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Abstract:The e�ects of rainfall speed,VT , andmeridional/verticalmoisture gradients on themeridionalmois-
ture transport are examined in the context of mid-latitude baroclinic waves. These e�ects are investigated in
an idealized model that can be solved analytically. The model is systematically derived in a precipitating
quasi-geostrophic limit, starting from a moist atmospheric model with minimal representation of cloud mi-
crophysics. Single-phase dynamics are considered, with a comparison of three cases: unsaturated, saturated
with VT = 0, and saturated with VT > 0. The Eady problem for linear baroclinic waves is analyzed, with
modi�cations to incorporate moisture. As a preliminary step, the moist waves are shown to have properties
consistent with prior studies, including larger growth rates and smaller spatial scales in the saturated cases
in comparison to the classic dry Eady problem. Then, in addition, it is shown that the meridional moisture
�ux, as a function of height, has a mid-tropospheric maximum in the case of VT = 0, and a maximum in the
lower troposphere or at the surface for su�ciently large values of VT . These results for di�erent VT values are
discussed in the context of meridional moisture transport in observational data.

Keywords:meridional moisture transport, moist baroclinic waves, moist baroclinic instability, precipitating
quasi-geostrophic dynamics.
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1 Introduction
Atmospheric transport of heat and moisture from the equator to the poles is of principal importance for the
Earth’s meteorology and climatology [16, 23, 28]. Transient (baroclinic) waves or eddies are a primary mech-
anism for this mid-latitude meridional transport; for example, see Peixoto and Oort [25, Fig. 12.11b] and Tren-
berth and Stepaniak [29, Fig. 1]. In this manner, mid-latitude heat and water transport by baroclinic waves
accounts for a substantial portion of the Earth’s energy budget and is of critical importance to understanding
sensible and latent heating in the atmosphere.

A simple theoretical framework for the transport of heat in the mid-latitude atmosphere, in the context
of baroclinic waves and their stability, is provided by the pioneering work of Charney [4] and Eady [7]. Pri-
marily, their work focused on large/synoptic-scale phenomena with a simple baroclinic background pro�le.
This naturally gave rise to the, nowwell-established, quasi-geostrophic (QG) equations and has led to the un-
derstanding of baroclinic wave instability as, essentially, a synoptic-scale event. Though their emphasis was

*Corresponding Author: Alfredo N. Wetzel: Department of Mathematics, University of Wisconsin–Madison, Madison, Wis-
consin, USA, Email: alfredo.wetzel@wisc.edu
Leslie M. Smith: Department of Mathematics & Department of Engineering Physics, University of Wisconsin–Madison, Madi-
son, Wisconsin, USA, Email: lsmith@math.wisc.edu
Samuel N. Stechmann: Department of Mathematics & Department of Atmospheric and Oceanic Sciences, University of
Wisconsin–Madison, Madison, Wisconsin, USA, Email: stechmann@wisc.edu

https://doi.org/10.1515/mcwf-2017-0002


Moisture Transport due to Baroclinic Waves | 29

not directly on (sensible) heat transport, heat transport can be readily computed from their analyses [e.g., 24]
but not moisture transport or the e�ects of moisture.

Inclusion of water and the e�ects of moisture into theoretical studies of baroclinic waves has drawn
much attention and a variety of approaches. The interaction between condensational heating e�ects and
baroclinic instability make this, however, a di�cult analytical problem due to non-linearities arising from
phase changes and non-trivial equation coupling. Principal avenues of study of moist condensation and
latent heat release in baroclinic waves/instability include models of shallow-water [17], quasi-geostrophic
[2, 5, 18, 19, 21, 31], semi-geostrophic [8], and primitive [9, 11, 12] equation dynamics. A number of these stud-
ies include moisture e�ects implicitly, in the form of ascending/moist and descending/dry air [8, 9] or the
wave-CISK (conditional instability of the second kind) parametrization [2, 5, 19, 31], while not directly incor-
porating moisture dynamics. Overwhelmingly it is found that latent heat release increases the growth rate of
the instability; in some cases it additionally decreases the most unstable wavenumber. Essentially this out-
come can be understood as the latent heat reducing the “e�ective” stability of the �ow. For this reason, it
is sometimes useful to avoid the dynamical perspective altogether and proceed to account for the e�ects of
moisture using e�ective values of the static stability and attempt to quantify this quantity either analytically
or empirically [6, 10, 22, 26].

In the present paper, we study the e�ects of meridional/vertical backgroundmoisture gradients and rain-
fall speed VT on the meridional water transport. In particular, we use the Eady problem framework and ac-
companying normalmode solutions to derive straightforward formulas for themeridionalmoisture transport
and determine its dependence on key moisture parameters.

To study the e�ects of moisture on meridional transport, we use the fast autoconversion and rain evap-
oration (FARE) model of Hernández-Dueñas et al. [13] in the precipitating quasi-geostrophic (PQG) limit [27].
The FARE model consists of a “minimal” thermodynamics and microphysics description of the atmosphere
and therefore acts as an amenable starting point for this study. Moreover, the FARE model allows water to
precipitate out of the domain (sedimentation) in the form of rainfall, with a chosen rainfall speed VT . Rain-
fall speed thus becomes a tunable parameter which has signi�cant e�ects on the qualitative and quantitative
structure of the rainwater content. We simplify our study even further by considering linear perturbations
about a single-phase background state (unsaturated or saturated only, since perturbations are small) and at-
tribute di�erences that arise between the solutions to the phase change. The relative simplicity of this setup
then allows us to obtain analytically tractable formulas and determine the relative parameter dependence of
the moisture transport on the moisture parameters.

The paper is organized as follows: in Section 2, we describe the relevant preliminary information about
the FARE Model. First, we present the FARE model equations and discuss how phase changes are handled.
Second, we discuss the decomposition of thermodynamic variables between background and anomalies in
unsaturated and saturated regimes and present the PQG equations. In Section 3, we study the linear insta-
bility of the PQG model. In particular, we derive – using standard methods – the normal mode solutions
of the Eady problem and discuss their similarity with the “dry” Eady solutions. We then brie�y discuss the
growth rate of the instability, our chosen normalization of the normal modes, and suitable results concern-
ing the meridional heat �ux. In Section 4, we present our primary result on the meridional water transport.
We discuss the e�ects of backgroundmoisture and rainfall speed in three distinct cases: unsaturated regime,
saturated regime with VT = 0, and saturated regime with VT > 0. Finally, these results for di�erent VT values
are discussed in the context of meridional moisture transport in observational data.

2 Description of the Precipitating Quasi-Geostrophic Equations
In this section, the precipitating quasi-geostrophic (PQG) equations are described. In order to allow a linear
analysis, single-phase dynamics are considered separately for the unsaturated and saturated phases.
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Table 1: List of thermodynamic variables used in this paper. All variables listed, except q̃vs, are anomalies from the anelastic
background state.

Variable De�nition

qr Rainwater mixing ratio
qv Water vapor mixing ratio
q̃vs Saturation water vapor mixing ratio
qt = qv + qr Total water mixing ratio
θ Potential temperature
θe = θ + (Lv/cp)qv Equivalent potential temperature (linearized)

2.1 Starting Point: A Cloud-Resolving Model with Minimal Microphysics

To study the e�ects of moisture on mid-latitude dynamics, we use a quasi-geostrophic model that can be
derived from a cloud-resolving model with minimal microphysics. This minimal cloud-resolving model is the
Fast Autoconversion and Rain Evaporation (FARE) model of Hernández-Dueñas et al. [13]. The FARE model
is minimal in the sense that fast time scales are assumed in the phase changes of water constituents. These
fast microphysics completely eliminate the cloud water constituent of moisture and retain only water vapor
qv and rainwater qr. The FAREmodel presents tractable analytical properties that preserve keymicrophysics,
as discussed in Hernández-Dueñas et al. [13] and Hernández-Dueñas et al. [14].

The FAREmodelwith the addition of Coriolis force is given by the systemof equations [13, eqns. 2.35–2.38]

Du
Dt + fk × u = −∇

(
p
ρ0

)
+ kb(θtot, qtotv , qtotr , z), (1a)

∇ · u = 0, (1b)

Dθtote
Dt = 0, (1c)

Dqtott
Dt − VT

∂qtotr
∂z = 0, (1d)

where u = (u, v, w) corresponds to the three-dimensional velocity, p is the pressure, θ is the potential tem-
perature, θe is the linearized equivalent potential temperature (cf. (6)), buoyancy b is given by

b = b(θtot, qtotv , qtotr , z) = g
(
θtot − θ̃
θ0

+ ε0
(
qtotv − q̃v

)
−
(
qtotr − q̃r

))
, (2)

and qv, qr, qt correspond to the mixing ratios of water vapor, rainwater, and total water, respectively. Here,
k corresponds to the vertical unit vector and the material derivative D/Dt is de�ned as D/Dt = ∂/∂t + u ·∇.
In addition, ρ0 is a reference density, f is the Coriolis parameter, and VT is the constant rainfall speed. All
thermodynamic variables are assumed to be unknown functions of the position x and time t. We use the
superscript “tot” (i.e., total) to denote that the given thermodynamic variable includes both a background
anelastic state, denotedwith (̃·), and an anomaly. A comprehensive list of relevant thermodynamics variables
and parameters used throughout the paper is given in Table 1 and Table 2, respectively.

By de�nition, all thermodynamic variables are decomposed into background and anomaly components,
e.g., qtott (x, t) = q̃t(z) + qt(x, t), where the background states are assumed to be linear functions of height z
only. In terms of these background states, the FARE equations (1a)–(1d) then become

Du
Dt + fk × u = −∇

(
p
ρ0

)
+ kb(θ, qv , qr), (3a)
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Table 2: List of parameters used in this paper with typical (northern hemisphere) mid-latitude values.

Parameter Typical Value De�nition

ρ0 Reference density
θ0 300 K Reference potential temperature
Θ 3 K Background potential temperature gradient
f 10−4 s−1 Coriolis parameter
VT 0.3 − 10m s−1 Velocity of rain precipitation
Lv 2.5 × 106 J kg−1 Latent heat factor
cp 103 J kg−1 K−1 Speci�c heat at constant pressure
ε0 = Rv/Rd − 1 0.6 Rv is water vapor gas constant, Rd is dry air gas constant
L 1, 000 km Horizontal reference scale for QG dynamics
H 10 km Vertical reference scale for QG dynamics
dθ̃/dz 3 K km−1 Background temperature gradient
Ld 990 km Dry deformation radius
dq̃v/dz −1.3 g kg−1 km−1 Background water vapor gradient
Qdimv 0.17 g kg−1 degree−1 Meridional water vapor gradient
Qv 1.25 Meridional water vapor gradient (non-dimensional)
Gu 1.08 Unsaturated vertical moisture gradient ratio
dq̃vs/dz −0.8 g kg−1 km−1 Saturation water vapor gradient
Lde 572 km Moist deformation radius
Qdimr 0.13 g kg−1 degree−1 Meridional rainwater gradient
Qr 1 Meridional rainwater gradient (non-dimensional)
Gs 0.67 Saturated vertical moisture gradient ratio

∇ · u = 0, (3b)

Dθe
Dt + wdθ̃edz = 0, (3c)

Dqt
Dt + wdq̃tdz = VT

dq̃r
dz + VT

∂qr
∂z . (3d)

Phase changes in the water content are accounted for in the FARE model by determining whether the
water vapor qtotv at a given location is less than or equal to the saturation water vapor q̃vs. Any ‘excess’ qtotv
above the saturation water vapor immediately condenses into rainwater qtotr ; phase changes are assumed to
occur immediately. Namely,

qtotv (x, t) < q̃vs(z) and qtotr (x, t) = 0 (unsaturated), (4a)

qtotv (x, t) = q̃vs(z) and qtotr (x, t) ≥ 0 (saturated). (4b)

To simplify the analysis, we limit ourselves to purely saturated and unsaturated dynamics; a prescribed
unsaturated or saturated basic state whose perturbations remain unsaturated or saturated. Therefore, the
background states (̃·) in each phase studied are di�erent. Due to the restrictions imposed by phase changes
(4a)–(4b) on relevant background states, the de�nition of the buoyancy (2) changes in unsaturated and satu-
rated regimes.
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Table 3: Appropriate variable scalings (reference scales) for non-dimensionalization.

Variable Scale

x, y L
z H
t L/U
u, v U
w W = UH/L
p P
θ, θe Θ
qv, qr, qt Q = cpΘ/Lv
b, bu, bs B = gΘ/θ0

2.2 QG Equations in the Unsaturated Regime

The PQG equations are obtained from suitable asymptotic analysis of the FARE equations of Hernández-
Dueñas et al. [13]. In essence, the derivation of PQGamounts to the systematic selection of signi�cant (leading
order and �rst-order correction) terms of the evolution equations when rotation and strati�cation are strong.
The derivation is similar to the derivation of the dry QG equations, withmodi�cations to account formoisture;
for example, an assumption of strong strati�cation is utilized, where the strati�cation is measured by the po-
tential temperature or equivalent potential temperature depending on the phase (unsaturated or saturated,
respectively). In the QG limit, the evolution equations consist of the ‘dry’ dynamics with an additional mois-
ture equation. The interested reader is referred to Smith and Stechmann [27] for additional details concerning
the PQG derivation.

In this section,we specify thedecomposition of the thermodynamic variables into a backgroundanelastic
state and anomaly when the dynamics are unsaturated; equation (4a).We suppose that our background state
consists of known unsaturated functions q̃v, q̃r and deviations from these background states never become
saturated; namely, q̃v < q̃vs, q̃r = 0, and qr = 0.

In the unsaturated regime, the buoyancy (2) then becomes

b = bu(θ, qv) = g
(
θ
θ0

+ ε0qv
)
. (5)

So, in the unsaturated state, the relevant thermodynamic variables are the water vapor qv and the potential
temperature θ. Moreover, we use a separation that preserves a similar relation between the anomalies and
the “total” variables: [

θ̃e
q̃t

]
=
[
1 Lv

cp
0 1

][
θ̃
q̃v

]
and

[
θe
qt

]
=
[
1 Lv

cp
0 1

][
θ
qv

]
. (6)

The thermodynamic equations (3c)–(3d) of the FARE model then become

Dθ
Dt + w

dθ̃
dz = 0 and Dqv

Dt + wdq̃vdz = 0. (7)

The equations in (7) may also be combined to form an equation for the buoyancy (5). Namely,

Dbu
Dt + wN2

u = 0, where N2
u = g

(
1
θ0
dθ̃
dz + ε0

dq̃v
dz

)
. (8)

In the QG limit, under the non-dimensionalization shown in Table 3, the non-dimensional �rst-order
correction evolution equations are [27]

DH ζ
Dt = ∂w∂z , (9a)
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DHbu
Dt + LdL w = 0, (9b)

DHqv
Dt − Gu

Ld
L w = 0, (9c)

and are closed by the balance relations

ζ = ∇2
Hψ, u = −∂ψ∂y , v = ∂ψ∂x , bu = θ =

L
Ld
∂ψ
∂z , (10)

where DH
Dt = ∂

∂t + J(ψ, ·) is the horizontal material derivative, J(ψ, φ) = (∂ψ/∂x)(∂φ/∂y) − (∂φ/∂x)(∂ψ/∂y)
is the determinant of the Jacobian, ∇2

H is the horizontal Laplacian, L is a horizontal reference scale,
L2d = (g/θ0)(dθ̃/dz)H2/f 2 is the deformation radius of dry dynamics for a reference height H, and Gu =
−(Lv/cp)(dq̃v/dz)/(dθ̃/dz) is an unsaturated vertical moisture gradient ratio. As in the standard QG setup,
due to geostrophic and hydrostatic balance, the pressure acts as a stream function ψwhich relates all dynam-
ical variables. To obtain the system (9a)–(9c), we have chosen the following distinguished limit:

Ro Eu = 1, ΓA2 = Fr−1u , Fru =
L
Ld

Ro,

Ld
L = O(1), Gu = O(1),

gQ
B = O(Ro),

(11)

valid in the small Rossby number limit, where Ro = U/(fL) is the Rossby number, Eu= P/(ρ0U2) is the Euler
number, Fru is the unsaturated Froude number, Γ = BH/W2 is a buoyancy parameter, and A = H/L is the
aspect ratio. Note that the relations in (11) imply that equations (9b)–(9c) correspond to (7) when dimension-
alized if the material derivative is replaced with the horizontal material derivative.

One interesting aspect of the equations obtained here lies in the fact that, to �rst-order correction, the
unsaturatedbuoyancy ismerely the ‘dry’ buoyancy; see (10) andnote that conditions (11) reduce thebouyancy
equation (8) simply into equation (7) for the potential temperature in the small Rossby limit. Thus, in the
small Rossby limit, the nonlinear dynamics given by (9a), (9b), (10) in the unsaturated regions are identical
to those of the dry regions. Namely, the background state water vapor q̃v and anomaly water vapor qv do
not a�ect the evolution of the winds, potential temperature, and pressure in the unsaturated regime of the
PQG model. This is not a feature of the FARE system itself, but rather arises in the QG limit from the small
relative contribution thatmoisture has on the unsaturated buoyancy. As a consequence,water vapor anomaly
in unsaturated regions must act as a passive tracer in the unsaturated regime. The background state of water
vapor q̃v does, however, a�ect the advection of the water vapor anomaly; note parameter Gu in equation (9c).

2.3 PQG Equations in the Saturated Regime

Similarly, we specify the decomposition of the thermodynamic variables into a background anelastic state
and anomalywhen the dynamics are saturated; equation (4b).We suppose that our background state consists
of known saturated functions q̃v, q̃r and deviations from these background states never become unsaturated;
namely, q̃v = q̃vs, qv = 0, q̃r > 0, and qr > −q̃r. In addition, we require that dq̃r/dz = 0 to ensure a steady-state
background pro�le; the case VT = 0 is brie�y discussed in Section 4.2.

In the saturated regime, the buoyancy (2) becomes

bs = b(θ, qr) = g
(
θ
θ0
− qr

)
. (12)

Therefore, in a saturated state, the relevant thermodynamic variables are the rainwater qr and the potential
temperature θ. As in the unsaturated case, we obtain a separation between background and anomalies of the
form: [

θ̃e
q̃t

]
=
[
1 0
0 1

][
θ̃
q̃r

]
+
[
Lv
cp
1

]
q̃vs and

[
θe
qt

]
=
[
1 0
0 1

][
θ
qr

]
. (13)
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Then, the thermodynamic equations (3c)–(3d) of the FARE model become

Dθ
Dt + w

dθ̃e
dz = 0 and Dqr

Dt + wdq̃tdz = VT
∂qr
∂z . (14)

The equations in (14) may, again, be combined to form an equation for the buoyancy (12) in the saturated
regime:

Dbs
Dt + wN2

s = −gVT
∂qr
∂z , (15)

where
N2
s = g

(
1
θ0
dθ̃e
dz −

dq̃t
dz

)
= g
(
1
θ0
dθ̃
dz −

dq̃r
dz +

(
Lv
cpθ0

− 1
)
dq̃vs
dz

)
. (16)

By similar manipulations to those in the unsaturated case, under the non-dimensionalization shown in
Table 3, it is possible to show that the evolution of non-dimensional �rst-order correction quantities in the
small Rossby limit give the equations [27]

DH ζ
Dt = ∂w∂z , (17a)

DHbs
Dt + LdeL w = 0, (17b)

DHqr
Dt − Gs

Lde
L w = Vr

∂qr
∂z , (17c)

which are closed by the balance relations

ζ = ∇2
Hψ, u = −∂ψ∂y , v = ∂ψ∂x , bs = θ =

L
Lde

∂ψ
∂z , (18)

where Vr = VT /W is the non-dimensional precipitation velocity, L is a horizontal reference scale, L2de =
(g/θ0)(dθ̃e/dz)H2/f 2 is the moist deformation radius, and Gs = −(Lv/cp)(dq̃t/dz)/(dθ̃e/dz) is a saturated
vertical moisture gradient ratio. To derive these equations, it is assumed that:

Ro Eu = 1, ΓA2 = Fr−1s , Frs =
L
Lde

Ro,

Lde
L = O(1), Gs = O(1), Vr = O(1),

gQ
B = O(Ro),

(19)

in the small Rossby number limit, where Frs is the saturated Froude number; an alternative limiting scenario
of Vr →∞ is discussed in [27]. As before, the relations in (19) imply that equations (17b)–(17c) correspond to
(14) when dimensionalized if the material derivative is replaced with the horizontal material derivative.

A remarkable feature of these equations, which is shared with the unsaturated PQG equations, is that
the �rst-order correction buoyancy in (18) does not have a moisture contribution and is only related to the
potential temperature. Even though the non-linear equations for saturated dynamics are not identical to
those in the dry regions, they fall into the same family of equations as those of the dry dynamics; replace
parameter Lde with Ld. The dynamics in saturated regions are thus closed and, as in the unsaturated case,
rainwater/moisture anomaly acts as a passive tracer if no phase change is allowed. Unlike the unsaturated
regions, however, the chosen background moisture content of saturated regions – q̃vs in this case – a�ects
the evolution of the winds, potential temperature, and pressure.

The fact that the dynamics of the PQG model are independent from the evolution of moisture originates
from our representation of latent heating. This latent heating term is proportional to w only, which allows the
dynamics to evolve una�ected by the moisture evolution; note that the equation (14) can be written as

Dθ
Dt + w

dθ̃
dz = −wLvcp

dq̃vs
dz , (20)

where the right-hand side term is the latent heating arising in the saturated regime.However, if wehad chosen
or obtained a representation of the latent heating depending directly on a moisture variable, say, qt or qr, no
such decoupling would take place. The interested reader is referred to Smith and Stechmann [27] for further
discussion on this separation.
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3 Linear Instability Analysis: Eady Problem
In this section, we study the e�ect that moisture has on the linear stability of the PQG equations by solving
the ‘Eady problem’. Namely, we study the linear stability properties of the normal mode solutions of the PQG
system about a uniform vertical background zonal velocity shear which is unstable. This serves as possibly
the simplest case to test the linear stability properties of the PQG system and glean some understanding on
the parameter dependence for the �ow’s stability. There are many derivations of the Eady problem for ‘dry’
dynamics (dry regime) that can be found in the standard sources [7, 15, 24, 30, to name a few]. The derivation
here is analogous to the dry case since the equations of the dynamics of PQG are completely una�ected by the
moisture anomaly and are only a�ected by background moisture in the saturated regime. For completeness
and aid of exposition,we provide a full derivation here and accentuate certain aspects of the derivationwhich
are relevant to understand the dependence on the parameter Ld or Lde. The solutions in this sectionwill form
the basis for the investigation of water transport in Section 4.

3.1 Derivation of the Solution

We begin by constructing a potential vorticity equation from the PQG equations in the unsaturated and satu-
rated regimes. Namely, equations (9a)–(9b) in unsaturated regimes and (17a)–(17b) in saturated regimesmay
be combined as is usual in ‘dry’ QG to obtain an equation without the e�ects of the vertical velocity in the
interior of the domain. This gives an equation for the conservation of potential vorticity P:

DHP
Dt = 0 for 0 ≤ z ≤ 1, (21)

where
P = ∇2

Hψ + L
2

L2D
∂2ψ
∂z2 , u = −∂ψ∂y , v = ∂ψ∂x , and b = L

LD
∂ψ
∂z . (22)

Here LD denotes the relevant deformation radius of the problem at hand, i.e., LD = Ld in dry/unsaturated
regimes and LD = Lde in saturated regimes. In addition, we impose a ‘rigid lid’ (w = 0) boundary condition on
the top and bottom boundaries of the �ow. To accomplish this, we directly evaluate the buoyancy equations
(9b) and (17b) at the boundaries z = 0, 1, which gives an evolution equation for the buoyancy at the vertical
boundaries:

DHb
Dt + LDL w = 0 for 0 ≤ z ≤ 1 with w = 0 at z = 0, 1. (23)

To study the linear stability of the PQG equations, we consider the perturbations about the background
�ow consisting of a constant shear Λz in the zonal direction for some constant Λ > 0 on 0 ≤ z ≤ 1. Then,
equations (21) and (23) become the linearized equations for potential vorticity P and buoyancy b perturbation
– subject to this background state – (

∂
∂t + Λz

∂
∂x

)
P = 0 for 0 ≤ z ≤ 1, (24a)

(
∂
∂t + Λz

∂
∂x

)
b − L

LD
Λ ∂ψ∂x + LDL w = 0 for 0 ≤ z ≤ 1 (24b)

with w = 0 at z = 0, 1, and the streamfunction satisfying (22). Note that the ∂ψ/∂x term in (24b) arises
from the v ∂b/∂y term of the original buoyancy equation in (23). In addition, the parameter LΛ/LD may be
understood in terms of the Rossby number Ro and Richardson number Ri = N2/(dU/dz)2, where N is the
relevant buoyancy frequency and dU/dz is the vertical velocity gradient; namely, LΛ/LD = Ro−1Ri−1/2.

To describe the stability of the solutions of the system (24a) and (24b), we may obtain the dispersion
ω = ω(k, l) relation by seeking normal mode solutions. The doubly periodic normal mode solutions are

ψ = Re{Ψ(z)ei(kx+ly−ωt)} and w = Re{W(z)ei(kx+ly−ωt)} (25)
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and the normalmode solutions in a channel of (dimensional)width Lc with boundaries y = −Lc/(2L), Lc/(2L)
are

ψ = Re{Ψ(z) cos(ly)ei(kx−ωt)} and w = Re{W(z) cos(ly)ei(kx−ωt)}, (26)

where l = (2n+1)πL/Lc for any positive integer n; recall that y has beennon-dimensionalized by the reference
horizontal scale L which is taken to be of a size comparable to the deformation radius LD. The subsequent
analysis of the doubly periodic and channel normalmodes is much the same, so we combine it here and state
the salient di�erences when they arise.

Substituting the normal mode ansatz (25) or (26) into the equations (24a)–(24b) with (22) we obtain

(C − z)
(
−µ2κΨ + d

2Ψ
dz2

)
= 0 for 0 ≤ z ≤ 1, (27a)

(C − z) dΨdz + Ψ + i
kΛ

(
LD
L

)2
W = 0 for 0 < z < 1, (27b)

(C − z) dΨdz + Ψ = 0 for z = 0, 1, (27c)

where we de�ne the normalized phase speed C = ω/(kΛ) and µ2κ = κ2L2D/L2 for the wavenumber magnitude
κ2 = k2 + l2. Since LD is taken to be a constant, it is straighforward to show that equation (27a) has a general
solution of the form

Ψ(z) = c1 cosh(µκz) + c2 sinh(µκz). (28)

The free constants c1, c2 are then chosen so that the solution (28) satis�es the boundary condition (27c):[
1 µκC

(C − 1)µκ sinh µκ + cosh µκ (C − 1)µκ cosh µκ + sinh µκ

][
c1
c2

]
=
[
0
0

]
. (29)

The system (29) has a nontrivial solution (c1, c2) when the determinant of the system is identically zero, i.e.,

C± = C±(µκ) =
1
2 ±

1
2µκ

√(
µκ − 2 tanh

µκ
2

)(
µκ − 2 coth

µκ
2

)
. (30)

Thus, instability for the normal mode solutions only arises from the C+ branch of the phase speed and, since
moisture anomaly does not contribute to the dynamics, no additional unstable modes arise due to moisture;
in contrast to Lambaerts et al. [17] and Monteiro and Sukhatme [21]. The unstable solutions to the Eady prob-
lem are given by

Ψ(z) = c1Ψ1(z), where Ψ1(z) = cosh(µκz) −
sinh(µκz)
µκC+(µκ)

(31)

for any free constant c1.

3.2 Instability Growth Rate

The Eady Problem is linearly unstable when the discriminant of equation (30) is negative, i.e.,

µκ
2 < coth µκ2 or 0 ≤ µκ < µc , (32)

where µc ≈ 2.39936. In particular, this implies that wavenumbers leading to instability satisfy

0 ≤
√
k2 + l2 < µc

L
LD

(non-dim.) or 0 ≤
√
k2 + l2 < µc

1
LD

(dim.), (33)

where “non-dim.” denotes non-dimensional and “dim.” denotes dimensional. So that if LD is increased (de-
creased), the wavenumber region of instability is reduced (expanded) to lower (higher) wavenumbers; see
Figure 1. Therefore, including moisture into the system, with its e�ect of reducing the relevant deformation
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radius LD, will lead to the instability a�ecting smaller scalewaves than in the equivalent ‘dry’ problem. Specif-
ically, the length scales λ associated with the greatest instability are

λ = 2π
Lkm

= 2πLD
Lµm

≈ 3.91LDL (non-dim.) or λ ≈ 3.91LD (dim.). (34)

As stated inmost sources of the ‘dry’ Eady problem [e.g., 15, 24, 30], themaximum growth rate Imω = σm
is obtained at the wavenumber determined by µm ≈ 1.60612 with C+(µm) ≈ 0.5 + 0.192898i. As in the dry
dynamics, the growth rate of the most unstable mode is greatest when the wavenumber in the meridional
direction l is the smallest possible; l = 0 for the doubly periodic case and l = πL/Lc in the channel case.
Below we will show results with l = 0, which may still be appropriate for the channel case if the channel’s
width is larger than the deformation radius of the problem (Lc � LD ∼ L).

Then, the most unstable growth rate σm (µm ≈ 1.60612 with l = 0) is

σm = kΛ Im{C+(µm)} ≈ 0.31
LΛ
LD

(non-dim.) or σm ≈ 0.31
UΛ
LD

(dim.), (35)

where U is the reference horizontal velocitywithwhich Λ is non-dimensionalized. Equivalently, wemaywrite
the growth rate in terms of the Richardson number as σm ≈ 0.31f0Ri−1/2. Thus, the growth rate increases as
L−1D if LD is made smaller by the addition of moisture (Figure 1). This is consistent with the broad conclusions
of Bannon [2], Emanuel et al. [8], Lambaerts et al. [17], Lapeyre and Held [18], Mak [19] who observed that the
addition of moisture increases the growth rate of the instability.

These results on the growth rate and length scales of the most unstable Eady modes are completely stan-
dard and expected from ‘dry’ Eady problem theory if we interpret the dry deformation radius as a moisture
parameter. It is of interest, however, that these results arise in this study strictly from asymptotic analysis of
the FARE model and linear instability theory and not by assuming that moist static stability is applicable a
priori to the Eady problem.

We may brie�y use the concept of moist static stability to compare these results on growth rates using
known data. In a careful study, O’Gorman [22] showed that the ratio between moist static stability and dry
stability (L2de/L

2
d in our paper) may vary signi�cantly in mid-latitudes from a lowest value of ≈ 0.5 in the low

troposphere to ≈ 0.9 in the upper troposphere. Taking the value L2de/L
2
d ≈ 1/2, we obtain an increase in the

moist instability growth rate of 41% (Ld/Lde ≈
√
2 ≈ 1.41) in comparison to the dry/unsaturated growth rate.

Using the same value, in a numerical simulation about a background jet of a two-layer shallow-water model
Lambaerts et al. [17] found that (in the initial stages of instability) the instability growth rate increased by
about 32% from the value in the dry case once moisture e�ects become signi�cant. Similarly, in a numerical
study of baroclinic waves using a hydrostatic spectral model on a sphere (all ascending air assumed to be
saturated while all descending air is assumed to be dry), Govindasamy and Garner [12] showed that themoist
growth rate being about 45% larger than that in the dry case. These comparisons suggest that the overall
growth rate changes are captured by the simple Eady model.

We may additionally quantify the e�ect of moisture by estimating realistic values of dθ̃/dz and dq̃vs/dz
directly.Wemay do so crudely by using Figures 5.8 and 5.16 ofMarshall and Plumb [20] to obtain the estimates
dθ̃/dz ≈ 3 K km−1 and dq̃vs/dz ≈ −0.8 g kg−1 km−1. For these values, Ld ≈ 990 km for dry/unsaturated
regimes and Lde ≈ 572 km for saturated regimes, we �nd

Dry/Unsaturated regimes: σm ≈ 0.27Λ day−1 and λ ≈ 3, 873 km
Saturated regimes: σm ≈ 0.47Λ day−1 and λ ≈ 2, 236 km.

(36)

This in turns implies that the moist growth rate is (0.47Λ)/(0.27Λ) ≈ 1.74 times larger than the dry growth
rate. A similar value of 1.15/0.67 ≈ 1.72 was found by Gall [11] using numerical simulations of a primitive
equation model with latent heat release. In contrast to these Eady problem results, however, Gall [11] also
found that the wavelength of greatest instability in his model is una�ected by moisture.
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Figure 1: Dimensionless growth rate σ = Im{ω} as a function of the zonal wavenumber k for the dry/unsaturated regime (solid
curve; LD = Ld ≈ 990 km) and saturated regime (dashed curve; LD = Lde ≈ 572 km).

3.3 Normalization of the Normal Modes

To compare the e�ects of moisture on our linear solutions, here and in the rest of the paper, we normalize the
streamfunction (31) so that the initial total (kinetic plus dry potential) energy of the system is equal to unity;
refer to Appendix A for a discussion on the normalization of the normal modes. This implies

c1 =
LD
L

1
√ϵµ

, where ϵµ =
1
4

ˆ 1

0

(
µ2κΨ1(z)Ψ*1(z) +

dΨ*1
dz (z)dΨ1

dz (z)
)
dz (37)

and φ* denotes the complex conjugate of φ. Note that ϵµ is merely a function of µκ, so that the parameter
dependence of the norming constant c1 in (37) on LD/L is explicit. Namely, the e�ects of moisture on the
streamfunction are explicitly given in this normalization of the streamfunction by the constant c1 since LD
contains all the (background) moisture information which may a�ect the dynamics. Here onward Ψ will de-
note the streamfunction (31) with the normalization (37).

a.
Streamfunction ψ (Dry/Unsaturated)

b.
Streamfunction ψ (Saturated)

c.
Buoyancy b (Dry/Unsaturated)

d.
Buoyancy b (Saturated)

Figure 2: Structure of the most unstable normal modes for the streamfunction (panels a. and b.) and buoyancy (panels c.
and d.) of the Eady problem. Panels a. and c.: dry/unsaturated regime LD = Ld ≈ 990 km. Panels b. and d.: saturated regime
LD = Lde ≈ 572 km.
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Under the normalization (37), the dependence of the streamfunction ψ and buoyancy b on the moisture
parameter LD is easily discerned. For the most unstable mode, the length scales of all variables are propor-
tional to LD; since k ∝ L−1D . That is, addition of moisture (in the form of LD) into the problem will merely
decrease the length scales while keeping the shape of the structures the same. In the case of the streamfunc-
tion ψ, the amplitude also scales with LD. Thus, all else held equal, pressure (streamfunction) disturbances
are attenuated and contracted by the addition of moisture. The amplitude of the buoyancy, in contrast, is
independent of the background moisture. This is intuitively sensible since the buoyancy in the PQG context
is simply the potential temperature and should be independent of the moisture parameter LD. Lastly, the
zonal and meridional velocities u, v also have amplitudes independent of the moisture content. See Figure 2
for a representation of the structures of the streamfunction and buoyancy in the Eady problem for di�erent,
physically relevant, values of LD.

3.4 Heat Fluxes

To contrast with the water �uxes that will be studied in Section 4, we now derive formulas for the meridional
heat �ux, 〈vb〉, where

〈φ〉 := k
2π

ˆ 2π/k

0
φ(x) dx (38)

denotes the zonal mean over one period in x.
The dependence of the meridional �ux on LD is not readily discernible in general. However, this de-

pendence simpli�es signi�cantly when considering the most unstable wavenumber (k, l) ≈ (µm/LD , 0). For
this most unstable mode, we have observed in Section 3.3 that the amplitudes of both the meridional ve-
locity v and potential temperature b are independent of the parameter LD (they are una�ected by mois-
ture content). By direct computation, the meridional heat �ux – using the zonal mean result in Appendix B
and (27a), (27c) – is

〈vb〉 = 1
2Re

{
ikΨ(z)B*(z)

}
= Bµ(0)e2σm t (39)

in the doubly periodic case and
〈vb〉 = cos2(ly)Bµ(0)e2σm t (40)

in the channel case (σm is the largest growth rate), where

Bµ(z) =
1
2ϵµ

(
µ2κ −

L2D
L2 l

2
)1/2

Im{C}
∣∣∣∣dΨ1
dz

∣∣∣∣2 (z). (41)

To obtain the result (39) and (40), we have used the following identity arising from equations (27a) and (27c):

Re
{
iΨ dΨ

*

dz

}
= Im{C}

∣∣∣∣dΨdz
∣∣∣∣2 (0) = Im{C}

∣∣∣∣dΨdz
∣∣∣∣2 (1). (42)

Note that for the most unstable wavenumber (assuming that Lc � L in channel mode case), the function
Bµ in (41) is a function of only µκ and is independent of LD; see Figure 3. Thus, the meridional heat �ux is
unchanged by the addition of moisture or changes in the moisture content. Moreover, the �ux is positive and
independent of z, so that net heat transport is northward and uniform across the air column; see Figure 4.

4 Water Transport
Our analysis of the transport of moisture follows the same basic procedure as the analysis of heat transport,
i.e., we use the normal mode solutions to discern the dependence of water transport on the backgroundmois-
ture. The relevant moisture parameters for water transport are the vertical water gradient, meridional water
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Figure 3: Graph ofBµ(z) (panel a.) and Eµ(z) (panel b.) for most unstable wavenumber µ ≈ 1.606. The functionsBµ, Eµ are
independent of the deformation radius Ld and moisture parameters.

a.
Product b·v (Dry/Unsaturated)

b.
Product b·v (Saturated)

c.
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Figure 4: Product of the buoyancy b and meridional velocity v (Panel a.: dry/unsaturated regime LD = Ld ≈ 990 km; Panel b.:
saturated regime LD = Lde ≈ 572 km) and zonal average of the meridional flux of buoyancy 〈vb〉 (Panel c.). Note that the flux is
independent of chosen value of LD except for the horizontal scale.

gradient, and rainfall speed (saturated phase only). In this section, we analyze both water vapor and rain-
water �uxes and derive formulas with explicit moist parameter dependence. Due to the fact that our study is
single-phase only, we treat unsaturated and saturated cases separately.

4.1 Unsaturated Regime

Herewe discuss the derivation of thewater vapor and subsequently themeridional �ux from the Eady normal
modes. To begin, we choose a purely meridional background water vapor of the form −Qvy (with Qv ≥ 0 so
that the background moisture decreases with latitude). A back-of-the-envelope calculation from Figure 5.15
of [20] suggests a sensible value to be Qdimv = 1/6 g kg−1 degree−1 (dimensional), where

Qv = Q
dim
v

Lv
cp
L
Θ ≈ 1.25. (43)
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Linearizing about this chosen moisture background state and the Eady background state, equation (9c) be-
comes (

∂
∂t + Λz

∂
∂x

)
qv − Qv

∂ψ
∂x − Gu

Ld
L w = 0. (44)

For normal mode solutions of the form (25)–(26) with

qv = Re{Qv(z)ei(kx+ly−ωt)} or qv = Re{Qv(z) cos(ly)ei(kx−ωt)} (45)

in the doubly periodic and channel cases, respectively, equation (44) becomes

Qv = −
Qv
Λ

Ψ
(C − z)

+ i
kΛ Gu

Ld
L

W
(C − z)

for 0 ≤ z ≤ 1, (46)

where (as before) C = ω/(kΛ).Wemayequivalently substitute the vertical velocity term for the streamfunction,
using (27b), to obtain

Qv = −
Qv
Λ

Ψ
(C − z) − Gu

L
Ld

(
dΨ
dz + Ψ

(C − z)

)
for 0 ≤ z ≤ 1. (47)

Note that in the region of instability C−z ≠ 0 andmay freely divide by this term. The fact that C−z ≠ 0 follows
from the fact that the �ow is unstable when C is a complex number and 0 ≤ z ≤ 1 is always real.

The e�ect of moisture, in the form ofmeridional and vertical gradients of backgroundwater, on thewater
vapor may be immediately gleaned from equation (47). Speci�cally, since the streamfunction Ψ is indepen-
dent of these moisture parameters, the net e�ect of background moisture on the water vapor may then be
understood from the relative strength of the two competing terms in equation (47). For this reason, we see
each term of (47) as contributing to a particular limiting case arising from the moisture gradient. In the case
of strong meridional gradient of moisture (Qv/Λ � GuL/Ld), we �nd that the water vapor is proportional to
themeridional gradient Qv. Similarly, in the case of a weakmeridional gradient (Qv/Λ � GuL/Ld), the water
vapor is proportional to the vertical gradient of moisture dq̃v/dz; recall that Gu = −(Lv/cp)(dq̃v/dz)/(dθ̃/dz).

We may crudely estimate the value of vertical gradient of background moisture to be dq̃v/dz ≈
−1.3 g kg−1 km−1 from Figures 5.15 of Marshall and Plumb [20]. This provides a physically motivated estimate
for the moisture parameter Gu to be Gu ≈ 1.08 (recall dθ̃/dz ≈ 3 K km−1). For the value Gu ≈ 1.08 and our
other chosenmoisture parameters,we �nd that neither term in (47) dominates;moderatemeridional gradient
of background moisture. Using these parameters, we show numerically the e�ect that the background mois-
ture has on the structure of the water vapor in Figure 5. We note from Figure 5 that the addition of the merid-
ional gradient of moisture slightly stretches each cell of water vapor vertically and signi�cantly increases
each cell’s amplitude. In this manner, more water vapor is present at the vertical boundaries of the domain.

a.
Water Vapor Mixing Ratio

b.
Water Vapor Mixing Ratio

Figure 5: Structure of the most unstable mode of the water vapor qv. Panel a.: Qv = 0 (no background meridional moisture
gradient). Panel b.: Qv = 1.25 (moderate background meridional moisture gradient).
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The meridional water vapor �ux 〈vqv〉 can similarly be obtained by direct computation, using the zonal
mean result in Appendix B and (27a), (27c), (31), and (37):

〈vqv〉 =
(
Gu
(
Eµ(z) − Eµ(0)

)
+ LdL

Qv
Λ Eµ(z)

)
e2σm t (48)

and

Eµ(z) =
1
2ϵµ

(
µ2κ −

L2d
L2 l

2
)1/2

Im{C}
∣∣∣∣Ψ1(z)
C − z

∣∣∣∣2 . (49)

As in the heat transport case, the key feature of the formula (48) is that for the most unstable wavenumber
(k, l) ≈ (µm/Ld , 0) the quantity Eµ depends only on the universal �xed µκ, which is independent of the mois-
ture content, and explicitly shows the contributions that background moisture has on the �ux through the
parameters Gu (vertical gradient of moisture) and LdQv/(LΛ) (meridional gradient of moisture). Recall that
µ = µm ≈ 1.60612 for the most unstable mode and, also, C ≈ 0.5 + i0.192898 – the phase speed – is �xed
for a given µκ and the streamfunction Ψ1 is determined by µκ.

We may interpret the meridional �ux of water by noting that

Eµ(0) = Eµ(1) = Bµ(0) = Bµ(1) = |C|−2 and Eµ(z) ≥ Eµ(0). (50)

Therefore, since Ld , L, Λ, Qv , Gu > 0 there is always northward transport of water vapor, regardless of the
parameter choices. Additionally, from Figure 3 we may deduce that the majority of this transport occurs at
the center of the air column (z = 1/2) even though this is where the amplitude k|Ψ(z)| of the meridional
velocity is smallest; see, for example, Figure 2 which shows a minimum for |Ψ(z)| at z = 1/2. In the case that
there is no meridional water vapor gradient, Qv = 0, there is no net meridional water vapor transport at the
top and bottom boundaries of the domain; 〈vqv〉 = 0 at z = 0, 1; see Figure 6. We may indeed understand the
e�ects ofmoisture on themeridional �ux ofwater simply by examining the strong LdQv/(LΛ)� Gu andweak
LdQv/(LΛ)� Gu limits of the meridional gradient of moisture; in complete analogy to our result concerning
the water vapor itself.

a.
Product qv·v

b.
Product qv·v

c.
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Figure 6: Product of water vapor qv with meridional velocity v (Panel a.: Qv = 0; Panel b.: Qv = 1.25) and zonal average of the
meridional flux of water vapor 〈vqv〉 (Panel c.: Solid curve Qv = 0, dashed curve Qv = 1.25).
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4.2 Saturated Regime

For saturated regimes, we choose a purelymeridional background rainwater of the form−Qry (Qr ≥ 0); in sim-
ilar fashion to the background chosen in the unsaturated case. The linearization of the saturated equations
is then analogous to that of the unsaturated equations and equation (17c) becomes(

∂
∂t + Λz

∂
∂x

)
qr − Qr

∂ψ
∂x − Gs

Lde
L w = Vr

∂qr
∂z . (51)

For normal mode solutions of the form (25)–(26) with

qr = Re{Qr(z)ei(kx+ly−ωt)} or qr = Re{Qr(z) cos(ly)ei(kx−ωt)} (52)

in the doubly periodic and channel cases, respectively, equation (51) becomes

− i
kΛ Vr

dQr
dz + (C − z)Qr +

Qr
Λ Ψ −

i
kΛ Gs

Lde
L W = 0 for 0 ≤ z ≤ 1. (53)

We may similarly write (53) only in terms of the streamfunction by using (27b):

− i
kΛ Vr

dQr
dz + (C − z)Qr +

Qr
Λ Ψ + Gs

L
Lde

(
(C − z) dΨdz + Ψ

)
= 0 for 0 ≤ z ≤ 1. (54)

Thus, the condition Vr = 0 constitutes a singular limit of the equations (53)–(54) for the rainwater Qr; see,
for example, Appendix C for a brief discussion of this fact. As expected from our previous discussion, when
Vr = 0 the equations of the rainwater Qr are identical to those of the water vapor Qv upon relabelling of the
moisture parameters. The equations are, however, qualitatively and quantitatively di�erent when Vr ≠ 0.

An explicit solution for Qr can be obtained from (54) in the case Vr ≠ 0. Namely, using the boundary
condition Qr(1) = 0,

Qr(z) = iαeiα(C−z)
2/2
ˆ z

1
e−iα(C−ζ )

2/2
(
Qr
Λ Ψ(ζ ) + Gs

L
Lde

(
(C − ζ ) dΨdζ (ζ ) + Ψ(ζ )

))
dζ , (55)

where

α = kΛVr
or α = L

Lde

(
µ2κ −

L2de
L2 l

2
)1/2

Λ
Vr

. (56)

The boundary condition Qr(1) = 0 is chosen under the premise that rainwater should not precipitate from
the top boundary.

From formula (55) it is clear that the dependence of rainwater on the background moisture parameters
is not as simple as in the previous case of water vapor. Some understanding of this interaction can, how-
ever, be gleaned numerically using the default values of parameters discussed previously in the text (leading
to Gs = 0.67); see Figures 7 and 8. We note that the addition of a meridional background moisture gradient
changes the rainwater structure analogously to theunsaturated case: increasingQr signi�cantly increases the
magnitude of the rainwater and stretches each cell of rainwater in the vertical direction so thatmore/less rain-
water is felt at the vertical boundaries of the domain. The addition of precipitation Vr (precipitation speed)
into the problem concentrates the rainwater toward the lower boundary of the domain. Interestingly, this ap-
pears to be caused by a signi�cant amount of rainwater not appearing in the center of the air column as it did
in the case with Vr = 0; see Figure 8.

Formulas for the �uxes with explicit parameter dependence are only easily obtained in the case Vr = 0.
Since, in this circumstance, the �uxes are equivalent to those in the unsaturated case with the relabeling
Gu 7→ Gs, Ld 7→ Lde, Qv 7→ Qr, we do not present them here. Rather, we focus on the case Vr ≠ 0 and show
results using plots for a range of parameter values.

A derivation for formulas of the meridional �ux when Vr ≠ 0 is more cumbersome than those in the
unsaturated case. Nonetheless, the structure of the �uxes is analogous to those obtained for water vapor.
Namely, there is an interplay between the strength of the meridional background LdeQr/(LΛ) and vertical
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a.
Rainwater Mixing Ratio

b.
Rainwater Mixing Ratio

Figure 7: Structure of the most unstable rainwater mode qr with and without background moisture gradient. Panel a.: Qr = 0,
Vr = 1. Panel b.: Qr = 1, Vr = 1.

a.
Rainwater Mixing Ratio

b.
Rainwater Mixing Ratio

c.
Rainwater Mixing Ratio

Figure 8: Structure of the most unstable rainwater mode qr for di�erent values of the rainfall speed. Panel a.: Qr = 1, Vr = 1/16.
Panel b.: Qr = 1, Vr = 1/4. Panel c.: Qr = 1, Vr = 1.

background Gs of moisture. The moisture parameters Lde and Vr, on the other hand, have a signi�cantly
more complicated interaction with the rainwater. Wemay note from the plots below that the primary e�ect of
the di�erent structure of rainwater is thatwater, principally from lower in the air column, ismoved northward
by the meridional wind. Explicitly,

〈vqr〉 =
1
2Re

{
−ikΨ*Qr

}
e2σm t =

(
GsGα(z) +

Qr
Λ
Lde
L Fα(z)

)
e2σm t (57)

with functions
Fα(z) = −

α
2
µκ
ϵµ

Re
{
Ψ*1(z)eiα(C−z)

2/2
ˆ z

1
e−iα(C−ζ )

2/2Ψ1(ζ ) dζ
}

(58)

and
Gα(z) = −

α
2
µκ
ϵµ

Re
{
Ψ*1(z)eiα(C−z)

2/2
ˆ z

1
e−iα(C−ζ )

2/2
(
(C − ζ ) dΨ1

dζ (ζ ) + Ψ1(ζ )
)
dζ
}
. (59)
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Note that Fα and Gα depend only on α = α(Lde , Vr) = (µmΛ)/(LdeVr) and µκ. Signi�cantly, the functions are
independent of moisture parameters Qr and Gs. We explore their interaction and e�ects on the meridional
rainwater �ux numerically.

a.
Product qr·v

b.
Product qr·v

c.
Product qr·v

Figure 9: Product of rainwater vapor qr with meridional velocity v: (panel a.) without background moisture gradient or rainfall
precipitation Qr = 0, Vr = 0; (panel b.) without rainfall precipitation Qr = 1, Vr = 0; (panel c.) with rainfall precipitation Qr = 1,
Vr = 1.
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Figure 10: Zonal average of meridional rainwater flux 〈vqr〉 (most unstable wavenumber only) as a function of height: (panel a.)
di�erent values of background moisture gradient with �xed precipitation speed (dash-dotted line Qr = 0, dashed line Qr = 0.5,
solid line Qr = 1, dotted line Qr = 2) ; (panel b.) di�erent values of precipitation speed with �xed background moisture gradient
(solid line Vr = 0, dashed line Vr = 0.25, dash-dotted line Vr = 1).

Wesee fromFigure 10 that the shapeof the�ux itself is heavily in�uencedby the rainfall speedVr. Namely,
the meridional �ux 〈vqr〉 achieves a global maximum at the center of the air column z = 1/2 for the value
Vr = 0 (no sedimentation), regardless of the meridional gradient of moisture Qr. This maximum is reduced
and moved downward by increasing values of Vr. For values Vr ≈ 0.65 and above (with our nominal chosen
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parameters), the global maximum of the �ux ceases to occur in the interior of the air column; the global
maximum is then found at the bottom boundary. We refer to the reader to Appendix C for a more detailed
exploration.

Rainfall speed (sedimentation) is a signi�cant contributor to the overall shape of the meridional mois-
ture transport. A crude, yet useful, comparison of our meridional �ux pro�les with realistic zonally aver-
aged meridional moisture transport pro�les [25, Fig. 12.11b] suggests that non-zero rainfall speed is a neces-
sary component for the verisimilitude of our model; compare solid curves of Figure 10 with Figure 12.11b of
Peixoto and Oort [25] at 45◦ N,S. In particular, zonally averaged mid-latitude meridional moisture transport
is observed to be poleward with a maximum near the surface in the northern hemisphere and a maximum
above the surface (lower troposphere) in the southern hemisphere. This particular outcome is only captured
in our fast microphysics, PQG model when Vr > 0. Therefore, it is not merely the existence of rainwater that
is required, but sedimentation as a process itself is necessary for suitable comparisons with realistic water
transport.

Lastly, we note that this simple model perhaps also captures onemore important feature of northern and
southern hemisphere meridional water �uxes. In the model, we �nd that the maximum of the zonally aver-
aged water �ux is moved downward toward the bottom surface in the case with rainfall (Vr > 0) as compared
to the case without rainfall (Vr = 0). In observations, the zonally averaged water �ux has a maximum that is
closer to the surface in the northern hemisphere than in the southern hemisphere [25, Fig. 12.11b]. Together,
these considerations suggest that the vertical location of this maximummay be related to the amount of pre-
cipitation. Indeed, it is the case that observed zonally averaged precipitation is slightly higher in Northern
hemisphere than in the southern hemisphere at mid-latitudes; see, for example, Adler et al. [1, Fig. 5] and
Béranger et al. [3, Fig. 4]. It would be interesting to make a more quantitative comparison in the future.

5 Conclusion
Wehave used aminimal thermodynamics andmicrophysicsmodel in theQG limit (PQGmodel) to study the ef-
fects of moisture and rainfall speed on themid-latitudemeridionalmoisture transport. The PQGmodel arises
from a systematic simpli�cation of the anelastic equations of moist air with a suitable asymptotic expansion
in the quasi-geostrophic limit [27]; no small-scale convection is present in the quasi-geostrophic limit, and
no convective parametrization is used in the present study.

In this simpli�ed setting, we studied the linear stability of the model under a constant velocity shear and
use the accompanying normal mode solutions to construct zonally averaged water �ux formulas. Essentially,
the normal mode results correspond to a generalization of the Eady model of dry dynamics with modi�ca-
tions accounting for the inclusion of single-phase moisture, i.e., an uncoupled moisture equation plus an
e�ective static stability parameter. In this QG limit, the stability of the solutions is only indirectly a�ected by
the background moisture in the saturated regime. The stability of the unsaturated regime is una�ected by
moisture. The meridional gradients of background water have the expected consequence of strengthening
themeridional water anomaly �ux, to compensate (or stabilize) this moisture imbalance. Rainfall speed (sed-
imentation) is found to have a signi�cant impact on the structure of the rainwater and the location of greatest
meridional �ux. In thismanner, rainfall speed breaks the vertical symmetry of thewater �ux, leading tomore
water accumulating at the bottom boundary.

Our results for di�erent rainfall speed VT values are consistent, at a crude level of comparison, with the
di�erent vertical pro�les of observed zonally averaged moisture transport in the mid-latitude northern and
southernhemispheres.Moreover, the fact that observedprecipitation is larger in thenorthern versus southern
hemisphere [1, 3], further lends credence to the rainwater transport results of this model; larger values of
VT lead to the mid-troposphere maximum of the zonally averaged rainwater �ux moving downward. Since
our solutions are linear, no direct quantitative comparison can be made. Nevertheless, this study suggests a
potentially important role of rainfall in shaping the vertical structure of meridional moisture transport, and
it would be interesting to investigate this potential connection in more detail in the future.
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Appendix

A Normalization of the Normal Modes
In this appendix we discuss the details of our normalization of the normal modes and other normalizations
found in the literature. It is interesting to note that not all of these normalizations are equivalent in terms of
the dependence on the moisture parameter LD.

Onepossible normalization, and the one chosen in this paper, consists in normalizing the streamfunction
by the initial energy E(0) = E0. Namely, we choose c1 in equation (31) so that E0 = 1. Since the energy given
by equations here is essentially dry energy, holding the energy constant makes for a sensible comparison
between cases with di�ering levels of moisture.

Now, for periodic functions of the form (25),

E = 1
2
k
2π

ˆ 1

0

ˆ 2π/k

0

(
u2 + v2 + b2

)
dx dz

= 1
4

ˆ 1

0
Re
{
U(z)U*(z) + V(z)V*(z) + B(z)B*(z)

}
e2 Im{ω}t dz

= c21
1
4

ˆ 1

0
Re
{
(k2 + l2)Ψ1(z)Ψ*1(z) +

L2

L2D
dΨ1
dz (z)dΨ1

dz
*
(z)
}
e2 Im{ω}t dz

= c21
L2

L2D
e2 Im{ω}tϵµ ,

(60)

where ϵµ is given in (37). We note that we do not take an integral in the y direction since for themost unstable
mode l = 0 in the doubly periodic case and is taken to be l ≈ 0 in the channel case. From equation (60) we
conclude that normalizing so that the initial energy is equal to unity implies

c1 =
LD
L

1
√ϵµ

or c1 ∝
LD
L . (61)

Similarly, wemay have normalized the streamfunction by the kinetic energy as in Gall [11, pg. 1699]. This
is essentially the same as assuming that the kinetic energy is chosen to be unity. This, in essence, gives the
same scaling as that by the total energy and we �nd that the normalization scales the streamfunction as

c1 ∝
LD
L . (62)

A normalization in terms of (dry) energy is analogous to normalizing the streamfunction by, say, the max-
imum of the buoyancy. Namely, from equation (22) we see that to make the buoyancy independent of the
deformation radius LD, we require a scaling of the streamfunction of the form (62). This type of normaliza-
tion is perhaps the most physically sensible since the buoyancy in the quasi-geostrophic limit corresponds
to the potential temperature θ; a quantity that should not be a�ected by the addition of moisture.

Another form of normalization is that chosen in Bannon [2] or Mak [19], in which one sets the top layer
zonal velocity equal to unity. In the context of our system of equations this requires for a scaling of the form

c1 ∝
1
k ∝

LD
L . (63)

The fact that c1 would be proportional to LD/L holds true for the most unstable wavenumber (l ≈ 0).
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Lastly, if instead we chose to normalize as in Fantini [9, pg. 1284] with the maximum of vertical velocity
equal to unity, we �nd from (27b) that

c1 ∝
1
k

(
LD
L

)2
∝
(
LD
L

)3
. (64)

B Zonal Mean
For any functions

a(x, y, z, t) = Re
{
A(z)ei(kx+ly−ωt)

}
= |A(z)| cos(kx + ly − Re{ω}t + ϕA(z))eIm{ω}t (65)

and
b(x, y, z, t) = Re

{
B(z)ei(kx+ly−ωt)

}
= |B(z)| cos(kx + ly − Re{ω}t + ϕB(z))eIm{ω}t (66)

with the structure of the doubly periodic normal mode solutions, taking the zonal mean gives the following
simpli�ed result:

k
2π

ˆ 2π/k

0
a(x, y, z, t)b(x, y, z, t) dx = k

2π

ˆ 2π/k

0
|A(z)| cos

(
kx + ly − Re{ω}t + ϕA(z)

)
|B(z)| cos(kx + ly − Re{ω}t + ϕB(z)) dx e2 Im{ω}t

= 1
2 |A(z)||B(z)| cos

(
ϕA(z) − ϕB(z)

)
e2 Im{ω}t

= 1
2Re

{
A(z)B*(z)

}
e2 Im{ω}t .

(67)

Note that this does not mean that the wavenumber l has no consequence on the zonal average (or �ux) in
question. The coe�cients A(z), B(z) may depend on the wavenumber l even if explicit y dependence does
not appear in the �nal result.

Similarly, if the functions a, b had the structure of channel normal mode solutions we have

k
2π

ˆ 2π/k

0
a(x, y, z, t)b(x, y, z, t) dx = 1

2Re
{
A(z)B*(z)

}
cos2(ly)e2 Im{ω}t (68)

generically for the zonal mean. Unlike the doubly periodic solutions, note that this expression contains ex-
plicit dependence on the wavenumber l.

C Dependence of Zonally Averaged Meridional Rainwater Flux on
Moisture Parameters

In this appendix, we discuss, in slightly more detail, the dependence of the zonal average of meridional rain-
water �ux 〈vqr〉 on themoist parametersQr andVr; see Figure 11. First, a strongmeridional rainwater gradient
LdeQr/(LΛ)� Gs forces themeridional rainwater �ux 〈vqr〉 to be positive (northward) throughout the air col-
umn, while a weak gradient LdeQr/(LΛ)� Gs allows the rainwater �ux to become negative (southward) near
the bottom surface of the domain for certain values of Vr. Second, even if the meridional background gradi-
ent is strong enough to make 〈vqr〉 strictly positive, a local minimum of the �ux is located above the bottom
boundary. This minimum appears for Vr ≈ 0.095 and merges into the bottom boundary for Vr ≈ 0.16 when
using our nominal parameter values (Qr = 1); a weaker value of Qr will allow this minimum to develop for
smaller values of Vr and persist to higher values of Vr. This is in contrast to the unsaturated and saturated
Vr = 0 cases, in which the meridional �ux is strictly positive (northward) and no local minimum may form
above the bottom surface. Third, the large peak visible in Figure 11 at the top of the domain for small Vr arises
due to our chosen boundary condition and is presumably not physical. Namely, the fact that Vr → 0 is a
singular limit of the rainwater equation leads to this boundary layer e�ect.
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Figure 11: Zonal average of meridional rainwater flux 〈vqr〉 (most unstable wavenumber only) as a function of height for dif-
ferent values of precipitation speed. In each plot four curves are plotted: flux with no meridional rainwater gradient (Qr = 0;
dash-dotted line), weak meridional gradient (Qr = 0.5; dashed line), moderate meridional gradient (Qr = 1; solid line), and
strong meridional gradient (Qr = 2; dotted line).
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