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ABSTRACT. In the present paper, we consider the generalized arithmetic triangle called GAT which
is structurally identical to Pascal’s triangle for which we keep the Pascal’s rule of addition and we
replace both legs by two sequences (an),~; and (bn), ~; with ag = bg = Q. Our goal is to describe
the recurrence relation associated to the sum of elements lying along a finite ray in this triangle. As
consequences, we obtain some combinatorial properties and we establish that the sum of elements lying
along a main rising diagonal is a convolution of generalized Fibonacci sequence and another sequence
which one will determine. We also precise the corresponding generating function. Further, we establish
some nice identities by using the Morgan-Voyce phenomenon. Finally, we generalize the Golden ratio.
©2023
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1. Introduction

Pascal’s triangle appears in numerous situations and has many intriguing properties. Over
the years, a number of Pascal-like triangular arrays have been developed. Koshy [20}/21] and
Belbachir and Szalay [7] collected various generalizations. The generalization of Ensley [13] called
Generalized Arithmetic Triangle, the Ensley’s GAT for short, changed the legs called generator
sequences to an arbitrary sequences of real numbers (a,)n>0 and (by)n>0. Then the GAT depends
on the generator sequences (an)n>0 and (by)n>0. Ensley [13] studied the Fibonacci triangle,
the case where a, = b, = F,, the Fibonacci numbers. The cases, where (a,,b,) = (0, F,),
(an,bn) = (0,%) and (an,bn) = (Fan—1,Fn—1), were treated by Dil and Mezo [12]. In [8], we
can also find an interesting description of Fibonacci and Lucas triangles. As Fibonacci numbers
can be generated from the rising diagonals of Pascal’s triangle, Feinberg, see [14], was motivated
to develop a similar triangle that would generate Lucas numbers from its rising diagonal. This
triangle is Lucas triangle which is the particular case of Ensley’s GAT when a, = 1 and b, = 2.
For other recent works on the subject, we refer to references [2,/3]

In the present paper, we consider similar construction of Ensley’s GAT and our aim is to
determine the recurrence relation associated to the sum of elements lying along a finite ray. Then,
we establish the corresponding generating function. Also, we study the Morgan-Voyce phenomenon
that leads us to establish new identities. Finally, we provide some interesting applications, among

2020 Mathematics Subject Classification: Primary 11B37, 05A10; Secondary 11B65, 11B39, 05A15.
Keywords: Generalized Pascal triangle, arithmetic triangle, binomial coefficient, recurrence relation, generating
function, generalized Golden ratio, Fibonacci sequence, convolution.

For Hacéne Belbachir and Fariza Krim, the paper was partially supported by the DGRSDT grant C0656701.

¢ Corresponding author.

305



HACENE BELBACHIR — ABDELKADER BOUYAKOUB — FARIZA KRIM

which one will establish that the sum of elements lying along a main rising diagonal is a convolution
of generalized Fibonacci sequence and another sequence which one will determine.

1.1. Ensley’s Generalized Arithmetic Triangle
The following definition is given in [13].
DEFINITION 1. Let (an)n>0 and (b,)n>0 be real sequences such that ag = by = 2. The Ensley’s

Generalized Arithmetic Triangle for (ap)n>0 and (bp)n>o contains elements C'(n, k) in the n'" row
and k' column defined as follows: C(n,0) = a,, C(n,n) = b, and for n > k > 0,

C(n,k)=C(n—1,k)+C(n—1,k—1).

Belbachir and Szalay, see [7], considered the Ensley’s GAT with suitable change of the rule of
addition and the generator sequences. It is defined as follows.

DEFINITION 2. Let (an)n>0 and (by), 5, be two real sequences, A and B two real numbers. The

GAT contains elements [}] in the n'" row and k' column defined for n > 2, as follows: [§] = A"an,
"] = B"b, and for 1 <k <n—1,

n n—1 n—1
=A B
with the convention [Z] = 0 whenever £ < 0 or £k > n and [8] is denoted by 2.

The convention certainly works also for the binomial coefficients: (Z) = 0 whenever k£ < 0 or
k> n.

In this paper, we keep the rule of addition in the triangle defined by Belbachir and Szalay [7]
and the generator sequences of Ensley’s GAT. We call this triangle, generalized arithmetic triangle
(GAT for short). It is defined as follows.

DEFINITION 3. Let (an)n>0 and (bs),o be two real sequences, A and B two numbers. The GAT

contains elements <Z> in the n*® row and k** column defined for n > 2, as follows: <8> = Qp,

<Z>:bnandfor1§k‘§n—1,
n n—1 n—1
)= )2 ()

with the convention <Z> = 0 whenever £ < 0 or kK > n and <8> is denoted by 2.

Both definitions given in |13] and [7] are special cases of the above definition.
Figure [1| shows the rows 0 to 4 of the GAT generated by the sequences (an)n>0 and (by)n>0
and the numbers A and B.

Q

a; by

as Baj + Aby by

s B(Aay + az) + A%, B2a; + A(Bby + by) by

aq B(A2a1 + Aa2 —+ a3) + A3b1 B2(2ACL1 -+ a2) -+ A2(2Bb1 + bg) Bgal -+ A(32b1 + Bb2 + b3)
FIGURE 1. First rows of the GAT.

Clearly, a GAT depends only on the generator sequences (an)n>0, (bn)n>0 and the numbers A
and B. Therefore, when necessary, we will denote by < > A B.a < > for short) to emphasize
the parameters of the triangle.
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1.2. GAT’S elements and binomial coefficients

The aim of this section is to evaluate <Z> the entry k of row n, of a GAT in terms of the sequences
(@n) >0 (bn)n>0, the values A and B and the binomial coefficients (}) of Pascal’s triangle. It is
established in [7] with a slight modification, that:

THEOREM 1.1. Let (ay)nen and (by)nen be two sequences and A and B two numbers. The corre-
sponding GAT has as entry the number () given for (n,k) # (0,0), by the expression

n o —1-i\a b fn—1—47\b n—=k k
_ An—kpk —1-d\a — 13\ b - k
(= (S e () i) 552 e [ e

=1

—k ) k .
As nz (”1:1_1) = (";1) for k>1,n>1 and Z (";i:z) = (:j) for k <n, n > 1, we get the
followizl_fgl. =

COROLLARY 1.1.1. For a, = QA" and a given sequence (by,)n, the corresponding GAT has as
entry the number () given for (n, k) # (0,0), by the expression

(= (") e () )+

COROLLARY 1.1.2. For b, = QB"™ and a given sequence (an)n, the corresponding GAT has as
entry the number <Z> given for (n, k) # (0,0), by the expression

n—=k .
n n—1—-1\ a; n—1 n—k
= A" FpF —+Q n
(= (05 ealoD) + 55
COROLLARY 1.1.3. For (a,, b,) = (QA™, QB™), the corresponding GAT has as entry the number
(%) given for (n, k) # (0,0), by the expression

(i) =oa2 ()

2. Quasi-symmetry and duality in a GAT

Note that in a GAT, we generally lose the symmetry. In fact, one observes that in general

n n
<k> 7 <n— k> |
(A, B, ay, by) (A, B, ay, bn)

However one has the quasi-symmetry property.

Quasi-symmetry property. Let (a,)n>0 and (b,)n>0 be two sequences, A and B two numbers.

Then
k (A, B, an, by) n—k (B, A, by, an)

Example 1. Let A = B = 1. For a, = b, = F,, where (F,), is the Fibonacci sequence, we
obtain the symmetrical GAT given in Table Whereas, for a, = F,,b, = J,, where (J,),, is

the Jacobsthal sequence, we obtain the asymmetrical GAT given in Table 2] The quasi-symmetry
GAT are illustrated in Tables B and El
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TaBLE 1. The (1,1, Fy, Fr) GAT. TABLE 2. The (1,1, Fy, Jn) GAT.

Q Q

1 1 1 1

1 2 1 1 2 1

2 3 3 2 2 3 3 3

3 5 6 5 3 3 5 6 6 )

5 8 11 11 8 5 5 8 11 12 11 11
TABLE 3. The (1,1, Fr,41,1) GAT. TABLE 4. The (1,1,1, F,4+1) GAT.
Q Q

1 1 1 1

2 2 1 1 2 2

3 4 3 1 1 3 4 3

5 7 7 4 1 1 4 7 7 5

8 12 14 11 5 1 1 5 11 14 12 8

Duality. Let ne N, reN, g€ Z,p=0,...,r—1 such that r+ ¢ > 0. Then the grid point (n,p)
and the direction (r,q) define a transversal ray of the GAT which contains the elements

<”_qk>, k:m,...,{”_pJ.
p+rk r+q

For a fixed direction (r,q) and a fixed value of p, the sequence (GS"I”’ )) . defined by

() L[(n—p)/(r+q)] n— gk
G r,q,p =
n+1 kz:o <p+ T‘k>7

and G(()T’q’p ) = 0, constitutes the sum of elements lying on the corresponding ray in the GAT. Note

that (because a sum over empty set is zero)
Gﬁ“”‘) =...= Gz(,r’q’p) =0 and ngrql’p) = <n> forp<n<p+r+g (2.2)
p

For more details concerning directions in Pascal’s triangle, see [6] and [7]. In the following, using
the quasi-symmetry property, we prove that there exists a grid point (m, p’) and a direction (r', —q),
q > 0 which define a transversal ray of GAT containing the same elements in reverse order. More
precisely, we have the result.

PROPOSITION 2.1. Letr €N, g<0,p=0,...,7—1 such that r +q > 0. Then
L=p)/ o)) L)) Ik
kZ:O <P+7’k>(A, B, an, by) B kZ:O <p’ +T’k>(37 A by, an)7
withm=n—-ql(n-=p)/(r+q)|,d =-¢r=r+qp=n-p-(+q9[(n-—p)/r+q].

308
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Proof. We have ' + ¢ > 0 and p’ < 7. Tt is easy to see that
el Rl B G =) R R ]
) =1 Gl )] = lom+ [o3])
Since p <7, [(m —p) /(" +¢')] = [(n—p)/ (r+ q)] and
n—p’ / r'+q’ n— s
(v % q)J<m_ q/k> S +q”< n—q(ln—p)/(r +a)] = k) >
n
(B,Abn,an) (B,Abn,an)

s Ptk P —p=(r+q(l(n—p)/(r+ 9] —k)
L(n=p)/(r+a)]
_ Z < n—ql >
— n—p=(+alf oo
with I = [(n —p)/(r +q)] — k.
We conclude by ([2.1)). a

According to the quasi-symmetry property in the GAT, we will consider in the sequel only
directions (r,q) with ¢ > 0.

3. Sum of elements lying along a finite ray in GAT

In what follows, we shall use the following notation given in [15]. Let S be a statement that can
be true or false. The bracketed notation [S] stands for 1 if S is true, 0 otherwise.
Ensley [13] discussed some GAT’s properties generated by the Fibonacci sequence and A = B = 1.
He showed that the sum s,, of the elements in the n*"* row

n n
=3 (1)
k=0 (1, 1, Fy, Fyp)

—1
Sp = Sp—1 1+ Sp—2 + 2"

Moreover (see for instance, |7]), the ascending diagonal sum

w2,
d =
" Z<k>(11FHFn)

k=0

satisfy the recurrence relation

satisfies the recursion formula
dn = dn—l + dn—2 + o+ Fn/272 [’I’L even] .

In this section, we consider the GAT as defined in Definition [3l Our aim is to determine the sum
of elements located in a finite ray of the GAT generated by any sequences (a,)n>0 and (bn),,-
The case a,, = A" and b, = B™ was treated in [7]. One can easily show the following.

LEMMA 3.1. Forp >0 and o = (n —p)/(r + q), we have

iv—p—“q”ﬂanqk:w:m,

n — qk

la]

p+rk
Z {n _ kJ bn—qk = bptar [0 € N].
k=0 q
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Recall that the bracketed notation [S] stands for 1 if S is true, 0 otherwise.

Theorem and Lemma allow us to state the following result which gives the expression of

Gf:jrpl’q) in terms of (an)n>0, (bn),,>o, 4, B and binomial coefficients.

ProPoOSITION 3.1. Forp >0 and a = (n—p)/ (r+q), we have
L) n—p—(r+q)k . ptrk .
—qgk—1-—1\ a; n—qk—1-—1\ b
P _ An—Pr—(r+9)k gp+rk n—q — =7
ntl kZ:O ; ptrk—1 Az+; prrk—i ) B

+an {";Z’J +byyar [0 €N].

Remark 1. Note that for p = 0, the summation can starts at k = 1 as (fl) =0.

Remark 2. Formula (3) in [6] is a special case of Proposition Indeed, when a, = A™ and
b, = B™ for n > 0, we get

Lo
. — gk
oyt =3 (), mp A .
k=0

To avoid some complication, we agree that a_,, =b_,, =0 for n > 1.

4. Recurrence relation associated to rays in the GAT

We deal now with the main result, establishing a recurrence relation associated to the sum
of elements located in a finite ray of the GAT generated by any sequences (a,),>0 and (by),,~¢-
According to Proposition we have to consider only the case ¢ > 0. First, we set, for m > 1,

m m r—1
2= (),

AU i (—1)m (r —5— 1>.

m—1

and for s > 1,

Note that the )\gm)’s, 1 < s < r—m, are the binomial coefficients given by the extension of Pascal’s
triangle to negative rows. By induction, we have the following.

LEMMA 4.1. Forr>2and1 <m <r—1,
A — Z A
s=1

Let now «; ::%‘;‘p,og‘jgr—l. For aj € N and r > 1 we define
MO = 7bp+ro¢0 + Bpr—‘—T’oq)—Ta (41)
and for j > 1,

M; o= — AT (A by e, + AP0 B+ + 270 BT, (4.2)

ptra;—1 r—j ptra;—r+j

Let us consider the expression of Gﬁf’q’p ) as given in Proposition We denote by (Gﬁf’ ))n the

sequence (Gﬁf’q’p ))n. We are now able to give our main result.
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THEOREM 4.1. The terms of the sequence (G&f’))n satisfy the recurrence relation

r r r—1
> (-a4y (')Gif’lj — By (—4) ( - ) +Y Milo; €N = B'GP, .
j=0 J j=0 J Jj=0

Remark 3. For the sake of clarity, the proof of Theorem [£.1] will be given at the end of this section
in the case p = 0. A similar proof can easily be established in the case p > 1.

From Lemma [£.1] and Theorem we can deduce the following.

COROLLARY 4.1.1. Forb, = B"b, b € R, the terms of the sequence (G%p))n satisfy the recurrence
relation

i r—p
(T i(r—mp -
> (=4 (g) Gy =By (—4) ( j )"”“1 =BG, .
j=0 j=0

COROLLARY 4.1.2. Fora, = A"a, a € R, the terms of the sequence (G%p))n satisfy the recurrence
relation

[ r—1
oy )
>4y ( ) G+ Mjla; eN=BGY .
i=0 J i=0

Remark 4. [6; Theorem 1] is a special case of Theorem with a,, = A™ and b, = B", n > 0.

As the last result of this section, we express the sequence (G%O))n as the convolution of two well
determined sequences.

Let (X,,),, be a sequence defined for n > 0 by

[n/(r+a)]
X,i= 3 An-Crargre (M7 1-gk
e prd r—14rk )’

and (Y,), a sequence defined by: Yj := 0 and

(*A)j (;)an—j—l, for 1<n<r+aq,

. r—1

n—1
2

Y, ={ I=°
ZO (=4) (})an—j-1 - ZOMJ [ €N], for n>7r+gq.
J= Jj=

THEOREM 4.2. Forn > 1, we have

n—1
G%O) = ZXk)/n—k-
k=0

Proof. We use the induction on the non negative integer n.

m—1
For n > r + ¢, assume that G,(S) = > XiYm—k, m <n—1. We have from Theorem |4.1
k=0

6 == 34y ({)o, + BG4 T

i=1 J
r N\ i g1
== Z (—A) (]) Z XiYo_j_r+ B" Z XiYo—r—qek + Y.
j=1 k=0 k=0
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Letting s=k+jand t =k +r + q, we get

T n—1 n—1
GO =->"(-4) (7’) S Xe Vs + B Y X Yot + Yo
j=1 1) = t=r+q
Since X,, = 0 for n < 0, we can write
T n—1 n—1
G == "(-a) (T> S X Voo #B"Y. Xeo Yo+ Ya
j=1 J s=1 t=1
n—1 r r n—1
= Yn,s< =S -4y (J) Xs,j) + B X gYui + Y
s=1 j=1 t=1

n—1 T
=3 Ve (= e () Xy 4 B 4 Yo
s=1

Jj=1

We know that (X,,), satisfies the recurrence relation, (see [6])

3 (—-Ay (Z) Xoj =B Xp_qr.

§=0
(0 n—1 n—1
Therefore, Gy,” = > YV, _ X+ Y, = > YV, X, as Xg = 1.
s=1 s=0

We now assume that 1 < n < r + ¢ — 1. So, we have X,, = (”jﬁ;l)A” and from (2.2)),
0) _ /n—1\ _
G = (751 = ans.

n—1
Then, we have to prove that > XY, = an_1.

k=0
We have

n—1 n—1

Z XY = XoY, + Z XiYn—k.
k=0 k=1

Since Xg=1and Y, = > (-A)/ (;)an,j,l, we obtain that

j=0
n—1 n—1 r n—1
Z XiYn k=an-1+ Z(_A)j ( ) Ap—j—1 + Z XY k.
k=0 j=1 J k=1

Therefore, we aim to prove that for 1 <n <r+q—1,

LTI ST P s

by considering two cases.
1. If 1<n<r+1.

n—1 n—1 n—k—1

k—1+r r
E X.Y. _ E AF A .
k=1 et ( r—1 ) (_ )J (]) n=h=i=t

k=1 7=0
n—1 n—1ln—k—1 ] r4i r
X }/n— _ 1 n—1—k—i Anfk L
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Foreach 1 <k<n—1,weset j=n—1—k—1. Then, we get

n—k—1 .
= S o () e

7=0

By putting in (9.3),t=n—1—kfork>1 ¢t <r—1since n <r+ 1, one has

n—1 n—1
n—1—k gn—k r
ZXkYn k—Z( 1) A <n_k)ak—1-

k=1
If we put j = n — k, we get (4.3)).
ks

2. Ifr+2<n<r+4g¢g—1. Inthiscase, ¥;, = > (— )JAJ()an 1—j since n — 1 > r. So,
§=0

ZXkYn kZA’“< 1“) S (- ay (J)k

=0

Now, we separate the sum following the index k in three parts; 1 < k < r, k =r+ 1 and
r+2<k<n-—1to obtain

ZXkYn k= ZZ )FitA <k—g—j> (:f{)an—k—l

k=1 j=0
r B +,]
—nyraart (T ) (" -
+Jz::0( ) (7’—] r—1 Ap—r—2
n—1 n—2 r k 1+]
—1)kI2 4k B k1.
+ 2 2 (rj)( re1 >“”’“

k=r+2 j=0
Weset s=k—1—j,t=r—j and we get

ZXkYn k= ZAkZ 6(;>(r+f_i_s)ank1

s=0

B () e

+ ni:l (-DfraAr i(_l)t (:) (k _:jf - t) Up—k—1-

k=r+2 t=0
By putting in (9.3)), ¢ =k — 1 < r — 1 in the first sum of the right hand side, one has
r k—1 r
+k—1-s r
Ak "\ (T 1= _1)k-1 gk N
S () (I e = 0 (i
From Lemma [9.3]
" r\ [2r—t " r\(k—1+r—t
—-1) =0 d —1) = 0.
R ()5 =0 e mer ()T

Therefore, we get (4.3). The proof is complete. a

313



HACENE BELBACHIR — ABDELKADER BOUYAKOUB — FARIZA KRIM

5. The generating function

In this section, we give the generating function associated to the sum of GAT’s elements lying
along a finite ray. But first, we will need the following lemmas and theorem.
LEMMA 5.1. Fora>r > 1,

i(—A)-" VWTIN Zpr (T,
o j a a—r
Proof. Let I, = Y (—A) (;) <”g3> We use induction on the positive integer r. From Deﬁnition

B

Assume now that I, = B" <" T> We have

e () e (L))

(- )j(7j><n]>_ = )j<r')<n]1>: T<nr>_ T<nr1>'
; j a Z j a a—r a-—r

7=0 =0
We conclude by Definition O

P
LEMMA 5.2. Let Z, := Y. ("+p k)bk The following identity holds true

k=0
ZZt”— (1—t)P 12 (1—1t)k

n>0
Proof.
P P P
k k e
S () - (e a0
n>0 0 k=0n>0 k=0
as
> (m+s>tm=(1—t)‘s‘1. 0
s
m>0
For fixed r and p, we now set
n n L n
Cr(t):= > <p+rk>t and  H(t):=) ant" (5.1)
n>p+rk n>0

LEMMA 5.3. Forr € N, 0 < p <71, q € Z and the sequences (an)npand (by), , the generating
function Cy, (t) verifies the relation, for k >0,

Ck (t) = (1 ?;t)rkco(t)a (5-2)

with

Co (t) = byt + (1 _BtAt)p(H(t) ~ 0+ ’_4’i4t Ep: (1 _BAt)kbk). (5.3)
k=1

314
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Proof. For k > 0,

(1= At)" Crya (1) = XT: (-A4y (2) 2 <p + :k + r>t”+j

j=0 n>p+rk+r
- r n—j
=) (-A4Y ( Y < >t".
j=0 J n>p+rk+r+j prrk+r
So,
T .
. (r n—7j
(1= At)" Cryr (1) = > _(—A) ( , ( > < >tn>’
7=0 J n>p+rk+r p + Tk +r

as <P+Tk+r> Oforpt+rk+r<n<p+rk+r+j.
From Lemma [5.1] we get

(1—-A) Crpr ()= > Br<;l+_7;€>t" =B Y <pf k>t .

n>p+rk+r n>p+rk

Thus from (5.1), (1 — At)" Cryy (£) = B"t"C (t) . Tt follows that Cy (t (
For p = 0, Co(t)zz<> Zat”— H(t).
>0

n

For p > 1 and using Theorem

O e (I R G Y

n>p+1 =1 7

]

as "] = |

Let us set Cy

|=

t)—b tp+T1 +T2 Wlth

n— n—1-—1 in
- ()

—~3

n>p+1
and
p .
e n—1—-1\ b ,
S 4 poz< o )Bit .
n>p+1 =1
We have

m . _1 .
letPBPZ [Z(m Z+f )Am_laz}tm, with m =n —p,
p—

m>1 -i=1
- tPBP< > amtm) ( > (m +p1_ 1) (At)m>
m>1 m>0 p=

=tPBP(H(t) —Q)(1— /_hf)_p :

p
T, = tPBP Z |:Z (m—i-p > bz1:| At m—i—l, withm =n—p—1,

m>0 -i=1

p i
= APTIBP (1— APy ! BAt)

=1

By replacing, the proof is complete.
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Remark 5. We can easily deduce the following special cases:

o For b, = QB", Cy (1) = (1§gt)pH(t).

P
e For a, = QA", Cy (t) = byt? + AtPTH >~ (1 - At)FmPt gp=kp, |
k=0

e For a, = QA" and b, = QB", Cy (t) = UBL)? (1 — At) "',

Now, we are able to give the generating function of (Ggf ))n.

THEOREM 5.1. Forr e N, 0<p <, q € Z and B # 0, the generating function G(t) := Gg:)_lt”

n>0
associated to (G%p))n s given by
B (1—At)"
Gl = (1—At)" = Brir+a ° OF
with Cy (t) as given by (5.3)) .
Proof. We have .
n n—q n
G = cthe =3 % (10
n>0 k>0n>0 p
as (1) =0 for n < k. According to (5.1)) and (5.2)),
Brirta \* (1—At)
G0 = a0 =0 (Tgr) = g g -

k>0 k>0
COROLLARY 5.1.1. Forr e N, 0< p<r,q€Z and B # 0, the generating function associated to
(G,(lp))n is given for b, = QB"™ by
(Bt)PH (t) (1 — At)"*

G = (1— At)" — Brer+a

(5.4)
and for a, = QA™ by
p
(1 — At)" byt? + APt Y (1 — At)"TFP~! gr—kp,

—_ k=0
G = (1— At)" — Brirta ’

and for a, = QA™ and b, = QB"™ by
Q(Bt)P (1 — At)" P71
(1-At)" — Brerta -

Remark 6. For a,, = A™ and b,, = B", we get Theorem 2 given in [6] which holds not only for
q > 0, but for ¢ < 0 as well.

G(t) =

6. Morgan-Voyce and Fibonacci numbers

In [6], the authors established that the sequence (v,) associated to different directions of the
ray in Pascal’s triangle, defined for r € N, g € Z, p < r — 1 such that r 4+ ¢ > 0, by

[(n—=p)/(r+q)]
n —qk
Un+1 = <

)gcn—p—(r+q)yp—i-rk7

P p+rk
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satisfies the linear recurrence relation

Un — ,’L‘(:) Up—1+--+ (_x)r (:) Up—r = yT'UnfrftI'

Thus, the sequence (vy,) is of order r for ¢ < 0 and we can write

U — x(i) Uno1 4+ ((—x)’”+q (r i q) - y) Unpeg+ -+ (=) (;) Un_y = 0.

This is what we call the Morgan-Yoyce phenomenon. For more details, see [22}2425]. Using this
phenomenon, we can infer remarkable identities for Fibonacci numbers.
Let 6o = Q, 01 be two parameters and (4,,),, be a sequence defined by

6p =246, 1 — A%, 5, n>2. (6.1)
In this section, we consider the GAT generated by the sequences (a,,),, and (by,), such that
a; = Ad1, an = oy, n>2,
n (6.2)

By setting in Corollary [{.1.1} r =2, p =0 and ¢ = —1, we get for n > 3,
G, — (2A+ B2)Gn,1 + A%Gy_o = an_1 — 2Aan_o + A%a,_3.
Assume that A =i, B? = 1 — 2i, with i> = —1. It follows from and that
Gp=Gno1+Gpoo.

2k
then from G and ég it follows that

G = (22— 1) Fy + (1= Q) Foyy +i(51 — 2)Fos.

However, G411 = Y, <n+k>, so Gy = <8> =Q, Gy =144 (61 —2). If we write G,, = oF,, + 8F,+1,
k=0

Thus
2Q-1)F,+(1—-Q)F,41 =Re(Gy) and (01 —2)Fh—1 =Im(G,). (6.3)
For 61 = 2,
Go= (20— 1) Fp+ (1— Q) Fupi,
and for §; =2, Q =0,
G, =F,_1.
For 2 = §; = 1, using some combinatorial computations, Proposition [3.1] and give for m > 0,

2m |k/2]
k 2m + k
_ m-+k+sok—2s
Faen =30 Y- (a1 (2 FF),

k=0 s=0
2m-+1 [(k—1)/2]

k 2m+1+k
F m _ -1 1+m+k+52k72571 )
a2 kZ:O ; (=1) 2s +1 2k

As a last result in this section, we quote an application of Theorem Recall that the Morgan-
Voyce polynomials B, (x) are defined by
By(z)=1, Bi(z)=2+t, B,(z)=(2+z)Bu_1(z)— B,—2(x), n>2.

They have been widely studied (see [41/22}241/25]). In [24], the author gives a closed form expression

and a generating function
n+k+1\ 4 1
B, (x)t" = .
< 1+ 2k )m Z (@) 1—(z+2)t -t

n>0

B, (33) = Z

k=0

n
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Using (5.4]), we are able to express B, (z) in descending powers of z. Indeed, if we put A =z + 2,
B=-1,r=q=1,a, = A" for n > 0, we deduce

ST e =Y Bu(a)tn.

n>0 n>0
So, from (3.1]) we get for n > 0,
" (n—k e
Bn@):§:< k:y—uwx+m 2k,
k=0
We get also, §0G7(10+)1tn = > Bu(x)t"™ by setting A =1, B =z (x>0),r =2, ¢ = —1,

> n>0
an, = n + 1. Therefore, for z > 0 and n > 0,

Bn(x)_zn:<n;;k

=0 >(17 VE, ntl, Va")

7. Some illustrations
We present some examples to illustrate Theorem for p = 0. The sequence (G%O))n is denoted
for short by (Gn), .

Example 2. Consider (b,), = (B"), and a, = A" (”‘lgk)B’C for a fixed k, k > r. From Corol-
lary [4.1.1} the terms of the sequence (Gy,),, satisfy the recurrence relation

i(—A)j (;) Gnj = i(—A)j (;) n_j1 =B Gn_ygr. (7.1)

§=0 §=0
From Lemma [9.3]

St (s () (L

Jj=0 J
Then (7.1]) becomes
: : k—1—
> (~4y (T> Gog = B Gy = A" (” o ’") B, (7.2)
j=0 J "

For (r,q) = (1,1), we obtain

Gn - AGn—l - BGn—2 = An71 (n _]L_ g I 2) Bkz

which is the nonhomogeneous recurrence relation of (Frgk))), the bivariate hyper-Fibonacci poly-
nomials given in [5]. More precisely,

L
Gn = F7(Lk), where F7(1,I-€‘r)1 = Z AanB]Jrk( ]+ k ]) '
j=0

For (r,q) = (1,q), ¢ > 0, we obtain

Gn— AG,_1 — BGp_g1 = A™! (” Z F I 2) B*,
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which is the recurrence relation of (Uy(lk)), the hyper ¢-Fibonacci polynomials given in [1]:

(k) (k) S —(q+1)jpitk (M TE—ai
G, = s where U = E Ar—lath)ipi k< )
] n+2 T n+1 = ] k

Example 3. The direction (r,q) = (1,1). It concerns the sequence W,, 11 = ngrl’o) given by

/sl
Wn+1 = Z < k > :
(A, B, an, bn)

k=0
From Theorem [5.1] (W,,) satisfies, for n > 2,
Wyp — AW,y — BW,_9 = (ap—1 — Aap_2) + (banl - anTfa) [n odd]. (7.3)

We give the following examples.

an bn W

A"Fy 1 | B"Fyoy | Wy = AWp_1 + BWn—o + A" P4 + B"% Fu_z [n odd]
2

A"F, B"Fp | Wn=AWn_1 + BWp s+ A" F,_5+ BT Fu_s [n odd]
2

Remark 7. The recurrence relation associated to (W,,) in the last example of the above table, is
given in 7] for A= B = 1.

From (7.3) and Theorem we are able to write (W,,) as the convolution of two sequences.
One has for n > 2,
n—1
W= XpYn g, (7.4)
k=0
with XO = 1, X1 = 147 Xn = AXn—l +BXn—27 n Z 2 and Yo = O, Yl = Q, Yn = (an_l - Aan_Q) +
(b% - Bb%) [n odd], n > 2.

For A= B =1and (an)n, (bn)n two given sequences, (W,,) is the convolution of the Fibonacci
sequence and the sequence (Y5,),,.
In the following, some examples are given,

an bn, Wn W, =
n—1
Fn+1 1 Wp=Wpo1 +Wp_o+ Fr_o. Z Fk+1Fn7k72
E=0
n—1
lnt1 |1 Wp=Wpo1+Whoo+1lh—o. > Frtiln—k—2
k=0
n 1 _ 1 n—1 Fi1
n W, 7Wn—1+Wn—2+m- kgom
n—1
P 1 Wy = W1 + Wyea + HE V. Y P HY,
k=0
[(n—1)/2]
1 Fropr | Wo =Whoa + Wio + F% [n odd] S Fi1Fn_ok
k=1
[(n=1)/2]
1 g1 | W =Wp1 +Wph_o + lnT—e' [nodd] |ln+ Y le—iln—ok
k=1
D72
1 %“'1 Wn = n—1+ Wn72 — ﬁ [TL Odd] Fn - = ﬁ
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where (F},) is the Fibonacci sequence, (l,,) is the Lucas sequence and (Hf,k)> the hyper harmonic

sequence defined by ¥ = % for k > 1. For more details, see [9}(11].

Example 4. As a consequence of (|7.4]), we infer an expression for the sum of hyper harmonic
numbers in terms of Fibonacci numbers. Indeed, in the last case of the above table, it is easy to

see that <Z>(1, L1, 1y = H,i::k). So one has the following.

n+1

PROPOSITION 7.1. For any n > 2, we have

/2] . e T
H" 2 _p _ 2k
kz::l Rl ,;1 2k +1)*—1

Example 5. The case A = 0, b, = B", p = 0. From Corollary this case deals with the

sequence (Vn(r’q)) satisfying for n > r + ¢ the recurrence
n

Vo - gyt =, . (7.5)

The arrays in Tables [1] and [2| were studied by Bruckman [10] and Hoggatt |16], respectively.
The column 0 consists of the Fibonacci numbers F5,_o and Fb, 41, respectively. Each of the
remaining columns j, j > 1, is obtained by lowering the previous column j — 1 by one level.
Note that these tables are the particular case of the GAT when A = 0, B = 1 and, respectively,

(an)n>1 = (FQn)nZO’ (an)n>0 = (F2n+1)n20'

TABLE 5. The (0,1, Fa,,1) GAT. TABLE 6. The (0,1, Fop4+1,1) GAT.
1 1
1 1 2 1
3 1 1 5 2 1
8§ 3 1 1 13 5 2 1
21 8 3 1 1 34 13 5 2 1
55 21 8 3 1 5 2 1

In the Table the n-th row sum is Vﬁr’?) = F5, 41 and the rising diagonal sum is Véi’ll) =F2.,.
Indeed, from relation ([7.5)), the sequence (an,o))n satisfies the recurrence

V10 _ V,Ei’?) = Fy,_o,
and the sequence (V,Sl’l))n satisfies the recurrence

VD ) = By .

n—2

Also, in the Table g V. = Fy,y5 and V0 = Foiy F.
Some examples, with ¢, the triangular number and T,, the tetrahedral number, corresponding
to this case are given as follows:
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an B r|q V,ST’Q)
n+1 1 10| tn
thir |1 | 1[0 T
Fonys | L[ 1|0] F2 4
i1 —1[1]1] Faps
Fonia | 1 1] 1] Fo,
In —1|1|1]| F,
5Fnt1 |1 | 13| Fuye
ln—1 1 13| F,

8. The generalized golden ratio

Given two initial terms ug and u; not both zero, we consider the recurrence relation u, =
Up_1 + Un_o. It is a well-known property of such sequences that lim uﬂﬂ = ¢, where ¢, called the
n—oo n

golden ratio, is the greatest root of t> —t — 1 = 0. Raab [23] extended this result to the sequences
defined by the recurrence

Wy = TWp—1 + YWn—m—1,

Wn 41

given m + 1 initial terms. He proves that lim exists and is a root of t™+! — xt™ — y = 0.
n—oo

In this section, we establish the existence of similar limits for more general sequences. For that,
let us consider the sequence (T},),, defined for n > r + ¢ by

T, — A(Z) Ty + -+ (—A) (:) Tpor =BTy (8.1)

Note that, from Corollary and Corollary T, is the sum of elements lying on the
corresponding ray in the GAT generated by the sequences (ay,), = (A"),, and (b,), = (B™),, . The
characteristic polynomial of (7},),, is

t9(t—A)"—-B" =0, (8.2)
and, from (2.2)) and Theorem initial conditions are

Thi1= (Z)A"_pB”, p<n<p+r+q.

Let us set
r4q

e n
T’IL .— E C’iti 3
i=1

where t;, i =1,..., r + g, are the roots of (8.2)) and g(t) =t (t — A)" — B".

We have ¢/(t) = t971 (t — A)" " [(r + q)t — Ag]. or B # 0, no root of ¢'(t) is a root of g(t). It
follows that ¢(t) has no multiple root. Moreover, the determinant of the coefficients ¢; of the linear
system in ¢;, i =1,..., r +q,

r+q
Zcitfﬂ = (Z)A"‘T’Bp, p<n<p+r+q-—1, (8.3)
i=1
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is not zero. Indeed, by writing (8.3 as
r+q

4Pp+1 _ (P\ A0 Rp
Z oty = (p)A B
=1
r+q
+2 +1 1
> ettt = () ALy
i=1 (8.4)
" p+r+q +rt+g-1 1
> cith _ (p pq )Ar+q7 BP,
i=1
the determinant which is
t117+1 t113+2 t;rly+r+q
t127+1 t127+2 thrTJrq r+q r+q
_ _ p+1 )
D=||". L : =11 II & -t).
. . : . k=1 1<i<j<r+q
tp+1 tp+2 ... gPtTHa
r+q r+q r+q

Since all the roots are simple, then D # 0 and the system (8.4]) can be solved uniquely in ¢y, ...,
Cr+q- Let now ¢, be such that for each 7, |t.| > |t;|. We have the following.

PropPOSITION 8.1. If A >0 and B > 0, then
Ty
lim —2tt

n—oo

= tx.

n
Proof. Let g(t) =t?(t— A)" — B". We have, g(A) = —B" < 0 and tlim g(t) = +o0. It follows
— 00

that g admits a real root ¢, such that t, > A > 0. Furthermore, we have for 1 <i < r4gq, |t.| > |t
with ¢; a root of g.

Indeed, suppose that t; is a root of g such that |¢;| > .. Thus,

[ti — Al > ||ti| = A| > |ti] — A >t — A > 0.
So,
It — Al" > [t. — A"
and it follows that
7 (ti — A)" | > [ta|* |t — A)[" = B".

This is a contradiction.

Consider now the ratio

r4+q
4n+1 " )
Thp1 1; cit; ty <C1t1 (%) ot o F Cragteig (t?_q) )
Sy - " , n
Tn rzq Cit? t:} C1 (%) +ce+ -0+ Criq (tvttq) )
1=
Thni1

Since t, > 0 and t,. > |t;|, we get li_>m £ = ¢,. (We suppose without loss of generality that
cx #0). O
Exzample 6. For (r,q) = (1,1), we have T,, = AT,,_1 + BT,,_2, To = 0, T1 = 1 (see relation (8.1])).

The characteristic polynomial of (T},) is t*— At—B = 0, whose roots are t; = (4 + VA2 + 4B) /2
and t = (A — VA2 + 4B) /2. Then:

e For (A, B) = (1,1), we obtain T,, = F,,, the Fibonacci number and

F,
lim =25 — (1+5) /2

n—oo n
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e For (A, B) =(2,1), we obtain T;, = P, the Pell number and
P,
lim J’;“ =1+v2

n—oo n

e For (A, B) = (1,2), we obtain T,, = .J,, the Jacobsthal number and

. Jn+1
lim

n— oo

=2

n

e For (A, B) = (3,2), we obtain T}, = ¢,,, the Fermat number and
lim $ntl _ (3+ \ﬁ) /2.

n—oo ¢

Remark 8. For (r,q) = (1, q), the result is given in [23].

9. Lemmata

In this section, we establish some intermediate lemmata which will play a key role in the proof
of the recurrence relation associated with the sum of elements along a transversal ray in a GAT.

LEMMA 9.1. Let (dy)nen be a sequence. Then forr > 1,1 <t <r, ¢ >r—1, all natural numbers,

i T e—j—i+t L
Z(l)j(J> Z < P 1 )diZ(l)J( j )dc+2—t—j.
j=0 i=1 §=0
T T

. c+2—j o

Proof. Let S, = ZO(—I)J (;) 21 (c_i:jl"’l)di. Using induction on the nonnegative integer 7,
j= i=

we will prove first that

Sr = dc—r+2- (91)
1 /1 c—j+1 C—’i—j—f—l c+1 c
=20 (G) 3 (7T a R R
7=0 i=1 i=1 i=1
Assume now that S, = d._,y2 and prove that S,11 =dc._ry1.
r+1 c—j—r+1 . .
fr4+1 c—t—7J7+1
B () E
j=0
r+1

c—i—j+1 «— ro) T
d; —1)7
S el

> | > ()
cj:+1 <C_i;j+1>di —i(—l)j <;> Cir <C_:=_j>di
(

i=1

I
P
|
—
=

<

Il
<
|
—_
~—
. <. .
PN /—} PN

Let now

323



HACENE BELBACHIR — ABDELKADER BOUYAKOUB — FARIZA KRIM

- & r—1 t\ TS fe—i - j+1
T7.:jz_:0(—1)ﬂz_:<j_m><m) ; ( ' )di,
r—t ¢ c—j—r—t+1 C—’L—]—|—]_
Tr = d;.
Sy (T

Let k = j —m. Since (}) =0if k <0, we get
t r—m c+2—k—m—t .
_ p)ktm —t\[1 c—i—k—-—m+1)\
() B (TR

Note first, that the coefficient (r t) in the summation with index k£ 1is zero for all £ > r — ¢t and
r—m >r—t since m < t. So, we can write the summation up to r — ¢ instead of r — m without
changing the total sum. Therefore

T iri(—l)km(rkt)(;) C+2—§3m_t(6itk_1m+1)di’

m=0 k=0 i=1
r—t t c+2—k—m—t .
r—t m(t c—k—-m—-i+1
T, = 2(1)’@( R ) > (=1 <m> > ( L )di.
k=0 m=0 i=1

m=0

then the proof is complete. O
LEMMA 9.2. Let (dy,)nen be a sequence. Then fort >r > 1, ¢ > 0, all non negative integers
r c—j—t+1 . c—t+1 .
fr c—j—1+1 c—t—r—+1
_1) _ .
xev() 2 (7 e (e
7=0 =1 =1

Proof. We use induction on the non negative integer r. For r = 1,

() 8 B (e

5=0 i=1 i=1 i=1
c—1+1 c—1
(e 2 () ()
t — (c—1i ‘Ee—i
= (t)dcm +§ (t l)di = ; (tl)di.
r ) c—j—t+1 y
Let now, X, = > (—1)! (;) > (C_z;]+1)di and assume that
3=0 i=1

c—t+1 .
c—1—r—+1
X= Y ( i )d
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- (T eyttt c—t1—7+1 s . T eyttt c—i—7+1
Yo=Y () X (T e (1) X (T e
j=0 J i=1 =0 J i=1
c—t+1 . r c—j—t . .
- (e e () 2 ()
¢ t—r a J ‘ t
i=1 7=0 i=1
c—t+1 c—t
c—1—r+1 i
— de C—1—T i
A I e
=1 1=1

LEMMA 9.3. Let a, b and r be non-negative integers. Then
- (r\ (a—] a-r forr <b<a,
pBC I p )= \b-r
§=0 J 0 forr >b.
Proof. In case where r < b < a, the proof can be found in [6].

Let now r > b and
J
5= () (70)

By using induction on r, it is easily seen that X,. = 0 for a > 2r — 1. Moreover, one has (;) =

btl r—b—1\ (b+1
mz::()(jfm )( m )’ S0

Ser()() - R (50

7j=0 7=0 m=0
—szjl (r—b—1> §(_1)m<b+1)(a—k—m>
k=0 m=0 m b
b+1
According to the above, ZO(—l)m (b::) (aflzfm) = 0, then the proof is complete. O
m=

LEMMA 9.4. Letr > 1.Then for0<m <r, 0<s<r—1,

Sev() () = ()

Proof. We again use induction on r. It is easy to verify the formula for » = 1. So assume it true
for r.

S () R ()T ) e (L))

J=0 J=1
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_ Z’:(_l)j <;> <s+7:—j> N T:Z::(_l)j (;) (8 +ms—j - 1>

J

e () e (1,0 e () 0

Especially for s =0, one has for r > 1 and 0 <m <,
- (T =y (T 1
S =com("h), (9:2)
7=0
and for s=r—1,onehasforr >1land 0 <t <r—1,
t .
fr\ [(r+t—1y t r
S () () =eu () 93)
= ¥i r—1 t+1
The proof of the principal theorem of this paper is essentially based on the following result.
LEMMA 9.5. Letr €N, g€ Z" andn>r+q+1 and for j=0,...,7, aj = (n—1—75) /(r+ q).
Then only two possibilities hold.
o a;¢N forj=0,...,r. In this case, |o;] = |ag], for j=0,...,r

e There is a unique jo € {0,...,7r} such that o, € N. In such case,
loy]| = Qo for j < jo,
! aj, =1 for >jo+1.

Proof. Let n > r+ g+ 1. Then, there exist k € N and 8 < r+ ¢ such that n — 1 =k(r +q) + 5.
Let us define, for j € N, f(j) = (8 —j) /(r + ¢). Then for jo = 3, f (jo) = 0 and so a;, = k. But
B <r+qand q >0, so the two following cases arise.

(1) B < r.In this case, there exist a unique jo < r such that o, € N.
(2) < B <r+q. In this case, 0 < f (j) < 1 since 0 < j < r. It follows that 0 < a; — k < 1 and
soa; ¢ Nfor 0 <j<r. O

LEMMA 9.6. Letr € N, g € ZT, (d,)n a sequence and let

r , 185 ] s+2—j—(r+q)k s—j—qk—i+1
,7 1\J s+2—(r+q)k prk —J - .
Ti=) UJ(DZI“ "B > ( k-1 )d“

§=0 k=2 i=1

[Bo—1] s+2—(r+q)(k+1) )
3 _ —gk+1)—i—r+1
Ty — As+2 (r+q)(k+1)Br(k+1) § : s Q( d;
? Pt pt rk—1 ’

with Bj = % Then T1 = T2.

Proof. Let s > r+ ¢ — 2. We will prove that T3 — T5 = 0 by using Lemma [9.5] There are two
cases.

Case 1. B; ¢ N. So, [3;] = |Bo] for 0 < j <r and

1Bo | r o s+2j—(r+q)k S—i—qk—i+1
T — Ty = Z As+27(r+q)kBrk Z(_l)g < ) Z < J kq . )dz
. j rk —
k=2 7=0

i=1

LBo) -1 st+2—(rta)(k+1) ;
_ Z AsT2=(r+a)(k+1) gr(k+1) Z (S —alk+l)—i-rt 1) d;.
2 P rk—1
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By putting ¢ = s — ¢k and t = rk — 1 in Lemma we infer

1Bo] s+2—(r+q)k s—qk—i—r4+1
T — Ty = As+27(r+q)kBrk ( )dz
2 2 U rk-na

[Bo]—1 s+2—(r+q)(k+1) .
_ Z AsT2—(r+q)(k+1) gr(k+1) Z (3 —q(k +;) _1Z -T+ 1) d;.
k=1 i=1 =
So,

Ty — Ty =0. (9.4)
Case 2. There is a unique jo, 0 < jo < r such that 8;, € N and g; ¢ N for j # jo with
_ | B for j < jo,
5] _{ Bj, —1 for j > jo+ 1.
Let us write T3 as three sums by separating the sum indexed by j following 0 < j < jp — 1,
J=Jjoand jo+1<j<r.

Bio jo—1 , s+2—j—(r+q)k s—j—qk—i+1

_ s+2—(r+q)k prk _1\J —J B )

Ti=> A DEBTF N 1)J<j> > ( 1 )dl
=0

k=2 i=1

T Bio s+2—jo—(r+q)k s jO qk: i+ 1

_1)do AsT2—(r+o)k grk —Jo T AT d;

T (]b) Z Z rk—1
k=2 =1
Bjo—1 r , s+2—j—(r+q)k s—j—qk—i+1
s+2—(r+q)k prk 1\ —J o )

+ ) A kB Z ( 1)ﬂ<j) Z < 1 )dl.

k=2 j=jo+1 i=1

Separating now, by including 3;, value, the sums indexed by k in two parts following 2 < k <
Bj, —1 and k = §;,. We get by noting that (S_Joggif-@l_“l) =0ass—jo—qBj, —i+1<rpj,—1,

Bjo—1 Jo—1 - s+2—j—(r+aq)k s—j—qgk—i+1

_ s+2—(r+q)k prk _1\J —J o ]

e ()5
k=2 7=0 i=1
s+2—j—(r+a)Bj,

+AjoBrBj0 joz_l (71)], (T‘) Z (5] 7qﬂj0 Z+1)d
j Tﬂjo -1 ’

j=0 i=1

Bjo—1 s+2—jo—(r+q)k
( rk—1

(T
_|_(_1)Jo(.) Z Ast2—(r+a)k grk Z
J0/ 1= i=1
P! : P\ T s gk — i1
Ast2—(r+a)k grk _1)d d;.
sy > () % o

k=2 Jj=jo+1 i=1

o—qk—i+1
s —jo—qk Z+>di

Then,
s+2—j—(r+4)Bi,

T, — Ao B"Bio joz_:l(il)j r Z 5—7 7qﬂjo —1+1 d.
1 — . Tﬁjo _1 0

§=0 J i=1

s+2—j—(r+q)k
( rk —1

Bjp—1
+ i AsH2—(r+Q)k grk i(_l)j (7“) Z
k=2 j=0 J i

i=1

gk —i41
s—j—qk—1i+ )di-
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If we put in Lemma[9.2) ¢ = s — ¢k and t = rk — 1, we get

jo—1 . s+2—j—(r+q)Bj, s—j—qB; —i+1
T, = Ado BrBio Z (_1)]’ ( > Z < J — 4Pj, )di
Tﬁjo -1

j=0 J i=1

Pia ! st ok s—qgk—i—1r+1

+ As+27('r+q)kB'rk ( )dz

2 DR G
S+2_j_(T+Q)Bj0

— Ado BTBig juz_:l(_l)j (7"> Z <S—j —qBj, — i+ 1>d-
j Tﬁjo -1 ¢

j=0 i=1
Bio—2 s+2—(r+q)(k+1) .
o —qk+1)—i—r+1
As+2—(r+a)(k+1) gr(k+1) s —q( d;.

Similarly writing T5 following 1 < k < 3;, —2 and k = 8, — 1. Noting that |8y — 1] = §;, — 1, we
obtain

Bio—2 s+2—(r+q)(k+1) .
o (r : —qlk+1)—i—r+1
T, — As+2 (7+q)(k+1)B7(k+1) S Q( di

s+2—(r+q)Bj,

+ AjOBTOéjO Z (S - qﬁjo —i—r+ 1> d;.

im1 T(ﬁjo — 1) -1
Therefore
jo—1 s+2—j—(r+q)Bj, . .
neme e () s (e
j— i= Jo T
+2—( +j_); 1 (9:5)
_s zr:q m(s—qﬁjo_i_r—i_l)d,
2 W -1y -1 )%
For j > jo, (S—j;gzjgziﬂ) =0ass—j—qBj, —i+1<rBj,—1lwhenl<i<s+2—j—(r+q)bj,.
Then
r s+2—j—(r+q)Bj, . .
j ra; i(T S_j_QBjU_Z+1>
Ty — Ty = Ao Bresn S (—1)7 (" d;
T, > () > ( o
s+2—(r J
T (iq)ﬁm (5 —aBjy —i—T+ 1>d.
2 By, -1 -1 )%
Applying Lemma [0.2| for ¢ = s — ¢f3;, and t = r8j, — 1, we get Ty — T» = 0. O

Wesetforrz1,q€Z+,Bj:%;jfor()gjgr.LetthenTgandT4be

a i(r A s+2—(r+q)k prk K (s—j—ak—i+]1
Iy = Z(_l) j ZA B Z rk—i ol
k=2 =1

j=0
[Bo—1] rk .
- —qlk+1)—i—r+1
Ty = As+2—(r+a) (k1) gr(k+1) s = q( a.
! kZ:l ; rk —1

LEMMA 9.7. Letr > 1, q € Z%, (d,)n a sequence. Then, only one of the two possibilities holds.
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e Foranyj, 0<j<r, B; ¢ N and T3 =Ty.
o There is a unique jo € {0,...,r} such that B;, € N. In which case,

jo pro = i(T o S_j_qﬂjo_i_Fl iy S_QBjO_i_T+1
T =T =AnB O{Z(_l)]()Z Tﬁjo_i i Z T(ﬁjo_l)_i di:|.

j=0 J) = i=1

Proof. We follow the same steps as in the proof of Lemma [9.6] by using Lemma [0.3] instead of
Lemma 0

Remark 9. Note that in the second case of Lemmal[J.7] as the sum over an empty set is zero and
(3) = 0 when n < k, then
T37T4:O fOI‘jOZO.

10. Proof of Theorem 4.1

Without loss of generality, we will prove Theorem for p = 0. The sequence (GS?’)n will be
written (G”)n for short.

We set

j=0 j=0
and prove that for n > r + ¢, Z = B"Gp—q—,. So, replacing G,,—; by relation (4.3) and taking
account of Remark [I} we obtain

" r L] (r+q) nliz(rtak n—j—2—qgk—1\ a;
7 = —1)7 An—1-(r+9)k grk i
Sl s > AR B

k=1 i=1
K= —2—qk—i\ b : (7 —
()5 e (e e s e
i=1 7=0 7=0
Let us set,
- r Los] iz (rto)k n—j—2—qk—1\ q
_ _1\J n—1—(r+q)k prk —J T e - i
V=S (f) a2 g
7=0 k=1 i=1
and

J — — rk —i B’

j=0
If we separate the sum in the right-hand side of U isolating the term with k = 1, we get

- r n-1-g(r+a) n—j—2—q—1\ a;
U= Ar"1-(tdpr -1y il
Z( ) j Z r—1 Al

i=o i=1
- o Lo ) o N
1 j An—l—(r-‘rq)kBrk g
()L 2 et Ja
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Lemma [0.1] gives

. . laj] n—1—j—(r+q) 2 qgk—i
B Y ~1-(r+a)k grk I B
U=Bay1_grtd (~1) ( ) Y Artittakprk ( k-1 ) Al

§=0 I/ = i=1
We do the same for V,

L r ) r —‘—2—(]—2. b,
— An—1-(r+9) gr 1) r n=J i
v Z( ) J ; r—1 B

7=0

r Loy ] . .
_ n—1—(r+q)k prk ’I’Z—_j—2—qk‘—l bl
() S ()
j=0

Lemma gives
Ley]

V= i(—l)j (T> > Artitrokprk Z (n - ;/f—_z'Qk B Z) %

k=2 =1

Moreover, replacing G,,—q—, by relation (4.3), we get

lao—1] n—1—(r+q)(k+1) n—2—qlk+1)—i—r\ a
B"Gp_g—y = An—1=(r+a)(k+1) pr(k+1) @
’ 1; ; rk—1 At

rk .
n—2—qlk+1)—i—r\ b
+;( ki )Bl)—‘rBr(lnqu—f—Bby(ao 1)[040—161\“

Let us set now,

ao—1] n—1—(r+q)(k+1) .
1 —2—qk+1)—i—r
An—1-(r+a)(k+1) gr(k+1) n BTy
; ; rk—1 Az P+ Blan g1,
[ao—1]
Z An—1=(r+a)(k+1) Br(k+1)z n—2—qk+1)—i—r ﬁ
Tk; —1 B
Then
Z—BGhgr=U-U)+V-V)+W, (10.1)
with
r r [a_,»J nflfjf(rui»q)k _ j _ 2 _ qk —q
U—-U"=> (-1) ( ) S Aristrakprk N ( ) 2
=0 I = i=1 rk—1 A

lao—1] (r+q)(k+1) .
B Oz: Ar—1-(r+a) (k1) gr(k+1) Z n—2—qk+1)—i—r i
rk—1 AP’

k=1 =1
Loy ]

V_V* _ i:(_l)J (7") ZAn 1—(r+q) kBrkZ (n_] ;kQ_—qu—Z>gzl

§=0 I/ = i=1

lap—1] rk .
- OZ Anflf(r+q)(k+1)Br(k+1) Z ('ﬂ -2 - q(k + 1) — 17— 7”‘) &

4 rk —1 B’
k=1 1=1
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and
r r—1
W=> (—A) (;) bra, [ € NJ+ > M, [a; € N] = B"brag—1) [ — 1 € N].
j=0 j=0

We aim to prove that Z — B"G,,_q—,, given by formula ([10.1)), is zero by Lemma So, we will
consider the two cases for each of the terms U — U*, V — V* and W.
Case 1. If aj ¢ N, o] = |ag] for 0 < j < r, then W = 0 and by replacing s by n — 3 in
Lemmata [9.6] and we get
U-U"=T1-T,=0, V-V*=T3-T,=0.

Therefore Z — B"Gp—g—r = 0.
Case 2. There exists jo, 0 < jo < r such that o, € N and for j # jo, a;; ¢ N. So, we are dealing
with two alternatives: jo = 0 and jy # 0.

1. Suppose that jo = 0. So from Lemma[9.5] ap € N and a; ¢ N with |a; ] = ag — 1 for j # 0.

From relation (4.1), W = 0 and by replacing s by n — 3 in Lemmata and we get

U-U"=T,—-T>,=0, V—-V*=T3 -1y

From Remark @7 V —V* =0. Therefore Z — B"Gp,_q—r = 0.

2. Suppose now that jg # 0. From Lemma aj, € N and for j # jo, a; ¢ N with

Qjy for .7 S jOv . .
a;| = In this case, by relation (4.2)),
Lo {ajo—l for j > jo + 1. Y

W = (—A)P (?”)bmj + M, .
]0 Jo 0

Replacing s by n — 3 in Lemmata [9.6] and 0.7 we get, U — U* =Ty — T> = 0 and
V-V =T3-Ty

= Ajo BTQJO

jo—1 T . . oy =T .
Z(_l)j r Z n—2—j—qoj, —1 ﬂ_z n—2—quj,—1i—1 ﬁ
j rog, — 1 B? rlaj, —1)—1 B?

=0 i=1 i=1
Introducing the value of «;,, we rewrite V —V* as

* o pray (8~ (VSR (roge —1+4do—i—35\ b <=~ [raj, —1+jo—i—r) b
V_V* = A greio Z(_l)J Z Jo J JY o Z jo J b
J Jo—j—1 B! Jo—1 Bt )"

j=0 i=1 i=1

By replacing U — U*, V — V*, W in (10.1)), we get

. jo—1 oy "% raj, —14+jo—i—5\ b
Z Ban, —r = A’0 B"%io E —1)? E Jo z.
q ( ) . -

j=0 J) = jo—j—1

_ pdo gredg i rajo—1l4+jo—i—r) bi +(—A)P " Vo M
jo—1 Bt jo %50 Jo*

i=1

Now, we write the first sum in the right-hand side of Z — B"G,,_,—, by isolating i = ra;, to obtain

Z-B'G — Ado Brevo joz_:l( 1)7 (7") mil (T% —1+Jo —i—j> bi
e = i) = jo—j—1 B
ca S () (B,
= ) \jo—j—1) "
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T, =T 1 n i . b
) _ ro, — jo—1i—r\ b oy
_ 4o greo ( o~ 1 >,+(_A>m(_ )b M
From relation and ( .

Jo r—Jjo
Mo == <Z<_1)S (S> bras, + D Bt}‘gm)bv-amt)

s=0 t=1
Then
P! "X fra; —14+jo—i—7\ b
Z—B"Gp_g_y = AOB"%i —1)7 Jo
! O(Z< )(> ( Jo—j—1 )Bz
7=0 =1
TG T . . r—Jo
roj, —14+jo—i—1)\ b ' jo)
— AJo B\ b
; ( Jo—1 ) B Z @0 ="
i=1
Now, we separate the first sum in Z — B"GY _ q—r following the index ¢ in three parts; 1 < i <

rog, — 1, rag, —r+1<i <roj; —r—1+jg and raj, — 7+ jo <@ < raj, — 1 to obtain

r—Jjo
Z — B'Gyy_q_y = AJ B0 <21 +Zo+ Zs— Zy— AN BN, t),
J0
t=1
with

Z_jol e raj, —14+jJo—1i— 7\ b;
1 jo—j-1 B
j=0 i=1

14
o L raj, —14+jo—1—7) b;
Jo—Jg—1 B’

i:rozjo—r-ﬁ-l
Jo—1 ragy—1 . . .

Sev() oy (MR
7=0 J 1=raj, —r+jo Jo—J— 1 B

T TOéjo — ]. —+ jO — Z -7 bl
=1

Jo—1

Z3

Since (mm] 14jo—i= j) =0 for j > jo, Z; becomes

—j—1

. (T mmr(ra- —1—|—jo—i—j> b;
Zy =Y (-1)7(" o T =
=xv () % (SN T)E

. i\ fra; —1+jo—i—7\ b n n
— —1 J Jo —y — .
JZZ:O( ) (]) ; ( rog, — 1 )B’ * kg n—k

Then Lemma gives
_“Z_ (ij —1+jo—i—r)bi
i=1 Jo—1 B

Zy — Zy = 0.

So,

332
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Otherwise, by setting k = ¢ — ra;, + r, it is easy to see that

A ST (AD ST (kb ) Ko
2 — = ] r—k Bktraj,—r

k=1
_jof bk+m]07r " 1) rN(r—1+jo—k—7j
Z Bktraj,—r Z(_ ) j r—k ’
=0
Then according to Lemma[0.3] Z> = 0. So,

_ - T—jo .

Z =BGy gy = APB™0 Z5 = AP 3" BN,

t=1

with

Jo—1lr—jo e s+jo—j—1 b
= 1)) Drego—s.
=Y 3 (1 (])( : )B

=0 s=1

by setting s = ra, — 4, and from Lemma [9.4]

Z - rzj:o(_l)jo—l r—S— ]_ b’r‘ajo—s - ri:ﬂ] )\(]0) bTOéjO—S
3= jo—1 Broyo—s s Broj,—s’
s=1 s=

Therefore, Z — B"G,,_4—» = 0 and the proof is complete.
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