2)*(8 + pp(2)) + 12 (2) (p(2))* < h(2),
then p € 53*(14, b,v), where
(14 A\ 14+ Az\" (A+b)z
Mz) = <1bz) (“‘HW( 1 bz) +’”(1+Az)(1bz)>'
Proof. Let us choose g(2) = ((1+ Az)/(1—b2))7, ®(w) = nw*~! and O(w) = pw*(d + pw), then

clearly g € P, univalent and convex in . ®, O are analytic in a domain  containing g(D), with
®(w) # 0 when w € g(D). If G(z) = z¢'(2)P(g(z)), then

! _ —
RezG(z)Re(a+1 o 11)>a+1 a—1 1>0

G(z) 1—bz 1+Az “1+b 1+4] 7
and
D g (108 ploLpat)  S)
Re =Re| —+ > 0.
G(z) n G(z)
Thus by Lemma we obtain that p < g and g is the best dominant. O

Above result have a wide range of applications such as by taking u=1,0=1—-A,p=An= A
and p(z) = zf'(2)/f(z) in Theorem where \ € [0, 1], we obtain the following more modified
and simplified form of results in [5].
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COROLLARY 4.1.1. Let f(z) € A such that f(2)/z#0inD, Ac C and 0 <b <1 with [A] <1,
A+b#0 and Re(1 4+ Ab) > |A + b|. Suppose also that the real parameters A\, and v are such

that they lies in [0,1]. If
(F75) () <

then f € g‘/S'*(A,b, v), where

h(z) = (1 +Az>%(<1 _ iz A0+ AT b)Y +Av<A+b>Z).

1—bz 1—bz+ (1—102)2

By taking § = 1 and p = 0 in Theorem [I.I] we obtain the following result.
COROLLARY 4.1.2. Let p(z) € H1 and 0 < b < 1 with b+ ™™ # 0, where —1 < m < 1. Also let
a > —1 and if

()" + e ()0 < () (s gy ) = )

for some p,n € C such that Re(u/n) > 0, then
Ree  (p())!/7 >0,
. bsin (mm)

——————=—. And the inequality is sharp for the function p(z) defined by
beos (mm) + 1

1+eim7rz Y

Proof. By Theoremwe have p(z) < ((14+e™72)/(1—bz))Y := g(2) and g is the best dominant.
Further, by Theorem [2.3] we obtain the desired conclusion. O

where B = tan™

By taking y=1— X, a =1 and n = A in Corollary we obtain the following result.

COROLLARY 4.1.3. Let p(z) € Hy and 0 < b < 1 with b+ ™™ # 0, where —1 < m < 1. Now if
1+eimﬂ'z Y (b+eimﬂ')z
11— Azp < |— 1—-XA+ A - =h
(1= 2000+ 339/ () < (0 ) (1A d s s ) = ()
for some 0 < A<1and0 <y <1, then
Re e*iﬁ(p(z))l/7 >0,

. bsin (mm)

here 8 = tan~1! — o )
where § = tan bcos (mm) + 1

. Further the inequality is sharp for the function p(z) given by

1+eimwz v
rO=\m )

Remark 6. When m = 0 and b = 1, then Corollary reduces to the [16; Theorem 1].

In case when m =0, v =1 and A = 0.5, Corollary yields:
COROLLARY 4.1.4. Let p(z) € H1 and 0 < b < 1. Suppose

142z —b2?
/ o= T
() + 21 (2) < g
then
(2) < 142
p 1—bz
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Now the following theorem gives us the sufficient condition for a function f(z) € Gg to be in

3?9*(14, b, o), where Gg is the Silverman class first investigated in [20]. Silverman considered the
following class for 8 € (0,1],
1 1" !
o, {feA: SIUCIIE)
2f'(2)/f(2)
THEOREM 4.2. Let [A| <1 and 0<b <1 with A+b+#0 and B(1+b)*"1(1+ |A])*T! < a|A+D].
If f € Gg, then f € SS (A, b, ).

—1<Bz}.

Proof. For f € Gg, we define the function p(z) = zf'(z)/f(z). By standard calculations we

obtain that
L+2f"(2)/f'(2) | _ 2 (2)

2f'(2)/f(2) CP(2)
For f € Ss (A, b, @), it is enough to show p(z) < ((1 + Az)/(1 — b2))® := ¢(z). For if, there exist
points zg € D, ¢p € D\ {—1/A,1/b} and m > 1 such that p(|z| < |20]) C ¢(D) with p(z0) = q(s0)
and zop'(z0) = mesoq’(sp). Since

alA+ )

aso(A+b)

> = > 0.
(1+ Ao+ (1 + )1 = b ’ (1+ Ag)oF(1 — bsp)=t| = ’
Thus,
/
mq ()| 5 5 for allm > 1,
7*(s0)

or equivalently,

zop' (20)

> )

e

which contradicts f € Gg. Thus p(z) < ¢(z) and that completes proof. O

Remark 7. If « = 1 and —1 < B < A < 1 in Theorem then the result reduces to [22
Theorem 3.2, p. 9].

THEOREM 4.3. If f € Gg, then f is starlike of reciprocal order .

Proof. For f € Gg, we define the function p(z) by f(2)/(zf(2)) = a+ (1 — a)p(z). Clearly,
p € Hyand a+ (1 — a)p(z) # 0 for z € D. Now by a simple computation we obtain that

L 122/ f(2) (1= a)zp'(2).

2f'(2)/f(2)
Since f € Gg, therefore we have
(1—a)zp'(z) < B=. (4.1)
Now using Lemma leads to
p
p(z) <1+ o
which shows that 5

Ip(z) — 1] < T—a

Now using Theorem |2.1) we obtain that

f(Z) .1 ,B o
A - =|A 3 =—.
’ rg (Zf’(z) a | Argp(z)] < sin a9
Since a € [0, 1), and S € (0,1]. Therefore ¢ € (0,1], which completes our result. O

420



ON OBLIQUE DOMAINS OF JANOWSKI FUNCTIONS
5. Radius results

This section aims to find the largest radius R of a property B such that every function of a
set M has the property B in the disk D,., where r < R. First result of this section generalizes |1
Theorems 2.1 and 2.2].

THEOREM 5.1. Let v,6 € C\ {1} and A,B,C,D € C with A# B, |B| <1, D # C and |D| < 1.
If

B
<=9 (1552 +

then L ANe
@<= (g

in |z| < R, where
1
R_min{ al(A - B)(1 =) 1}
1 1 ) .
[(C=D)BA—7)a (8= 1)| + BI(1 —~)a"(AD(y — 1) + B(C(1 — 8) + D(8 — 7))
Proof. Let P and @) be functions defined as
1+ Az

P(z):(l—'y)<1+Bz>a+v and Q(z)z(l—é)(ii%i)ﬁ—kd

Further, define the function M as
1 B 1
(1-0)(1+C2)?+ (-1 +Dz)’)* —(1+Dz)a(l—7)a

B 1 1
A(L+ D2)a (1 —~)a — B((1—8)(1+ C2)f + (6 —)(1 + Dz)f)a
Replacing z by Rz so that |z| = R < 1, we obtain

M(z) = P7H(Q(2)) =

1

=_1
|M(Rz)| < T \(C*D)i(lfﬂa (6=DI|R <1
al(A=B)(1—7) @ —|(1—y) @ " (AD(y—1)+B(C—C§+D(5—)))|R
for
1
e ol(4 - B)(1 - 7)a|
= 1, 1, :
(C =D)AL =)™ (6 = D[+ B[(1 =v)a"(AD(y = 1) + B(C(1 = 8) + D(5 — 7)))|
Thus f(z) < Q(2) for |z| < min{R, 1} and this completes the proof. O

Taking v = § = 0 in the Theorem [5.1] we obtain the following corollary.

COROLLARY 5.1.1. Let A,B,C,D € C with A # B, |B| < 1, D # C and |D| < 1. Then
S§*(C,D,B) C S*(A, B,«) if and only if

B(]C — D| + |AD — BC|) < a|A - B.
In particular,
(1) for By € (0,1], we have S§* (1) C S*(A, B, ) if and only if
B(2+]A+ B|) <alA - BJ;
(2) for ay € (0,1], we have S*(C, D, ) C 8S8* (1) if and only if
B(IC + D| +|C - D|) < 2a.

Remark 8. Let ay, a2 € [0,1), A=1—-20a3,C=1—-2a3, B=D=—-1and a = =1, then the
Corollary reduces to the well-known fact that $*(ag) C S*(ay) if and only if as < .
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COROLLARY 5.1.2. Let A,B € C with A# B, |B| <1 and B2 > 0. If f € S*(A, B, ), then
(1) feM(Ba) in|z| < Rm(B2) for B > 1, where
. alA — B| .
e = min{ o5y T e o1
(2) f€RS*(B2) in|z| < Rrs-(B2) for 0 < < 1, where
. alA — B|

THEOREM 5.2. Let f(z) € A with f'(z) #0in D. Alsolet 0 < A <1 -1 < B <0, a=
0.38344486 ... and 8 > 0.61655 ... which satisfy the conditions tan™ o = (1—2«)/2 and tan™' o <

(B — a)w/2, respectively. If
@) = <1+Bz> ’ (5.3)

(5.2)

then f(z) is starlike in |z| < 7o, where

2
—(A-B)+ \/(A — B)2 +4AB (sin(a + %tan_1 a);ﬁ)

o= 2 m
2ABsin | (a+ —tan"ta)—
T 273

1s the smallest positive root of the equation

2. .\ .1 {(A=DB)x
(Oé + ; tan Oé) 5 = ﬁsm (114_8‘(32 . (55)
Proof. By Theorem the subordination (5.3)) yields that
.1 (A= B)lz|
|arg f'(2)] < Bsin 1TZAB|:E
Let p(z) = f(z)/z. We suppose that there exists a point zg, |20| = 7o < 1 such that |argp(z)| <
am/2 for |z| < ro and |arg p(zo)| = ar/2. Then by Lemma [3.1] we have
zop' (20) _ 2ik arg p(zo)
p(20) m

where k > m(a +a=1)/2 > 1, p(z0) = +ia and a > 0. Also if argp(z9) = an/2, then using (5.5)),
we have

(5.6)

: (5.7)

arg f'(z0) = arg(p(0) + 2p(20))

200 (2
= arg p(zo) + arg (1 + op'( O)>
p(20)
= % + arg(l +iak)
%3 1

> > +tan” "«

- .1 (A — B)T‘Q

= fsin (1 — ABr2 )’
which contradicts (5.6). Similar contrary conclusion will arrive for the case when argp(zg) =

—am /2. Therefore we have
z am
|mmmbagﬁyﬂ<2. (5.5)
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Now using (5.5)), (5.6) and (/5.8)), we have

arg (ZJ{;S))‘ <|arg f'(2)| +

(563

2
< <2a + Ztan~! a> E.
T 2

For f to be starlike, we must have 2a + (2tan~! «)/7 = 1, which gives a = 0.38344486... and

since
2 1 T .1 (A — B)TO
<Ol+ﬂ_tan OZ>2_5SIH (1—1487"(2) s
we have f(z) is starlike in |z| < rg, where rg is given in (5.4), that completes the proof. O
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