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ABSTRACT. Hardy-Leindler type inequalities and their converses for multiple integrals on time scales
are proved by using Fubini’s theorem and induction principle. Some generalized versions of Hardy,
Wirtinger and Leindler inequalities in both continuous and discrete cases are also derived in seek of
applications.
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1. Introduction

Mathematics and different disciplines of science use the concept of inequalities to a great extent.
The year 1934 came with a great introductory work on inequalities performed by Littlewood,
Hardy and Pdélya [8]. Since then many attempts are made for discovering new kinds of inequalities
along with their applications in mathematical analysis. Copson [7] extended Hardy’s inequalities
(continuous as well as discrete). In 1970, Leindler [10] gave an analogous proof to Copson’s discrete
inequality given in [7].

The study of dynamical systems on time scales is currently receiving considerable attention.
Although the basic aim of it is to unify the study of differential and difference systems, it also
extends these classical cases to cases “in between”. As an example, an insect populations model
can be explore as a physical example in this field from [5]. The model can be taken as continuous
function in summer season (and relatively may obey a difference design scheme with variation
in step-size), seems expired out in (say) winter season, the eggs are appeared as incubating or
inactive during this period, while they hatch in forthcoming new season and out comes is a non-
overlapping new generation. For some other physical examples of time scales, the readers may
consider |5 Example 1.39, Example 1.40] and [1].

The researchers working in the field of time scale calculus probe a lot and provided immense
contribution in dynamic inequalities of Hardy types [11H15,|1§]. Some results on integral type
inequalities due to Hardy and the discrete inequalities due to Hardy and Littlewood have been
studied in [2,|3,/16] for multiple integrals on time scales. In 2014, S. H. Saker |17] proved some
Hardy Leindler type inequalities in time scales setting for function of one variable. Moreover,
in [9], some Hardy type inequalities for nabla time scale calculus can be found for function of one
variable.
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The objective of the paper is to extend some Hardy type inequalities for function of several
variables including Leindler and Wirtinger type inequalities, which are applicable in partial differ-
ential and difference equations, harmonic analysis, approximations, number theory, optimization,
convex geometry, spectral theory of differential and difference operators.

The paper is organized as follows: In the next section we introduce some basics on theory of
time scales. In third section we prove some Hardy Leindler type inequalities for multiple integrals
on time scales, whereas last section consists of converses to Hardy-Leindler type inequalities on
time scales. Some concrete examples to check the validity of the proved results are given at the
end of the paper.

2. Preliminaries

DEFINITION 1 (Time scale). A non empty as well as closed subset of R is called a time scale,
denoted by T [5/6]. The sets R, Z, and N are some examples of time scales.

DEFINITION 2 (Classification of points, |5t Definition 1.1]). The operator o: T — T defined by
o(y1):=inf{z; € T ; z; > 71} is called forward jump operator and the operator p: T — T defined
by p(v1) :=sup{z1 € T; 21 <71} is called backward jump operator, where v; € T. A function
p: T — [0,00) is called the graininess function if u(y1) := o(y1) — 7 for 1 € T.

The point 7 satisfying o(y1) > 1 is right-scattered and called left-scattered if p(y1) < 1. The
points are called isolated if they are left-scattered and right-scattered simultaneously. Also the
point v; € T is called right-dense if 91 < sup T and o(y1) = 11 and is called left-dense if 44 > inf T
and p(71) = 1. The points that are both left-dense and right-dense are dense points.

DEFINITION 3 (rd-Continuous function, |5} Definition 1.58]). Suppose a function hq: T — R which
satisfies:

(a) hy is continuous at right dense points of T,

(b) the left hand limits exist and are finite at left dense points in T, then A4 is called rd-continuous
on T.

NoTATION ([5]). We write the notation h{(:) = hq(o(-)) for any function hy: T — R.

DEFINITION 4 (Delta differentiable function, [5: Definition 1.10]). Consider a function hy: T — R
and fix 7; € T such that A (1) exists and satisfies the property that, for given ¢ > 0, v; has a
neighborhood O with the condition,

|[h1(o(1)) = ha(S)] = i (m)[o (1) — <]l < elo() — ]
for all ¢ € O, then h; is delta differentiable at y; or h(7y;) is the (delta) derivative of h; at 7;.

PROPOSITION 2.1 (Properties of Delta Derivative). Assume hy,ha: T — R are delta differentiable
at 1 € T, then the following properties hold:

e Product Rule [5: Theorem 1.20 (iii)]: The product hiha: T — R is also differentiable at v
with

(hih2)®(m) = I (n)ha(m) + % (m)ha™ (1) = ha()ha™ (1) + S ()2 (). (2.1)
e Quotient Rule [5f Theorem 1.20 (iv)]: If ha(y1)h2(71) # 0, then % is differentiable at v
2

and

hi\ 2 h1® (71)h2 (1) — ha(y1)ha” (1)
() (n) = ha(y1)h2% (1) ' (22)
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e Chain Rule |5 Theorem 1.87]: Assume that 9: T — R is delta differentiable on T, 9: R — R
s continuous and 0: R — R is continuous as well as differentiable such that the following
holds

B> =0(9(0)9%(m), c€hom)l,  meT (2.3)

PrOPOSITION 2.2 (Delta Integrable Function, [5: Theorem 1.74]). Ewvery rd-continuous function
hi: T — R has an anti-derivative. In particular if to € T then Hy(-) defined by

t

Hq(t) = /hl(T)AT7 TeT

to
s antiderivative of hy.
ProPOSITION 2.3 (Properties of Integration).
e Scaler Multiplication, [5; Theorem 1.77 (ii)]: For ¢ > 0

b
/c@(vl)A% = c/@(qq)A'yl, v € T. (2.4)

a

e Integration by Parts Formula, |5f Theorem 1.77 (v)]: For a,b € T and 0,9 € Cyq4(T,R), the
formula for integration by parts is given by

/9 Y1) (71) Ay < [0(71)9 (1) /9A Y1)97 (1) A1, m€eT. (2.5)

The following Holder’s Inequality on time scales is given in [5; Theorem 6.13].

THEOREM 2.4. Suppose {1,0s € T and 0,9 : [(1,43] — R are rd-continuous functions, then

1
q

fIG(%)ﬂ(%)IAMS[7l9(v1)|%%} [7w<vl>|mm] . meT (26
04 41 y2

where p > 1 and ¢ =p/(p —1).

S

The following result is a time scales version of Fubini’s Theorem [4].

THEOREM 2.5. Let Ty and Ty be two time scales, hi: T1 X To — R s integrable with respect to
both time scales and if the function ©(y1) = [ hi(z1,y1)Axy exists for almost every yi € To and

Ty
Y(z1) = [ hi(z1,y1)Ayr exists for almost every 1 € Ty, then
Ta
/Afvl/hl(ﬂfbyl)Ayl :/Am/hl(iﬁ,yl)Ah- (2.7)
Tl TQ Tz Tl
NoOTATION. The following notation is used in the paper for partial delta derivative
0

——f(ha, B B) = fA% (R, B Be), 1< k< n.
Aihy,
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3. Hardy-Leindler type inequalities for multiple
integrals on time scales

In what follows, it is assumed that all the functions are non-negative and the involved integrals
exist.

THEOREM 3.1. Consider v € {1,...,n} and time scales T, for a, € [0,00)y,. Take &,: T, - Ry,
such that

A (h,) = /@(Q)AQ (3.1)

exists, where A,(c0) =0 for all .
Consider g: Ty x --- x T, = Ry such that
fir,

9(S15 -+ 5 5n)AG - Agy. (3.2)

n

hy
On(h1,. .. hy) ::/“'

Then for p > 1,
/---/&(fm---&(hnw(m(m),...,an(m)Ahn---Aﬁl

al

Spnp/.../HAf(hL) TP g (B ey i) ARy, - Al
a =1

ay

where n > 1.

Proof. Mathematical induction technique is used to prove this result. The statement is true for
n =1, see |17 Theorem 2.1].
Next assume (3.3]) holds for 1 <n < k. Now for n = k + 1, right hand side of (3.3) takes the form

/"O. ../ooljgb(m){ 70 kg1 (Bg1) @) 1 (o1 (Fa), . .. ,Uk+1(ﬁk+1))Aﬁk+1}Aﬁk NN (3.4)

ay ap41
Denote Ik+1 = f §k+1(ﬁk+1)¢£+1(01(ﬁl), ceey O’k+1(ﬁk+1))Aﬁk+1.
Ak41
Apply integration by parts (2.5) with
Oﬁffl(ﬁkﬂ) = &pr1(Mv1) ﬁzjjil(hk_i_]) = ¢§+1(01(ﬁ1), ooy 0k+1(hk+1)) and use the facts that

Okt1(h1,y ... iy aks1) =0 and Agyq1(00) = 0 to get

oo

Tp1 = / _9k+1(ﬁk+1)(¢£+1(01(hl)»-~~70k(hk)7hk+l))Ak+lAhk+1,

A1

where —0y11(Ag+1) = Aks1(hk+1). Therefore,

Iy = / Ayt (Fingr) (¢041 (01(), - - o (i), Fiks1)) 4 Al (3:5)

Ak41

Use chain rule formula (2.3) to get
[y 1(o1(fa),. .., ok(he), B )]t

o - (3.6)
- p(z)kﬂ(al(hl)’ s 7U’€(hk)vdk+l)¢k+1 (o1(ha), .-, o (hr), hrya),
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where di41 € [Agt1, 0k+1(Frr1)]. Since
o1(h1) o (k)
(bkA-I:rl(Ul(ﬁl)v'--aak(hk)vhkﬂ) = / / g(1, -5 Sky A1 )Sk - - At > 0. (3.7)

al A

Therefore, (3.7) implies
(;bkAJrkIrl (Ul(ﬁl)v [ERX] Uk(hk)a ﬁk-l—l) = ¢k(o—1(h1)7 o 7Gk(hk)7 hk+1)7 (38)

where
o1(h1) o (hy)

de(o1(hn), ..., o06(fe), hky1) = / / 9(S1s -y Sy k1) - - Acr.

aj a

Use (3.8)) and dgy1 < op41(hk+1) in (3.6) to get
[0 1 (o1(hn), ..., ok (fik), Fign)] 25

B (3.9)
< pdfii(oi(h), .. ok (Brga)dr(or(h), .. . ok (fik), Brga).
Substitute (3.9) in (3.5)) to obtain,
o p=1
A1 (het1)pr(o1(h1), - -5 o (), Bre1)€ 2y (Bat1)
Iy <p =1 310
Ak+1 ékﬁl (hk+1) ( . )
X pp (o1 (h), .. ok(hk), oxsr (Tikgr)) Abgga.
Using Holder’s inequality (2.6]) to (3.10]), one’s get
T [Aea(h i), ... on(in), ixs1)]” v b1
L Sp[ / { k1 ( k+1)¢k(g 1), 0k (Fk), k+1):| Aﬁk+1:| X [Top1] 57 (3.11)
ap41 é-lﬁljl (ﬁk‘Fl)
Simplification in (3.11) gives
Iy <p” / AL (hkga) @1 (Bn), - . ok (Tik), B )Eu 38 (Bka) ARy (3.12)
k41
Put (3.12) in (3.4) to have
/ / E1(n) - &1 (Brg1) D yq (01 (Bn), .o o1 (Fer1)) Aligyr - - - Al
ay ap41
o o (3.13)
Spp/___/fl(hl)...fk(ﬁk) / (Akg1(Tg1))P % (o1 (Fr), . . ., ok (Fike), Firegr)
a1 Ak k1
X 6é;f(ﬁk+1)Aﬁk+l s Aﬁl
Exchange the integrals &k times by using Fubini’s Theorem on right hand side of (3.13))
= [ AL ) ()
R (3.14)

X (/“’/gl(hl)"‘fk(hk)¢2(gl(hl):--~»‘7k(hk)7hk+l)Ahk"'Ahl)Aﬁk-H-
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Use induction hypothesis for ¢ (o1(f1),...,0k(Rk), igs1) instead of ¢g(o1(f),...,or(Rx)) for
fixed hgt1 € Tie1 on right hand side of (3.14]) and once again apply the Fubini’s Theorem k
times to obtain

/ / E1(hn) - Er1(Brg1) D gy (01 (Ba), ..o Ohg1 (Frg1)) Al yr - - - Al

Q41
X k41
<p<k+1)p/ / HAP i )g? (B, ... g1 ) ARy - ARy
ai Ak+1

Hence by the principle of mathematical induction, the result is true for all positive integers n. O

Remark 1. As a special case of Theorem when T; = R, (note that in this case, we have
o;(h;) = h; and h; € Ty, for all i € {1,...,n}). We have the Wirtinger type inequality,

/oo. iy /ooﬁl € (h) AP (h,) (Wm(hl, o hn)>pdhn cediy

/ /H D@8 (ha,. .. hy)dby, - - - dha,

where p > 1 and mgﬁ(hl, ooy hn) =g(hy, ..., hy). Moreover ¢(hy,...,Hh,) is differentiable
function with ¢(a,...,a,) =0.

As a particular case if &(;) = hi and p = 2, then replace upper limit of the integral by 1 to get
the following famous inequality due to Hardy (in several variables),

/.../(Mqﬁ(ﬁl,...,hn)>2dhnmdh1

¢2(h1, oo, Bn)dby, - - - dh,

n

.g

where ¢(0,...,0) =0, with the constant g as best possible.

Remark 2. Assume that T; = N, p > 1 and a; = 1 for all i = 1,...,n in Theorem
Furthermore assume that,

ST ST e T m) AN ) g (ma - mn)

mp=1:t=1

1
is convergent, then ) becomes the following discrete Leindler’s inequality for p > 1.

Z Z H§ P(m)AY(m) (AL Angn(ma, ... ,mn))?

mi1=1 mp=1:t=1
1 oo oo n

>r Z Z H ¢n m1,~--7mn))p7
where ¢, (my,...,my) is a posmve sequences with ¢,(1,...,1) = 0 and A, represents forward
difference operator with respect to m,.
THEOREM 3.2. Consider t={1,...,n} and T, be a time scales with a, €[0,00)r,. Take&,: T; >R
such that

hy
) = /§L(§L)A§L (315)
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exists and B,(00) =0 for all v. Furthermore let

on(h1,. .. hn) ::/~~~/g(cl,...,cn)A<n~~A<1 (3.16)
fi fip,

for any h, € [a,,00)r, and g: Ty x --- x T,, = Ry. Then forp>1,

oo

/H& (pn h17>hn)AhnAhl
=1

\8

(3.17)

<p / /H [BJ(h “P(h)g" (B, ... hn) ARy, - Ay
=1

Proof. We use mathematical induction method to prove the required result. For n = 1, the result
is obvious, see |17: Theorem 2.2]. Let - holds for 1 <n < k, then forn =k +1 left hand side
of (3 - takes the form,

k oo
//H&(i@)( / §k+1(ﬁk+1)tpz+1(ﬁ1,...,ﬁk+1)Aﬁk+1)Ahk..-Aﬁ1. (3.18)

Ap+1

Denote I+ = f §k+1(ﬁk+1)<p£+1(ﬁ1, ceey ﬁk+1)Aﬁk+1.

ap+41

Apply integration by parts (2.5) and use pgy1(h1, ..., A, 00) =0, Bri1(agr1) = 0 to get

T p) .
It = / —msﬁiﬂ(ﬁl, oy Ty 1) BT (e 1) Afigeg 1 (3.19)
apy1
Apply chain rule (2.3)) to find
0 1
— m@£+l(h1,...,hk+1) = —p(pz+1(h17.. hk,dlﬁq)gok_H (ﬁq,..‘,ﬁ]ﬁq), (3.20)

where diy1 € [Ag41,0%+1(figt1)]- Since

a oo o0 a oo
_ hi,...,h = [ ... I — A Agp - A
Ak+1ﬁk+1 90k+1( 1, s k+1) / /{Ak+1ﬁk+1 / g(<1, ,§k+1) §k+1} Sk S1
iy oA R
= —/"'/g(C1,~~~7§k,ﬁk+1)A§k"'ACI <o,
fi1 Tige
and dgy1 > hg41. Therefore (3.20) implies,
—[h (s T )] <l (B, i) @i (B B, (3.21)

where Wk(ﬁlr--;ﬁk—i-l) = f-~-fg(gl,...,gk,ﬁk_,_l)Agk---Agl.
ﬁl ﬁk

Use (3.21)) in (3.19) to get

o p-1
Ik+1<p/ i (g1 )i (B -y i) [t (Fegn)] P o

p—1

Yl ..o Fgyr) Ay (3.22)
41 £k+p1 (ﬁk+l)
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Apply Hélder’s inequality to (3.22)) to get
p—1

T B (g1 on(Ba, ... B P 0T
It Sp{/ { i ( le;)lk( - kﬂ)} Aﬁk+1:|p|: / Eer1 (Faq 1)l (fin, - oo g 1) Ay .

k41 gkﬁl(ﬁk+1) ap41

which results in

oo

Iip1 <pP / (B (1) )P0y (B, o Bt €t (Ben ) A g (3.23)
ap41
Put (3.23) in (3.18) to get
/ / &(fn) - Copr (Moo 1) op oy (B, oo B ) Afieyy - - Al (3.24)
ay ap41
/ /51 (fn) - & () Al . .., Al /[BZfﬁl(ﬁk+1)]p€ilf(ﬁk+1)<ﬁﬁ(ﬁ17~~7ﬁk,ﬁk+1)Aﬁk+1‘
agi1

(3.25)
Exchange the integrals k times by using Fubini’s Theorem on right hand side of (3.24) to get

oo

/ / §i(hn) -+ Gt (hes1) R (B, o Bp1) Al - - Al

ai g1
<pf / [BAt (i) P68 (Bkgn) (3.26)
Apt+1

(/ /51 fil hk)cpk(ﬁl,...,hk,hk+1)Ahk,...,Ahl)Ahk+1.

Use induction hypothesis for or(h1, ... g, hgyr) instead of pg(hy,. .., k) for some fixed A1 €
Txy1 on right hand side of (3.26|) and again apply Fubini’s Theorem k times to obtain

i 0 k+1
/ / [T &)@ (i, .. lix, s Alinyr - - Al
al A1 =1
X k+1
(k+1)P/ / H g, ;DEI p(hb)gp(h17~~-7hk+1)Ahk+1'~~AFL1.
k41
Hence statement is true for all integers n. O

Remark 3. As a special case of Theorem when T; = R; and p > 1, we have the following
integral inequality of Leindler type (for functions of several variables), note that in this case we
have

o(o1(Fn), ... on(lin)) = o(fir, ..., Fin).

Therefore,
oo oo n o0 o0 P
/---/Hgb(ﬁb)(/-~-/g(<l,...,<n)dcn~-d<1) dfip -+ dFiy
ay an 71 h1 fin
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Remark 4. Assume that Ty x Ta X --- x T, = Nx N x -+ x N in Theorem 3.2} p > 1 and a; = 1.
In this case - becomes the followmg discrete Lelndler s inequality

0o o n IS%s) oo P
Z Z Hfb(mL)( Z o Z g(k17 7k"))
mi=1 mp=1:=1 ki=m kn=mn
<p 3 3 T m) B m) g (ma o ma), p> 1,
myp=1 mp=1:=1
where B,(m,) = 7:211 & (k).

4. Converses to Hardy-Leindler type inequalities
for multiple integrals on time scales

THEOREM 4.1. Consider t={1,...,n} and T, are time scales with a, €[0,00)r,. Take &,: T, —R;

such that
cn) = [ es)as,

b

where C,(00) = 0. Furthermore assume

'l,/) ﬁl,..., / / §1,-~~,<n Agn' A§1,

where g: Ty x -+- x T,, = Ry. Then for 0 <p <1,

oo

/ /HfL VP (01 (B, 0n(Fn)) Ay - - - Aly

=1
) an‘x’ Ji (4.1)
zpnp/.../l‘[cf’(m) 1P (B) g (s -+ fin) Ay - - Afiy.

Proof. For n =1, the statement is true by [17; Theorem 2.3]. Next suppose, for 1 < n < k, the
statement holds. To observe the statement for n = k + 1, the left hand side of the inequality (4.1] .
takes the form

=1

7~ . 71_[ &(ﬁi){ 7 Sear (M) (01 (M), - Uk+1(hk+1))Ahk+1}Ahk B CE (4.2)

Afq1

Denote Iy = [ S (Mg 1) (o1 (1), - - s o1 (Bkg1)) Al y 1. Apply integration by parts

Ak+41
(2.5) with 624+ (g 1) = &y 1 (Firrr) and H(opir (fikg1)) = Vg1 (o1(n), - - o g1 (Arsr)) and use
the fact Yri1(o1(h1),. .., 0k(Ar), ax41) = 0 = Oxq1(00) to get

Iyp1 = /Ck+1(hk+l)[w£+1(01(h1)v"->Uk(hk)7hk+l)]Ak+1Ahk+l> (4.3)

k41
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where Opi1(Ars1) = — | Err1(Sk+1) A1 = —Chy1(Fk41). Also by chain rule || we have
Ak
Wr 1 (o1(ha), ..oy k() Bagn)] 25+ (4.4)
= pYl Tt (o1 (), ok (i), dip ) ) i (01 (), - ok (Fik ), B, .
where di41 € [Ag+1, 0k+1(Rrkr1)]. Since
VRt (o1 (), ok (), Frsn)
B o1(fi1) ok (fig) 5 fig 1 ( R R R (4.5)
= / / m / g§17--~,§k+1) Sk+1 Sk S1,
al ag Q41
and g1 (fk41) > dig1. Therefore (4.5) implies
o1 (h1) o (hg)
%fffl(al(ﬁl), ooy ok (hk), Bktr) = / / 9(St, -y ks A1) Ak - - - Aqy 6
2 2 (4.6)
— 1/),?_,"_6;1(0'1(}7,1), ey O'k(ﬁk), ﬁk+1) = 1/Jk(01(ﬁ1), ey O'k(ﬁk), ﬁk+1),
o1(h1) o (hr)
where Y (o1(f),...,o6(Ak), fgg1) = [ -+ [ g(st, - oy Sk A1) Ak - - - Ay
al ag
Use (4.6]) in (4.4)) together with the facts dxy1 < ogt1(hr+1), 0 <p <1 to get
{w£+1(01(ﬁ1)""»Uk(ﬁk)vﬁk+4)]Ak+l (4 7)
> ph i (o1(Fn), -y o (R ) (o1 (Br), - - o (B, B '
Use (4.7)) in (4.3) and take power p on both sides to have
III;-H
r 1 r (4.8)
>p° / Crtr () 1 (01 (M), - orr (1) )k (o1 (), - - ok (B, Fikg1)) Afgegr |
A1
Apply Hélder’s inequality (2.6)) on the term
x p
[ / (CF oy ()W (01 (), - ,0k+1(ﬁk+1))¢5(01(ﬁ1)w~7Uk(hk)ahk+1))%Ahk+1}
a1
with indices ¢ = % >1and h= ﬁ, and note that % + + =1, where ¢ > 1. Choose
o(h) Cp 1 ()0 (o1 (Ma), - - -, o (Bik), T
PP (01 (Fn),s -, o (i)
and
I(h) = &35 (s WS (01 (), - o), o (i)
7 1 p
{/ (Cgﬂ(ﬁkﬂ)ﬁffl)(m(51)7--~70k+1(hk+1))¢£(01(ﬁ1)7~~70k(ﬁk),ﬁk+1))pAﬁk+1]
i (4.9)

f "/’z(‘jl (hl): <oy Ok (hk)v hk+1)§i;f(ﬁk+1)c,f+l(hk+1)Ahk+1

ap41
- Teqa]' 7
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Use (4.9) in (4.8) to get

I 8 (o(hn), .. on(hi), 1)€Y (i) CF oy (Prga) Ahgia

Ing1]? > pP it
Ue41]” = p T
After simplification, we get
Iiv1 > p° / PR (o1 (M), .y ok (hi), 1) &40 (k) CF oy (Brgr) A (4.10)
41
Use 1l in (4.2)) and apply Fubini’s Theorem k times,

k+1
H fL l/lk+1 01(h1) ooy O'k+1(hk+1)Ahk+1 s Ahl

>p’ / 5i;f(hk+1)05+1(hk+1){ / / Hgi(mwz(m,...,nm)mk--‘Ahl}mw.
=1
Ok+1 a1 Ik

Use induction hypothesis for ¥y (f1, ..., hgt1) instead of ¥y (hy,. .., hy) for fixed figrq € Tre1 on
right hand side of (4.11)) and again exchange integrals k times to obtain

k+1 %
H /&(ﬁL)wngl(ol(hl), ey Ot (g1 ) Ay 1 -+ - Ay

o k41
> k+1)P/ / HCP ) p(ﬁl,...,hk+1)Ahk+1"‘Ahl.
Ap+1
Hence the result is true for all positive integers n. ]

Remark 5. As a special case of (4.1)), when Ty x --- xT,, =R X --- xR in Theorem we have
the following integral inequality of Leindler type

oo

/ﬁ& B)YE (B, . . . B ARy, - - - diy

=1

5\8

zp"P/~--/Hc (h)E P (h)g" (ha, . . ., hn)dHig - - - dfia,
al Qan =1
where p < 1.

Remark 6. Assume that Ty x To X -+ X T,, =NXxNx---xN, p<landa; =---=a,=11in
Theorem .1l Furthermore assume that

Z ZH& P (ma)CF (mu)a (m.)

m1=1 mp=1:t=1

is convergent. In this case the inequality (4.1) becomes the following discrete Leindler type in-
equality

> - fjfom»(mfg(kl,...,kn))p

mi=1 mp=1:=1 k,=1
oo [eS) n
anp Z Z Hé‘bl p(mb)c (mb)g (m17 7m’n)7
mi=1 my=1:=1
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where C,(m,) = io: (k).

k,=m,

THEOREM 4.2, Let . = {1,...,n} and T; be time scales with a, € [0,00)r,. Define §,: T, — Ry
such that

A,
DL(hL) I:/fL(CL)AQ

exists and D,(c0) = 0. Furthermore let

X”(ﬁ17"'7ﬁn) ://g(§177§n)A§nAgl
hy hin

for any R, € [a,,00)r, and g: Ty X --- x T,, = Ry. Then for 0 <p <1,

3

L

/gb(ﬁb)xﬁ(fh, o ) ARy - Al
1

(4.12)

oo

p"PH/[D:’L(ﬁL)]pg}‘p(hL)g”(hl,...,hn)Aﬁn NP

a,

\Y]

Proof. By using the mathematical induction method the result is true for n = 1 by [17; Theo-
rem 2.4]. Let the inequality (4.12) holds for 1 < n < k. For n = k + 1 left hand side of (4.12))
becomes

//§I(h1)§k(hk){ / §k+1(hk+1)xi+1(ﬁ1,...,hk+1)Ahk+1}Aﬁk---Ahl. (4.13)

A1

Denote Ik+1 = f €k+1(hk+1)X£+1(ﬁl, ey ﬁk+1)Aﬁk+1.

Ak+1

Apply integration by parts (2.5)), xg+1(f1, ..., hk,00) =0 and Dy11(ag+1) = 0 to get

r 8 .
Ik+1 - / *mxz_,rl(ﬁh ey ﬁk+1)DkiJ{1 (ﬁk+1)Aﬁk+1. (4.14)
af41
Apply chain rule (2.3]) to have
0 _
— X (B, agn) = =X (i, e By dign) X1 (B o B )] 294 (4.15)
Apy1hr41

where di41 € [Ag+1, 0k+1(Arr1)]. Since

a o0 o0 a oo
S Biyeoifipgn) = [ [ 4 —F A Ag. - A
Ak+lhk+lxk+1( 1 kt1) / /{Ak+1hk+1 / g(s1 Skt1) §k+1} Sk S|

Ay o™ [PEN]

=7/-H/g((l,...,§k,ﬁk+1)A§k"'Aq, (4.16)
fi1 fige
and dgy1 > hgaq. Hence (4.15)) together with (4.16) implies
Xk(ﬁ17 RRE) hk+1)
Xt;zlj(hl, ey ﬁk+1) ’

— IXE g (B, B )] AR > p (4.17)
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where xp(fi1,... Hky1) = [ [ g(s1,-- Sk, er1)Ack -+ Agp and 0 < p < 1. Therefore use

h1 A
(4.17) in (4.14) and take powerp on both sides to get
r DBy, eer) p
Xl - Mg v
B =[] (D)™ () )7 Ak ) 4.18
Loz ([ (1D gyt teet) g2y, (4.18)
Ap41

By applying Holder’s inequality and after making simplifications, it can be viewed that
Ii41 > p” / XE(, - B )& (i ) (D) 5 (B 1)) AP (4.19)

Ak41

Substitute (4.19)) in (4.13) and exchange integrals k times by using Fubini’s Theorem on right hand

side of (4.13]),

o0 0 k+1
/ / TT & 0hXE 2 Uit i) Aiicys -« Al (4.20)
ay ap41 =1
o0 00 0y
> pp / fi;?(ﬁk+1)[l):{f{1 (ﬁk+1)}p</ . / H&(ﬁb)xi(ﬁh ceey ﬁk+1)Aﬁk . Aﬁl)AﬁkJrl.
Q41 ay 235 =1

Use the induction hypothesis for xg (%1, ..., hrr1) instead of xx (A1, ..., hx) for fixed figr1 € Tra
on right hand side of (4.20)) and apply Fubini’s Theorem k times to get

k+1 9

H/&L(hb)xﬁ+1(fi1,...,hk+1)Ahk+1~-Ah1
=1

k+1 %
> p(k+l)p H /[Dzn (hL)]p&l—p(hL)g?(ﬁL o By 1) DBy - - Ay 0

L:lab

Remark 7. Assume that T; = R for all ¢ = {1,2,...,n} in Theorem and p < 1. In this case,
(4.12) becomes the integral inequality of Leindler type as follows

n

7. ..7H5L(ﬁb)(7- -'/oog(cl, s (S --dq)pdhn - dhiy

=1

hl ﬁn
>y [ [TLE b)Y g ), -,
=1
al An

where
hiy hp

D) = [+ [ac)ae - Aa.

ay

Remark 8. Assume that T, =N, a; = 1forall. = {1,...,n}in Theorem furthermore assume
that

f_l f; ﬁéi‘pm)(mijla(k»)paf(m»

mi=1 mp=1:=1 k,=1
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is convergent. In this case (4.12]) becomes the discrete Leindler type inequality

SR D § CIUBI (D DICITS)

mi1=1 mp=1:=1 k,=m,

S S S [[E " m, (Z €.k ) P, ).
mi=1 mp=1:=1 k,=1

Some special cases

Example 1. If we choose &,(h,) = m, a, < pfor all v € {1,...,n} and g(hy,...,h,) =

Il ;55 in Theorem then (3.3) takes the form

[e’s}

/ /ﬁ h (o (/ /H o) : <1>pNin~~Ni1 Sp"”f[l;. (4.21)

Additionally, if T, = R, then is reduced to the following:
oo oo 1 ( n hL )p N n 1

In(— Ahy - Al <p™P | | —.

] a{ 121 fi:

If T, = N then (4.21)) reduces to the following:

S oS Mg (S ST ty) <l s

hi=aq hAn=an t=1 s1=ay Sp=an t=1 =1

Exzample 2. If we choose &,(h,) =1for all . € {1,...,n} and g(h1,...,hy) = [[ ——5r— |
Theorem [3.2) n then (3.17)) takes the form

n p N n 1
/ /(/ /H p+1 lACn"'AQ) AhnAhl SppH; (4.22)
L P _ L

If T, = R, then is reduced to the following:

P n
/ /(/ / - d%---dq) dhy - --dhs gp"pHi. (4.23)
§ +1 ; =1 G

an h1

If T, =N, then is reduced to the following;:
Z Z(Z ZH ) 1 ;) <p"pHa— (4.24)
an hn (Y =1 "

Remark 9. If 0 < p < 1 in Example [If and Example [2] then these are converted to examples for
Theorem [£.1] and Theorem [£.2] respectively.

It is also possible to prove these inequalities for nabla integrals. For example, for nabla integrals,
Theorem [3.1] takes the following form:

THEOREM 4.3. Consider v € {1,...,n} and time scales T, for a, € [0,00)r,. Take §,: T, — R4,
such that
AL(hL) = /fL({L)vgu (425)
fi,
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exists, where A,(c0) =0 for all ¢.
Consider g: Ty x --- x T, = Ry such that

hy Fin
¢7L(ﬁ17 ey ﬁn) = / .. /g(gl, ey gn)Vgn e v§1. (426)
Then for p > 1,
/ /fl En(Bn)dE (M), - -+ s (hn)) Vi - - Vi

(4.27)

<p / /HAP TP (h) g (s ... B )V - - Vi,

where n > 1.

It can be proved for n = 1 by using integration by parts formula, chain rule, and Holder’s
inequality for nabla integrals. Further, applying the same technique of induction principle, we are
able to get the required result for multiple integrals.

Concluding remark

Some Hardy Leindler inequalities and their converses for multiple delta integrals on time scales
are proved in the paper. The proved results are also discussed in continuous and discrete calculus.
Some particular cases include existing inequalities of Hardy time from literature. Further to check
validity of proved results some examples are provided by choosing special functions and special time
scales. Finally, it is discussed the existence of main inequalities by using nabla calculus instead of
delta calculus.
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