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Abstract: Mathematical morphology (MM) on grayscale images is commonly performed in the discrete do-
main on regularly sampled data. However, if the intention is to characterize or quantify continuous-domain
objects, then the discrete-domain morphology is affected by discretization errors that may be alleviated by
considering the underlying continuous signal. Given a band-limited image, for example, a real image pro-
jected through a lens system, which has been correctly sampled, the continuous signal may be reconstructed.
Using information from the continuous signal when applying morphology to the discrete samples can then
aid in approximating the continuous morphology. Additionally, there are a number of applications where MM
would be useful and the data is irregularly sampled. A common way to deal with this is to resample the data
onto a regular grid. Often this creates problems where data is interpolated in areas with too few samples. In
this paper, an alternative way of thinking about the morphological operators is presented. This leads to a new
type of discrete operators that work on irregularly sampled data. These operators are shown to be morpho-
logical operators that are consistent with the regular, morphological operators under the same conditions,
and yield accurate results under certain conditions where traditional morphology performs poorly.

Keywords: Irregular sampling, One-dimensional, Continuous morphology.

1 Introduction

Traditionally, mathematical morphology on digital grayscale images is computed by increasing/decreasing
the value of samples in a regular grid, based on the fit of a discrete structuring element (SE) [16]. However, if
the goal is to approximate the result of applying morphology to a continuous signal that has been sampled to
generate the digital image, there are a number of issues. These issues, we claim, may be alleviated by making
use of morphology on irregularly sampled signals (or irregular morphology).

Specifically, the motivation behind moving to irregular morphology stems mainly from the following ob-
servations: A continuous-domain band-limited signal (for example, a real image projected through a lens
system [10]) can be represented by regular sampling at a sufficiently high frequency, as shown by Nyquist
and Shannon [14, 17], e.g. as a digital image. However, transforming the continuous band-limited signal by
a continuous morphological operator, will generally introduce unbounded frequencies, therefore the trans-
formed signal will no longer be band-limited and thus not representable on the regular sampling grid.

Since the continuous, band-limited signal can be reconstructed from a correctly sampled discrete sig-
nal [14, 17], one should be able to better approximate the continuous morphological operators. In this paper,
which builds on a previous paper by the authors [3], we propose an algorithm to compute the dilation, mak-
ing use of irregular sampling, which can alleviate the problems discussed above. Irregular sampling does not
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Figure 1: Top left: a band-limited continous signal. Top right: a sampling of the band-limited continous signal. Bottom left: a
dilation of the continuous signal. Note the cusp, which introduces unbounded frequencies. Bottom right: discrete dilation of
the sampled signal. Note that the sampling density remains the same, even though higher frequencies are now present in the
continuous signal. The correspondence between the discrete and continuous domain has been broken. The SE is indicated in
red.

follow Nyquist-Shannon sampling theory, and opens up possibilities of representing discontinuous signals
and discontinuous derivatives, as required to represent the output of the continuous morphological opera-
tors. The proposed approach will still, no doubt, be unable to perfectly represent continuous morphology,
since no discrete set of samples can represent a continuous-domain signal without imposing limitations on
said signal. However, experiments in this paper show that the proposed irregular morphology may indeed
better approximate continuous morphology.

Allowing for irregular sampling, interestingly, enables varying the sampling density over the signal.
Therefore smooth parts of the continuous signal can be sampled less densely (the operators often produce
plateaus, which should not need as many samples to represent accurately) than parts of the signal that vary
quickly (such as the cusp in Fig. 1), which need to be sampled more frequently. This should improve the
approximation of the continuous signal without exploding the number of samples in the output.

Moreover, since the structuring element is no longer restricted by a sampling grid, in 1D the length of the
SE is no longer necessarily an integer, allowing for subpixel accuracy (see Fig. 2(a)). Additionally, although
not explored in this paper, allowing for irregular sampling makes possible some other avenues of potential
improvement, namely:

¢ Since the morphological operators depend on extrema in the continuous signal, which are not necessarily
sampled, even if the sampling frequency is adequate, it should be beneficial to incorporate samples taken
at positions of the signal where such extrema occur. If irregularly sampled signals are allowed, we may
preprocess the input and add samples at local maxima/minima (Fig. 3). This is not possible for a regularly
sampled signal, since one may not freely insert samples at arbitrary positions, without increasing the
sampling density everywhere.

¢ In 2D, the sampling grid means that the SE may not be rotationally invariant. Allowing for irregular sam-
pling enables sampling of the SE exactly along its edge (see Fig. 2(b)).
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Figure 2: (a) A one-dimensional structuring element. The SE is of length 7, however, the sampling grid does not allow a discrete
SE of the same length. Instead, the grid in this example leads to a corresponding discretized SE of length two. (b) A continuous
disc shaped SE and its discretized counterpart.
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Figure 3: Middle: Continuous band-limited signal. Left and right: two equally dense samplings of the band-limited signal. Note
that on the left one of the samples is close to the maximum, while none of the samples on the right is.

¢ Irregular morphology makes it possible to apply MM to signals which are irregularly sampled to begin
with, instead of the common approach of preprocessing the input by interpolating the samples onto a
regular grid before applying regular discrete morphology, which may cause problems if there are large
holes in the data.

Previously Brockett and Maragos [5] developed partial differential equations whose evolution can com-
pute continuous morphology in the discrete domain. Several papers were built upon this idea [4, 15, 19],
however, in general, the result is represented on a regular grid and therefore cannot represent the continu-
ous operators well (for previously mentioned reasons), at least not without using a very dense grid. The PDE
based approaches also often have a tendency to blur the objects, especially near edges [4]. Moreover, these
approaches are slow compared to regular discrete morphology [20].

There has also been some work done on morphology on irregularly sampled data, e.g., the thesis by Thur-
ley [18], which proposes computing morphological operators by shifting sample points vertically, based on
continuous structuring elements. Since the transformed signal is sampled at the same points as the original
signal, this method suffers from similar problems as those of the regular, discrete operators.

In a paper from 2014, Calderon and Boubekeur [7] propose a method of applying morphology to 3D point
clouds sampling a surface, by projecting points such that dilations, erosions, openings, and closings are
sampled.

Finally, Luengo Hendriks and van Vliet [11] propose one-dimensional operators that apply continuous
morphology by interpolating sampled signals.

In the following sections, we will consider only one-dimensional morphology, unless otherwise speci-
fied. We will expand on our previous paper [3] and show that the proposed algorithm does in fact, compute
an actual dilation, under certain conditions. We also experimentally show that the algorithm yields a good
approximation of continuous morphology, even when such conditions are not fulfilled.
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2 Irregular Morphology

We will refer to a morphological operator on irregularly sampled signals as irregular.

To deal with the problems of traditional morphology discussed in the previous section, we propose a
new approach to morphology based on duplicating, shifting, and deleting nodes. The proposed operations
use a continuous structuring element, work on irregularly sampled data, and can be made more robust to the
problems of traditional discrete morphology that stem from the dependence on the sampling grid.

2.1 Definitions

A complete lattice is the basic structure underlying mathematical morphology.

Definition 1. A complete lattice is a partially ordered set (L, <) where every subset X C £ has an infimum and
a supremum in L.

Let us define two binary operators @& and © on functions F, G & RE, where R =R U {~o0, o0} (i.e. one-
dimensional grayscale images):

Definition 2. The dilation of F by G is defined as

(Fo W =\/ (Fx-h)+Gh),

heR

Definition 3. The erosion of F by G is defined as

(Fe )= /\ (Fix+h) - G(h).

heR

Unless otherwise specified, we will consider the special case where G is flat, i.e.

0, if ,b
G={"  Hxeladl ®
—oo, otherwise

Then the dilation and erosion can be rewritten as

Fo®W= \/ Fx-h), @)
h€la,b]
and
Fe®= )\ Fx+h, 3)
hela,b]
respectively.

2.2 Mapping Irregularly Sampled Data Onto Functions over Reals

We define morphology on irregularly sampled data by relating the sampled signals to elements of a complete
lattice. Let
8§ = P(ZxR), 4)

be the set of possible sample values, where P denotes the power set. Then a sampling of a function is an
element from the set

S={Vves } for all (x;, y;), (xj, ;) € V, x; = X; = yi = y;} . (5)
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I.e., a sampling is a set of pairs of values where the first element represents the point at which the sample was
taken, and the second element represents the value. The sampling is not allowed to take two different values
at the same time, i.e., each pair in a sampling corresponds to a value x and its mapping y by some function
f. We will define a partial order < on S, such that (S, <) forms a complete lattice.

Since two irregular samplings will not generally be defined at the same points, it is not especially interest-
ing to compare corresponding points to establish the order (most samplings will not be comparable). Instead,
in order to compare elements of S, we define the top, T : S — RR, ofa sampled signal V € S by

T(V)(x) = fr(x), ifx € [Xins, Xsup] ©)
—oo, otherwise
where

Xme= /\ % @)

xeX(V)
Xsup = \/ X, and (8)

xeX(V)
fr(x) is an interpolating function on the samples of V. 9)

Here X(V) = {x | (x,y) € V}.
Now we may map any irregularly sampled signal onto its corresponding top, which is a function defined
everywhere on R. This gives rise to a partial order <, namely, for two signals U, V € S

U=V < TWU)=<T(V), (10)

where T(U) < T(V)iff T(U)(x) < T(V)(x) for all x € R. Thus we have imposed a partial order on the irregularly
sampled signals. However, this is not enough! In order for (S, <) to form a complete lattice, every subset X C S
must have an infimum and a supremum in S.

Let us consider the pointwise supremum of the tops of the elements of X C S, i.e., the family of functions
{T(V})}v,ex. Clearly, the supremum exists for any such subset, since the top of any element of S is a function
from R to R. However, Xy = V{T(V;)} ¢ S, since elements of S are sets of isolated points. Thus, we need to
find a set of samples that represents Xy,. An element in S that represents the supremum of X is, we suggest,
a set of samples Vy, for which

T(Vy) = Xy. (11)

However, in general, such a sampling does not exist! This is clear, since the supremum of two band-
limited signals is generally not band-limited, and therefore X, cannot be reconstructed from a set of samples
with a frequency limited by Z, using some interpolating function f;,. However, in the following section we
shall see that it is possible to define a kind of top such that, under certain conditions, Vy can be constructed.

Note that two different samplings can give rise to the same top. We therefore define the following equiv-
alence class:

Definition 4. For an element V <€ S, its equivalence class [V] is defined as

[V]= {U €S| T(U) = T(V)} 12)

2.3 Shift Morphology Lattice

In this section we present theory required to construct a top, which may be used to compare irregularly sam-
pled signals. We show that the top can be uniquely defined by a sampling in S, and that using this top with
the partial order defined in Eqn. (10) yields a complete lattice (S, <), which is a step on the way to defining
morphological operators on irregularly sampled signals. We call this complete lattice the shift morphology lat-
tice, because it will be used to show some properties of operators proposed in this paper, which are computed
by duplicating and shifting samples.
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Definition 5. We define the function T of an irregular signal V € S with n samples as follows: Let us assume
that the pairs of V = {(xx, Y1) }ke{1,2,...,n} are sorted in ascending order on the first element of each pair, then

min(yy, Yis1)s I Xp < X < Xpyq
T(V)() = < Vi, ifx = xx (13)

—oo, if X < Xinf O X > Xsup
Also we define T(@) = —oo.

Le., T(V) is made up of single points and line segments that are either open, half-open, or closed. Under this
definition of T, and the partial order defined in (10), we shall see that (S, <) forms a complete lattice.

Definition 6. For a set A, 1, is the indicator function:

]lA(x)={l’ Yred (14)
0, ifxgA

Definition 7. The openinterval, {x € R| a < x < b} is denoted
la, b[ (15)

Lemma 1. ForanyV €S, its top T(V) can be written as an infinite series of coefficients a;, B; € R, and indicator
functions

[TV = > il (300 + Bidyy i () (16)

i=—oc0

Proof. Assume, without loss of generality, that V is sorted in ascending order on the first element of each
sample (x, y) € V.Fori € Z, choose

&= —oo, i < Xog V> Xoup an
min{y~,y*} otherwise
Bi = min{ai, ai+1}s (18)

where x;,¢ and xsyp are defined as in Eqn. 7 and 8, and y~ and y* are the values at positions x~ and x*, where

X =max{x|(x,y) e V A x<i} (19)
x" =min{x|(,y) eV A x> i} (20)
ie., (x7,y7),(x*,y") € V are the samples immediately to the left and to the right of (i, y) respectively. Note
that x~ does not exist if i < x;,r, however q; is still well defined in such cases, since one of the top two con-
ditions of (17) will apply. Similarly, if i > xsup, x* does not exist, but a; is still well defined. If the signal V

is infinite, it may not admit a supremum and/or infimum in Z, however, one may easily extend the domain
with —co and oo to address this issue.

By the definition of S, y, y*, and y~ are uniquely defined for any given i. The series

FO0 =" @il (00 + Billy a0 eay)

i——oo

is a function of x. For any element (x,y) € V, we have f(x) = ax = y. Similarly, for any consecutive pair
(Xka )’k), (Xk+1’ yk+1) € V’ for any x € ]Xk! Xk+1[) f(X) = min{)’k’ yk+1}! since eitherf(x) = aj’ OIf(X) = B], for
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some j € Z. Finally, if x < Xju¢, OF X > Xsup, f(x) = —co. Thus,

min(yy, Vie1), i X < X < Xppq
OO =<y, if x = xp = T(V)(x) (22)

—oo, if x < Xjpf OF X > Xsup

Definition 8. We define T(X) as the set containing the tops of all the signals in X, i.e.,
T(0) ={T(V)|V € X} (23)

Lemma 2. For a family of sampled signals X C S, the set of tops T(X) has a supremum \/ T(X), which is
uniquely defined by a set of constants A, where

A ={ai}iez = { \V azy} (24)
i€Z

veX

Here the alV are the a-coefficients from the tops of X, as in Equation (16).

Proof. For any point x € R, and any V € X, by Lemma 1, we have that

oo 174 .
ay, ifxeZ
TV =Y af 100 + B 1 110 = : (25)
l-;o i +{i} ﬁr 1i,i+1[ ]L/XJ ’ if x ¢7
Thus, the pointwise supremum of T(X) is
\74 .
ay, ifxeZ
\/ T = \/ TV = {V oo 26)
vex V x) ifx ¢ Z.
Since B/ = min{a}, a;,}, we have
\/ B =\/min{a!, a1} = min{\/ &/, \/ a\1}, 27
so B is a function of \/ @) and \/ a},,. Therefore, the supremum over V € X
ay, ifxez
\/ T - {V_ oo (28)
min{V &/, Vaj, .}, ifx¢Z,
only depends on A.
O
Theorem 1. For a subset X C S, there exists some element V\, € S, such that
\/ T(V) = T(Vy) (29)
vex
Proof. By Lemma 2 there exists a set of constants A, which defines VVex T(V), namely:
A ={ai}icz = { \ o (30)
veX icz
let us consider the set of pairs
AS={(,a) |i € Z,a; € A} (31)

We will show that AS is V.. Clearly, AS € S, and
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min{a;, a1}, ifi<x<i+1

T(A%)(X) = < a;, ifx =i (32)
—oo, if X < Xjpr OF X > Xsup
_ min{a;, aj1}, ifi<x<i+1 (33)
a;, ifx=1i
; v v e .
min{\/a;,\V ai,,}, ifi<x<i+1
(By (30)) = i\/ £V i) prexst (34)
Vai, ifx=1i
(By proof of Lemma 2) = \/ T(V)(x) (35)

veX

Thus, V = AS satisfies Equation (29). Note that there may be other samplings that also satisfy the equation,
however, by definition, these belong to the same equivalence class (see Def. 4).

O
Definition 9. For a subset X C S, its supremum is defined as
\Vx=vy, (36)
where T(Vy) = \/y o T(V).
By a similar procedure we can show that
Theorem 2. For a subset X C S, there exists some element Vx € S, such that
/\ T(V) = T(V,) (37
vex
Proof. The proof follows the proof of Theorem 1 except for appropriate substitutions.
a
This leads to the definition of the infimum:
Definition 10. For a subset X C S, its infimum is defined as
N\X =V, (38)

where T(VA) = Aycq T(V).

By theorems 1and 2, the supremum and infimum exist. Note that the supremum and infimum of a signal is not
necessarily unique, in the sense that they may be sampled in different ways. However, for any two suprema,
VY, and V? of a signal X, they belong to the same equivalence class, and are equivalent under the partial
order defined in (10). This, of course, also goes for the infimum.

Corollary 1. (S, <) forms a complete lattice.

Proof. Follows trivially from theorems 1 and 2, and the partial ordering of Equation (10).
O
The sampling V given in Equation (31) is just one possible sampling (in fact a regular sampling), which
generally contains more points than necessary. Indeed, for any three consequtive samples with the same
value, one of them is redundant. Let |X| denote the cardinality of X. The smallest set of samples that can
represent the supremum is the set of samples V' € [Vy/], such that |V{}| < |U|, for all U € [V ]. There may be
many such smallest sets.
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Figure 4: Two sampled signals (blue circles), which are equivalent, since they have the same tops (blue lines).

Also note that one may freely choose the interpolating function in the definition of the top (13), however,
choosing some other function may mean that a complete lattice cannot be defined.

Finally, it is worth mentioning that even though the samples are elements of S, thus restricting the sam-
pling time to integer values, the minimal sampling distance can be chosen arbitrarily close, as long as the
minimal distance is fixed, by changing the scale (see Thm. 4).

2.4 Shift Morphology and Dilations, Erosions, Openings, and Closings

Above we defined a complete lattice on irregularly sampled signals. In this section we shall define some im-
portant operators of mathematical morphology on such samplings; namely: Dilations, erosions, openings,
and closings.

2.4.1 Shift Morphology

We define the dilation with a flat structuring element of an irregularly sampled signal via the traditional
dilation of the top function, i.e.

Definition 11. For anirregularly sampledsignal V € S, and a structuring element G € R?, theirregular dilation,
@, is defined as:
VerG="Vy (39)

where

Vai = {(x, [T(V) © GI(X)) | x € Z} (40)

where @ is the continuous dilation of Definition 2.

Note that Vy; is a member of an equivalence class, [Vg;], which may contain many other equivalent samplings
(see Fig. 4).
It is clear that this is a dilation. First note that by Def. 9:

T ( \/ V) =T(Vy) = \/ T(V) (41)

veX veX
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Then, we have that:

T (\/ V&, G)) =T (\/ {06 [TV & GIK) | x € Z}) 42)

(by Eqn. 41) = \/ T ({ (x, [T(V) © GI(0) | x € Z}) 43)

(by proof of Theorem 1) = T ({ (x, \/ [T(V) & G) (x)) Ixe Z}) (44)

(since @ is the continuous dilation) = T ( { (x, [(\/ T(V)) @ G} (x)) Ix e Z}) 45)
(by Def. 1) = T ((\/ V) @ G) (46)

L.e., the dilation, @y, distributes over the supremum. However, is there an efficient way to compute this oper-
ation, i.e., to find a member of the equivalence class? We shall see that one may perform the irregular dilation
without constructing the top, or explicitly performing a dilation of a function, or even explicitly rescaling the
signal, but first let us consider what happens when this dilation is applied to regularly sampled signals:

Definition 12. For a regularly sampled signal f : Z — R, its regular, discrete dilation with a flat structuring
element G, which is O for values in [a, b] C Z and —oo otherwise is defined as

ferG=\/ flx-h) (47)

hela,b]

Theorem 3. For any V € S, such that for all x € Z there is some y € R, such that (x,y) € V and for all
(x,y) € V,x € Zandy € R, the following equality holds:

VerG=VaogaG,

where @ is the irregular dilation, @y, is the regular, discrete dilation, G is a structuring element defined by
la, b], where a, b € Z, a < b, and equality is given by the partial order defined in (10).

Proof. We only need to consider x € Z, for which we have that, by Definition 11

T(V &1 G)(x) = (T(V) & G)(x) (48)
(By (2) = \/ (T(V)(x - h)) (49)
hela,b]
(By Lemma 1) = \/ Z a; Ly (x = h) + min{a;, a1 31 5,4((x = h) (50)
hela,b) i
(Since a; > min(a;, a;,1)) = \/ Z aijl{i}(x - h) (51)
hela,b] i
(Sincex € Z,and a,b € Z) = \/ Z a,-]l{i}(x - h) (52)
he{a,a+1,...,b-1,b} i
= \/ aX—h (53)
he{a,a+1,...,b-1,b}
(By (17)) = \ Yah (54)
he{a,a+1,...,b-1,b}
(By Def. 12) = T(V ®f G)(x) (55)

Where y; € R is the value of the top at x; € Z.
U
Thus, applying the irregular version of dilation to a regularly sampled signal, where the distance between
samples is 1, yields the same result as applying the regular dilation to the same sampled signal. In other
words, in the special case where the signal is regularly sampled and the SE depends on this sampling grid,
the irregular dilation is equivalent to the regular dilation.
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We can now define the erosion by duality.
VeG=—((-V)a0) (56)

Since we have the dilation and erosion, it is now easy to define openings and closings by composition. Clearly
these yield samplings that are elements of S, since the result of the irregular dilation, as well as the irregular
erosion, is in S, as long as the original sampling is in S.

In the following theorem, we show that a family of complete lattices can be constructed, which may be
used to show that irregular dilations may be applied in a more general case where the sample positions are
not restricted to integer coordinates. This is done by a change of coordinates so that we can represent samples
at locations that are integer multiples of some d,;;;, € R. This dy,;; can be though of as the distance between
grid points in a regular sampling grid.

Theorem 4. Choosing 0 < dmi, € R, and m € Z*, let $%mn = {idmin | i € 2}, §4min = P(8dnin x R), and

Sdmin = {V c Sdmin

for all (i, yi), (xj, ) € V. xi = X; = i = y; } (57)

Then, (S, <), where < is as in Egn. (10) forms a complete lattice, and for any element V ¢ Sdmin the dilation

Sdmin

V (&%) G = Vdil (58)
where G is a structuring element of length mdy;y, is an element Vd;mi" € §min

Proof. There is a mapping between S and S for a given d,y;, > 0. Namely, for an element

Vanin = {(x1, 1), (X2, ¥2), . .. } € Sfmin (59)

ydmin {(x1/dmin> y1)s X2/ dmins y2), ... } €S (60)

In fact, this is a bijection, since we can easily invert the mapping by multiplying with dy,;,. Similarly, since the
length of the structuring element G is assumed to be mdy,;,, the mapping gives us a structuring element G’ of
length m, and since m € Z", the dilation exists as an element in S. So S and Sdmin gre isomorphic. Thus, S¢min
forms a complete lattice, and we can compute the dilation of V & G in S%, by computing the corresponding
dilation in S.

O

2.4.2 Computing the Irregular Dilation

We take inspiration from the traditional definition of dilation for a grayscale function. Figure 5 shows an
example of a one-dimensional dilation of a continuous signal using a flat structuring element. Notice that
the dilation is formed by sliding the structuring element (i.e. the line segment) along the top of the signal,
the dilated signal is traced by the origin of the SE. Another way of looking at it is to consider the line segment
as its origin slides along the top of the signal, then its end points trace out the dilation. This interpretation
naturally gives rise to a type of dilation on irregular samples. The idea can be broken down into four steps:

1. For each sample, translate the SE such that its origin coincides with the sample.

2. Make two copies of the sample.

3. Shift the two copies to the end points of the SE.

4. Supress samples that could be under the SE when it is placed at a sample of greater value.

Figure 6 shows an illustration of this procedure. The suppression of a sample created in step 2 is performed
by shifting the sample in question towards its parent, until the sample is no longer in the shadow of a SE as
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—Original
- - -Dilated

Figure 5: Dilation (dashed brown) of a one-dimensional continuous signal (blue) with a flat structuring element (red). The origin
of the SE is marked with an ‘x.”
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Figure 6: Illustration of the dilation (red + blue, except (b)) of an irregularly sampled signal (blue) via duplicating and shifting
samples. Arrow (a) indicates a duplicated sample that was moved left (from the red x to its right) because it was suppressed by
the sample above it. Arrow (b) indicates an original sample that is removed, since it is suppressed by the duplicated sample
above it. Arrow (c) indicates a duplicated sample that was shifted right because of suppression (from the red x to its left). Sam-
ples that are shifted because of suppression are moved in the direction of the sample that spawned them until they are outside
the suppressing area by some margin, €.

described in step 4. An additional shift by € length units is performed, so that the sampled function does not
take two different values at the same position. Supression of input samples is simply done by deletion.

This process applied to any element V € S, we will see, gives an (irregular) sampling that reconstructs
the dilation of the top of the signal as defined in previous sections, under certain conditions. Therefore this
yields the irregular dilation of V. Thus, as shown in Theorem 3, the result of applying these steps to a regularly
sampled signal is equivalent to applying the traditional dilation to the same set of samples. However, nothing
prevents us from applying these steps to an irregularly sampled signal instead, yielding a dilation (under
certain restrictions, as discussed in Section 2.4.1).

The pseudo-code for an implementation of this algorithm can be seen in Alg. 1. First we sort the input
nodes in descending order (based on their value), since when considering the suppression of some sample,
(x, y), we only need to consider samples (x’, y’), such that y’ > y. This is similar to the approach in a paper
by Dokladal and Dokladalova [8], which presents a way of computing regular 1D-dilations by ignoring values,
that will not affect the dilation, in a similar way. We then check if a duplicated sample i~ should be suppressed
(i.e., if a neighboring node at a higher value is close enough that the SE causes a suppression). We do the
same for the duplicated sample i*. If the duplicated samples switch order, so that i~ > i* after shifting, we
discard the duplicated samples (because there is no available position they can occupy without still requiring
suppression). Finally, we check to see if the input sample i, which spawned i~ and i* needs to be suppressed
(in which case it is deleted). This happens when one of the duplicated samples i~ or i* has been shifted past
the parent sample i.

If a self-balancing binary search tree [9] is used to store the list of preceding nodes NODES™, the complex-
ity of the algorithm will be O(N log N), where N is the number of samples in the input.
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Algorithm 1: Duplicate-and-shift dilation pseudocode.

Data: A list of input samples, NODES, which contains positions and values for each sample. The left,
and right edges, SE™, and SE*, of the SE as offsets from the origin. A scalar, € € R*, which
depends on the distance between samples in the input, and is used to prevent the output taking
two different values at the same position.

Result: A list of output samples DNODES which contains positions and values for each sample in the

dilated signal.

Function Dilate—Irregular (NODES, SE~, SE*)

1

2 let DNODES be an empty array

3 sort NODES according to y-value in descending order

4 for each node i € NODES do

5 let i~ and i* be duplicates of i

6 let pos(i~) = pos(i) + SE~

7 let pos(i*) = pos(i) + SE*

8 let NODES™ be the list of nodes that precede i (thus, the y-values of nodes in this list are greater

than the y-value of i)

9 let j~ be the nearest neighbor of i in NODES™, s.t. pos(j~) < pos(i)
10 let j* be the nearest neighbor of i in NODES™, s.t. pos(j*) > pos(i)
1 //1f j~ does not exist, let pos(j~) = —oo
12 //1f j* does not exist, let pos(j*) = +oo
13 if pos(i~) < pos(j~) + SE* then
14 ‘ pos(i”) =pos(j7) + SE* + ¢
15 if pos(i*) = pos(j*) + SE™ then
16 ‘ pos(i*) =pos(j*) + SE" - ¢
17 if pos(i~) < pos(i*) then
18 if in € DNODES : pos(i~) = pos(n) then
19 | insert i into DNODES
20 if in € DNODES : pos(i*) = pos(n) then
21 ‘ insert i* into DNODES
2 if pos(i~) < pos(i) < pos(i*) then
3 | insert i into DNODES
24 else
25 ‘ dropnodes i, i, and i*

26 return DNODES

The implementation of erosion, opening, and closing is trivial (using duality and composition). Note
however, that in general, for an irregularly sampled signal V, the top of its complement T(-V) is not equal to
the complement of its top, —T(V). Thus, applying the algorithm to the complement of the irregularly sampled
signal, will not generally yield an actual erosion (and therefore the opening and closing by composition will
not be actual openings or closings either). In the special case where the signal is sampled regularly (from —oco
to oo) however, the difference between the complement of the top of V and the top of the complement of V
does not affect the values at the samples in the erosion (i.e., the algorithm yields an actual erosion). In the
following experiments, we will ignore this issue and compute the erosion naively by applying the algorithm
to -V and taking the complement of the output. We shall see that, empirically, the algorithm still yields good
approximations.

Figure 7 shows a toy example where the proposed 1D-opening is applied to an irregulary sampled 1D-
signal extracted from a sampled rock pile using SEs of different sizes. As the size of the SE increases, larger
plateaus are created, which require fewer samples. The opened signal may be interpolated back onto the orig-
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Figure 7: An example where the proposed 1D-opening is applied to an irregularly sampled signal extracted from a sampled
rock pile. Top row: On the left, the sampled rock pile. The black samples indicate the extracted 1D-signal. On the right, 1D-
openings of the extracted signal with varying SE sizes (from 0 length units at the bottom, to 0.27 at the top). Each horizontal
slice represents a single 1D-opening. The colormap indicates the value of the samples. Note that two samples of value O were
added to the extracted signal at each end, to enforce border conditions. As the size of the SE increases, bigger plateaus are
created, therefore the signal requires fewer samples (the number of samples is decimated from 340 in the input signal, to 12
in the opening for the largest SE). The bottom figure shows the result of interpolating the opened signal back onto the input
positions.

inal sample positions if one desires to keep the number of samples, as well as the sample positions, constant
(using, for example, linear interpolation, as in this example).

We shall prove that Alg. 1 applied to an element V € S, yields a new element, which is equivalent to the
dilation of V, under certain restrictions. First we need the following lemma:

Lemma 3. A sampled signal V c S has a piecewise constant top T(V). A signal V', which contains a sample at
each endpoint of every plateau in T(V), at least one sample on each plateau (except the plateau beginning at
—oo, and the one ending at +oo), and no samples which are not taken from T(V), belongs to the same equivalence

classas V,i.e.,
T(V) = T(V)) (61)
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Proof: It follows immediately from Lemma 1 that T(V) is piecewise constant. By endpoints of a plateau, we
mean those points p; where the left and right limits do not agree, i.e.,

lim T(V)(x) # lirgi T(V)(x) (62)
X—py X—DP;

Assume that the endpoints are ordered according to their position in ascending order. If the plateau is of
length 0, then the plateau will be captured by the endpoint. Otherwise:

If the plateau contains both endpoints, i.e., if the endpoints p;, and p;,; of a plateau take the value T(V)(x)
where p; < x < pj.1, then a signal V' sampling T(V), which samples p;, and p;,; will have a top T(V’) which
is equal to T(V) between p; and p;,. This follows from the definition of the top (Def. 5), since T(V)(p;) =
T(V)(p;), TV)(pis1) = T(V)(pis1), and the minimum value of samples between p;, and p;,; is necessarily
the same as the value of p;, and p;,4, since they are the endpoints of a constant plateau.

If the plateau contains one of the endpoints p;, but not the other endpoint p;,, then it holds for the top
of the original signal V, that T(V)(p;) < T(V)(p;.1) (because of the minimum). Therefore, the top of T(V’) will
take the value of T(V)(p;) for all x, s.t. p; < x < p;,1. Since T(V)(x) is constant for p; < x < p;,1, and T(V)(x)
is the minimal value of the two samples p; and p;.1, T(V)(x) = T(V’)(x), for p; < x < p;,1. The same argument
holds if p;,; is contained in the plateau, but not p;.

Finally, a plateau may contain none of its endpoints. In this case, the lemma requires that there is at
least one sample at p between p;, and p;,; (since each plateau must have at least one sample). If a plateau
contains none of its endpoints, this means that T(V)(p) < T(V)(p;), and T(V)(p) < T(V)(p;.1), since the value
between the endpoints is the minimum of the value at the endpoints and the value at the plateau. Therefore,
T(V")(x) = T(V)(x) for p; < x < pj;1.

Thus, for all possibilities (i.e., the plateau contains all endpoints, one endpoint, or no endpoints), the
value of T(V’) between two endpoints is equal to the value of T(V) between the same points. Since each
endpoint is sampled, the value between all endpoints is the same for both T(V) and T(V’). Obviously, the
value at the endpoints is the same for both tops, therefore, T(V) = T(V’) everywhere. Therefore, it is sufficient
for a signal to be sampled at the endpoints of the top and once for every plateau to be equivalent to that top.

O

We will now go on to show that, for d i, = € = 1, and input signal V € S, Alg. 1yields an element V, € S,
such that, for a SE G, which is O for values in Gy = [a,b] C R, wherea < 0 < b,and a,b € Z and -oo
otherwise, and for element Vy; € S, where Vg; = V @©; G, we have V, ~ Vg (i.e. Vo € [VgiD).

It is easily shown that the algorithm yields an output in S, simply note that the position of nodes start
at integer values and any nodes in the output are placed at integer valued distances from the input nodes,
thus the output contains nodes solely at integer positions. Moreover, there will never be two nodes (x, y), and
(x,y’) in the output, such that y # y’, since when inserting the second node at position x, there would have
been a previously inserted node in DNODES with the same position, but with a higher value, which would
prohibit inserting the other node at that position (see lines 18, 20, and 22 in Alg. 1). Therefore, the output of
Alg. 1 contains nodes (x;, y;), such that x; € Z, y; € R, and for any pair of nodes (x;, y;), (x;, y;) in the output
X; = Xj = y; = y;. Thus the output is an element of S.

To show that the algorithm yields a sampled signal

Vo ~ Vg = Ve&rG, (63)

for an input V € S, consider the dilation of the top of V at a sample v. Either v gives rise to part of a plateau
in the dilation, or v (and the part of a plateau that it would generate) is subsumed by a plateau above it (see
Fig. 8). Note that the algorithm presented in Alg. 1 places samples at the extreme ends of the SE placed at v,
unless they are subsumed by a plateau above it. Since the endpoints of every plateau depend on the endpoints
of the SE placed at a sample, we can be sure that all endpoints of plateaus contained in the dilation will be
sampled, thus fulfilling the first condition of Lemma 3.

Moreover, if the endpoints of the SE are covered by a segment above it (lines 13-16), the plateau is still
sampled, as long as there is 2 space between the nearest endpoint to the left and the nearest endpoint to
the right. Since € = 1 and the input signal isin S (i.e., the distance between samples is at least 1), this means
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Figure 8: Illustration of the steps of the algorithm. The blue solid line illustrates the top of the input samples (blue circles be-
hind the red crosses). The green line illustrates the continuous dilation of the top. Note that the vertical lines are only there for
illustration purposes, the actual dilation has a discontinuity at these points, where the higher value is part of the signal, while
the lower is not. The algorithm places the SE (illustrated in the top right) at each input sample and creates two new samples at
its endpoints and one at the origin. The endpoints (red circles) are then moved so that they are not placed below a previously
placed segment. Note that every endpoint of the plateaus of the dilated top must necessarily correspond to some endpoint

of the SE placed on top of an input sample. Not every sample in the output of the algorithm will be an endpoint of a plateau in
the top (see, for example, the fourth sample in red from the left), but every endpoint of a plateau in the top will have a sample.
Furthermore, note that each plateau in the top of the dilation will have a sample, unless the plateau is too small (see Fig. 9), so
that the plateau does not stretch over an interval containing an integer. In such cases, the dilation will not contain a sample for
this plateau either.
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Figure 9: lllustration of the steps of the algorithm. The blue solid line illustrates the top of the input samples (blue blobs be-
hind the red crosses). The green line illustrates the continuous dilation of the top. The algorithm places the SE at each in-

put sample and creates two new samples at its endpoints and one at the origin (red circles). In this example, since there is a
plateau of size < 2¢, this plateau will not be sampled. Therefore, it cannot be reconstructed by the top of the output of the al-
gorithm. This, however, is not a problem, since the dilation does not capture this plateau either, because the dilation is defined
as the top of samples at integer locations, and there is no integer in the interval, since the endpoints are placed at integer loca-
tions, and the distance between them is less than 2¢ = 2.

that any plateau that is defined over a segment containing an integer will be sampled (see Fig. 9). Since the
dilation of V, i.e., Vg;, is the continuous dilation of T(V) sampled at each integer position, the plateaus of
the top T(Vg;) must stretch over intervals containing some integer. We now have that each plateau in the top
of the dilation is sampled at least once in V,, all the endpoints of plateaus are sampled, and there are no
samples outside of plateaus. Therefore, by Lemma 3, the output of the algorithm, V,, is equivalent to V &; G.

Note that, by Theorem 4, we can instead consider signals of Sdm‘", thus allowing for structuring elements
G of arbitrary sizes. However, also note that the algorithm itself is not necessarily bound by any restrictions
on G, &, or sampling positions (although € should normally be chosen less than or equal to dy;,). In fact,
in the following section we shall see that we can achieve better results by breaking these constraints (along
with using an interpolation that creates samples not lying on the dilation of the top in Definition 5), while
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still being guided by them, although the result of applying the algorithm is no longer necessarily a dilation,
strictly speaking.

3 Results

In this section we run some experiments to evaluate the implemented irregular morphology operators. We
initially ran some experiments to empirically choose the value of €, and decided to choose € = 0.99d, where
d is the distance between samples for a regularly sampled signal. This is the value used for all experiments
unless otherwise specified.
It can easily be seen that the continuous dilation of sin(x) by some SE, G, can be written as the following
function:
1, if/2-L/2<x+2nn<m/2+L/2
(sin® G)(x) = { sin(x - L/2), ifm/2+L/2<x+2an<n/2+n (64)
sin(x+L/2), ifn/2+m <x+2mn<2m+m/2-LJ2

where n € Z, such that one of the cases is satisfied, necessarily exists for any x € R and is unique, assuming
the structuring element G is a line segment [-L/2, L/2], where O < L < 2m, (for L > 27, the dilation is the
constant function 1).

Figure 10 shows the result of dilating a sine-wave that is regularly, but sparsely sampled. The figure clearly
shows that the irregular dilation manages to represent the actual dilation (i.e. the function describing the
continuous dilation of the continuous sine-wave, sin & G) more accurately.

The irregular operators have two advantages that make it possible to better represent the continuous
operators: Firstly, the structuring element is not limited by the sampling grid, and secondly, the dilated sam-
ples may be shifted left and right, thereby decoupling from the initial sampling positions. IL.e., if a sample is
needed at a certain position which was not sampled in the input, the irregular operators may insert a sample
at such a position.

Figure 11 shows an example where the traditional dilation fails completely, because the size of the struc-
turing element is smaller than the distance between samples, thus the traditional dilation leaves the signal
unaffected. However, since the irregular dilation shifts samples based on the SE, the irregularly dilated signal
manages to transform the signal into samples that fall near the real dilation.

In Fig. 12, the result of interpolating between the dilated samples and taking the mean square error of
the interpolated signal and the continuous dilation, sin ® G, is shown for a number of different structuring
elements and sampling frequencies of the sine-wave in figures 10 and 11. Linear interpolation is used, since
there are cusps in the dilated signal, meaning smooth interpolators are not well-suited. Note that this is not
the interpolating function used in previous sections (i.e., Eqn. (13)). Defining a complete lattice using such
a top is not straightforward. A similar experiment is performed in a previous paper [3], however due to a
rounding error, the results given in that paper for large sampling distances is not correct.

In Figure 13, the results of the same experiment are shown, except the sampling density in the output
adapts to the sampling distance in the input in relation to the size of the structuring element. Specifically, if
the gap between input samples exceeds the size of the SE, the dilation is iterated twice, using a structuring
element of half the size. This is a rather naive approach to adaptively adjusting the sample density, however
it helps illustrate the potential utility of the idea. One might try to adapt the number of iterations based on
more complicated criteria, also adjusting the number of iterations locally, i.e., few iterations at some parts
of the signal, and many at other parts, instead of the constant number of iterations used at all samples in a
given signal, that is utilized in this case.

Finally, we implemented a variant of the parsimonious path opening (PPO) [13]. The parsimonious path
opening is an approximation of the path opening [6], which preselects one-dimensional paths, based on
intensity, which are then opened. This is much faster than the regular path opening, which opens all paths,
based on a set of adjacency graphs (at least conceptually), and combines the result into an opened image.
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Figure 10: Illustration of the dilation of a regularly sampled sine-wave by the structuring element illustrated as a solid red line
(the cross indicates its origin). The samples are sparse (17 samples between -5 and 10, where the value is quantized into one of
256 possible levels), which is especially problematic for the traditional dilation, which can only shift samples up or down. The
structuring element used is a flat line segment of length corresponding to 7. The irregular dilation proposed in this paper shifts
nodes left and right, which enables a more accurate representation of the dilated signal, as evident from the figure, where the
irregularly dilated samples fall very close to the analytic dilation. Note that the figure cuts off samples of the irregular dilation
at positions below -5 and above 10.
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Figure 11: Another dilation of the sine-wave described in Figure 10 by the structuring element illustrated as a solid red line (the
cross indicates its origin). This time the size of the structuring element is 77/3. This means that neighboring samples are farther
apart than the length of the SE, thus the traditional dilation simply returns the original samples. The irregular dilation does not
require that the SE is larger than the distance between samples, since samples are duplicated and shifted. Thus, the irregular
dilation gives a result that better represents the continuous operation.
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Figure 12: Using linear interpolation between samples in the dilations we find the mean square error for structuring elements
of different lengths with increasing distance between samples when dilating the sine-wave shown in figures 10 and 11. Green
is the error of the traditional dilation, and blue is the error of the irregular dilation. When the sampling distance exceeds
half the length of the SE, the regular, discrete dilation becomes the identity transform, and the error increases rapidly (e.g., top
left, at 77/2 distance between samples marked by the green dashed line). The proposed dilation does not have this problem.
When the sampling distance approaches and exceeds the size of the SE, however, the performance of the proposed dilation
deteriorates because of a “staircasing” effect (e.g., top left, at 77 distance between samples marked by the blue dashed line).

The PPO has a parameter 8, which controls how the paths are preselected (larger values make the algorithm
more robust to noise, but leave greater blind regions, through which no paths travel), we fix 8 = 1.

Since the parsimonious path opening extracts 1D paths, which are then opened, we can replace the 1D
opening with the one proposed in this paper. We use the unbiased weights discussed in the paper by As-
plund and Luengo Hendriks [1], i.e., diagonal steps have a length of 1.340, while straight steps have a length
0f 0.948. To choose &, we take inspiration from our previous experiments. Since the greatest common denom-
inator between 1340 and 948 is 4, we may consider the initial irregularly sampled signal to be an element
of $%9%% (i.e., dmin = 0.004). Similarly to the previous experiments where the signals were elements of S, we
choose € = 0.99 * dppin = 0.99 * 0.004. The opening is computed by applying the proposed erosion, followed
by applying the proposed dilation on the resulting dilated signal, and finally, a linear interpolation onto the
original positions of the path is applied. Note that Thm. 4 does not hold in this case, because the initial ero-
sion yields an element outside of S°-°%4, Moreover, the interpolation after the dilation breaks the assumption
of the top being defined as in Definition 5, meaning that the proposed variant cannot, strictly speaking, be
called an opening.

To evaluate this variant of the PPO, we generate four synthetic images of line segments oriented at angles
between 0 and 71/8. We only use two adjacency graphs, namely the south-north, and the east-west ones [13],
and therefore avoid using more extreme angles in our test images. These line segments have a varying inten-
sity I such that the intensity values are given by

I(d) = sin (g) +1.5 (65)
where d is the distance from one end of the line segment, [ is the total length of the line segment, and n € Z*
determines the number of peaks and valleys in the intensity profile. The values are then quantized so that
we end up with an 8-bit image. There are ten line segments in each image, all at the same angle and with a

random subpixel shift. Additionally, the line segments are given a gaussian profile with o = 1.0 pixels. In
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Figure 13: Same as Fig. 12, except we increase the sample density of the dilation when the size of the SE is smaller than the
distance between input samples by performing two dilations with a SE of halved size. This naive approach to adaptively adjust
sample density helps bring down the error for the proposed dilation when the distance between samples exceeds the length of
the structuring element. Green is the error of the traditional dilation, and blue is the error of the irregular dilation.

this experiment we chose [ = 90 pixels, and n = 9. Figure 14 shows two such test images, and a close-up of
one of the line segments.

These images are then opened using a large number of line openings at angles between 0 and 77/8, the
final result being the supremum of these openings. The mean curve of the four cumulative length distribu-
tions computed with a granulomety using these openings, for SE lengths between 0 and 110 pixels, following
reference [12], is used for comparisons (red curve in Fig. 15(c)). The images are then subsampled, keeping
only a ninth of the pixels (i.e., taking every third pixel in every third row). These four subsampled images are
then opened using the regular parsimonious path opening (with unbiased weights), and the variant using
the opening proposed in this paper, for SE lengths in {0, 1/3,2/3,...,100/3}.

The resulting length granulometries are shown in Fig. 15(a), and (b). The figure also shows the mean
square error when comparing the mean granulometry curve (red) of the result of opening with line segments
(c) as SEs (before subsampling) with the mean curve obtained using the PPO-variant (a), as well as the regular
PPO (b). Also shown, for each method, is the sum of the largest absolute differences between any pair of curves
(associated with a pair of angles) at each length, D, which gives an idea of the dependency on orientation.
Conceptually this measures the area required for a stripe to cover the curves. Let fy(x) denote the value of the
curve corresponding to angle 6 at length value x, then

D= / n(}ZX(Ife(X)—ﬁp(X)I) dx (66)

In these experiments we discretize by simply replacing the integral with a sum over the SE lengths for which
the curves were computed. In the ideal case, the four curves converge to a line, meaning that the area is 0
(and consequently, D is also 0). Conversely, if the result depends a lot on the orientation of the line segments,
the curves will spread out, and D will grow large.

It should be noted that the variant does not guarantee a non-decreasing curve. This is a result of the final
interpolation as well as the issues with erosion described earlier. Overall, the PPO-variant has a better MSE,
and is no worse with regard to orientation dependency.

Figure 16 shows the evolution of the error, for the same experiment, as the number of samples per line
segment decreases. In this case, the error grows quicker for the PPO, than the proposed variant.
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Figure 14: Left and middle: Examples of test images used. The test images contain 10 line segments oriented at angles between
0 and 71/8, with a varying intensity. Each line segment has a gaussian profile (0 = 1) and a random subpixel shift. Right: A
zoomed in view of one of the line segments.
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Figure 15: Length granulometries for the PPO-variant (a), the regular PPO (b), and the supremum over openings using straight
line segments at many angles (c). The four curves in blue-teal represent the granulometry curves for the four different angles.
The red curve is the mean of the four curves. The figures also display the MSE when comparing the mean curve of (a) to (c) and
(b) to (c). D is a measure of orientation dependency, showing the sum of differences, over each SE length, between the curve
with the least value and the curve with the greatest value, meaning small values of D indicate a low dependency on orientation.

Finally, we apply the PPO-variant to a real image, to show how it compares to the regular PPO. An 8-bit
grayscale image of a DNA molecule on a textured background is opened using a length of 36. Figure 17 shows
the result. The PPO-variant, in this case, manages to preserve the intensity of some parts of the molecule better
than the regular PPO. This is consistent with the results shown in Fig. 15, where the variant better preserved
the correct intensity in some cases.

4 Discussion

The proposed one dimensional dilation algorithm makes use of irregular sampling to better approximate the
continuous dilation. If the algorithm implementation uses a self-balancing binary search tree, the dilation
can be computed in O(N log N) time, where N is the number of input samples.

Allowing for irregular sampling means that the structuring element is no longer restricted in size by the
sampling grid, thus enabling operators that work on a subpixel level, as shown in experiments. Several ex-
periments show improved performance over the regular, discrete MM dilation for various SE sizes.

Moreover, the irregular operators are shown, experimentally, to decrease the number of samples in the
output as the transformed signal becomes smoother. Some initial experiments also indicate that adaptively
increasing the sampling density can lead to a better approximation of the continuous dilation.

Additionally, we replace the 1D-opening used in a path opening [6] variant, called the parsimonious path
opening [13], with the opening proposed in this paper. The experiments illustrate that also in this application,
the proposed irregular operators (here the openings are computed by composition) can yield improvements,
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Figure 16: The mean square error of the average granulometry curve of PPO, and the proposed variant, compared to the curve
in Fig. 15(c), as the number of samples per image segment decreases. Here a subsampling by n indicates that the subsampled
image contains every n:th pixel in every n:th row (the rest are discarded).

especially as the sampling frequency decreases. However, the increased accuracy comes at the cost of a less
computationally efficient algorithm, since, for the original PPO, each path of N pixels can be opened in O(N)
time, instead of O(N log N).

5 Conclusions

In this paper we present an algorithm that computes an approximation of the one dimensional continuous di-
lation on an irregularly sampled signal. We show that this algorithm, in one sense, performs an actual dilation
under certain conditions, however, these conditions do not need to be met for an improved approximation
compared to the regular, discrete dilation. From the dilation one can construct the erosion, the opening, and
the closing. We provide an example of applying the proposed algorithm to compute a variant of the parsi-
monious path opening [13], by applying the proposed 1D dilation twice to compute the opening of the paths
extracted as part of the original algorithm. This variant is shown to exhibit some desirable properties (namely
in these cases better approximating the granulometry curve of images containing line segments at different
orientations with varying intensities). However, this variant is slower to compute, and is not a true opening.

The operators use flat structuring elements without holes (i.e., SEs that take a constant value O in some
interval [a, b], a, b € Z, and —oo otherwise). Allowing for non-flat SEs should be possible by generating more
samples and shifting them along the vertical axis as well as horizontally.

An initial attempt at a generalization to 2D has also been made [2], however this places some restrictions
on the SEs that should be possible to ease. That paper also proposes a way of adaptively sampling signals
in order to better represent parts that vary quickly, by locally increasing the sampling density, while keeping
the number of samples down by decreasing the sampling density at smooth parts of the signal. This adaptive
sampling could probably be incorporated into the 1D case presented here without much trouble. An initial
test indicating that adaptively increasing the sampling density in the output can be beneficial in the 1D case
is shown.

In this paper we also describe the problem of missing extrema in the sampling of the continuous signal,
even when the sampling density is high enough to allow reconstruction of the continuous signal. It would be
interesting to try to find these extrema in a preprocessing step, which would attempt to reconstruct parts of
the signal that contain maxima/minima in order to be able to insert samples at the extreme points into the
sampled input signal, before applying the morphological operator, thus better approximating the continuous
case.
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Difference
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Figure 17: On the left side, from top to bottom: Original 8-bit image, opening using PPO (length 36), and opening using PPO
variant (length 36). On the right a zoomed in view of the area containing the largest difference between the two openings is
shown. At the bottom the difference between the two openings is shown using the colormap indicated by the bar on the right,
in order to better illustrate the differences. Parts of the path are brighter by up to around 15% for the proposed variant.
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