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ABSTRACT. Let ¢ be a normalized convex function defined on open unit disk D. For a unified
class of normalized analytic functions which satisfy the second order differential subordination f/(z) +
azf”(z) < ¢(z) for all z € D, we investigate the distortion theorem and growth theorem. Further,
the bounds on initial logarithmic coefficients, inverse coefficient and the second Hankel determinant
involving the inverse coefficients are examined.
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1. Introduction

The class of all normalized analytic functions

f(z):z+agz2+a323+"' (1.1)
in the unit disk D := {z € C : |z| < 1} is denoted by A. Denote by S, the subclass of A consisting
of univalent functions in . Let P be the class of analytic functions p defined on D, normalized
by the condition p(0) = 1 and satisfying Re(p(z)) > 0. Let f and g be analytic in D. Then f
is subordinate to g, denoted by f < g, if there exists an analytic function w with w(0) = 0 and
|lw(z)| < 1 for z € D such that f(z) = g(w(z)). In particular, if g is univalent in D then f is
subordinate to g when f(0) = ¢(0) and f(D) C g(D). In this paper we shall assume that ¢ is
an analytic function with positive real part in D and normalized by the conditions ¢(0) = 1 and
¢'(0) > 0. Tt is noted that ¢(ID) is convex. The function ¢ is symmetric with respect to the real
axis and it maps D onto a region starlike with respect to ¢(0) = 1. The Taylor series representation
of the function ¢ is given by

$(2) =1+ Biz + By2? + B3z® + -+, (1.2)
where By > 0. For such ¢, Ma and Minda [22] studied the unified subclasses S*(¢) and C(¢) of
starlike and convex functions respectively, analytically defined as

e O _ LA
$'(6) = {fea: oy = )b oand C(e)={reA:1+ T < )}

The authors investigated the growth, distortion and coefficient estimates for these classes. In

particular, the class S*(¢) reduces to some well known subclasses of starlike fuctions. For example,
when —1 < B < A <1, S*[A, B] is the class of Janowski starlike functions introduced by Janowski
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[11]. For 0 < o < 1, §*[1 — 2cr, —1] = S}, is the class of starlike functions of order «, introduced by
Robertson [31]. The class SL = §*(v/1 + z), introduced by Sokét and Stankiewicz [36], consists
of functions f € A such that zf/(2)/f(z) lies in the region Q = {w € C : |w? — 1| < 1}, that
is, the right-half of the lemniscate of Bernoulli. Later, Mendiratta et al. [23] introduced the class
S* := §*(e*) consists of functions f € A satisfying the condition |log(zf'(z)/f'(2))] < 1. In 2011,
Ali et al. [3](see also [10]) studied the class of all those functions f € A which satisfy the following
third order differential equation

f2) +af'(2) + 722 f"(2) = g(2),
where the function g is subordinate to a convex function h. In [3], the best dominant on all solutions
of the differential equation in terms of double integral were obtained. Some certain variations of
the class R(a,h) = {f € A: f'(2) + azf"(z) < h(z),z € D}, where h is a convex function have
been investigated by several authors [6,24135,37,/39]. On the basis of the above discussed works,
we consider a unified class of all functions f € A such that

f'(2) + azf"(2) < 6(2) (1.3)
for z € D and where @ € C with Rea > 0. The class of such functions is denoted by R(«, ¢).
Since f € R(a, @), f'(z) +azf"(z) # ¢(el?), 6 € [0,27), it is observed that

f'(2) + azf"(z) = [(1 = ) f(2) + a(zf'(2))]"
———5 and f(2) = f(z) * 1iz' Thus,

Therefore, we conclude that

or equivalently

Hre - B 2 )

which is the necessary and sufficient conditions for a function f € A to be in the class R(a, ¢).

In this paper, we compute the distortion, growth inequalities for a function f in the class R(a, ¢).
The sharp bounds on initial logarithmic coefficients for such functions are also obtained. Next, we
obtain the bounds on initial inverse coefficients of the function f € R(a,¢) as well as bounds on
Fekete Szego functional and second Hankel determinant.

2. Distortion and growth theorem

The first theorem proves the distortion theorem of the functions f belonging to R(«, ¢).

THEOREM 2.1. Let o € C, Rea > 0 and the function ¢ be defined by (1.2)). If the function
f € R(a, @), then

| Bl ( | B |r"
1 <1
+ZnRea+1_ 2l +ZnRea+1

for |z| < r < 1. The result is sharp.
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We make use of the following lemma in order to prove some of our results.

LEMMA 2.1 (|7 Lemma 2, p. 192]). Let h be a convex function with v # 0 and Re v > 0. If p(2)

is regular in D and p(0) = h(0), then

zp'(2)
v

= / ()t 1at.
0

The function q is convex and the best dominant.

p(2) + < h(2)

implies that p(z) < q(z) < h(z), where

(2.1)

Proof of Theorem[21l Let the fuction f be in the class R(a, ). Then f/(z) + azf”(z) <

¢(z). For p(z) = f'(2) and v = 1/a, Lemma [2.1] yields
/ l -1/« r 1/a—1
fl(z) < 52 /gb(t)t dt.

On taking t = 2{® in above relation, we get

1
<O/¢z<“

(2.2)

Since the function ¢ is symmetric with respect to real axis, ¢(z) has real coefficients. Also ¢'(0) > 0

gives ¢'(z) is increasing on (0,1). From [12], we have

IrZIP:nT Re ¢(z) = ¢(—r) and max Re ¢(z) = ¢(r).

|z|=r
Using (2.3]) and for |z| = r, we have
[f'(2)] = Re f'(2) > min Re f'(2)

|z|=r

1

> min Re/¢ (2¢)d¢ = rzr‘un Re ¢(2¢*)d¢ = /cb(*rCR”)dC-

|z|=r

Similarly, we have

1
/ T,CRea
0
+

Since ¢(2¢Re®) =1 + Byz¢Re® + Byz2(2Rea , a simple calculation yields

1
/¢> (2¢R™)d¢ /(1 + B2 4 By2?(P N 4 By 4o )d¢
0 0
Bz By 22 Bsz®
+Rca+1+2Reo¢+1+3Rco¢+l+

_1+ZnRea+1

(2.3)

(2.5)
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From (2.4, (2.5) and ({2.6]) the result follows. The result is sharp for the function f: D — C defined
by

= Bpz" Tt
= . 2-
Z (n+1)(1+nRea) 27)

n=1

O

THEOREM 2.2. Let o € C such that Rea > 0 and the function ¢ be as in (1.2). Then for the
function f € R(a, ¢), we have

|Bnl(=1)" HOIp S |Bn|r"
< 1).
+Z (n+1)(nRea+1) |z| Z (n+1)(nRea+1) (el <r<1)

= [otcac (28)
0

1 > 2"
O, (2) = dt = .
(2) /1—zta Zl+na
0 n=0

From [33: Theorem 5, p. 113], it is noted that ®,(z) is convex with Rea > 0. Also,

®a(2) * 4(2) = (i 1+na> (1+ZB"2 )_1+Z(l+na)

It view of above and ({2.6)), we have

Proof. Let

and

1
/¢z<ad< H(z).
0

Since convolution of two convex functions is convex, the function H is convex and H(0) = 1.
Putting v = 1 and h(z) = H(z) in Lemma [2.1]} we get

1 4
< / H(t)dt. (2.9)
0
Using (2.8), substituting ¢ = 20 and p(z) = f(2)/z in (2.9), we have
11
M =< //qi) (zo¢*)dod(. (2.10)
2
00

Let h(z) = f(z)/z. Then (2.3)) together with (2.10) yields

|z|=r

11 11
|h(2)| > min Reh(z //|m1n¢ zo(¥)dod¢ = //¢ (—ro¢®e*)dod¢ (2.11)
00 00
and

11 11
max X “) = Rea) .
|h(2)] <‘ ax Re h(z 0/0/ Z‘a d(20¢*)dodC 0/()/(;5 ra(°*)dod(. (2.12)
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A simple calculation shows that
11 1 o B
Re o _ n n
//QS(ZUC )dadc/<1+zl<l+nRea)(zg) >d0
00 n=

=1
+Z (n+1)( 1+nRea)
Now, the result follows from (2.11| and - The result is sharp for the function f given

by. 0

Remark 1. Letting ¢(z) = (1 — (1 —28)z)/(1 — z), where 8 < 1 and a = 1, Theorem [2.2] reduces
to a result due to Silverman [34} Corollary 2, p. 250]. Further, for ¢(z) = (1 — (1 —28)2)/(1 — 2),
where 8 < 1 and a > 0, Theorem [2.3] yields [6; Corollary 3, p. 178].

THEOREM 2.3. Let o € C such that Re a >0 and the function ¢ be as in (1.2) such that f € R(«, ¢).
Then

(2.13)

By

< -t
jan] < [n 4+ n(n—1)a

for all n > 2. (2.14)

Proof. For p(z) =1+ an m e P, set f(2) +azf’(z) = p(z), z € D. Since f € R(a, ),
p(z) < ¢(2). A simple calculatlon gives

() +azf(z) = 1+Zn—|—n n —1)aja,z" =1+anz". (2.15)

n=2

On comparing the coefficients of 2”1, we get
(n+n(n—1)a)a, = pn- for all n > 2.

By making use of [32: Theorem X, p. 70], we get |p,| < Bi, for all n > 1. Hence, we get the
desired inequality. The inequality (2.14]) is sharp for the function f, given by f/(z) + azf/(z) =
o(=" ). o

Remark 2. On taking ¢(z) = (1—(1—28)2)/(1—z), where 8 < 1 and a = 1, Theorem [2.3] yields
a result due to Silverman [34; Corollary 1, p. 250]. Further, letting ¢(z) = (1 — (1 —208)2)/(1 — 2),
where 8 < 1 and « > 0 Theorem [2.3| reduces to [6; Corollary 2, p. 178].

3. Bounds on initial logarithmic coefficient

For a function f € S, the logarithmic coefficients +,, are defined by the following series expansion:
F&) > wmz", logli=0. (3.1)

On comparing the coefficients of z on both the sides, we get the initial logarithmic coeflicients

1 _1( 1 2) _1( +1 3> (3.2)
"= 2(127 Yo = B as 2(12 Y3 = B a4 — G203 3(12 .
In 1979, the authors [5] showed that the logarithmic coefficients v, of every function f € S satisty

o0
the inequality > |v,|? < 72/6, where the equality holds if and only if the function f is rotation
n=1

89



SWATI ANAND — NAVEEN KUMAR JAIN — SUSHIL KUMAR

of the Koebe function k(z) = z(1 — e'?)~2 for each . The n'" logarithmic coefficient of k(z) is
Y = " /n for each § and n > 1. In [40], the logarithmic coefficients 7, of each close-to-convex
function f € S is bounded by (Alogn)/n where A is an absolute constant. In 2018, the authors
[4.:28] obtained the bounds on logarithmic coefficients of certain subclasses of the class of close-to-
convex functions. Recently, Adegani et al. [1] investigated the bounds for the initial logarithmic
coefficients of the generalized classes S*(¢) and C(¢). To find the bounds on initial logarithmic
coefficient for class R(«, ¢), we shall use the following two lemmas.

LEMMA 3.1 (|26} p. 172]). Assume that w is a Schwarz function so that w(z) = > cpz™. Then
n=1
el <1 and len| <1 —lerf?, n=23,....

LEMMA 3.2 ([29: Theorem 1]). Let w(z) = Z cn2™ be the Schwarz function. Then for any real
numbers q1 and qo, the following sharp mequalzty holds:

lcs + qieica + goci| < H(qu; g2),

where
1 if (q1,92) € D1 U Dy U{(2,1)},
2] if (q1,q2) € Up_y Dy,
2 1+ \q1| 5
g+ 1) (=B N 41 g0) € Dg U Do,
qQ(‘ﬁ_‘l)( ‘ﬁ_‘l)% if (q1.42) € D1oU D1y ~ {(2,1)}
—_— AN
3\ —dg2/ \3(gs - 1) 41,92 10 11 y )1
20 - 02 ) g e D
3 q1 3(\q1| —1—q2) q1,42 125

and for k=1,2,...,12, the sets Dk are defined as follows:

@) 0 < 5. oo <1}

1 4
a,02) 5 <lal <2, —(a|+1)° = (la|+1) < g <1},
2~ 27
1
=9 (q1,92) : |q1] §§ g < —1¢,
1 2
(q1,92) : a1 25 3(CI1|+1)}

(q1,02) : a1l <2, @@ > 1},

1
@) 2 <0l <4, 0> 15 +9)
q

Las) a2 4, g > (|q1|—1>},

l\JM—A

q17q2

=i
p={
n{
{
{
p={
pq

<lal €2, ~2(al +1) <@ < ool +17 <|q1+1>},
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, < Jnllnl + )

2
) Z 2a Y +1 S =~
Q1 QZ |Q1| 3(|q1| ) q%+2‘ql|+4

2|q1|(Jqa| + 1) 1
a)i2<lal <4, A0S <o < gt
{ q1,92) 1] 2+ 2]+ 4 0 12(611 )

Agrl(arl +1) __ 2alllar] - 1>}

Dy = <g2 <
qi +2lq | +4 qi —2|q | +4

Q17Q2 |91| 24a

2|1 |(Jga[ — 1) 2 }
Diz = (q1,q0) : |qu| >4, DN 2 0 < gy — 1) V.
12 {(q1 @) tla| = - 2q 4 =% g (el =1)

THEOREM 3.1. Let o € C such that Rea > 0 and the function ¢ be as in (1.2). Suppose f €

R(a, @), then the initial logarithmic coefficients of f satisfy the following inequalities:

: 1
<1
(i) |m| < i1+ af
Bl . ) ) ,
6|1 + 20| if 18(1+ a)?Bs — 3(1 + 2a) Bf| < 8B4|(1 + )?|,
72| <

I8(1 4+ )’ By — 3(1 + 20) B

if [8(1 2By — 3(1 + 2a)B?| > 8By|(1 2.
48[(1+ )2[[1 + 24 if 18(1+ @)®By — 3(1 4 20) Bi| > 8B1[(1 + a)7|

(iii) If By, B2, Bs and « are real numbers, then

I3l < H(q1;q2),

<_B g
~ 8(1+ 3a)
where H(q1;q2) s given in Lemma such that

2B, 2By(1+3a)
By 3(1+a)(1+2a)

g1 =

and
_ B3 2By(1+30) B}(1+ 3a)
=B T30+ a)(1+2a) | 6(1+a)

The bounds for v, and ~2 are sharp.

Proof. Let f(2) = 2+ > an2z"™ € R(w, ¢) where ¢ is given by (1.2). Then f'(z) + azf"(z) =
n=2

d(w(z)) for z € D, where w(z) = 3 ¢,2" is the Schwarz function. A simple calculation yields
n=1

f'(2) + azf"(2) = 1+ Bierz + (Bica + Bac})z” + (Bics + 2c1¢2By + Bsc})z® + -
On comparing the coefficients of z, we obtain
2(1 + a)ag = Bicy,
3(1 + 2a)az = Bicy + Bac?,
4(14 3a)ay = Bycs + 2Bscicy + Bsch.
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On substituting the above values of a; (i = 1,2,3) in (3.2)), we get

Bic
M= Ita)
8(1 4+ a)?Byca + (8(1 + a)?By — 3(1 + 2a) B?)c2
= 48(1 + a)2(1 + 2a) ’
B, B, B2 (3.3)
B 13T (4(1 ¥3a) 12(0+a)(1+ 2a))clcz
( Bs B B Bs B3 )63
8(1+3a) 12(1+a)(1+2a)  48(1+a)3/

By using Lemma we get the desired best possible estimate on 7;. The bound is sharp for
|Cl| =1.

By 8(14 @)2By —3(1+2a)B2 ,
72| = c2 + 2 gl
6(1 + 2a) 48(1 + )2(1 + 2a)
B 1+ a)2By — 3(1 + 20) B2
< ooyl + BUE I B o3 BB,
61 + 2a 48] (1 + @)2||1 + 2a
By o |81+ @)2By — 3(1+20)B2|,
<1 (-
S T L A e e e )
o B1 n |8(1 —|—C¥)2B2 —3(1 +20{)B%‘ _ Bl |62|
"~ 6[1+ 20 48|(1 + a)?|1 + 2« 6]142af) "
B o B+0)°By —3(1+20)Bf| _ By
61 + 2a 48] (1 + @)2|[1 + 20 = 6|1+ 2q
8(1+0)*By —3(1+20)B7| . [8(1+0)’By — 3(1 +20)BY)| By
48|(1 4+ @)2[[1 + 24 48] (1 + @)2||1 + 2a 61+ 20

These bounds are sharp for |¢;| = 0 and |¢1| = 1, respectively.
The third inequality follows by Lemma Using Lemma [3.2] for 43, we obtain

el B, . B, B?
— c - cie
B8 +30)? T 40 +30) 120+ )1 +2a) )
B BB B3
+ 3 _ 102 + 1 C?
8(1+3w) 12(14+a)(1+2a) 48(1+ )3
= L\c + creaq1 + gl
81+ 3a)@Ta 201 + €142
By
< ———H(q;
> 8(1 + 30() (QDQQ)a

where

—9 % _ Bl(l + 30[)
N=2\B; " 31 +a)1+2a)
Bs  2By(1+3a)  B1+3a)
and Q@ = — — .
By 3(1+a)(1+20)  6(14+a)

This completes the proof. O

On taking ¢(z) = €*, ¢(z) = V14 z and ¢(z) = (1 + 2)/(1 — z), respectively in Theorem
the following corollaries follows immediately.
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COROLLARY 3.1.1. Let o € C such that Rea > 0 and ¢(z) = e*. Suppose f € R(a, @), then the
initial logarithmic coefficients of f satisfy the following inequalities:
. <1
1

-
) bl < grygay

1
< -
(111) |ry3| = 8(1 =+ 30[) (QI7QQ)7
where H(qy;qz) is given in Lemma [3.2] such that

14 3a(l+ 2a)
3(1+ a)(1 +2a)

g1 =

and

_ 1 (1+3a) (1+3a)
2= T 31 +a)l+2a)  6(1+a)

COROLLARY 3.1.2. Suppose that f € R(«, ¢) where Rea > 0 and ¢(z) = /1 + z, then the initial
logarithmic coefficients of f satisfy the following inequalities:

1
. <L
1
. <
(@) hel = oy
1
< o
(111) |73| = 16(1+3a) (q17QQ)7
where H(q1;q2) s given in Lemma such that
o1 (14 3a)
=T T 31+ a)1 + 20)
and
1 1+ 3a 1+ 3a

3 T BRIt r2a) AT L)

COROLLARY 3.1.3. Let the function f € R(«, ¢) where Rea >0 and ¢(z) = (1+2)/(1 — z), then
the initial logarithmic coefficients of f satisfy the following inequalities:

1
o1
6) 1l < gar

1

. _
(i) hel < 3[1+2al’

1
< o
(111) |’73| = 4(1 +3OZ) (qlvq2):
where H(q1;q2) is given in Lemma such that

 2(1+3a(1 +2a))
M= 30+ a)1+20)

and
4(1 + 30) 2(1 + 3a)
31+ a)(1+2a)  3(1+4+a)d

g =1~
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4. Inverse coefficient estimates

From the Koebe one quarter theorem, the image of I under a function f € S contains a disk
of radius 1/4. Thus for every univalent function f there exist inverse function f~! such that
fUf(2)) = z for z € D and f(f Y (w)) = w for |w| < ro(f) where ro(f) > 1/4. The function
7! has the Taylor series expansion f~!(w) = w + Asw? + Asw® + ... in some neighborhood of
origin. In 1923, Lowner [21] initiated the problem of estimating the coefficients of inverse function
and investigated the coefficient estimates for inverse function f € S. Later on, this lead to the
study of inverse coefficient problem for several subclasses of S by various authors |2[18H20,29]. In
[13,[16], authors obtained the initial inverse coefficients for the well known classes C' and S*(«)
(0 < a < 1). Recently, Ravichandran and Verma [30] determined the bounds on inverse coefficient
for the Janowski starlike functions.

In this section, we shall investigate the bounds on inverse coeflicient. The following lemma is
needed to obtain the coefficient bounds for the inverse function.

LEMMA 4.1 (|18t Lemma 3, p. 254]). If p(2) = 1 + p12 + p22? + ... is a function in the class P,
then for any complex number v,

lp2 — vpi| < 2max{1, |2v — 1|}.
THEOREM 4 1. Let a € C such that Rea > 0 and the function ¢ defined by (1.2 . If function
f(z) =2+ Z anz" € Rla, ¢) and f~1(w) =w+ Z Apw™ for all w in some neighbourhood of the
n=2

origin, then

. By
0 Mol < 5o
B, 3B1(1+2a) Bs
A —_— 1 h = — ==
() | 3|73|1+2 |max{,|u\},werep 2(1+()()2 Bl’
(iii) If By, B2, Bs and « are real numbers, then
B,
A — L H(q;
|A4 < 4(1 1 3a ) (a1 92),

where H(q1;q2) is given in Lemma@ 3.2 such that

_(B:  5Bi(1+3a)
2(31 3(1+a)(1+2a))

and

By 10By(1+3a) | 5B}(1+3a)
=B T30+l +2a) | 21+a)

Proof. Let f € R(a,¢). Then

f'(2) + azf"(z) = d(w(2)), (4.1)
where w(z) is the analytic function w with w(0) = 0 and |w(z)| < 1. Let
1+w(z
p(z) = 14 w(z) =1+4+p1z+pez® +p32®+---.
1—w(z)
Since w: D — D is analytic thus p is a function with positive real part and
p(z) -1 1 1 p 1 3 3
= — —4 4 cee 4.2
w(z) p(z) 1 2P12+2(P 2)Z +8( 1 — 4p1p2 + 4p3)z” + (4.2)
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Then

Bip 1 1 1
o) =1+ B (LBt + 3B 5

1
+ g((Bl — 2B2 + B3)p:f + 4(—31 + Bz)p1p2 + 4Blp3)23 + -

Using expressions (4.3]) and (4.1]), we obtain

B
2(1 4+ a)ag = 12]91 ,

1 1 1
3(1+2a)az = Zszf + 5 Bi(p2 — 5p‘f), and (4.4)

1
4(1+3a)ay = g((Bl — 2By + B3)p} + 4(—Bi + B2)pip2 + 4B1p3).

Since f~l(w) = w + Aw? + Azw3 + Agw? + .-+ in some neighbourhood of origin, so we have
f(f~Y(w)) = w. That is
w=fTHw) +ax(fTH W) +as(F W)+
=w+ Agw? + Azwd + Agwt + -+ ag(w + Agw? + Azwd + Ayt +---)?
+ az(w + Agw? + Azw® + Agwt +---)3.
A simple calculation gives the following realtions:
As = —az,
Az =2a3 — a3, and (4.5)
Ay = —5a:2)’ + Basas — aq.
On subsituting the values of a; from into and a simple calculation yields
—-B
Ay = mph
2
A =50 —I—B;a)m + (8(1 +1a)2 - 12(1Bj 2a) © 12(1BJi 2a)> P
1

1 2
In 1) on taking ¢; = %, co = —(pg — p—l) , C3 = g(p:f — 4p1p2 + 4p3) and so on we get,

a3 = Bicy + Bgcf, and (4.6)
4(1 + 304)&4 = Bicg + 2Bscico + BgC?.
On substituting the values of a; from (4.6) in (4.5)), we obtain

A _Bl + 5312 B2
=———¢ — cie
YT A1 +30) P T\ 61+ )1 +2a) 41+3a)) 7
_ By 5B, B, —5B3 \
+ + cy.
41+3a) 6(1+a)(1+2a) 8(1+a)d
Since |p1| < 2, we have
B
Ao < o —.
21 +
Consider
‘A | - Bl . 331(1 + 20&) . B2 1 2
317 61+ 20f |72 i1+a)2 2B, 2P

95



SWATI ANAND — NAVEEN KUMAR JAIN — SUSHIL KUMAR

Then by Lemma we get the desired estimate. Using Lemma [3.2] for A4, we obtain

A B (B 5B2
= | ——(: C1C
A +30) T\ 204 30) T 60+ )1 +2a)) 7

—Bs 5B, B, 5B3 X
+ + - Cl
41+3a)  6(1+a)(l1+2a) 8(1+a)

:Lk + creaqr + gl
A1 43q) 0 T T TR
By

< —H(qq;
> 4(1+30é) (Q1aq2)7

where

By 3(1+a)(1+2a)

q12<32 581 (1 + 3a) )

and

_ By 10B3(1+3a) N 5B%(1 + 3a) O
2B T30t a)(1+20) ¢ 20+a)®

The following corollaries are an immediate consequence of the Theorem for ¢(z) = e*

¢(z) =1+ z and ¢(z) = (14 2)/(1 — z), respectively.

COROLLARY 4.1.1. Let a € C such that Rea > 0 and ¢(z) = e*. If the function f(z) =
(oo} o0

24+ Y apz™ € R(a, @) and f~Hw) =w+ > Ap,w™ for all w in some neighbourhood of the origin,
=2

n n=2
then

?

1
i) |Aol < ——
@) | 2|—2|1+04’
1 1+ 2 1
(i) As] < o max {1, |32 L)L
3[1 + 20 21+a)2 2

1
< X
(111) |A4| = 4(1+3a>H(Q1,QQ)f

where « is real and H(q1;q2) is given in Lemma such that

=7+ 3a(-T+2a)
M= 30+ a)1+20)

and

1 5(1 + 3a) 5(1 + 30)
=6 T30 ra)(1+2a) 20 +a)®

COROLLARY 4.1.2. Suppose that the function f(z) = z+ > anz™ € R(a, ¢), where Rea > 0 and

n=2
[ee]
6(2) =V1+ 2z and f~H(w) =w+ 3 A,w™ for all w in some neighbourhood of the origin, then
n=2
1
i) |Ag] < ———
W) 1Azl < g7
. 1 3(14+2a) 1
Azl < ———— 1, |—= + -
(W) sl < g 2al max{ "4(1+a)2 * 4‘}’
1
iii) |A4] < ———H(q1;
(111) | 4| = 8(1+30é) (q17q2)7

96



ESTIMATES OF NORMALIZED ANALYTIC FUNCTIONS

where « is real and H(q1;q2) is given in Lemma such that

1 5(1+ 3c)

B= T T 30+ a)d + 20)

and
1 5(1 4+ 3a) 5(1 + 3a)

©= 3T By a)(i+2a)  8I+a)

5. Hankel determinant

The problem involving coefficient bounds have attracted the interest of many authors in particu-
lar to second Hankel determinants and Fekete Szego functional. The coefficient functional |as —pa2|
where p is a complex number is called the Fekete Szego functional. The Fekete Szegé problem
involves maximizing the functional |ag — pa3|. Some authors have investigated the Fekete Szego
problem for the coefficients of inverse function [2,25,38|. The Hankel determinant |Hz(1)| = |az—a3]
is a particular case of the Fekete Szego functional and H(2) = |agays —a3| is called the second Han-
kel determinants. In 2013, Lee et. al. |17] obtained the bounds for the second Hankel determinant
for the unified class of Ma-Minda starlike and convex functions. The authors [38] estimated the
bounds on second Hankel determinant for the class of strongly convex functions of order « using
the inverse coefficients. One may refer to [8}9,/14.(15,[27] for more details. In the present section,
we shall determine the Fekete Szegd functional for the inverse coefficient.

THEOREM 5.1. Suppose a € C such that Rea > 0 and the function ¢ defined by (1.2). Let

feR(a,¢) and f~Hw) =w+ > A,w™ for all w in some neighbourhood of the origin. Then for
n=2

Proof. In view of euqations (4.4)) and (4.5)), we get

~B B? By — B, B?

Ay — pA2) = | 2L i _ i 2
s = ndal = 150 +2a)p2+((8(1+a)2+12(1+2a)> Fl6(1+a)2 )
B —3B1(1+20) B, 1 3Bj(1+2
_ 1 )<p2 ( 1(1 +2a) 2 4, 3B+ a)) 2)

any complex number u, we have

3B (1 + 20)
A1+ )2

(=2 + 2

By
Az —pA3] < —— 1
‘ 3 H 2|—3|1+2amax{ 7’ Bl

~16(1 + 2a 11+a)2 2B 2 M81+az M
_ By 2
- 6(1+2a) (pZ Vpl) )
3B1(1+2 B 1
where v = W (2—p)— ﬁ + 2 By Lemma we get the required result. O

THEOREM 5.2. Let o € C such that Rea > 0 and the function ¢ defined by (1.2). Suppose
function f in R(a, @) and f~Hw) =w+ >, A,w™ for all w in some neighbourhood of the origin.
n=2

(i) If B1, By and B3 satisfy the conditions

Bl|1—|—a|
4d, < d d < ——
2= T =911+ 2002
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then ,
B
ApAy — A2 < ———L
el = A= G gy
(ii) If By, By and Bs satisfy the conditions
do B
4dy > d di————"——2>0
2= T T 6|1+ 3a] T
or
Bl|1+0é|
4dy < d: dy > —
2= = g1+ 20)2)
then
Bidy
AgAy — AZ| < :
| 2414 3| = |1+Oé‘
(iii) If By, B2 and Bs satisfy the conditions
do By
4d; > ds, dy— — — ————— <0,
Lo T Y T 6|1+ 30
then
Bl 16B1|1+O{| Bl B%
- dy—4d} — ———1___
9 16]1 + o \ 9|(1 + 2a)?| |1+ 3¢ 16](1 + 3a)?|
|Az Ay — A3| <
g —do— D1 B[l + af
PRI+ 3al  9|(1 + 2a)?
where
di — B} B3|l +a B1|B,| | Bs|
YT16)(1+ a)?  9B|(1+20)% | 121+ af[14 2] | 81+ 3a|’
B} | Ba| 2|By[1 + o
dy = 1 2 2 a
1211+ al|l+2a]  4]1+3a] 9|1+ 2a)?|
and
SBl|1—|—a| B1
ds =

T 9(1+20)2  21+3al

In the proof of this result, the following lemma is needed.

LEMMA 5.1 (|18 Lemma 2, p. 254]). Ifp(z) =1+ 3 ppz™ € P, then

n=1

2py = pi + x(4 —p),

dps = p} +2p1(4 — pT)w — pr(4 — p)a® + 2(4 — p)(1 — []*)2

for some x and z such that |x| <1 and |z| < 1.

Remark 3. For real numbers P, @) and R, a standard computation gives

R, Q<0,P<-Q/,
o PR — @
— P<_0/s.
4P ) C?>07 < Q/S

98

(5.1)



ESTIMATES OF NORMALIZED ANALYTIC FUNCTIONS

Proof of Theorem[E2 It follows from equations (4.4)) and (4.5 that

-B -B 5B2? B, — B
a2 1P1 1 1 1 2
A Ay — A3 = (8( >p3+ (24< + )>p1p2

41+ o) \3(1 + 3 1+a)(1+2a)  8(1+3a
5B}  5Bi(B:—Bi)  Bi—2B;+B;\ ,
6(1+a)3 48(1+a)(1+2a)  32(1+3a) 11

B (B1—B2)\ » Bips ?
- + PI— o5+
8(1+a)?  12(1+2«) 6(1 4+ 2a)
_ 4 Bi B} (B) — By) Bi(By —2Bs + Bs)
Pr 2561+ ) " 102(1 + a)2(1 +2a)  128(1 + a)(1 + 3a)

(B1 — By)? > Bipips Bips

S 144(1+20)2) T 320+ a)(1+3a)  36(1 + 2a)2

42 -Bj _ Bi(B:—By) By (By — By)
P2 96(1+ a)2(1+2a)  32(1+a)(1+3a) « 36(1+ 2a)2
In view of Lemma |5.1} we obtain

A A 7A2* Bl 4 Bf . B§(1+Oz) B BlBQ 4 Bg
U T 60+ a) MP\16(0+ ) 9Bi(1+20)2  12(1+a)(1+2a) ' 8(1+ 3a)

Blz + BQ _ Bg(l + a) )
24(1+ a)(1+2a) ' 8(1+3a) 9(1+ 20a)?

+(4 — p})a’p} <8(1f;a)> — (4= p})*a? (iit;@il)

Ll e (—

(= )0~ o)y |

Since |p1| < 2 and it can be assumed that p; > 0 and thus we get that p; € [0,2]. Letting p; = p
and |z| = 7 in the above expression, we get

B, B} B2|1 +q| By |B;| | B3|
Ap Ay — A3 < i i 2
e T {p (16(1+a)3|+9B1|(1+2a)2|+121+a||1+20z|+8|1+3a|

B} | Ba| | Ba|1 + «f
2414+ a1 +2¢] 8|14 3al  9|(1+22)?|

B Bi|1 4+«
4—p?)y2p? [t 4 p2)242 (22T Al
A= <8|1+3a| U= S za)

+2p%(4 = p?)y (

By
2p(4 — p*) (1 — )| z|—— | .
204 = )1 = el g

= G(p,7).
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Let p be fixed. Using the first derivative test in the region Q = {(p,7) : 0 <p < 2,0 <y <1} we
get that G(p,~) is an increasing function of v where v € [0, 1]. Thus for fixed p € [0, 2], we obtain
max G(p,7) = G(p,1) =: F(p), where

0<~<1
_ B 4 B} B3[1+qf B1|Bs| | B3|
F(p)_ p 3 2
161 + af 16](1+ )|  9Bi|(1+2a)% 121+ |l +2a] 81+ 3a]
B B B 2Bojl+al B Bi|l + o
121 +af|l+2a]  4]1+3al  9/(1+2¢)?| 8|1+3al 9|(1+2a)?|
+ 9 B% |BQ| 8|BQ||1+04‘ Bl _ 831|1+a|
P8 +all+2a] " T+3a] " 9|1 +20)2 " 2[1+3a]  9(1+2a)2]
1631|1+OL|
9(1 4 2a)2| |~
Let
p__ B B} B3|l +q By|Bs| | Bs|
161+ | |[\16](1 +a)?| 9B (1 +20)2] " 121+ a|[l+2a] " 8|1+ 3q]
_ B% |BQ| +2|B2H1+O¢| _ Bl Bl|1—|—a|
1211+ al|1+2a] 41+ 3a 9|1+ 200 SIL+3a] 9(1+20)2)]"
Q= By B} N B, 2|Bs||1 + af
~16]1 +qf 12|14+ af[1+2a] 41 +3al  9(1+ 2a)?]
_ 831|1—|—O{|_ Bl
9(1+20)2| 2[1+3al/]’
B2
Rzil d t: 2.
|1+ 2a)2 ™ P
Then F(t) = Pt? + Qt + R. Using the inequality (5.1]), we get the required result. O
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