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ABSTRACT. In this paper, we introduce the new generating functions for the product of some
numbers and 2-orthogonal polynomials by making use of the symmetrizing endomorphism operators
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1. Introduction

The Tribonacci sequence {T},}7°3 and Tribonacci Lucas sequence { K, },;}>9 are defined respec-
tively by the third order recurrence relations

Th=Th1+Th2+Th_3 and K,=K, 1+K, 2+ Ky,_3

for n > 3, with the initial values 7o =0, Ty =T, =1, Ky = 3, K1 = 1, and Ky = 3, respectively.
The Tribonacci numbers T, were defined in [13] for the first time and some properties for T, have
been investigated in [9,[13]. In [9;} Example 3.3], the determinants expression

1 1
-1 1 1

Toy1=| 1 -1 1 . . on>1 (1.1)

1 -1 1

n
was derived. There are many generalizations of the Tribonacci sequences 7;,. One of these gener-
alizations is the generalized Tribonacci sequence V,,(z,y, z; a, b, ¢) defined for n > 3 by

Vn(%l/y z;a, b’ C) = an—l(%@/a zZ;a, b7 C) + yVn72<m7y7 z;a, b7 C) + Zan?)(xaya z;a, b> C)7 (12)

where Vy(z,y, 2;a,b,¢) = a, Vi(z,y, 2;a,b,¢c) = b, Va(z,y, z;a,b,¢) = ¢ are arbitrary integers and
x, Yy, z are real numbers.
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The generating function of the generalized Tribonacci sequence V,,(z,y, z; a, b, ¢) is

400 2

b— —ab—
S Vlwyziab e = 0D EC Db Zya)z (13)
= 1—22z—yz?—=z2

There have been many studies on the generalized Tribonacci numbers V,, (z,y, z; a, b, ¢). For more
information, please refer to [10/12] and closely related references therein. Some special cases of the
generalized Tribonacci sequence V,,(z, vy, 2; a,b, ¢) are as follows:

1. V,(1,1,1;0,1,1) = T,,, the Tribonacci sequence;
1,1,1;3,1,3) =
0,1,1;3,0,2) =
0,1,1;1,1,1) = P,, the Padovan (Cordonnier) sequence;
)=
)=
) =

Vi K,,, the Tribonacci-Lucas sequence;
Va(
Va(
V.(0,1,1;1,0,1
Va(
Vil

@, the Perrin sequence;

R, the Van Der Laan sequence;
1,0,1;0,1,1
1,1,2;0,1,1
8. Vn(1,1,2;2,1,5) = 37(13), the third order Jacobsthal Lucas sequence.

N, the Narayana sequence;
(

N@?“PPJ.M

, the third order Jacobsthal sequence;

In [9: Example 3.4], the determinants expression

2 1
-3 0 1
0 -1 0 1
1 -1 0

was derived. In [16], the Tribonacci polynomials T, (x) were defined for n > 3 by
To(z) = xQTn,l(ac) +aTlyn—o(z) + Th-s(z),
where Ty(z) = 0, Ty (z) = 1, and Ta(z) = 22. In |9; Theorem 3.10], the determinant

x? 1
—z 2 1
Toii(x)=] 1 —z 22 . ) n>1 (1.5)
1
1 —x a2

was established. Now, we recall the notion of d-orthogonal polynomials. A remarkable property
of the d-monic orthogonal polynomials sequence is that those sequences satisfy a (d + 1)-order
recurrence relation, written in the form

Pm-i—d—i—l(x) = (.’I} - ﬁm—i—d m+d Z’Yerdi v m+d 1— 1/( ) m Z Oa

with the initial conditions Py(x) =1, P_1(x) = 0. So, if d > 2:
n—2

Po(z) = (z = Bu-1)Pacr (@) = Y A4/ Paau(x), 2<n<d,
v=0
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and the regularity conditions 2, 11 # 0, m > 0. The 2-orthogonal monic Chebyshev polynomials

(2-classical) of the first kind {fn}nZO studied in [11], and defined by the following relations, where
« and v are constants (see also [19]):

f0(90) =1, fl(l") =z, fz(l") =1’ —a

This(z) = aTnio(x) — aTpir (@) — yTh(z), n >0, v # 0.

DEFINITION 1. A d-orthogonal polynomials sequence {P,}, >0 is called d-classical d-orthogonal
polynomials sequence if both {P,},>0 and its derivative {P)},>o are d-orthogonal. For more
details, see [3].

Note that the 2-classical 2-orthogonal polynomials sequence is analogous to the Chebyshev
orthogonal polynomials sequence of the first kind {fn}nzo (see |11]). In this contribution, we shall
define a new useful operator denoted by 7e,e,Te,e, for which we can formulate, extend and prove
new results based on our previous ones, (see [10], |16], [17]). In order to determine generating
functions for third-order recurrence relations and 2-classical 2-orthogonal polynomials sequence,
we combine between our indicated past techniques and these presented polishing approaches. The
further contents of this paper are as follows: Section 1 gives introduction. In Section 2, we
introduce a new symmetric function and give some properties of this symmetric function. We
also give some more useful definitions which are used in the subsequent sections. In Section 3, we
prove our main result which relates the symmetric function defined in the previous section with
the symmetrizing operator. This main theorem unifies several previously known results about the
generating functions. It is then used to find the new generating functions of products for some
know numbers and polynomials, in Section 4.

2. Definitions and some properties

We need some preliminaries on symmetric functions and divided differences. We will follow the
conventions of [15] rather than those of [1§], so that you can conveniently use multiple alphabets
at once.

DEFINITION 2 (]1]). Let A and E be any sets of given variables. Then we give S, (A — E) by the
following form:
[T (1—ez2)

ecE
Sn(A—FE)z 2.1
T (1 —a2) Z 21)
acA
with the condition S,, (A — E) =0 for n < 0.
Equation (2.1)) can be rewritten in the following form:

ZS (A—E)z (ZS )x (gSn(—E)z"),

n=0

where
—E) =) 8i(A)S,_i(-E).
i=0

Remark 1. Taking A = {0} in (2.1) gives
> Su(-E)z" =[] (1-e2).
n=0
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The summation is in fact limited to a finite number of non-zero terms, in particular:
H (x—e)=Sn(x— E)=a2"So(—FE) + 2" 'S, (—E) + 2" 2S5 (—E) + ... (2.2)
eck
The S;(—E) are the coefficients of the polynomials S, (z — E) for 0 < j < n. These are therefore
at the sign near the elementary symmetric functions of the alphabet E, who are void for j > n.
In particular, when E = {e,e,e,...,e} (we notice E = ne), we have S,(z —ne) = (x — e)™. The
specialization e = 1, i.e., E = {1,1,1,...} (we notice E = n), gives the binomial coefficients:

sm =0 (7). s =("TT ad sene = o (7).

DEFINITION 3 ([2]). Given a function f on R™, the divided difference operator is defined as follows:

a.’l)i.’lfj,_'_lf(xl}""xijxi-‘rl""?xn) _ f( 1 s Ly Li41y ) n) f( 1 s Lig—1y Li41, L, ) n)
T; — Tj41

DEFINITION 4 ([3//6]). Let n be positive integer and Ay = {a1, as} are set of given variables. Then,
the n -th symmetric function S, (a1 + az) is defined by

Spn(Az) = Sn(ay + az) o — a3
n(A2) = Sp(a1 +a2) = ———,
a; — as
with
So(A2) = So(ar +az) =1,
S1(A2) = Si(ay + az) = a1 + ag,
So(As) = Sy(ay + az) = a3 + ayas + a2,

DEFINITION 5 ([4,[5]). The symmetrizing operator 6% . is defined by

aijaz
k _ ok
6§1a2f(a1) _ a1f(a(11) 7a2f (a2) for all k € N. (2.3)
1— a2
If f(a1) = a1, the operator (2.3) gives us
k+1 k+1
ai™ —a
0k oy flar) = —2— = 5} (a1 + ap) .
a; — a9

3. Lemmas and main results

In this section, we state and prove our main results.
DEFINITION 6. Given an alphabet E3 = {ej, €2, e3}, the symmetrizing operator is defined by

G%f (e1) + €2€3Tesey f (e2) — €1Teses (eaf (e2))
(e1 —e2) (e1 —e3) '

7T62637T6162f (61) =

PROPOSITION 1. Let E3 = {ey,ea,e3} be an alphabet. Then we have

Sn(Eg) _ 62Sn(€1 + 622 : Zzsn(el + 63)'

14
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Proof. We have (see [7])

1
(1 —e12) (1 —e22)

+oo
Z Sy (e1+e2) 2" =
n=0

Then

+oo 1
,;)Sn(el+63)z = 0 —c)

Multiplying the equation by es and subtracting it from multiplying by e3, we have

+o0
n €2 — €3
7;) [e2Sn (e1 + e2) —e3Sp(er +e3)] 2" = (S IEry —t
Thus
+ZOO €Sy, (61 -+ 62) - egsn(el + 63)2" o 1
— es — e3 (T —e12) (1 —e22) (1 —e32)
“+o0
= ZS" (e1 + ea +e3)2".
n=0
Therefore S, (61 4 e2) Su(er +es)
€20n (€1 T €2) — €30 €1 T €3
p— =S, (e1+ex+e3).
This completes the proof. O

PROPOSITION 2. Let E3 = {e1,eq,es3} be an alphabet. Then we have

n+2 n+2 n+2

ey el ey
+ + .

(e1 —e2)(e1 —e3)  (e2—e1)(ea—es) (e3—e1)(es —e3)

If E5 = {1,2,3} in Proposition [2] gives

Sn(E?») =

3n+2 + 1 "
Sl5) = S5 — 272,

COROLLARY 1. The following identity holds true:
TegesOn (€1 + €2) = Sy (Es).
In order to prove our main results, we recall several lemmas below.
LEMMA 1. Let As = {a1,az2,a3} and E5 = {e1,ea,e3} be two alphabets. Then action operator

+oo
TegesMeies ON the series Y Sp(Asz)elz™ is given by

n=0
—+o0 +oo
TeseaTeres D Sn (As) ez =) S, (A3) Sy (E3) 2"
n=0 n=0
Proof. We have
“+oo +oo
foo e1 Y, Sn(As)efz" —ey > S, (Asz)ehz"
ese3Neje SnA 12" = ese n=0 n=0
77237T12HZ::0 ( 3)612 7T23< (61—82) )

+oo 6n-‘,—l o en—i—l
ey [ 3 Su(Ay) D=2
(e1 —e2)
n=0
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= WeQes(ZSn (A3)Sn(e1 +e2)z )

+oo
€9 Z Sn(Ag)Sn(el —+ 62)Zn — €3 Z Sn(Ag)Sn(el + 63)2’”
n=0 n=0

(e2 —e3)
+
. iy €25, (61 + 62) — €3Sn(€1 + 63) o
=2 5 (62— es) |
n=0 €2 €3
according to Proposition |1} we have then
+oo
TeseaTeres D Sn (As) €]2" Z Sy (A3) Sy (E3) 2"
n=0
This completes the proof. O
LEMMA 2. Let A3 = {a1,a2,a3} and Ey = {e1,e2} be two alphabets. Then action operator Te, e,
on the series ﬁ s given by
Z:o Sn(—Asz)efzn
1 1-— 616252(—A3)22 — 6%6253( A3)2’3 — 616%53(—143)23

Tere2 Too

ngo Sp(—Ag)efzn (gsn(—Ag)e?z")( Z Sp(—Asz)e z")

Proof. We have
1 1

el €2
Terez oo N (e —eg) \ £t N T oo N
> Sn(—As)erz” > Sn(—Az)erz™ 3] Sn(—As)epz"
n=0 n=0 n=0

+00 oo
el ( T;::O Sn (—A3) e?z") —eq ( ;::O Sn(—Ag,e’fz”)
(e1 —e3) (:X:O:Z Sn(—Ag)e’fz”> (:2::2 Sn(—Ag)egz”>

(e1—e2)

+OO n n
Z Sn(_A3)€162 —6261 Zn
=0

- (T':Z::ZS”(_Ag)e?z”) (:Z::j)sn(_Ag)egz”)

+oo
1—e1e9 Z Sn(_A?,)Sn_Q (61 + 62) "
n=2

: (gsn(_AS)e?z”) (gsn(—z‘ls)egz”)
1 —ereg (S2(—A3)2? + S3(—A3)S1(e1 + e2)2°)
(:2::2 Sn(—As)e’fz”) (:2::0 Sn(—Ag)egz”)
1 — e1e2Sy(—A3)2% — e2e2S3(—As3)2® — e1e353(—A3)z 3'
(:goz Sn(*A:ﬁ)e?z”) <n§0 Sn(*Ag)egz”)

This completes the proof. O
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LEMMA 3. Given an alphabet E; = {es, e3}, we have
1 _ 1 — €2€3 (SQ(*AQ,)Z2 —+ Sg(*Ag)Sl(EQ + 63)23)
Tezes | T - +oo +oo ’
(5 Su(=As)er=") ( X Sa(~Ag)es")
n=0 n=0

> Sn(—Az)epzn
n=0
Proof. We have

1 1 €2 €3
Tezes +oo €9 — ez \ T T Foo
> Sn(—Asz)elzn > Sn(—Asz)elzn > Sn(—Asz)ehzn
n=0

n=0 n=0

€2—e3

(gsn(_Ag)Qeg—eg.eg' z")

(:2::2 Sn(—Ag)egz”) (:z::j) Sn(_Ag)ean)

+oo
1-— €2€3 Z Sn(ng)Sn_g(eg + 63)Zn

n=2
+0o too
(3 Su(=As)egzn) (3 Su(—As)er=")

n=0 n=0
. 1-— 626352(7A3)22 — 626353(7/13)51(62 + 63)23
- +o0 +o0 :

( ) Sn(ng)egz”>( ) Sn(ng)egzn>
n=0 n=0

This completes the proof. O

LEMMA 4. Given an alphabet E; = {e2, e3}, we have

€2 . (62 =+ 63) + 626351(—143)2’ — 6%6%53(—443)23

Teses 400 - 400 400 :
> Sp(—Asz)ehzn ( > Sn(—A3)e§z")( > Sn(—Ag)eQz")

n=0 n=0 n=0

Proof. We have

€2 1 e3 -~ e3
feacs T Az)enzn B e —e3 \ tX A)el zm +OOS Az)elzn
> Su(—Au)es > Su—Aegz X Su(~As)els

+oo e2el _e2en
( E Sn(_AS) 2€3 3 22’")
n=0

€2—€3

<7§ Su(~Ag)etn) (g S~ Az)eyan)

+oo
(€2 + €3) + e2e3S81(—A3)z — €3ed Y. Sn(—A3)Sn_3(e2 + e3)2"

n=3
_ e oo
(5 Su(=As)es=n) (X Sul~Ag)es=")

n=0 n=0
- (62 + 63) + 626351(7143)2 - 6%6%5‘3(7143)23
- 400 400 '

(5 Su(=As)egzr)( 3 Su(~As)eq=")
n=0 n=0

This completes the proof. |
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LEMMA 5. Given an alphabet E; = {ea, e3}, we have
- < 6% > . ((62 + 63)2 — 6263) + 6263(62 + 63)51( )Z + 626352( ) 2
€2€3 - .

gSn(—Ag)eSz” (zSn(—As)eQz"> (zsn(—Ag)eQz">

Proof. We have

2
€3
20 Sp(—As)ehzn

_ 1 ( es es )
T = ot
POUNY Sa(—As)epzn 3 Su(—Az)esen
n=0 n=0
(gSn(—A)iegiiieg )
+oo +oo
(3 Su(=As)ezn)( 3 Su(~As)egzr)
n=0 n=0

((e2+es)*—eze3) + ezes(eate3)S1(—As)z+eded Sa(—Asz)2* —edel E Sp(—A3)Sp_a(ea+es)z™

n=

+o0
(X su(-aa)eszn) (5 Su(-An)egan)
((e2 + e3)? — ege3) + eaegles + e3)S1(—Az)z + e%e%SQ(—Agj)zz.
(5 su-aes=n) (5 sul-s)eg=n)

This completes the proof. ([

In this part, we are now in a position to provide Theorem[I} Also, we derive the new generating
functions of the products of some known numbers and polynomials.

THEOREM 1. Let A3 and E5 be two alphabets defined respectively by {ai,as,a3} and {e1,es,e3}.
Then we have

+oo
> 8. (Aa)Su(Ea)s" = T, (31)
n=0
with
Pl(z) =1- SQ(_A?,)SQ (—Eg) 22
+ [S3(—A3) (S2 (—E3) S1 (—E3) — 253 (= E3)) + S1(—A3)S3 (—E3)] 2°
— Sl(—Ag)Sl (—Eg) Sg(—Ag)Sg, (—Eg) 24 + Sg(—Ag)Sg (—E3) ZG,
and

=<§Sn(— €1Z)<ZS 622)(25 632)

Proof. We have

+o00 1
Y Su(Agerz" = =
n=0

> Sn(—As)etzn
n=0

18
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Action the operator me,e,Te, e, On the identity above gives us

“+o00

n.n 1
TezesMeren Z Sn(Az)efz" = TeyeqMeyes Too :
n=0 > Sp(—Asz)etzn
—0
Lemmas [I] and Bl then allow us to write
+oo
an(A?))S (E3)z
n=0
400 1 —1
= [WEQES(ZSn(—Ag)eSZ”) — (e182(—A3)2? + e283(—A W626362(ZS ezz")
n=0
+oo -1
_6153(—143)23782836%(25”(— )ebz ) } {ZS } ,
n=0 n=0
after the Lemmas 3] [ and [5] we obtain
+oo
Z S7L(A3)S7L(E3)Zn
n=0

= |:1 — eges (SQ(—A3)22 + S3(—A3)Sl(€2 + 63)23)
— (6152(—143)22 + 6%5’3(—143)23) ((62 + 63) + 626351(—143)2 — 6%6%53(—A3)23)

— 615’3(—143)23 [52(62 + 83) + 626351(—143)51 (62 + 83)2 + 836%52(—143)22} :|

[(Z s (Gsmms) (Fs-ae)

By reorganizing the numerator according to the powers of z, we obtain

“+o0
> Sn(As3)Sy (E3) 2"
n=0

= l:l — SQ(—A?,)(6162 +eres3 + 6263)22

— (Sg(—Ag)(egeg + 626% +e2ey + e2es +eres + eleg + ereges) + 616263S1(7A3)) 23

— S1(—A3)S3(—A3) (eleses + eredes + erese) 2t + efesel S;(— Ag)z6]

[E siema) (G i) (s

we will have

+oo
S suasaeos = D

Thus, this completes the proof.
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Based on the relation (3.1)), we have

+o0
;sn,l(Ag)sn,l(Eg)zn - 521((3 (3.2)
with
Py(2) = 2 — So(—A3)Sy (—F3) 23
+ [S3(—A3) (S2 (—E3) S1 (—E3) — 2S5 (—E3)) + S1 (—A3z) S5 (—E3)] 2*
— S1(—A3)S1 (—E3) S5 (—A3) S5 (—E3) 2° + S2(—A3)S2 (—E3) 2.
+o0
D Su-a(As)S-2(B)" = o, (33)
with
P3(z) = 2% — So(—A3)Sy (—F3) 2*
+ [S3(=A3) (S2 (—E3) S1 (—E3) — 253 (—E3)) + S1 (—A3) S3 (—E3)] 2°
— S1(—A3)S1 (—E3) S3 (—As) S3 (—E3) 2° 4+ S5(—A3) S5 (—E3) 2°.
THEOREM 2. Let A3 = {a1,a2,a3} and E3 = {e1,ea,e3} be two alphabets. Then we have
+o0
> 849801 (E0)" = o, (3.4
with
Py(z) = — S1(—A3)z + Sa(—A3)S1(—E3)2” — S3(—A3) [ST(—FE3) — Sa(—Ej3)] 2°
+ [S1(—A3)S5(—As3)Ss(—Es) — S5(—As)S3(—Es)] 2*
+ So(—A3)S3(—A3)S1(—E3)S3(—E3)2° — S35(—A3)S2(—E3)S3(—E3)2°.
Proof. We have (see|l6])
i"Sn(AS)Sn_I(eI tog)en = ~S1(EAYz (f;+ €2)Sa(—A3) 2 10(0(61 +e2)” — exen)S3(—As)=®
= (% Su(-Aser=n) (S Su(-As)ez=")
Suffices to apply the operator 7.,.,to the identity above, we obtain
Teses +Z Sp(A3z)Sn—1(e1 + e2)z"
n=0

_ Megea—S1(—As)z — (€1 +€2)S2(—A3)2? — ((e1 + e2)? — e1e2)S5(—43)2°
+oo too
(5 Su(-As)epzr) (3 Sul(~Aa)es=n)
n=0 n=0

)

+o00

Z SN(AS)T"ezegSn—l(€1 + 62)2:"

n=0

=e —S1(—A3)z — (e1 + 2)Sa(—A3)2” — ((e1 +e2)® — erez) S3(—A3)7°
— €2

(e2 — 63)(T§Sn(—A3)e?z”) (gSn(—Ag)egz”)

20
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—Sl(—Ag)Z - (61 + 63)S2(—A3)22 - ((61 + 63)2 - 6163)53(—143)23

— €3 +00 +00 ’
(e2—e5) ( 3 Su(=Ag)er=) ( X Su(—Ag)es=")
n=0 n=0
+oo
Z Sn(As)Sp—1(e1 + ea +e3)2"
n=0

= |: — (62 — 63)51(7143)2’ - (62 - 63)(61 + €9 + 63)S2(7A3)Z2

— (62 — 63)53(7143) ((61 + eo + 63)2 — (6162 + €1€3 =+ 6263)) 23
- (62 — 63)616263 (Sl(—Ag)Sg(—Ag,) — S%(—Ag)) Z4
—+ (62 — 63)616263(61 —+ €9 —+ 63)52(7143)53(7143)25

+ (62 — 63)616263(6163 +ereq + 6263)332,(—143)26]

too -1
X |:(€2—63)<nz=:05 3)erz )(ZS 3)esz )(ZS egz")} ,
+oo

an(Ag)sn_l(Eg)z”

= |:— Sl(—Ag)Z + SQ(—Ag)Sl(—E3)22 — Sg(—Ag) (Sf(—Eg) — SQ(_ES)) 23

+ 53(—E3) (51(—A3)53(—A3) — S%(—Ad)) 24
+ S(—A3)S3(—Az)S1(—E3)S3(—E3)2”

- s§<A3>sa<E3>sg<E3>z6]

(st anetr) (L sut- =) (3 su-anes=r)]

Therefore
—+0o0
Py(z)
Sn(A3)S,_1(E3)z" = .
T;J n( 3) n 1( 3)Z Dl(Z)
This completes the proof. O

From (3.4)) we conclude the following relationships

+oo
> Sn1(A3)S,2(Bs)2" = l];i((zz))’ (3.5)
n=0

with
P5(Z) = — Sl(—A3)22 + 52(—A3)51(—E3)23 — Sg(—Ad) [S%(—Eg) — 52(—E3)} Z4
+ [S1(—A3)S3(—A3)S3(—E3) — S3(—A3)S3(—E3)] 2°
+ SQ(—A3)53(—A3)51(—E3)53(—E3)26 — Sg(—Ag,)SQ(—Eg,)Sg,(—Eg)Z?.
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THEOREM 3. Let A3 and E3 be two alphabets, defined by {a1,as,as}, {e1,e2,es3}, respectively.
Then we have

= n_ Po(2)
ngo Sn-1(A3)Sn(Ea)2" = - o) (3.6)
with
Ps(z) = — 81(—E3)z + S1(—A3)S2(—F3)2* — S3(—E3) (57 (—As) — S3(—As)) 2°
— S3(—A3) (S3(—E3) — S1(—E3)S3(—E3)) 2"
+ S1(—A3)S95(—A3)Sa(—F3)S3(—E3)z° — S5(—E3)S2(—A3)S3(—As)2°.
Proof. By the same method given in Theorem [2] the proof can be easily made. O

Based to the relation (3.6]), we obtain

fs (A3)Sh_1(Bs)e" = LG (3.7)
~ n—2 3)°9n—1 3 - D1 (2)7 .
with
P7(Z) = — Sl(*Eg)ZZ + 51(*A3)S2(*E3)2’3 - Sg(*E{;) (S%(*Ag) - Sg(*Ag)) Z4
— S3(—A3) (S3(—E3) — S1(—E3)S3(—E3)) 2°
+ S1(—A3)S3(—A3)S2(—F3)S3(—F3)2° — S3(—E3)S2(—A3) S5(—As)z".
THEOREM 4. Let A3 = {a1,a9,a3} and E5 = {e1, ea,e3} be two alphabets. Then we have
+oo
n __ PS(Z)
;sn_Q(Ag)sn(Eg)z = 5.0 (3.8)

with
Py(2) = (ST(—FE3) — S2(—E3)) 2% — S1(—A3) (S1(—E3)S2(—E3) — S3(—E3)) 2°

+ [S3(—A3)S1(—F5)S5(—E5) + Sa2(—As) (S5(—E3) — 251 (—E3)S3(—E3))] 2*
— Sy(—E3)S3(—E3) [S1(—A3)S2(—A3) — S3(—A3)] 2°
+ [S3(=A) — S1(—A3)S3(—A3)] S3(—E3)2°.

Proof. We have (see |16])

((e1 +e2)? — e1e2) 22 + erea (e1 + €2) S1(—A3)2® + €395 (—Asz)z*
+o0 +o0 ’

(3 Su(=As)er=) ( X Su(~Ag)eszr)

n=0 n=0

By following the same demonstration steps as those of identity 7 we get . O

From , we have

+oo
> Sn-a(A3)Sn(er+e)2" =
n=0

“+o0
3 Su(A3)Sn-a(Ez)" = Fo(2) (3.9)

n=0

with
Py(z) = (ST(—Asz) — Sa(—A3)) 2° — S1(—E3) (S1(—Az)S2(—As) — S3(—A3)) 2°
+ [S%(—E3)51(—A3)S3(—A3) + 52(—E3) (S%(—Ag) - 251(—A3)53(—A3))] 24
— Sa(—A3)S3(—As) [S1(—E3)Sa(—Es) — S3(—E3)] 2°
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+ [S3(=E) — S1(—E3)S3(—E3)] S5(—A435)2°,
and
Dy(2) = 1 — [S1(—E3)S1(—As) + Sa(—E3)S2(— Ag)]
+ [S2(—A3)SF(—Es) — 252(—FE3)Sa(—
— [SH=Bs)Ss(~ ) + S5(— Bs) (S} (~43) - 683<—A3>)
+ (S1(=Ag) Sa(~A3) — 3S5(~As)) (S1(~ E3)Sa(~Fs) — 385(~ By)) | 2*
+ | Sa(—E2)S1(~ Ea) Sa( - A3) S (~ As)
+ (S2(—As) — 255(—As)S1(—As)) (S2(—Fs) — 285(—E3) Sy (—Es))
+ S3(—A3)S1(—As) (SE(—E3)Sa(—E3) — 553(—E3)Sl(—E3))}z4
- [ 3(—B3)S2(—E3) (S1(—A3)S3(— A3) +283(—A3)S1(—Az) — S3(—A43)52(—A3))
+ S5(—E3)S3(—Es) (S3(—As)S?(—As) — 255(—As) Sa(—As))
+ S1(~E3)Ss (~ E3)52(—A3)53(— 2]
[ 3(—E3)S5(—A3) + S3(—E3)S3(—A3) (S1(—A3)S2(—Asz) — 3593(—A3))
X (S1(~Bs) Sa(~Fs) — 385(~By)) + S3(~Ag) (S5(~Fs) — 653(~Ey)) | °
— [ S3(=B)$1(~ By) Sa(~Ag) (S3(~As) — 285(~A5)S1(~ A3))
+ Sg(fA?))sl(ng)sg(ng)sg(ng)} P
+ S3(—F3)So(—E3)S3(—A3)Sa(—A3)z® — S3(—F3)S3(—Asz)2°.

4. Applications

All the identities appearing in the following section are corollaries of ([3.1)), , (13.3), (3.4),
(3-5), (3.6), (3.7), (3.8) and (3.9).
4.1. Generating functions of square of some known numbers

In this part, we now derive the new generating functions of the square of some known numbers.
This case consists of four related parts. Firstly, the substitutions

{ S1(—A43) = -1 { S (—E3) = -1
SQ(_A,?,) =-1 and Sg (—Eg) =-1
Sy(—Az) = — Sy (—E3) = —1

in f and , we have
—+oo

1—22—-9223 — 2446

§ S, (As3)S,, (F3)z" = , 4.1
- (43)5n(Bs)z 1—2—422 — 1223 — 624 — 425 + 826 + 227 + 28 — 29 (1)
“+00 3 4 5 7

2—2°—22—2°+z
E Sp—1(A43)S,_1(FE3)z" = 4.2
= 104a)5n-a(Ba)2 1—2—422 — 1223 — 624 — 425 4+ 826 + 227 + 28 — 29’ (42)
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72 Sp—2(A3)Sp_2(E3)z" = 1—2z—422 — 122223*_246;1 sz;i ;gi S gk (4.3)
§SW(A3)STL—1(E3)Z” T l—z—422 1222_‘: i26—~z_42i34—,|z—52—5|- ;ZZ:—F 227 + 28 — 297 (4.4)
§Sn1(A3)Sn2(E3)Z" 142 1;1:j2;251;i 8_ZGZ7+ P w1 (4.5)
gsn(Ag)S"Q(ES)Zn Tz d2- 122;32j62§43jj;544:;;65+ py e LG

Then, we have the following proposition and theorem.

PROPOSITION 3. For n € N, the new generating function of the square of Tribonacci numbers is
given by

+§T2 n 1—22—22% — 2 426
2" = .
" 1—2—422 — 1223 — 624 — 425 + 820 4 227 4 28 — 29

We can state the following corollary.
COROLLARY 2. The following identity holds true:
T2 = S, (A3)S, (E3) .

THEOREM 5. For n € N, the new generating function of the square of Tribonacci Lucas numbers
s given by

N2 2 9 — 8z — 2822 — 5425 — 222% — 625 + 2426 4 2F
E 2" = .
1—2—422 —1223 — 624 — 425 + 826 4 227 + 28 — 29

Proof. In [10], we have K, = 35, (43) — 25,-1(A3) — Sn—2(A3), then we see that
—+oo +oo
Z K,%Zn = Z [3Sn(A3) — QSnfl(Ag,) — Sn,Q(Ag)] [3Sn(E3) — QSnfl(Eg) — Sn,Q(Eg)] Zn
n=0 n=0
+oo +oo
:925 (A3)Sn(Es)2" +4 " Sn1(A3)Sn_1(Es)2" + Y Sn_2(A3)Sn_2(E3)2"
n=0 n=0
—+oo —+o0 +oo
71225 A3 Sn 1(E3 762»9 Ag Sn 2(E3 Z +4ZSn 1 Ag)Sn 2(E3)
n=0 n=0 n=0
+oo +oo +oo
=9 Z Tiz" +4 Z Sn_1(A3)Sn_1(E3)Zn + Z Sn_Q(A?,)S"_Q(Eg)Zn
n=0 n=0 n=0
+oo +oo +oo
—12)  Sn(A3)Sn_1(E3)2" — 6> Sn(A3)Sp_o(Es)z"+4 Y  Sn_1(A3)Sp_o(Es)z"

n=0 n=0 n=0
By using ., we obtain

ZK2 n 9 — 82 — 2822 — 5423 — 222% — 625 + 2426 + 28
2"t =
1—2—422 — 1223 — 62% — 425 + 820 4 227 + 28 — 29’

which completes the proof of this theorem. a
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Secondly, let us now consider the following conditions for Eqgs. (3.1))—(3.5) and (3.9):

Sl(—A3) =-1 S1 (—Eg) =-1
SQ(—A3) =-1 and SQ (—Eg) =-1
S3(—Asz) = —2 Sy (—F3) = —2

Then it yields

e 2 3 4 6

1—2%—8z°— 42" + 162
" 5 (A3)S,(By)z" = :
P (Aa)Sn(Ba)2" = T3 5023 — 1521~ 1625 + 0226 4 8227 4 1625 — 6429

(4.7)
i@s (A3)Sp-1(E3)2" = z— 2% =824 —42% 41627
P n—1(A3)on—1(£3 T 1 — 2 — 422292923 — 1524 — 1625 + 9226 + 3227 + 162° — 6429
(4.8)
+oo ) \ i ) .
27— 2" — 827 — 42" 4162
Sn, A Sn, E n _ |
;) 2(43) 2(E3)z 1— 2 — 422 — 2923 — 1524 — 1625 + 9226 + 3227 + 162° — 6429
(4.9)
+§S (A )S (E )Z"— Z+22+423—224+4z5_826
n=0 n\413)9n—1{L3 T 1 2422 2923 — 1524 — 1625 + 9225 + 3227 + 1625 — 6429
(4.10)
n— n— z5 = |
n=0 n 2 1—2—422—-92923 — 1524 — 1625 + 9226 + 3227 + 1628 — 6429
(4.11)
S 5, (A5) S (Er) " 22 432 + 524 — 62° — 42
n n— z = .
n=0 ’ a 1—2z—422 — 2923 — 1524 — 1625 + 9226 + 3227 + 1628 — 6429
(4.12)

Therefore, we state the following proposition and theorem.

PROPOSITION 4. For n € N, the new generating function of square of third order of Jacobsthal
numbers is given by

io (J(3))2z"— z— 23— 824 — 425 + 1627
o " T 1—2—422-2923 — 1524 — 1625 + 9226 4+ 3227 + 1628 — 6429

We can state the following corollary.

COROLLARY 3. The following identity holds true:

(Jg3>)2 = Sp_1(A3)Sn_1 (Es).

THEOREM 6. For n € N, the new generating function of square of third order of Jacobsthal Lucas
numbers is given by

—io ( _(3))2 " 4 — 32 +82% —292% + 42* — 922° + 3220 + 4827 + 6428
2" = )
o In 1—2—422 —2923 — 1524 — 1625 + 9226 4 3227 + 1628 — 6429
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Proof. By referred to [10], we have jy({g) =25,(A43) — Sp—1(A3) + 25,-2(A3), then
+oo +oo

3y (j;3>)2 2= 3 [25,(As) = Suo1(As) + 28,-2(A3)] 280 (Es) — Su1(E3) + 25, _a(Ey)] 2"

n=0 n=0

+oo +oo +oo
=4 8u(A3)Sn(E3)z" =4 S(A3)Sn-1(F3)2" + 8  Sn(As)Sp_2(Es)2"
n=0

n=0 n=0
+00 +o00
=4 Sn-1(A3)Sp2(Es)2" + 3 Spo1(As) S (Fg) ="
n=0 n=0
+oo
+4 Z Sp—2(A3)Sn—_2(F3)z"
n=0
+oo +oo too
=4 S,(A3)Sn(E3)z" =4 Sp(A3)Sn_1(Es)2" +8  S,(As)Sn_o(Fs)z"
n=0 n—=0 o
+oo +o0 )
—4) " Sn1(A3)Sn_a(Es)z" + ) (Jfles)) o
n=0 n=0
+oo

+4 Z Sn—Q(AS)Sn—Q(E3)Zn~

n=0
By using (£.7), (4.8), [.9), (4.10), (4.11), and (4.12)), we obtain

+ZOO ( ,(3)>2 n 4 — 3z 4822 — 2923 4+ 42* — 1002° + 3220 + 4827 + 6428
zZ =
= In 1—2—422 —2923 — 1524 — 1625 + 9226 + 3227 4 1628 — 6429’
which completes the proof of this theorem. O

Thirdly, the substitutions

Si(—Az) = —1 Sy (—B5) = —1
SQ(—A3) =0 and Sg (—Eg) =0
S3(—Az) = —1 Sy (—F5) = —1

in (3.2), we obtain the following proposition.

PROPOSITION 5. Forn € N, the new generating function of square of Narayana numbers is given

by
iONQz"— z— 2t =254 7
=" 1 —2—523 — 2% — 25+ 3264227 — 29

We can state the following corollary.

COROLLARY 4. The following identity holds true:
N = Sp_1(A3)Sn_1 (E3).

n

Fourthly, the substitutions

Si(~As) =0 Sy (—E3) =0
SQ(—Ag) =-1 and Sg (—Eg) =-1
S5(—As) = —1 Sy (—F5) = —1

in (3.3) we deduce the following proposition.

26



ORDINARY GENERATING FUNCTIONS OF BINARY PRODUCTS ...

PROPOSITION 6. For n € N, the new generating function of square of Padovan Perin numbers is

given by
+§S2z"— 22 — 24— 2254 28
— " 1 —222 — 323 4 24 4 25 4 26 4 28 — 297

COROLLARY 5. The following identity holds true:
S2 = Sp_2(A3)Sy_o (E5).

4.2. Generating functions of product of some known polynomials

In this part, we now derive the new generating functions of the product of some known poly-
nomials. This case consists of three related parts. Firstly, let us now consider the following

conditions for equations (3.1)—(3.9)):

Sl(—Ag) = —$2 Sl (—Eg) = —y2
So(—A3) = —x and Sy (—E3) = —y
S3(—A3) = -1 S3(—F3)=—1
Then it yields
+00 2 2 3 3 2,24 6
n  L—myz®+ (z° —y° —2)2° —r7y2" + 2
S S0(A3)Sa(B3)" = Sy : )) a1y
n=0 2\%
+00 3 2 3 4 2,2.5 7
n 2o ayz +(2f —y® —2) 2" —xtyt’ + 2
Z Sn_l(Ag)Sn_l(Eg,)Z = ( D ) ; (414)
n=0 2(2)
+00 2 4 2 3 5 2,26 8
n 2wyt 4 (2t -y’ —2) 2 —xty + 2
Z Sn,Q(Ag)Sn,Q(Eg,)Z = ( D ) s (415)
n=0 Q(Z)
+o00 2 2,2 3\ .3 2.5 6
n Tz TYtZt 4y 1+9y°)2° +ay“z’ —yz
n=0 2 Z)
+00 2,2 2.3 3\, 4 2.6 7
n T2ty 2+ (1+y°) yz" +ay“2” —yz
S S 1(As)Sp_a(Bs)z" = ( - ) L)
n=0 2(2)
+oo 2 2,52 3 3 2,5 6
n Yzt atyzt+ (1+2°) 22’ + a2y’ — a2
an_l(A3)Sn(E3)Z = ( D ) ; (4.18)
n=0 2(2)
+00 2.2 2,3 3 4 2,,6 7
n Yzt +xtyz® + (1 +2a°) x2* + x°yz° — xz
Z Sn,Q(Ag)Snfl(Eg,)Z = ( D ) 5 (419)
n=0 Q(Z)
+00 3 2 3\ 2,3 2 3\ ,4 3 5
n 14y )yze+(1+y°)xz” +ay” (1 +2°) 2 — (1 +27) yz
> Sn_2(A3)Sn(Es)z" = ( ) ( ) 5 ( ) ( ) . (4.20)
n=0 2(2)
+00 3 2 3\ ,2,3 3\ 1.2, .4 3 5
" 14+2°)aze+ (1+2°)y*z°+ (1 +v°) x%yz® — (1 +y°) xz
> Sn(A3)Sn_a(B3)z" = ( ) ( ) 5 ( ) ( ) . (4.21)
n=0 2(2)
with

Dy(z) = 1 — 2?y%2 —ay (2® + 3 +2) 22 — (2° + ¢85 + 2%y® + 32° + 3y +3) 2*
— z?y? (x3+y3+4)z4+xy(x3—2m+1—y2 ((m3+2)y—|—1))z5
+ (29 +22° + 2%y +3) P + 2Py (y + 1) 27 4 zys® — 20,
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Therefore, we state the following results.

PROPOSITION 7. Let n be a natural number. Then we have the new generating function for the
product of Tribonacci polynomials:

—+o0
Z To(2)T, (y) 2" = [1 —zy2? + (22 —y® —2) 2® —2?y?t + 26]

n=0
X {1 —2?yz —ay (2P + P +2) 22 — (2 +y° + 2%y® + 32% + 3y° +3) 2°
— z%y? (m3+y3+4)z4+xy(x3 —2z+1—1y° ((x3+2)y+1))z5
+ (2y3 + 223 4+ 23y + 3) S 42y (y+1)2" 4+ 2yt — zg] 71.
We can state the following corollary.
COROLLARY 6. The following identity holds true:
Tn(x)Tn (y) = Sn(A3)Sn (Es).

THEOREM 7. Letn be a natural number. Then we have the new generating function for the product
of Tribonacci Lucas polynomials:

> n_ Pr(2)
;Kn(x)Kn W=" =50
and
Pio(2) = 9 — 8z%y%2 — Tay (2 + 2° + ) 22
+3 (322 — 32% — 22° — 6 — 2y — 20%y® — 6) 3
S (20 + 5y° +a® — 4:62) 24—y (4x3y3 — 2 +4y° + 32 — 4) 20
+3(3+ %y 4+ 22° + 2°) 20 + wy2®.

Proof. Recall that, we have (see [16]) K, (7) = 35, (A43) — 222S,,_1(A3) — 5, _2(A3).

+oo +o0o
Z K (2) Ky (y)2" = Z [355(As3) — 2225, _1(A3) — 2Sp_2(A3)]
n=0 n=0
X [3Sn(E3) — 2y25n_1(E3) — ySn_Q(Eg)} 2"
+oo too
=9 Z Sn(AS)Sn(ElS)Zn + 4I2y2 Z Sn—l(AB)Sn—l(EB)Zn
n=0 n=0
+o0 T
+ay Y Sno2(A3)Sn_2(Es)z" —6y> > Sp(A3)Sp_1(Es)z"
n=0 n=0
+o00 too
— 3y Y Sn(As)Sn_2(E3)2" — 627> Sp_1(A3)Sn(Es)z"
n=0 n=0
+oo too
+22%y Y Sn1(As)Sn_a(Es)2" — 3z Y Sn_2(A3)Sn(Es)2"
n=0 n=0
+oo
+ 2l‘y2 Z Sn_Q(Ag)Sn_l(Eg)Zn
n=0
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=9 Z T, ( V2" 4 da?y? Z Sn—1(A3)Sn—1(FE3)2"
n=0
+oo +o0o
+ Yy Z Sn_Q(Ag)Sn_g(Eg)Zn — 6y2 Z Sh, (Ag)Sn_l(Eg,)Zn
n=0 n=0
+o00 too
— 3y ) Sn(As)Sn_2(E3)2" — 627> Sp_1(A3)Sn(Es)z"
n=0 n=0
+oo too
+ 2x yz Sn 1 Ag)Sn 2(E3 - 3.’£Z Sn 2 A3)S ( )Zn
n=0 n=0
“+o0
+ 21‘y2 Z Sn_g(Ag)Sn_l(Eg)Zn
n=0

By using (4.13)—(4.21)), we obtain
“+o0o
PIO(Z)
Ky (2)K,(y)z" = ———+,
which completes the proof of this theorem. O

Secondly, the substitutions

Sl(—Ag) =-1 Sl (—E3) =-1
SQ(—Ag) = —2 and Sg (—Eg) =Y
S3(—A3) = —a? S3(—E3) = —y°

in (3.1]), we have the following proposition.

PROPOSITION 8. We have the following new generating function of the product of Tricobsthal
polynomaals:

+oo - 2 2,24 4,4 .6
Ol S A A A U ) s A
n=0 D3()

with
D3(2) =1—z— (z+y+2zy) 2> — (y* + 2° + 32°y* + 2y + 32°y + Sxyz) 23
—wy(w+4xy+y)z4—x2y(w+y+2my—xy2+y2) °
+ 232 (22 4 2y + 3zy + 1) 28 + 2%y (1 4+ 5) 27 + 25y528 — 25¢52°.
COROLLARY 7. The following identity holds true:
T (@) (y) = S (A3)Sn (Es).

Thirdly, the substitutions

S1(=A3) =~z Si1(—E3) =~y
Sa(—A3) =« and Sy (—FE3) =«
S3(—Az) = —v Sy (—E3) = —v

in (3.1), we get the following proposition.
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PROPOSITION 9. Let n be a natural number. Then we have the new generating function for the
product of 2-Chebyshev polynomials of first kind:

too 2,2 3 2,54 4.6
~ ~ n l—az2+vy(@—2y+ay)z’ —vyzyz* +9%2
Z Tn(2)Tn (y) 2" = ( ) )
D4(Z)
n=0
with
Dy(z)=1—-zyz+« (952 + 9% — Qa) 2% — ('yy?’ + 22 4+ 392 + a’zy — 3ayy — 3cwx) 23
+ (owx2y + ayzy? — yiay — 2029z — 20%yy + a4) 2
— (ayz (@ = 29) +¥*y%2® — &?9* + o’y (e — 27)) 2°
+ (26®92 + 72 (ay — 37) (ax — 3v) — 69*) 2°
— 'y3 (y (a2 — 2736) + a;v) 2T+ a274z8 — 7629.
We can state the following corollary.
COROLLARY 8. The following identity holds true:
Ta(@)To (y) = Sn(A3) S ().

4.3. The case A3 = {1,2,3} and E3 = {1,2,3}
Let us now consider the following conditions for equations (3.1)—(3.5)) and (3.9)):

Si(—Ay) = Sy(—Bs) = —6
Sy(—Ag) = So(—F) = 11
S3(—Az) = S3(—E3) = —6

We have the following results.

PROPOSITION 10. Forn € N, the new generating functions of Stirling numbers of the first kind is
given by
+ n
o0 3 +2 _|_ 1 _ 2n+2)22n
2
1 — 12122 + 36023 — 12962* + 12962°
(1—2)(1—-22)°(1—32)°(1—42) (1 —62)* (1 —9z2)’

n=0

+o0 (3n+1+1

2
_ 2n+1) Zn
2

n=0
2z — 12123 4 3602* — 12962° + 129627
(1—2)(1-22)°(1-32)*(1—42)(1-62)*(1 —9z2)
PROPOSITION 11. Let n be a natural number. Then we have the new generating functions of
Stirling numbers of the first type:

+o0

> ()

n=0

22 — 1212* 4 3602° — 129625 + 12962°
(1—2)(1 —42)(1 — 92)(1 — 22)2(1 — 32)2 (1 — 62)*’
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too 2 1
(3n+ +1 72n+2)(3n+ +1 72"+1>z”
2 2

62 — 6622 + 15023 + 5102* — 237625 + 23762°
(1—2)(1—42)(1—-92)(1—22)*(1 —32)* (1 — 62)°
PROPOSITION 12. Forn € N, the new generating functions of Stirling numbers of the first type is

given by
00 pe
3 [ e
2 2

n=0

n=0

622 — 6623 4+ 1502* 4+ 5102° — 23762% + 237627

(1—2)(1—42)(1-92)(1-22)%(1—32)°(1—62)"

R | 341

> (S (S -r)e

2522 — 3602% + 18352* — 396025 + 30602°
(1—2)(1—42)(1—92) (1 —22)>(1—32)* (1 —62)°
4.4. The case A3 ={1,1,1} and E3 ={1,1,1}
Let us now consider the following conditions for equations f and :

Si(—A3) = Si(—E3) = -3
So(—A3) = So(—E3) =3
S3(—Asz) = S3(—E3) = —1

Using the same procedure, we obtain the new generating functions:

*i 2+ 1), _ 1922 41023 — 92* + 26
n T 1—92+ 3622 — 8423 4+ 12624 — 12625 + 8426 — 3627 4 928 — 29’

n=0

n=0

—io om \2 " 2—923 4+ 102% — 92° 4+ 27
A
n—1 1 —92 4+ 3622 — 8423 + 12624 — 12625 + 8426 — 3627 + 928 — 29’

n=0

Ji:.o 2n —1 QZn_ 22 — 924 +1025 — 926 + 28
n—2 T 1—92z+ 3622 — 8423 + 12624 — 12625 + 8426 — 3627 + 928 — 29’

n=0
+§ 2n+1 2n o 32 — 922 + 623 4+ 621 — 92° + 32°
= n n—1 T 1—92+ 3622 — 8423 + 12624 — 12625 + 8426 — 3627 + 928 — 29’
*2” 20\ (2 =1\ . _ 322 — 925 4 62 +62° — 920 + 327
—\n- 1 n—2 T 1—92+ 3622 — 8423 4+ 12624 — 12625 + 8426 — 3627 4 928 — 29’

*f o+ 1\ (2n—1\ , 622 — 242 + 362* — 2425 + 626
z = .
o n n—2 1—92+ 3622 — 8423 + 1262% — 12625 + 8426 — 3627 + 928 — 29

4.5. The case A3 = {1,1,1} and E3 = {1,2,3}
Let us now consider the following conditions for equations (3.1)—(3.9) :

Si(=Ag) = —3 Sy (—F3) = —6
SQ(*Ag) =3 and SQ (7E3) =11
S3(—A3) = -1 S3(—F3)=—6
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We have the following propositions.

PROPOSITION 13. For n € N, the new generating functions is given by

+o00 n
Z 2n+1 3+2+172n+2 Zn
n 2

n=0

B 1 — 3322 4 722% — 1082* 4 362°
T 1182 + 14122 — 63027 + 176727 — 20342 + 381520 — 84627 + 118825 — 21629

+oo n
Z 2n 3 + +1 _ 2n+1 P
n—1 2

n=0
_ z — 3323 + 722% — 1082°% + 3627
T 1—182z + 14122 — 63023 4+ 176724 — 203425 + 381526 — 84627 + 118828 — 21629

PROPOSITION 14. Let n be a natural number. Then we have the new generating functions
Jf -1\ (341 ) .
n—2 2
n=0
_ 22 — 3324 4+ 722° — 10825 + 3628
1 — 182+ 14122 — 63023 4 176724 — 203425 + 381526 — 84627 + 118828 — 21629’

+00 n
Z 2n—|—1 3+1+172n+1 Zn
n 2

n=0

B 3z — 1822 4 2523 + 362* — 1082° + 6626
T 1182 + 14122 — 63023 + 176721 — 203425 + 381526 — 84627 + 118825 — 2162°

PROPOSITION 15. Forn € N, it is given the new generating functions by

+oo
Z 2n 3n+2 +1 _ 27L+2 P
n—1 2

n=0
_ 62z — 3322 + 362 4+ 852% — 19825 + 10826
T 1—182z + 14122 — 63023 4+ 176724 — 203425 + 381526 — 84627 + 118828 — 21629’

+00 n
Z 2n —1 3+1+172n+1 o
n—2 2

n=0

B 622 — 332% + 362" + 8525 — 19826 + 10827
T 1— 182 + 14122 — 6302 + 176721 — 20342 + 381520 — 84627 + 118825 — 21627

PROPOSITION 16. Let n be a natural number. Then we have the new generating functions

400 n
T 2n —1 3+2+1_2n+2 n
= n—2 2

_ 2522 — 18023 + 4712* — 52825 + 2162
T 1—182z + 14122 — 63023 4+ 176724 — 203425 + 381526 — 84627 + 118828 — 21629’
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= <2n+1> (3"+1 n) N
> )
n 2

n=0

_ 622 — 482°% + 1412* — 1802° + 8526
1 —18z+ 14122 — 63023 4+ 176724 — 203425 + 381526 — 84627 + 118828 — 21629

5. Conclusion

In this paper, we have derived new theorems in order to determine new generating functions of
some numbers and 2-orthogonal polynomials. The derived theorems and corollaries are based on
symmetric functions.
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of the paper.
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