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Abstract: Geometry optimization of the mixed SinRe (n=12, 
16, 20, 24, 28, 32, 36, and 40) cages with doublet, quartet, 
and sextet spin configurations is carried out systemati-
cally at the UHF/LanL2DZ level. Equilibrium structures, 
total energies, and stabilities of Re@Sin cages are presen-
ted and discussed. The calculated results show that all 
Re@Sin cages of highest symmetry undergo slight distor-
tion into much more stable structures of lower symmetry. 
The Re atom in the Re@Sin (n=12, 16, 20, 24, 28, 32, 36, and 
40) cages deviates from the cage center site of Sin fulle-
renes. Charge-transfer between Re and Si atoms makes a 
contribution to the stability of the Sin fullerenes; In addi-
tion, the relative stability is discussed, the most stable 
geometry is assigned.

Keywords: ab initio calculation; stabilities; geometries; 
cages; transition metal

1  Introduction
There is currently great of interest in utilizing small 
atomic clusters as constituent elements to build up well-
controlled nanostructures (Chen et al., 2018; Han and 
Shi, 2001; Han et al., 2004; Hiura et al., 2001; Guo et al., 
2006; Jarrold, 1991; Majumder and Kulshreshtha, 2004; 
Miyazaki et al., 2002; Piqueras et al., 1993; Turker, 2001a, 
Turker, 2001b; Wang and Han, 2005a; Wang and Han, 
2005b; Xiao et al., 2002; Xu et al., 2010; Yang et al., 2015; 
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Abstract: Let F denote a �eld and let V denote a vector space over Fwith �nite positive dimension. Consider
a pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair. We consider the self-dual case in which
there exists an automorphismof the endomorphismalgebra ofV that swapsA andA∗. Such anautomorphism
is unique, and called the duality A ↔ A∗. In the present paper we give a comprehensive description of this
duality. Inparticular,wedisplay an invertibleF-linearmap T onV such that themap X �→ TXT−1 is theduality
A ↔ A∗. We express T as a polynomial in A and A∗. We describe how T acts on 4 �ags, 12 decompositions,
and 24 bases for V.
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1 Introduction
Let F denote a �eld and let V denote a vector space over F with �nite positive dimension. We consider a
pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair (see [13, De�nition 1.1]). The Leonard pair
A, A∗ is said to be self-dual whenever there exists an automorphism of the endomorphism algebra of V that
swaps A and A∗. In this case such an automorphism is unique, and called the duality A ↔ A∗.

The literature containsmany examples of self-dual Leonardpairs. For instance (i) the Leonardpair associ-
atedwith an irreduciblemodule for the Terwilliger algebra of the hypercube (see [4, Corollaries 6.8, 8.5]); (ii) a
Leonard pair of Krawtchouk type (see [10, De�nition 6.1]); (iii) the Leonard pair associatedwith an irreducible
module for the Terwilliger algebra of a distance-regular graph that has a spin model in the Bose-Mesner alge-
bra (see [1, Theorem], [3, Theorems 4.1, 5.5]); (iv) an appropriately normalized totally bipartite Leonard pair
(see [11, Lemma 14.8]); (v) the Leonard pair consisting of any two of a modular Leonard triple A, B, C (see [2,
De�nition 1.4]); (vi) the Leonard pair consisting of a pair of opposite generators for the q-tetrahedron alge-
bra, acting on an evaluationmodule (see [5, Proposition 9.2]). The example (i) is a special case of (ii), and the
examples (iii), (iv) are special cases of (v).

Let A, A∗ denote a Leonard pair on V. We can determine whether A, A∗ is self-dual in the following way.
By [13, Lemma 1.3] each eigenspace of A, A∗ has dimension one. Let {θi}di=0 denote an ordering of the eigen-
values of A. For 0 ≤ i ≤ d let vi denote a θi-eigenvector for A. The ordering {θi}di=0 is said to be standard
whenever A∗ acts on the basis {vi}di=0 in an irreducible tridiagonal fashion. If the ordering {θi}di=0 is standard
then the ordering {θd−i}di=0 is also standard, and no further ordering is standard. Similar comments apply to
A∗. Let {θi}di=0 denote a standard ordering of the eigenvalues of A. Then A, A∗ is self-dual if and only if {θi}di=0
is a standard ordering of the eigenvalues of A∗ (see [7, Proposition 8.7]).
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Zhao et al., 2016; Zhao et al., 2017a; Zhao et al., 2017b; 
Zhao et al., 2018). The assembling of small clusters opens 
the possibility of building materials with novel properties 
and the clusters have to retain their character in the new 
nanomaterial. In the other words, the clusters do not 
lose their identy when they form cluster solids. This is 
because clusters have a high intrinsic stability, that is, 
they are magic species. One can expect that the so called 
magic clusters, with their specially unreactive electronic 
structure could be good candidates to form the building 
blocks of new assembled nanomaterials. Furthermore, 
depending on the size, silicon clusters show optical 
properties and reactivity, which are different from those 
of molecules and solids. For these reasons, theoretical 
and experimental investigations on the atomic clusters 
of semiconductor elements are currently intense in order 
to design advanced material having desired electronic 
and optical properties (Shvartsburg et al., 2000; Zhao 
et al., 2018). Among these studies, the small and 
intermediate-size clusters have received a great deal of 
attention because of their technological applications 
in microelectronic industry and their importance in 
understanding the bright photoluminescence properties 
found in porous silicon. 

It is known that pure silicon clusters are unsuitable 
as the building blocks and chemically reactive due to 
the existence of dangling bonds, Interestingly, transition 
metal(TM) atoms due to their flexibility and variability of 
valence shell configurations (Zhao et al., 2017a) and the 
large range of possible bonding patterns can saturate the 
dangling bonds of Si frame and stabilize Si frame and have 
enhanced chemical stabilities because of large highest 
occupied orbital (HOMO) and lowest unoccupied orbital 
(LUMO) gaps in the most stable geometries with closed-
shell electronic structures of extraordinary stabilities and 
interesting properties (Zhao et al., 2016; Zhao et al., 2017b). 
The distinct semiconducting and metallic characters of 
the TM@Sin clusters lead to a new field of silicon-based 
nanoscale applications in developing miniature and 
optoelectronic devices.
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A series of experimental results indicate that the 
endohedral or exhohedral transition metal atoms on small 
C28, C36, and C60 clusters (Buehl and Hirsch, 2001; Chen et al., 
2018; Turker, 2001a; Turker, 2001b; Wang and Han, 2005a) 
can dramatically increase the cluster’s stability. Moreover, 
the photoelectron spectra of the TM-doped silicon cluster 
anions were observed experimentally (Xu et al., 2010). 
These findings lead to the theoretical investigations on 
the Pt2Si16, PdSi60, MSi28, and ZrSi20 systems (Han et al., 
2002; Jarrold, 1991; Jackson and Nellermoe, 1996; Turker, 
2001a; Turker, 2001b; Zhao et al., 2016; Zhao et al., 2017a; 
Zhao et al., 2017b). To our knowledge, no theoretical 
investigation on the Re@Sin (n=12, 14, 16, 20, 24, 28, 32, 36, 
and 40) fullerenes is reported up to now. In order to give 
a prediction of experimental results and give a reasonable 
explanation of the experimental phenomenon, we have 
carried out the computational studies of total energies 
and the possible geometries of the Re@Sin (n=12, 14, 16, 
20, 24, 28, 32, 36, and 40) fullerenes. 

2  Results and discussions
On the basis of the calculated results on the transition 
metal doped Sin clusters, it indicates that the mixed 
transitional metal silicides are in favorable of forming 
endohedral cagelike structures which depend strongly 
upon the transition metal atom and the size of the Sin 
clusters (Guo et al., 2006; Han and Shi, 2001; Han, 2003; 
Han and Hagelberg, 2009; Wang and Han, 2006; Wu and 
Hagelberg, 2009). Previous theoretical investigations 
on the ReSin(n=1-12) clusters indicate that the Re atom 
localizes at the center site of the Sin frames when the 
size of the ReSin clusters is bigger than 8 (Han and Shi, 
2001), therefore, only the Re-encapsulated Sin cages are 
considered in the following sections.

2.1  ReSi12

The ReSi12 isomers under well-defined D6h and D4h 
symmetries with different spin states considered are 
optimized at the UHF/LanL2DZ level. The possible D6h 
ReSi12 isomer is preferentially considered as the ground 
state candidate. The doublet D6h isomer is optimized to be 
the stable structure. The calculated Si(6)-Si(12) distance 
and Si(5)-Si(6) bond length at the UHF/LanL2DZ level 
are slightly shorter as compared to those at the B3LYP/
LanL2DZ level (Han and Shi, 2001). Furthermore, the 
Re-Si(6) bond length of the doublet D6h ReSi12 isomer at the 
UHF/LanL2DZ level being 2.617 Å is slightly shorter than 

that (2.690 Å) of the D6h isomer at the B3LYP/LanL2DZ 
level. The electronic state of the D6h isomer is labeled as 
having 2B2g character. On the basis of the calculated results 
of the stable ReSi12 cage, the sandwichlike ReSi12 cage can 
be seen as the building block of new material. The new 
distorted D4h isomer is taken into account; the calculated 
results reveal that the D4h isomer is an unstable isomer. 
After the D4h symmetry undergoes a slight distortion 
to the lower symmetry, the equilibrium geometry of 
the stable doublet C1 ReSi12 isomer is finally obtained. 
According to the total energies of the C1 and D6h isomers, 
it is worthwhile pointing out that the C1 isomer is 0.589 eV 
lower in total energy than the D6h isomer, therefore, the 
C1 isomer is selected as the ground state. The Re atom is 
surrounded by all Si atoms, furthermore, the Re atom 
tries to terminate the dangling bonds of the silicon atoms 
and has a tendency to obtain more charges from the Si12 
frame; Thus, the Re atom acts as an acceptor of charge and 
enhances the stability of the Si12 frame.

2.2  ReSi16

Equilibrium geometry of the C1 ReSi16 cage is obtained at 
the UHF/LanL2DZ level (Table 1). The calculated result of 
the sextet C1 ReSi16 isomer has one imaginary frequency, 
which corresponds to a transition state. From the 
calculated total energies of the C1 isomer with spin S=1/2 
and 3/2, it obviously shows that total energies correlate 
with the spin states, in the other words, the C1 isomer with 
S=3/2 is more stable than with spin S=1/2. Mullikan atomic 
net populations of the Re atom in the C1 ReSi16 isomer with 
spin S=1/2 and 3/2 are –3.660e and –2.798e, respectively. 
In light of the calculated Mullken atomic net populations, 
it apparently indicates that the charges in the doublet 
isomer transfer mainly from the Si(i) (i=5, 8, 13, 14) atoms 
to the Re atom, and that the charges in the quartet cage 
transfer from the Si(i) (i=5, 8, 13) atoms to the Re atom. 
The electrostatic interactions among the Re and Si atoms 
of the double isomer arising from charge distribution is 
stronger than those of the quartet isomer.

On the basis of the optimized geometry, one finds that 
the Re atom of the new Cs isomer deviates slightly to center 
site of the Si16 frame. Mullikan atomic net populations of 
the doublet Cs isomer show that the charges transfer from 
the Si atoms to the Re atom; furthermore, the charge-
transfers among the Re and S(i) (i=1-8) atoms are bigger 
than those among the Re and Si(j) (j=9-16) atoms. The net 
population of the Re atom is –3.3136e, the obtained charge 
of Re atom is transferred to the 4d orbitals, reflecting that 
the electrostatic interactions between the Re atom and 
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Table 1: Total energies, the shortest Re-Si bond lengths, Mullikan atomic population of the Re atom (Re(M)), electronic state, and the 
lowest harmonic frequencies of the ReSin (n=12, 16, 20, 24, 28, 30, 32, 36, and 40) fullerenes. (Unit: Å for bond length; cm-1 for frequency; 
hartree for total energy).

System symm spin Re-Si frequencies electronic state Re(M) ET

ReSi8 Cs 1/2 2.298 2A’ -3.712 -108.1321987

3/2 2.310 4A’ -4.116 -108.133719

5/2 2.308 6A’ -3.512 -108.1030331

ReSi12 D6h 1/2 2.617 107.2 2B2g -3.726 -123.1021747

C1 1/2 2.342 74.6 2A -3.687 -123.123822

ReSi16 C1 1/2 2.670 60.0 -3.660 -138.1262721

3/2 2.685 97.0 -2.798 -138.1666145

5/2 2.701 -50.7 -3.659 -138.1802717

ReSi16 Cs 1/2 2.650 88.9  2A’ -3.314 -138.1864874

3/2 2.612 49.0  4A’ -3.438 -138.1701797

5/2 2.561 164.3  6A’ -3.659 -138.1814594

ReSi20 C1 1/2 2.710 89.7  2A -1.764 -153.1690535

3/2 2.744 67.5 -2.145 -153.1444314

5/2 2.725 69.9 -2.147 -153.1503386

ReSi24 C1 1/2 2.627 80.2  2A -1.530 -168.1729979

3/2 2.660 25.4 -0.206 -168.1602477

5/2 2.653 73.1 -1.055 -168.1722319

ReSi28 C2  1/2 2.639 30.2  2B -0.022 -183.1472281

3/2 2.717 60.9  4B -0.474 -183.1654843

5/2 2.797 -172.4  6A ---- -183.0658974

C1 1/2 2.661 73.1 -0.802 -183.1725519

3/2 2.629 77.3 -0.821 -183.1448853

5/2 2.736 52.6  6A -0.009 -183.1839227

ReSi32 C1  1/2 2.6402 55.9  2A -0.004 -198.1969785

3/2 2.6263 46.1 -0.346 -198.1093921

5/2 2.7452 38.3 0.374 -198.1951799

ReSi36 C2v  1/2 4.097 30.5 2B1 0.293 -212.8904139

3/2 3.992 25.9  4A1 0.231 -212.9400203

C1  3/2 3.974 33.8 0.323 -213.052496

C1  5/2 3.879 35.8 6A  0.350 -213.1788852

ReSi40 C1  1/2 3.995 30.3 0.324 -228.131402

3/2 2.598 33.4 0.283 -228.2107318

5/2 3.836 23.7 6A  0.333 -228.2316637

7/2 2.564 21.4 0.234 -228.1875406

Si(i) (I=1-16) play an important role in the stability of the 
ReSi16 clusters. 

According to the optimized geometry of the quartet Cs 
isomer, the Re atom deviates to the center site of the Si16 
frame. In analogy to the doublet ReSi16 isomer, the charges 
transfer mainly from the Si(i) (i=1-8) to the Re atom, the 
Mullikan atomic net population shows that the Re atom 
carries –3.438e, which is bigger than that of the doublet 

ReSi16 isomer, reflecting that the electrostatic interactions 
among the transition metal Re and silicons in the quartet 
isomer are stronger than in the doublet isomer. 

The sextet Cs isomer, which is slightly distorted the 
C4v isomer, is optimized at the UHF/LanL2DZ level. On 
the basis of the Figure 1, one finds that the Re atom, 
which deviates to the center site of the C4v cage, results 
in the lower-symmetry Cs isomer. The Mullikan atomic net 
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ReSi12 D6h                            ReSi12 C1                  

ReSi16 Cs                             ReSi16 C1     

               ReSi20 C1                            ReSi24 C1   

Figure 1: The stable Re@Sin clusters, where the black atom in the figure represents the Re atom.
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ReSi28(a) C2                                 ReSi28 C1

ReSi32 C1

ReSi40 C1

ReSi36 C2v

Figure 1: (Continued)
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population of the Re atom is –3.659e, which is transferred 
from the Si(i) (i=1-8) atoms. 

In addition, the Mullikan atomic net populations of 
the Re atom in the Cs isomer depend on the spin states, the 
charge-transformation and the electrostatic interactions 
among Re and Sin atoms are increased as spin S goes from 
S=1/2 to S=5/2. The Re atom tends to saturate the dangling 
bonds of the Si(i) (i=1-8) atoms; on the other hands, the 
Cs ReSi16 frame with Re atom being localized at the cage 
center of the Si16 frame is less stable than with Re atom 
being deviated to the cage center of the Si16 frame. 

According to the optimized equilibrium geometries, 
it is of interesting that the Si-Si bond lengths of the 
tetragon rings are longer than those of the pentagonal 
rings, which are very important for the analysis of the 
structure criterion of the Sin fullerene; this finding is 
similar to that of the carbon fullerene (Buehl and Hirsch, 
2001). As can be seen from the total energies of the C1 and 
Cs isomers, which are listed in Table 1, they exhibit that 
the doublet Cs isomer is the lowest-energy structure and 
the ground state, the electronic state is labeled as having 
2A’ character.

According to the contour of HOMO orbotals and DOS 
of the most stable Re and ReSi16 nanocages (Figure 2), it 
is easy to find that Re atom forms chemical bonds with 
surrounding Si atoms after Re atom is encapsulated Si16 
cage and the DOS near HOMO orbitals is increased. 

2.3  ReSi20

The possible ReSi20 cages are investigated. The three 
distinct isomers with D2d, C2v, and C2 symmetries are 
optimized with several imaginary frequencies having 
been found. After the ReSi20 cage exhibiting maximum 
symmetry undergoes slightly distortions into more stable 
structure with low symmetry, the stable doublet C1 isomer 
is generated. 

By distorting the geometry from the D2d isomer, the 
newer doublet C1 ReSi20 isomer is yielded. Theoretical 
results show that the encapsulated Re atom in the ReSi20 
cage deviates the cage center of the slight distorted D5d 
Si20 frame and prefers to interacting with Si(3) and Si(6) 
atoms with the shortest Re-Si(3) and Re-Si(6) bond lengths 

Figure 2: DOS and contours of HOMO orbitals of respective Si16 and ReSi16 nanocages.
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of 2.710 Å. The Mullikan atomic net population of the Re 
atom in the C1 isomer carries –1.764e, which transfers 
mainly from the Si(i) (i=3, 6, 9, 12, 15, 16, 19, and 20) atoms. 

The Re atom in the stable quartet C1 ReSi20 cluster 
moves to the most favored adsorption site of the inner 
surface of the Si(6) atom with the shortest Re-Si(6) bond 
length of 2.744 Å; the Mullikan atomic net population of 
the Re in the quartet C1 isomer is –2.145e, the obtained 
charges of the Re atom come mainly from the Si(3), Si(6), 
and Si(9) atoms. 

As far as the sextet C1 isomer is concerned, the final 
optimized geometry exhibits that the Re atom deviates 
to the cage center site of the Si20 frame, and that the Re 
is bound to the inner surface of the Si(6) atom with the 
shortest Re-Si(6) of 2.725 Å. On the ground of equilibrium 
geometry, it apparently shows that the doped Re atom 
results in the significant distortion of the Si20 geometry 
as well as the charge distributions. The Re atom carries 
–2.147e, the charges mainly come from the Si(3), Si(6), 
Si(9), and Si(12) atoms with Mullikan charges being 0.348, 
0.288, 0.417, and 0.305e, respectively. 

As can be seen from the calculated Mullikan charges 
of the Re atom and total energy of the ReSi20 unit, the 
Mullikan net populations of the Re atom depend on the 
spin states. Furthermore, the doublet ReSi20 isomer is the 
most stable isomer. 

2.4  ReSi24 

The optimized geometries indicate that the possible 
ReSi24 isomers with high symmetries are not the stable 
geometries. However, after undergoing the slight distortion 
of the ReSi24 geometry to the low symmetry, the stable C1 
isomer is obtained finally. Furthermore, the stable C1 ReSi24 
geometry slightly distorts the initial geometry with the 
transitional metal Re being localized at the cage center of 
the Si24 frame. Specifically, this geometry, which composes 
of 12 Si5 rings and 2 Si6 rings, is analogous to that of the C24 
fullerene. The calculated results show that the geometry 
is deformed because of the interactions between the Si24 
frame and Re, furthermore, the distortion of the Si24 frame 
depends on the selected binding site of the Re atom.

It is found that the slight distorted doublet ReSi24 frame 
with Re atom being localized at the center site of cage 
is not the most stable isomer. The Re atom in the ReSi24 
frame favors attached the inner surface site of the Si24 
fullerene and moves from the cage center of the Si24 frame 
to the inner surface site that is near the Si(22) and Si(20) 
atoms with the shortest Re-Si bond lengths of 2.63 Å, this 
phenomenon indicates that the electrostatic interactions 

among the Re atom and the Si(20) or Si(22) atom lead to 
the sinking of the Si(20) and Si(22) atoms into the surface 
of the Si24 frame. The Mullikan atomic net population of 
the Re, Si(19), and Si(24) atoms are –1.530, 0.309, and 
0.294e, respectively; The obtained charge of Re atom is 
transferred mainly from the Si(1), S(8), Si(10), Si(19), and 
Si(24) atoms. According to the calculated Mullikan atomic 
net populations, it shows that the Re atom in the doublet 
ReSi24 fullerene acts as an acceptor of the charges and 
tries to terminate the dangling bonds of the Si(20) and 
Si(22) atoms. The electrostatic interactions among the Re 
and Sin atoms alter the charge distributions and fullerene 
geometry of the Si24 frame as well as the stability of the 
ReSi24 frame.

The Re atom in the quartet ReSi24 fullerene moves from 
the cage center site to the inner surfaces of the Si(18) and 
Si(23) atoms with the shortest Re-Si(18) and Re-Si(23) bond 
lengths being respective 2.678 and 2.660 Å; Furthermore, 
the Si(18) and Si(23) atoms have the tendency to sink from 
the surface of the Si24 frame because of the electrostatic 
interactions of the Re atom and Si(20) or Si(23) atoms. 
Consequently, the Si24 geometry is distinctly distorted 
after the Re atom is encapsulated into the Si24 frame. 
Mullikan atomic net population of the Re atom in the 
quartet ReSi24 isomer is –0.206e, which is smaller than 
that of the doublet isomer, indicating that charge-transfer 
among the Re and Si24 frame of the quartet ReSi24 isomer 
is smaller than that of the double isomer, in other words, 
the electrostatic interactions between the Re and Si24 
frame in the quartet isomer are weakened as compared to 
the doublet isomer, therefore, the Re atom in the quartet 
ReSi24 fullerene makes a less contribution to the stability 
than that of the doublet isomer. Consequently, the doublet 
ReSi24 fullerene is more stable than that of the quartet 
isomer. These findings can be certified by the calculated 
total energies.

The sextet ReSi24 cage is taken into account, the Re 
atom in the ReSi24 cage moves from the cage center site to 
the inner surface site of an adjacent Si(6), Si(14), and Si(19) 
atoms with the shorter Si(6)-Re, Si(14)-Re, and Si(19)-Re 
bond lengths being respective 2.653, 2.852, and 2.855 Å. The 
electrostatic interactions between the Re and Si(i) (i=6, 14, 
and 19) atoms, which result in the distorted geometry, are 
stronger than those of the others; the main populations of 
the Si(8), Si(13), Si(14), Si(17), and Si(23) atoms are 0.244, 
0.314, 0.259, –0.210, and –0.165 e, respectively; the atomic 
net population of the Re atom in the ReSi24 cage is –1.055e, 
indicating that the Re atom obtains the charges from its 
neighbor Si atoms.

According to the optimized equilibrium geometries of 
the doublet, quartet, and sextet ReSi24 cages, one should 
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be noticed that the Re atom in the ReSi24 cage deviates to 
the initial cage center of the Si24 frame. Furthermore, the 
total energy of the doublet ReSi24 cage is the lowest one, 
indicating that the doublet ReSi24 cage is the most stable 
structure. 

2.5  ReSi28

The novel molecular and electronic structures associated 
with endohedral metallofullerenes have attracted 
attentions (Turker, 2001a; Turker, 2001b). The initial 
geometry of the D2h ReSi28 fullerene with the Re atom being 
inserted in the cage center of the Si28 cage are optimized at 
the UHF level. According to the calculated results, which 
summarizes at the Table 1 and Figure 1, one finds that the 
Re atom in the essential final geometry deviates to the 
cage center of the Si28 frame, indicating that the ReSi28 
frame with higher symmetry undergoes the distortion of 
the geometry into the much more stable structure with 
lower C2 symmetry, reflecting that the doublet C2 ReSi28 
fullerene with the Re atom localized at the cage center is 
higher in total energy than that with the Re atom being 
localized at the site, which is near the Si(1) and Si(22) 
atoms. The Mulliken atomic net population of the Re 
atom is very small, namely, –0.022e. In other words, the 
charge-transfer among the Re atom and Si28 fullerene is 
small, the electrostatic interactions among the transition 
metal Re and the Si28 fullerene are weakened. However, 
the doped Re atom contributes to the charge distribution 
of the Si28 fullerene. The Si(1) atom obtains more charges 
from the Si(3), Si(13), and Si(23) atoms; and the Si(22) 
atom obtains mainly charges from the Si(4), Si(16), and 
Si(25) atoms. 

The Re atom of the quartet C2 ReSi28 cage moves to 
the inner surface site near the Si(1) and Si(22) atoms, the 
movement of the Re atom finally results in the distortion 
of the Si28 cage and the sinking of the Si(1) and Si(22) 
atom to the inner Si28 surface. Furthermore, the Si-Si bond 
lengths and charge distributions are changed after the Re 
atom is encapsulated into Si28 frame; this phenomenon is 
similar to that of the doublet isomer. The Re atom of the 
quartet isomer carries –0.474e, which is bigger than the 
doublet isomer and is transferred mainly from the Si(13) 
and Si(25) atoms with population of 0.357 e, in other 
words, the electrostatic interactions between the Re atom 
and Si frame for the quartet isomer are stronger than that 
of the doublet isomer. Consequently, the electrostatic 
interactions between Si(1) or Si(22) atom and Re atom in 
the quartet isomer enhance the stabilities of the ReSi28 
cluster. As for the sextet C2 ReSi28 isomer, the frequency 

analysis proves that the C2 ReSi28 is a transition state. 
On the ground of the calculated total energies of the C2 
isomers, it exhibits that the quartet C2 isomer is more 
stable than the doublet isomer.

The doublet C1 isomer is calculated. Specifically, this 
geometry is seriously distorted the C2 isomer mentioned 
above. The Re atom has a strong interaction with Si(18) 
atom, and the attractive interactions cause the seriously 
deviation of the Si28 surface. The Mullikan atomic net 
population of the Re atom is –0.802e, which is bigger 
than that of C2 isomer, in other words, the electrostatic 
interaction of the C1 isomer is stronger than those of the 
C2 isomer. As a consequence, the Si28 fame distorted more 
seriously. Additionally, the charges of the Si28 surface are 
redistributed. 

As for the quartet C1 isomer. The calculated results 
show that the Re atom in the cage is shifted toward the 
inner surface site, which are near Si(13) and Si(18) atoms. 
The Mullikan net population of the Re atom is –0.821 e. 
The Re atom in the ReSi28 frame behaviors as an acceptor 
of charges, because the unsaturated 5d orbitals of Re 
atom interests to pull more charges from Si atoms. The 
electrostatic interactions among the Re and Sin frame 
enhance the stability of the quartet ReSi28 cage.

For the sextet C1 ReSi28 cage, the Re atom selects 
the Si(26) atom as the binding site in the sextet C1 ReSi28 
cage with the shortest Si(26)-Re bond length being 
2.736 Å, resulting in the adjustments and alternations 
of the locations of the Si frame. As a consequence, the 
electronic properties and bond lengths of the Si28 frame 
are influenced slightly by the rearrangement of the Si28 

geometry. Especially, the Sin atoms, which connect the 
binding site of Re atom, are adjusted slightly under 
the attractive interactions of the Re atom and charge 
redistributions. The Mullikan atom net population of the 
Re atom is –0.009e, reflecting that charge-transfer among 
the Re and Si28 fullerene is very small. In the C1 ReSi28 
cage, the charges mainly transfer from Si(15) (0.252e) 
and Si(25) (0.288e) atoms to Si(18) (–0.308e) and Si(26)
(–0.354e) atoms. 

Inspection of the calculated total energies of the 
C1 and C2 ReSi28 cages (Table 1), the sextet C1 isomer is 
about 0.309 eV lower in total energy than the doublet 
C1 isomer, thus, the sextet C1 isomer corresponds to the 
ground state. On the basis of the calculated equilibrium 
geometry and Mullikan atomic net population of the Re 
atom in the sextet C1 isomer, one finds that the shortest 
Re-Si(26) bond length in the sextet C1 isomer is longer 
than those of the most stable ReSin (n=1-12, 16, 20, 24) 
clusters and the charge-transformation among Re and Sin 
frame in the sextet C1 isomer is very small, therefore, the 
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electrostatic interaction of the Re and C1 Si28 frame makes 
a little influence to the inserted Re atom, consequently, 
the inserted Re atom in the sextet isomer keeps the same 
electronic state as the free septet Re atom.

2.6  ReSi32

The equilibrium geometry of the doublet C1 ReSi32 cage, 
which is composed of 14 Si5 rings and 4 Si6 rings, is 
optimized. According to the calculated results, it exhibits 
that the doped Re atom has a tendency to move from the 
cage center toward the inner surface site of the Si(28) 
atom. This finding indicates that the geometry with Re 
atom being localized at the cage center of the Si32 frame is 
higher in total energy than with Re atom being localized 
at the inner surface of the Si(28) atom. The Mullikan net 
populations of the Si(27) and Si(28) atoms are –0.231e 
and –0.207e, respectively. It is worthwhile pointing out 
that the negative charges are mainly localized at the 
concaved Si(27) and Si(28) atoms. The net population 
of the Re atom (–0.004) is negative, and the charges are 
transferred to the Si(5) atom, the electrostatic interaction 
between the Si(28) and Re is weaker. Therefore, the 
doped-Re atom plays a little bit contribution in the slight 
distorted geometry.

The calculated geometry shows that the Re atom 
is shifted toward the inner surface of the Si(28) atom. 
Furthermore, the Mullikan atomic net population of the 
Re atom in the ReSi32 cage is –0.346e, which is bigger 
than the doublet C1 ReSi32 geometry; one concludes 
that the interactions among the Re and Si32 frame in the 
quartet isomer are stronger than those of the doublet 
isomer, and their influences to the Re atom and the Si32 
frame are stronger. The quartet C1 structure undergoes 
the slight deviation in geometry and forms the stable 
geometry because of the electrostatic interactions of the 
encapsulated Re atom. 

As can be seen from the findings related to the 
geometries of the examined systems, the Re atom in the 
Si32 frame is localized at the inner surface site of the Si(8) 
and Si(27) atoms with the Re-Si(8) and Re-Si(27) distances 
being respective 2.745 and 2.804 Å. The Mullikan atomic 
net population of Re atom is 0.374 e; indicating that the 
charges are transferred from the Re atom to the Si32 frame. 
According to the Mullikan atomic spin populations, the 
magnetism is predicted as 5.0 Bohr magnets, which are 
dominantly contributed from the Re atom.

In general, Re atom reduces the distortion of the Si32 
frame. The calculated total energies show that the doublet 
ReSi32 cage is the lowest-energy structure and ground 

state. Based upon the contour of HOMO orbitals and DOS 
of respective Si32 and ReSi32 nanocages, we can find that Re 
atom interacts with Si atoms with σ bonding after Re atom 
is encapsulated into Si32 cage (Figure 3). Furthermore, the 
DOS near HOMO or LUMO orbitals for ReSi32 is increased 
as compared with that of Si32. Thus, the encapsulated Re 
atom makes great contribution to stable silicon frame. 

2.7  ReSi36

On the basis of the initial geometry of the D2d Si36 cage 
at the AM1 level (Han et al., 2003), the C2v ReSi36 cluster 
with Re atom being encapsulated in the cage center of 
Si36 fullerene is optimized. The calculated harmonic 
vibrational frequency analysis reveals that the C2v ReSi36 

(S= 1/2 and 3/2) cages are the stable structures. Specifically, 
the encapsulated Re atom localizes at the cage center and 
tries to interact with all Si atoms simultaneously with the 
weak electrostatic interactions. 

As far as the doublet ReSi36 cage is concerned. The 
Mullikan atomic populations of the Re atom in the doublet 
and quartet isomers is 0.293 and 0.231e, therefore, the 
Re acts as the donor of the charge, the doublet isomer 
contributes less charge to the Si36 cage than that of the 
doublet form. Unfortunately, the sextet C2v isomer turns 
out to be unstable geometries. After the distortion of the 
C2v geometry, the stable C1 isomer is born. For the quartet 
and sextet C1 ReSi36 cages, the Re atom at the quartet and 
sextet isomer locates at off-center position of the Si36 cage 
with the shortest Re-Si(6) and Re-Si(32) bond lengths of 
3.974 and 3.879 Å, respectively. The Re in the quartet and 
sextet isomers carries 0.323 and 0.350e, respectively. 

On the basis of the calculated total energies which are 
listed in Table 1, it indicates that the sextet C1 isomer is the 
lowest-energy isomer. 

2.8  ReSi40

Initial geometry of D5d ReSi40 cage with the encapsulated 
Re atom being localized at the cage center is considered; 
However, the calculated results prove that there are 
several imaginary frequencies and the corresponding 
geometries are turned out not to be the stable structures. 
After the ReSi40 cage of maximum symmetry undergoes a 
slight distortion into much more stable structure of lower 
symmetry, the most stable cage corresponds to the lower 
symmetry. 

Inspection of the data in Table 1 and Figure 1, it 
obviously shows that the Re atom deviates the cage 
center of the Si40 frame and moves toward to the inner 
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surface of the Si(20) atom, along with the distortion 
of the Si40 cage. In other words, the final spheroidal 
geometry is disturbed nearby the dopant Re atom. The 
Re atom carries 0.324e, the charges are mainly shifted 
out of the Re atom to the Si(20) atom and its neighbors, 
reflecting that the Re atom acts as donor, and that the 
charge-transfer between the encapsulated Re atom and 
Si40 fullerene is very small, the electrostatic interactions 
among the Re atom and Si40 fullerene are weak. The 
charge-transfer of the Si40 frame is small, indicating that 
the Si-Si covalent bonds play the fundamental role in the 
cage stabilities. 

The calculated results on the quartet isomer show that 
the equilibrium geometry is distorted in the presence of 
the encapsulated Re atom and the encapsulated Re atom 
moves to the inner surface of the Si(33) atom. Mullikan 
atomic population of the encapsulated Re atom is 0.283e, 
exhibiting that the charges are transferred from the Re 
atom to the neighboring Si atoms. 

For sextet isomer, the shortest Re-Si(10) bond 
length is predicted to be 3.836 Å, reflecting that the 
encapsulated Re atom deviates the cage center site of 

the ReSi40 frame and moves toward to the Si(10) atom, 
together with the slight distortion of the Si40 frame. The 
populations of the encapsulated Re atom and the Si(10) 
atom are respective 0.333e and –0.229e, indicating 
that the electrostatic interactions among the Re atom 
and Si40 frame are weakened, and that the charges are 
transferred from the Si(10) atom to the Re atom. The 
biggest positive charge in the Si40 frame is localized at 
the Si(7) atom (0.161e).

The equilibrium geometry of the octet C1 ReSi40 isomer 
is analogous to that of the quartet isomer. On the basis of 
the calculated total energies of the ReSi40 isomer with spin 
S=1/2, 3/2, 5/2, and 7/2, the octet isomer is lower in total 
energy than the quartet isomer. Furthermore, the sextet 
isomer is the lowest-energy isomer, which is selected to 
be a ground state. 

3  Relative stability 
In order to discuss the relative stabilities of the ReSin (n=16, 
20, 24, 28, 32, 36, and 40) cages, the dissociation energies 

Figure 3: DOS and contours of HOMO orbitals of respective Si32 and ReSi32 nanocages. 
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Table 2: The calculated fragmentation energies (D(n,n-4)) and averaged atomic binding energies (A(n)) of the most stable Re@Sin 
clusters(units: eV). 

n 12 16 20 24 28 32 36 40

D(n,n-4) 3.973 5.948 3.768 4.350 4.540 4.598 3.750 5.679

A(n) 7.819 9.794 7.614 8.196 8.386 8.444 7.596 9.525 

with respect to the removal of the Si4 and Si units as 
well as the atomic averaged bind energies are calculated 
according to the following formula: 

D(n,n-4) = ET(Si4) + ET(ReSin-4) – ET(ReSin)

A(n)= [4 ET(Si) + ET(ReSin-4) – ET(ReSin)]/4

Where ET(Si4), ET(Si), ET(Re), and ET(ReSin) 
represent the total energies of the most stable Si4, Si, 
Re, and ReSin clusters, respectively. On the basis of the 
calculated results listed at Table 2 and shown in Figure 
4, it manifests that the calclated D(n,n-4) results exhibit 
the same variable tendency as A(n) results in Figure 4, 
reflecting that the calculated fragmentation energies of 
D(n,n-4) and A(n) of the investigated clusters are stable 
with respect to the dissociation into Sin atoms and give 
the reasonable explanations of the relative stabilities of 
the ReSin clusters. The calculated fragmentation energies 
for the ReSin clusters exhibit that the D(n,n-4) and A(n) 
increase as the n goes from n=20 to n=40, two peaks are 
found at n=16 and 40, which correspond to the stable 
magic numbers. Because D(40,36) is slightly smaller than 
D(16,12), and the remarkable D(16,12) and A(16) values 
are found, consequently, n=16 corresponds to the magic 
number of stability. This finding shows that the ReSi16 
is the most stable isomer and is similar to theoretical 
predictions on stable magic numbers of PtSin and PdSin 
clusters (Han et al., 2007; Wang and Han, 2005b; Zhao et 
al., 2014).

4  Computational details
In order to compare with available theoretical results 
and to test the reliability of the theoretical approach for 
the ReSin (n=12, 16, 20, 24, 28, 32, 36, and 40) cages, the 
ReSi and Si2 dimers are calculated at the HF/LanL2DZ 
level, the calculated Re-Si and Si-Si bond lengths of 
the most stable quartet ReSi and triplet Si2 isomers are 
respective 2.595 and 2.520 Å; the Re-Si bond length of 
the ReSi dimer at the HF/LanL2DZ level is slightly longer 
than at the UB3LYP/LanL2DZ level (Han and Shi, 2001). 
The possible geometries of the ReSin (n=12, 16, 20, 24, 
28, 32, 36, and 40) cages are considered and carried 

out at the UHF/LanL2DZ level by using of Gaussian 98 
program (Frisch et al., 1998). For each stationary point 
of the cages, the stability is examined by the harmonic 
vibrational frequency. For cases existing an imaginary 
frequency, a relaxation along the coordination of the 
imaginary vibrational mode is performed until the true 
minimum is reached. Therefore, the geometries for each 
cage and its isomers are the stable structures, which 
correspond to the local minima. The fragmentation 
energies with respect to the remove of the Si4 and Si 
units are obtained as the criterion of discussing relative 
stability of the ReSin cages.

5  Conclusions 
Systems of the form Re@Sin (n=12, 16, 20, 24, 28, 32, 36, 
40) with different spin states were studied at the UHF/
LanL2DZ level. In this work, equilibrium geometries, total 
energies, stabilities, and Mullikan atomic net populations 
of the Re atom in Re@Sin clusters were examined. The 
results demonstrate that all ReSin systems with initial 
higher symmetric structures undergo slight distortions 
into geometries of sizeable higher stability with lower 
symmetry. The Re atom in Re@Sin (n=12, 16, 20, 24, 28, 
32, 36, and 40) cages locates at off-center positions of 
Sin clusters. Correspondingly, an ionic admixture to the 
bonding between the Re impurity and the Si cage atoms 
contributes to the stability of Sin cages. Furthermore, 
Mullikan atomic net populations indicate that the charges 
of Re atom vary gradually from negative to positive as the 
size of the Sin cage goes from n=12 to n=40. According to 
the calculated fragmentation energy, the relative stability 
of the ReSin cages is discussed, and showing that the ReSi16 

cage is the most stable isomer and the n=16 is seen as the 
magic number of stability, this finding is similar to the 
available theoretical results (Wang and Han, 2005b; Zhao 
et al., 2014).
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Figure 4: The calculated averaged atomic binding energies and fragmentation energies of Re doped silicon cages.
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