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D(4)-TRIPLES WITH TWO LARGEST ELEMENTS IN COMMON
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ABSTRACT. In this paper, we consider two new conjectures concerning D(4)-quadruples and prove
some special cases that support their validity. The main result is a proof that {a,b,c} and {a + 1, b, c}
cannot both be D(4)-triples.
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1. Introduction

DEFINITION 1. Let n # 0 be an integer. We call a set of m distinct positive integers a
D(n)-m-tuple, or m-tuple with the property D(n), if the product of any two of its distinct el-
ements increased by n is a perfect square.

In the classical case (when n = 1), first studied by Diophantus, Dujella proved in [7] that
a D(1)-sextuple does not exist and that there are at most finitely many quintuples. The nonexis-
tence of D(1)-quintuples was finally proven in [14] by He, Toghé and Ziegler.

Variants of the problem when n = 4 or n = —1 are also widely studied. In the case n = 4, similar
conjectures and observations can be made as in the case n = 1. In the light of this observation,
Filipin and the author have proven in [4] that a D(4)-quintuple also does not exist. The stronger
conjecture asserting the uniqueness of an extension of a triple to a quadruple with a larger element
is still an open question in both cases n = 1 and n = 4. Moreover, in the case n = —1, a
long-standing conjecture about the nonexistence of a quadruple was recently proven in [5].

Let {a,b,c}, a < b < ¢, be a D(4)-triple. We define

1
di:di(a,b,c):a+b+c+§(abc:|: \/(ab+4)(ac+4)(bc+4)).

It is straightforward to check that {a,b,c,d;} is a D(4)-quadruple, which we will call a regular
quadruple. If d_ # 0, then {a,b,c,d_} is also a regular D(4)-quadruple with d_ < ¢ and ¢ =
dy(a,b,d_). In other words, it is conjectured that an irregular D(4)-quadruple does not exist.

Results that support this conjecture in some special cases can be found for example in [1,[2}[9]
12,/13]. In [3], the author has proved that a D(4)-quadruple {a,b,c,d} with a < b < ¢ < d and
¢ > 39247b* must be a regular D(4)-quadruple.
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Let us describe a problem of extension of a D(4)-triple {a, b, c} to a quadruple with an element
d. Then the element d satisfies equalities

ad+4=2% bd+4=y> cd+4=22
where x,y, z are some positive integers. A system of generalized Pellian equations

cx? — a2’ = 4(c — a), (1.1)

cy® —bz? = 4(c —b), (1.2)

is obtained by eliminating d from previous equations. It is not hard to describe the sets of solutions
of equations (|1.1)) and (1.2)) (see, for example, [11]). The main approach in solving this problem is
finding an upper bound for the number z using the hypergeometric method and Baker’s method.

So far, research has shown that variants of the problem with n = 1 and n = 4 are closely related
in results and methods used to prove them but differ in the details of the proof, which will also be
the case here. This paper will closely follow ideas and methods from [6] to prove analogous results
in the case of D(4)-m-tuples.

As in [6], we expect that the following conjectures hold and prove two theorems that support
their validity.

CONJECTURE 1. Suppose that {a1,b,c} and {az,b, c} are D(4)-triples with a1 < as < b < c. Then,
{a1,az,b,c} is a D(4)-quadruple.

Since it has been proved in [4] that a D(4)-quintuple cannot exist, the next conjecture also
follows from the previous one.

CONJECTURE 2. Suppose that {a1,b,c,d} is a D(4)-quadruple with a1 < b < ¢ < d. Then,
{aa,b,c,d} is not a Diophantine quadruple for any integer as with aq # as < b.

Conjecture [1] asserts if {a1, a2} is not a D(4)-pair, then {a1,b,c} and {asz,b, ¢} cannot both be
D(4)-triples. In the next theorem, we will observe some pairs of the form {a,a+ 1} and prove that
they have that desired property, which supports the claim of Conjecture

The only {a,a+1} D(4)-pair is {3,4} and it can be extended to infinitely many different quadru-
ples {3,4,¢,d+} (they are explicitly described in [2]). For example, one of them is {3,4, 15,224},
so {3,15,224} and {4,15,224} are D(4)-triples. We will prove that the same cannot hold for any
other positive integer a.

THEOREM 1.1. Suppose that {a,b,c} is a D(4)-triple, a # 3. Then, {a+1,b,c} is not a D(4)-triple.

Proof of this theorem will be separated in two cases in Section [3| the first case will be proven
by using the hypergeometric method and the second case by using linear forms in logarithms.

We further support the validity of conjectures by proving the next results.

THEOREM 1.2. If ¢ < 0.256%, then Conjecture 1] holds.

As a consequence of [3; Theorem 1.6] and [4; Theorem 1], one sees that Conjecture 2] holds when
c > 39247b%.

COROLLARY 1. If either ¢ < 0.25b% or ¢ > 39247b*, then Conjecture [2| holds.
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2. Pellian equations and preliminary results

Let {a,b,c} be a D(4)-triple, a # 3. Suppose {a + 1,b,c} is also a D(4)-triple. Without loss of
generality suppose b < c. There exist positive integers s,t such that

ab+4 =s?
(a+1)b+4 =1
We get a Pellian equation
at* — (a+ 1)s* = —4, (2.1)

with solutions for unknown s given by a recurrent sequence
s$o=2, $1=8a+2, S,42=22a+1)s,41 —5,, V€N (2.2)

Define b, = (s2 —4)/a. Then we can express b, in terms of a and use these values in our proof.
Explicitly,

by = 64a + 32,

by = 1024a® + 1536a> + 704a + 96,

by = 16384a° + 40960a* + 37888a> + 158724 + 2944a + 192,

by = 262144a” + 917504a° + 1294336a° 4 942080a* + 3758084 + 8038442
+ 80384a + 320.

Also, there exist positive integers x,y, z such that

ac+ 4 = z2,
(a+1)c+4=1y
be+4 = 22,

These equations give a system of Pellian equations
az® —br? = 4(a — b), (2.3)
(a+1)22 —by? = 4(a+1 —b), (2.4)

whose solutions (z,z) and (z,y) we will further observe. As in [9: Lemma 2], we can describe the
solutions of this system.

LEMMA 2.1. Let (z,x) and (z,y) be positive solutions of (2.3) and (2.4)). Then there exist solutions
(z0,x0) of (2.3) and (z1,y1) of (2.4) in the ranges

<y < /X9
s—2
1< |2 < W,
a
(a+1)(b—a—1)
<
1_y1<\/ t—9 )
1<|Zl|<\/(t—2)(b—a—1)’
a+1
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such that
b m
zva+ zvVb = (z9v/a + 2oVb) (S-i—;/c?) ,
t++/(a+1)b\"
Nat1+yvb=(zVat 1+y1\/5)((2a)) :

where m and n are nonnegative integers.

As before, the solutions can be expressed as elements of recurrent sequences. More precisely, z
must be an element of sequences

1
vy = 209, U1 = 3 (szo + bxo), Um+2 = SUmt1 — Um, (2.5)

1
wo =z1, W= g (tz1 +by1) s Wng2 = twWpy1 — Wy, (2.6)

where m,n > 0 are nonnegative integers. Following this notation, it must hold z = v,, = w, for
some m and n.
It is easy to see that
26 = 2} =4 (mod b). (2.7)
For simplicity of the proof, we will assume that b and ¢ are “minimal” among all b’s and c’s
satisfying the conditions of Theorem [1.1

AsSSUMPTION 1. At least one of {a,b’,b} and {a + 1,¥,b} is not a D(4)-triple for any b’ with
0<b <b.

Since we are searching for intersections of sequences (2.5)) and (2.6)), we can describe the initial
terms of sequences more precisely. We omit the proof since the result is proven similarly as |6}
Lemma 2.3] by following cases from [11} Lemma 4].

LEMMA 2.2. If the equation vy, = w, has a solution, then both m and n are even and zg = z1 = 2¢,
where ¢ € {£1}.

Remark 1. Assumption [1]is crucial for the proof of Lemma If a = 3, then would also
have a fundamental solution (tg, sp) = (0,1). In this case, for every b = b, = (s — 4)/a, where
s, is defined as in , there would exist b’ < b which arises from the sequence with this second
fundamental solution.

From zy = z; = 2¢ we have 2o = y; = 2 50 sequences and can be written in the form
v = 2€, V1 = €S+, Upmt2 = SUpmt1 — Um, (2.8)
wo = 2¢, wy = et + b, Wpyo =twWyi1 — Wy- (2.9)
The following lemma is easily proved by induction.
LEMMA 2.3.

Vam = 26 + blasm? + sm) (mod b?),
1
Vomi1 = €S+ b <2a55m(m +1)+(2m+ 1)) (mod b%),

2¢ 4+ b((a + 1)en® + tn) (mod b?),

W2n

Wopy1 =€t +b (;(a + Dten(n+1) + (2n + 1)) (mod b?).
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By using previous results, we can give some upper and lower bounds on indices m and n.
LEMMA 2.4. If v, = w, has a solution, then n < m < %n + 1.

Proof. We follow the proof of |11} Lemma 5]. By using that b > b; > 96a > 96, we get estimates
for v,, and w, which yield a double inequality

(s — 1)1 < 2.396t" < " 0-332,

Also, (vVab+4—1)3 = (s —1)3 >t = (a + 1)b + 4, so we conclude
< 5 +1
m< -=n .
-2
Similarly, by observing
(t _ 1)n—1 < Sm+04451 < (t _ 1)m+0.451
we get n — 1 < m. Now the desired inequality follows from Lemma [2.2] a
Observe that m = 0 means that z = vy = 2¢ and bc + 4 = 4, i.e., bc = 0 which cannot hold. So,
Lemma [2.2] implies m > 2.
LEMMA 2.5. If v, = w, has a solution with m > 2, then m > n.
Proof. We will prove by induction that v, < w, for n > 2, so if v,, = w,,, then m > n for m > 2.
Let n = 2. We first observe the case ¢ = 1, where 2y = y1 = 2850 v2 = bla+s) +2 <
bla+1+1t)+2 = ws. On the other hand, if e = —1, first we observe that s +1 < ¢, since s+1 > ¢
is in a contradiction with b > b = 64a 4+ 32. Using that inequality, we have vo = b(s —a) — 2 <
b(t—1—a)—2=ws.
Let us assume that v,,_1 < w,_1 for some n > 3. Since s < t — 2 and sequence w, is increasing,
we have

Up = SUn_1 —Un_9 < SUp_1 < SWp_1 S twWp_1 — 2Wp_1 < tWp_1 — Wp_2 = Wn,
which proves our statement. O
LEMMA 2.6. If v, = w, has a solution with m > 0, then
m > 0.4672(a 4+ 1)~Y/2p1/2,
Proof. Since v, = wy, from Lemma [2.3] we get that congruence
e(am?® — (a +1)n?) = tn — sm (mod b) (2.10)

holds.
Suppose to the contrary that m < 0.4672(a + 1)~/2b/2. Observe that

max{am?, (a + 1)n*} < (a + 1)m? < 0.4672%b < 0.5b

and

max{sm, tn}<tm<046721/1+ b<046721/ b<05b
since (a + 1)b > (a + 1)by > 192. This 1mphes that congruence (2.10) is an equality. After
multiplying with tn + sm, we get

((a+1)n? —am?)(b + e(tn + sm)) = 4(m? — n?). (2.11)
Smce m > n, both sides of equation are positive. Also, by using Lemmas [2.2] and [2.4] on equation

, we get
b+ e(tn + sm)| < m? — n?
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must hold. Then

5 2 5
bgtn+sm+m2—n2St(m—2)+sm+9m —m(t<1—m)+s+9m>

. [a+1 L Jab+d 5 04672
ba + 1) 04672V b bla+1) 9 a+1

Since a > 1 and b > by = 64a + 32 > 96, we get

/4
b<b-0.4672< 42 1+1+ 58 04672><b,

a contradiction. O

<b-0.4672

The elements of the sequences (v,,) and (w,,) can be expressed explicitly

ev/a+ Vb s+ Vab\™ 6\/&—\[ s —Vab\"™
Um = ) (212)
Vva 2 \/5 2
eva+1+vb/t+/(a+1)b eva+1-vb(t—/(a+1)b\"
Wy = + . (2.13)
va+1 2 va+1 2
If z = v, = w,, we define a linear form in three logarithms
A :=mloga — nlog S + log~,
where
a_s+\/% B—t+ (a+1)b and ~ Va+1(Wb+ea)
2 2 K Va(Vb+eva+1)
It is not hard to show that (see |11; Lemma 10])
0<A<al™?m (2.14)

By using the fact that b > b; > 64a and (2.12)) it is easy to see that the next lemma holds.
LEMMA 2.7. Ifm > 1, then z — vy, > (*T\/@)

The next lemma can be proven by following the idea of [6: Lemma 4.1].
LeEmmaA 2.8. If v,, = w, has a solution with m > 2, then
(m — 0.0005) log @ — nlog 8 < 0.

3. Proof of Theorem [1.1]

The next theorem is part of the hypergeometric method first developed in [16]. We omit the
details of its proof since it only slightly differs from the proof of |[6; Theorem 3.2] or |2 Theorem 2].

THEOREM 3.1. Let a be a positive integer and N a multiple of a(a + 1). Assume that N >

270a(a + 1)%. Then the numbers 61 = \/1 + 4a/N and 03 = \/1 + 4(a + 1)/N satisfy

max {

for all integers py, p2,q with g > 0, where

0, - 24,
q

28 1 7)\
. } (2.96 - 1028 N(a + 1))~

log(11(a +1)N)

A=1
10g(0.041a=1(a + 1)~ 1N?)

< 2.
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LEMMA 3.1 (cf. |11} Lemma 14]). Let N = a(a + 1)b and let 61, 05 be as in Theorem (3.1} Then,
all positive solutions to the system of Pellian equations (2.3)) and (2.4]) satisfy

max{ (a + l)sx } < 2—bz_Q.

ala+1)z a
Proof of Theorem in the case b > by

aty

b - 2_a(a+1)z

)

Let us assume that b > by = 1024a® + 1536a? + 704a + 96 and that Assumption [1| holds. We can
apply Theoremwith N =a(a+1)b, p1 = (a+1)sz, po = aty and ¢ = a(a+ 1)z and Lemma
to show that the next inequality holds

2272 < 5.92-10%(a + 1)%%a M a + 1)
Inserting expression for A and approximating A < 2 on the right hand side of the previous inequality

yields
log(5.92 - 10%2a?(a + 1)*b?) log(0.041a(a + 1)b?)

1 3.1
8% < 10g(0.0037(a + 1)-1b) (8-1)
Combining Lemmas and with inequality (3.1)) implies
1 .92 -10%8q2 1)4?)1 .041 1)b?
0.4672(a + 1) 1/251/2 < 0g(5.92 - 10°%a*(a + 1)*b%) log(0.041a(a + 1)b ) (3.2)

log (%m) 10g(0.0037(a + 1)~ 1b)

Since b > by > 1024a2(a + 1) > 1024a® and the right-hand side of the inequality is decreasing in b,
we get an inequality
log(6.21 - 1034a®(a + 1)%) log(42992a°(a + 1)3)
log (32a2?) log(3.78a2) ’

If a > 5 (i.e. a > 6), applying a + 1 < 1.2a to the previous inequality and solving for a returns
a < 5, a contradiction. On the other hand, for a < 5, we can insert values for a and b3 in the
inequality and see it cannot hold, which means it remains to consider only the pairs (a, bs),
1<a<5h.

Since b achieves its maximum for @ = 5, we can use it in the inequality from the proof of |10:
Theorem 1]

14.95a <

m
< 6.543-10%10g?b
log(m + 1) o8

to get m < 4.3-10%. Also, from Lemma [2.6] we have m > 0.4672y/b2/(a + 1) > 0.4672-32a > 14.
Now we can use the Baker-Davenport reduction method on the remaining pairs as described in [8],
and each case returned the bound m < 7, which is a contradiction. ]

It remains to consider the case b = b;. Lemma [2.8] can be easily applied to get another useful
relation between indices m and n.

LEMMA 3.2. If v, = w, has a solution with m > 2 and b = by = 64a + 32, then
n > 2(v — 0.0005)a log a,
where v = m — n.

THEOREM 3.2 ([15: Corollary 2]). Assume that oy and ag are real, positive and multiplicatively
independent algebraic numbers in a field K of degree D. Set

A :=bylogas — by logay,

349



MARIJA BLIZNAC TREBJESANIN

where by and by are positive integers. Let A1 and As be real numbers greater than one such that
log A; > max{h(«a;),|loge;|/D,1/D}, i=1,2.

Set ) )
b= ! 2
DlogA2 + DlogA1

Then,
log A > —24.34D*(max{log b’ + 0.14,21/D,1/2})?log A; log As.

Proof of Theorem in the case b = b;

Let us denote v = m — n and rewrite A as follows

A =log(a”y) — nlog(8/a).
Let
blzn, b2:1, Oélzﬁ/Oé, OéQZOzV’}/, D =4.

Multiplicative independence of o and s over Q(vab, \/(a + 1)b) can be verified similarly as in
[14: Lemma 19], so the linear form in logarithms A with these parameters satisfies the hypothesis
of Theorem [3.21

We have ) .
h(a) = 3 loga, h(B)= 3 log 3.

By observing conjugates of v whose absolute values are greater than one (see [6]) and noting that
the leading coefficient of the minimal polynomial of ~ is divisor of a?(b —a — 1)?, we estimate

h(y) < ilog [al/Z(a +1)%2(b—a)(Vb + Va) (Vb + Va + 1)} < log(2a).
This implies
hn) = h(8/a) < h(B) + h(a) = 3

h(az) = h(a”y) < vh(a) + h(y) < (g + 1) log(a) +1log2 < 1.16 (g + 1) log(w),

(log a +log ),

where we have used that ab > 96 and v > 2. Since v < 2, we also have

logDa2 < (% + 1) log(a) < 1.16 (g + 1) log(a),

hence we may take
1
log A1 = 5 (loga +log §),
log A2 = 1.16 (g + 1) log a.

Now
n 1 m

T 2116 (v+2)loga * 2(log v + log B) < 2(v+2)loga’
By using b > 96, we can estimate that 3 < 1.43«, hence log a + log 8 < log(1.430?%) < 2.16log a.

From Theorem and ([2.14) it follows

1.16m — 0.58 1.16m ?
—— < 1132 log —————,5.25 . 3.3
2(v +2)log < (max{ °8 2(v+2)loga’ }) (3:3)

b/
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If log % > 5.25, the inequality 1' implies that

m < 18067.6(v + 2) log a. (3.4)
In the other case, when log %1& < 5.25 the same inequality holds. By combining Lemma

v+2)loga —
and ([3.4), we obtain

<00338— 2 1807211
@ 0 20.0005 o

Therefore it remains to verify only finitely many D(4)-pairs {a, b1}, 1 < a < 18072. Three steps of
the Baker-Davenport reduction method ended with the bound m < 2, which is a contradiction. [

4. Proof of Theorem [1.2]

Let {a1,b,c} and {az,b,c} be D(4)-triples with a; < as < b < ¢ and ¢ < 0.25b%. Define
1
di=a;+b+c+ i(aibc —Tisiu),

where r; = va;b+ 4, s; = va;e+4 and u = Vbe + 4. Tt is easy to see, if d; > 0, then {a;,d;, b, c}
is also a D(4)-quadruple with d; < ¢ and ¢ = d1(a,b,d;). There is also a possibility that d; = 0,
namely in the case ¢ = a; + b+ 2r. In both cases, the relation
(b+c—ai — dl)z = (Cle1 +4)(b0+4) (41)
holds. We will denote t; = a;d; + 4.
There exist rational numbers \; satisfying
c=a;bd; + \; max{dl—, b}, 1<\ < 4,

implying

(a1d1 — agdg)b = )\2 HlaX{dg, b} — /\1 max{dl, b} (42)

There are three cases to consider depending on the value of max{b, d;,ds}. In each case we obtain
that a1d; = asds must hold by following similar arguments, so we give details only for the case
d; = max{b,dy,ds}. Assume on the contrary, that a;d; # asds. Then |aid; — axds| = [t3 — 13| >
2t1 — 1, which together with implies

d
2, < 4?1 +1. (4.3)

After squaring, we get an inequality di > 1b(a1b — 2) and inserting it in the definition for ¢1, we
get

1
tl 2 5@1[).

Combining with l) implies a slightly better lower bound d; > ib(alb — 1) which finally gives
1 1, 155 3
c= c+(a1,b, dl) >b+dy +a1dib>b+ zb(alb — 1) + Zalb (alb — 1) > Zalb + 1b7

a contradiction with ¢ < 0.2553.

Thus, a1d; = axds must hold, so implies (b+ ¢ —ay —d1)? = (b+ ¢ — az — dz)? and since
a; < b and d; < ¢, we have a1 + di = as + ds. Together with a1d; = asds, this yields d; = as and
do = a1, meaning that {ay,as,b,c} is a D(4)-quadruple.
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