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Abstract: In this paper, we consider a boundary problem for a p-biharmonic equation A < |Au| ”‘ZAu) =
a()|u|”?u Inju| + b(x)|u|?~*u with a sign-changing logarithmic nonlinearity a(x)|u|?~*u In|u| and a polyno-
mial nonlinearity b(x)|u|”?u in a bounded domain. We derive a new result regarding the existence of solutions
and illustrate how the weight functions a(x) and b(x) can affect the existence and multiplicity of solutions. Fur-
thermore, the sign-changing weight function a(x), associated with the logarithmic nonlinearity a(x)|u|?~%u In|u|,
plays a pivotal role in determining the existence and multiplicity of these solutions.
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1 Introduction

We consider the following boundary problem for a p-biharmonic equation

A<|Au|p_2Au> =a()|u|’2u Inju| + be)|u|’2u, x€Q,
()}
u=Au=0, X € 092,

where 1 < p < +00, Q C R"(n > 1) with boundary 0Q is smooth, the weight functions a(x), b(x) € C(ﬁ), and
a(x) changes sign in Q, while b(x) does not change sign in Q. The term a()|u|?~2u In|u| is a sign-changing
logarithmic nonlinearity, and b(x)|u|??u is a polynomial nonlinearity. Note that the sign-changing logarith-
mic nonlinearity possesses a unique structure that does not satisfy either the monotonicity condition or the
Ambrosetti-Rabinowitz condition (see [1,2]), which brings some difficulties in applying variational methods.
Therefore, the study of the existence of solutions to such problems with sign-changing logarithmic nonlinearity
is both interesting and challenging.
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Recently, Tian [3] studied the following boundary problem for a semilinear elliptic equation with the sign-
changing logarithmic nonlinearity

—Au = g()u In|u| + Au, x e Q,
&0 . 1.2)

u=20, X € 09,

where g(x) € C (ﬁ) and changes sign in Q. At least two nontrivial weak solutions were obtained by the Nehari
manifold and logarithmic Sobolev inequality under the condition

9— 48l
max| g0y < 2ze*”
xeQ

and for small 4, where |Q|, is the Lebesgue measure of  in R". When 4 = 0 and g(x) changes sign in Qto the
problem (1.2), Shuai [4] obtained two sequences of solutions by using variational methods, and then showed that
one sequence of solutions is with energy and Hj (€2)-norms diverging to positive infinity, while the other one is
with energy and Hj(£)-norms converging to zero. These results show that the sign-changing weight function
g(x) affects the existence and multiplicity of weak solutions. Noting that the unique structure of logarithmic
nonlinearity in the problem (1.2) distinguishes it from the results obtained in the following polynomial case (see
Brown and Zhang [5], Brown [6])

—Au=golu|"lu+ iy, xeqQ,
sk (1.3)

u=20, X € 09,

where pe (0,)orp € (1,2* — 1), 2+ is a critical Sobolev exponent, the problem (1.3) has only one solution for
small A.
Chen and Tang [7] considered the following boundary problem for a logarithmic Schrédinger equation

— = p—z 2
{ Au+Vx)u=Q)ul’ulnu?, x€Q, (1.4)

u:O’ XEOQ,

where V(x) is a potential function that does not change sign in Q, and the function Q(x) changes sign in Q. By the
constraint variational method, quantitative deformation lemma, and some new energy inequalities, two ground
state sign-changing solutions were obtained in two nodal domains, respectively. For more information on the
logarithmic Schrodinger equation (1.4), we refer to [8-13] and their references.

Han, Cao, and Li [14] considered the following boundary problem for a fourth-order thin-film equation

A%u+cAu=hojulnjul, xeQ,
(1.5)
u=Au=0, x € 0Q.

At least two nontrivial weak solutions were shown by using the modified logarithmic Sobolev inequality and
Nehari manifold provided that the sign-changing weight function h(x) satisfies
5412l

max|h(x)| < 27 (4, —c)e’” e,

xeQ
where ¢ < 4, and 4, is the first eigenvalue of —A under the homogeneous boundary condition. When h(x) = 1in
the problem (1.5), Liu et al. [15] established the existence of ground state solutions by using the Linking theorem
and logarithmic Sobolev inequality.
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Inspired by the above literature, a natural question arises regarding whether the weight functions present
in the polynomial nonlinearity and the sign-changing logarithmic nonlinearity influence the existence and mul-
tiplicity of weak solutions to the problem (1.1). Furthermore, it remains to be determined which of these weight
functions exerts the dominant influence. In this paper, we will address this question. We derive a new result
regarding the existence of solutions, two nontrivial weak solutions of the problem (1.1) are obtained by utiliz-
ing the Nehari manifold, fibering maps, and the improved logarithmic Sobolev inequality under appropriate
conditions. We illustrate how the weight functions a(x) and b(x) can affect the existence and multiplicity of
solutions. Furthermore, the sign-changing weight function a(x), associated with the logarithmic nonlinearity
a()|u|”~2u In|u|, plays a pivotal role in determining the existence and multiplicity of these solutions.

Theorem 1.1. Assume that the weight functions a(x), b(x) € C (ﬁ), and a(x) changes sign in ﬁ, while b(x) does not
change sign in Q. Then the problem (1.1) has two nontrivial weak solutions provided that

[@ln
Mlsge%z(% () P, (16)

where M; = max|a(x)|, M, = max|b(x)|, S, is an optimal embedding constant for the embedding Wg’p (Q)
XeQ XEQ

< W(l)’p (Q), and l,, is a parameter of the improved logarithmic Sobolev inequality (see Lemma 2.5).

Corollary 1.1. If p = 2 and b(x) = 0 in the problem (1.1), then the following problem for a biharmonic equation

Au= a()u Injul, x € Q,
u=Au=0, x€0Q,

4o,
.
possesses two nontrivial weak solutions when M; < ane 7 ™, which extends the previous existence result of

2

solutions in [14].

The paper is organized as follows. In Section 2, we introduce the Nehari manifold, fibering maps, and the
improved logarithmic Sobolev inequality, and then give some needed lemmas. In Section 3, we prove the energy
functional J(u) has two minimizers on N* and N~ by using the variational method, respectively.

2 Preliminaries
Associated with the problem (1.1), we can obtain the energy functional

Jw = %/lAuU’dx— %/a(x)wlp In|u|dx + %/a(x)wlpdx— %/b(x)wlpdx. 2.1
Q Q Q Q

Then J(u) € C! (Wg’p (Q), R) and its Fréchet derivative is given by

(Jw,v) :/|Au|”_2AuAde—/a(x)|u|”'2uv 1n|u|dx—/b(x)|u|”'2uudx
Q Q Q

for any u, v € Wy>?(Q). From (2.1), we know J(u) is not bounded on Wi’p (Q), but we can prove J(u) is bounded
from below on the Nehari manifold

N= {u € WP (Q\{0}: (J'(w,u) = o},

where (-, -) denotes the usual duality between W."”(Q) and W, v (Q),p = ﬁ. We equip WP () with the
norm [ullyzrqy = I AullLr(q)-
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Inspired by [16—20], we can seek weak solutions to the problem (1.1) by using the Nehari manifold, fiber-
ing maps, and the improved logarithmic Sobolev inequality. As in Drabek and Pohozaev [21], who introduced
fibering maps. We can consider a fibering maps ®,(t): Rt — R, defined by

D, = J(tw
P p p p
= t—/|Au|pdx— t—/a(x)|u|p In|tu|dx + t—z/a(x)|u|pdx— t—/b(x)lulpdx,
p p p p
Q Q Q Q
where t > 0, and by a direct calculation, we know
o) =1t /lAu|pdx—/a(x)|u|” ln|tu|dx—/b(x)|u|de , 2.2)
Q Q Q

o'(ty=(p—1)tP? /|Au|pdx—/a(x)|u|”1n|tu|dx—/b(x)|u|”dx
Q Q Q

- t”‘z/ a()|u|Pdx.

Q
Lemma 2.1. Letu € W2 (Q)\{0} and t > 0. Then tu € N if and only if @/ () = 0.

Proof. Sincet > 0 and tu € N, then from (2.2) we have

tueN o t? /lAu|pdx—/a(x)|u|p 1n|tu|dx—/b(x)|u|pdx =0©t<l>;(t)=0,
Q Q Q

which implies tu € N if and only if ®/ () = 0.

From Lemma 2.1, we know that if u € N, then

o 1) = /|Au|pdx—/a(x)|u|p 1n|u|dx—/b(x)|u|pdx:0,
Q Q Q

o' = —/a(x)|u|pdx.
Q

We can divide Nehari manifold N into three subsets N*, N~, and N°, corresponding to the local minima, local
maxima, and points of inflection of fibering maps, respectively. That is,

N+={ueN:<I>”u(l)>0}={uEN:/a(X)|u|”dx<0},

Q

N‘={u€N:<I>"u(1)<O}={ueN:/a(x)|u|pdx>0},
Q

N={ueN:®d" 1)=0}= {ueN: /a(x)|u|!’dx=0}.
Q

Lemma 2.2. Nehari manifold N* and N~ are non-empty.

Proof. Since a(x) changes sign in  and @, (¢) has a turning point at

[1Au|Pdx — [ a(0|ul? Injuldx — [ b(x)|u|Pdx
Q

— Q Q
t(u) = exp /a(x)|u|pdx s
Q
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S0 we can select u;, u, € N such that

/a(x)|u1|pdx <0=t(u)u €N,
Q
/a(x)|u2|pdx > 0= t(uy)u, ENT,
Q

which implies N* and N~ are non-empty.

Lemma 2.3. Ifu, is a local minimizer for J(u) on N and u, & N°, then it is a critical point of J(u), that is ]’ (up) = 0.

Proof. Since u, is alocal minimizer for J(u) on N, so we can use the Lagrange multiplier method to find a constant
y € R such that

T (o) =78 (u),
where

g(u)=/|Au|pdx—/a(x)|u|p1n|u|dx—/b(x)|u|pdx.
Q Q

Q

Because of u, € N with uy & N°, so

0="(J(up)up) =78 (ug), Uy )
where

(& (up),up) = <I>;’0(1) = —/a(x)|u0|pdx # 0.

Q

This implies y = 0 and J’ (u,) = 0.

Lemma 2.4. ([3]) Let {u,} be a sequence in W2P(Q). If u, — u, and u, » u, in W-"(Q), then J(up)
<lim _ J(up) Ifu, > ugin Wé’p(Q), then](uo) = lim ]( n)-

lim . J

Lemma 2.5. (Improved logarithmic Sobolev inequality, [22-25]) Let u € Wg’p (Q) and 1< p < +4oo, > 0 be
any number. Then

p/l w? -4 +nln<p/w>/|u|”dxs/4$§/|Au|pdx, 2.3)
lullzr @) p nl,
Q Q
1 P
p- r(2 "
where 1, = f(%”) ) [Fn(j;i)l)] , I is a Gamma function, S, is an optimal embedding constant for the

embedding WP (Q) & W,P(Q).

Lemma 2.6. Assume that u € Wé’p( ) and [,a(x)|u|Pdx = 0. Let M; = max|a(x)|, M, = max|b(x)|. Then

xeQ xeQ
1 M,S}) P—z(ﬁ+%)—1—m
> = _ n \ M pe A 2.4
](u)_p(l N en it I UIILP(Q) 24)
Proof. Since [,a(x)|u|Pdx = 0, it follows from (2.1) that
Ja) = /lAu|”dx /a(x)lulpln lul gy — /b(x)|u|pdx 2.5)
|u||LP ()
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Taking u = Whrey’ th

/a(x)|u|p1n Ll dx=/a(x)|u|p 1n|ﬁ|dx+/a(x)|u|”ln|ﬂ|dx, (2.6)
lullzr @)
Q 91 QZ

where Q, = {x € Q, |u| <1},Q, = {x € Q, [u| > 1}. It follows that

[lul
/a(x)|u|pln|u|dx< L(Q)/ D LU Ly P T L
RTINS

Q
M1||u||Lp(Q)/ [u|? lu|? Q.7
||u||Lp(Q) ||u||Lp(Q)
M1|Q| ”u”Lp(Q)
< T pe
Using the improved logarithmic Sobolev inequality (2.3) and (2.7), we have
/a(x)|u|” In|u|dx
Q
|2 flull?
<M, /|u|” In|ijdx + —— ") 2.8)
pe
HSh A n o pre _ 19l
< S ik ere
—Ml( p ” ”LP(Q) <p2 ln< nlp pe || “LP(.Q)
Combining (2.5), (2.6), (2.7) and (2.8), we get
1 HM,S), 1(nM, . (pue\ 2M|Q|,
>-1- —-| =t B ) — ——=n .
J@ > p<1 ) >||A 1oy + ( pz ln( i, pe "~ M Il o 29)
1 an p”e — ZMllgln —_ f—
By p( 7 ln( , ) e Mz) = 0, we have
i My zlﬂln — P
pmer Gt n(3%), 210)

Substituting (2.10) into (2.9), we can see that (2.4) holds.

3 Multiple solutions

In this section we will show that the energy functional J(u) has two minimizers on N* and N~ by the variational
method, respectively.

Lemma 3.1. J(u) is bounded below on N*,
Proof. Since u € N*, we know

1 B}
Jw) = / QWOIulPdx 2 ruin ol ) 2 T Ay, o

xeQ LP(Q) xeQ
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where B, is an optimal embedding constant for the embedding Wé”’ (Q) < LP(Q).If N* is bounded, then J(u)
is bounded below on N*. So we prove N* is bounded by contradiction.
Suppose that N* is not bounded, then there exists a sequence {u,,} C N* such that ||um||Wz,p(Q) — 0 as
0

m— 0. Let v, = , we may assume that v,, — v, in W;(Q), and so v,, — v, in LP(Q).

um
””m”wévpm)

Since u,, € N*, we have

/a(x)|um|pdx<0,/a(x)|vm|pdx<0,
Q Q

) fga(x)|vo|pdx < 0. On the other hand, u,, € N, we have
/|Aum|pdx—/a(x)|um|p1n|um|dx—/b(x)|um|pdx=0,
Q Q Q

which implies

/|Aum|pdx—/a(x)|vm|pln|vm|dx—/b(x)|vm|de
Q

Q Q

3.1
=10 [t ey / a(0)|vn|"dx < 0.
Q
Because v, = =, we obtain
[y e
1
0 </|Aum|de> '
I | =/AU Pax| =2 =1
el = [ 180! [ s
Similar to (2.6), (2.7) and (2.8), we can get
/|Avm|pdx— / 400 [vn|? 1n[oy[dx —/b(x)|vm|pdx
Q Q Q
(3.2)
<1+ /a(x)|vm|p In[u|dx| + /b(x)|vm|pdx
Q Q
S C7
where c is independent of m. Because ||um||Wz.p(Q) — 00 as m — oo, it follows from (3.1) and (3.2) that
0
/ a(x)|vy|"dx = 0. 3.3)
Q

If v,, » vy in WP (Q), by (1.6) and (2.4),

1 M,S? (M 220\ g gy
](UO) > (1_ ﬂe n (M1+ pe ) nnlp “AUO“fp(Q) > 0.

p p
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Lemma 2.4, (3.1) and (3.3) imply

pJ(vo) :/|Auo|pdx—/a(x)|uo|pln|UO|dx—/b(x)|UO|pdx

Q Q Q

<lim,_ /|Avm|pdx—/a(x)|vm|"ln|um|dx—/b(x)|vm|pdx
Q Q Q

=tim . In i ) | @0Ofen | <.
Q

which is a contradiction.

If v, — v in W2P(Q), ||uo||W§,p(Q) = ||Avo||fp(g) =1, from (1.6) and (2.4),
Popimy 20e,
ooz 3 (1= MisheF ) )

By Lemma 2.4, (3.1) and (3.3),

pI(eo) = [ 18vy|Pax= [ acofeo]? Injenfax— [ boojoy"ax
Q Q Q

m—oo

lim /|Aum|pdx—/a(x)|vm|p1n|um|dx—/b(x)|um|pdx
Q Q Q

m—oo

lim In ||um||W§,p(Q)/ a()|v,|Pdx < 0,
Q

which is also a contradiction.
Hence N7 is bounded and then J(u) is bounded below on N*.

Lemma 3.2. J(u) has a minimizer on N*.

Proof. Since J(u) is bounded below on N*, there exists a minimizing sequence {u,} C N* such that
lim J(u,) = inf J(w) < 0. From Lemma 3.1 we know N* is bounded, without loss of generality we can assume
m—oo ueN*

that u,, — Uy in W>?(Q), and s0 u,, — Uy in L?(Q).
By u,, € N*, we have

/a(x)|um|”dx<0,/a(x)|uo|pdx=rgyo/a(x)|um|”dx=nllggpzj(um) <0.
Q Q Q

Because u,, € N, we know

/|Aum|"dx—/a(x)|um|pln|um|dx—/b(x)|um|pdx=0.
Q

Q Q
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Suppose u,, - iy in W.?(Q), then

/|Au0|pdx—/a(x)|u0|pln|u0|dx—/b(x)|u0|pdx
Q Q Q

< lim Au_|Pdx = [ a0olu,|” In|u,|dx = [ beolu, |Pdx
1LY m m m m
o Q Q

=0.
By the fibering maps @, (¢), there exists a

J1Au|Pdx = [ at)[ug|” Inug|dx — / be)[up|"dx
t(uy) = exp| £ Q Q

>1,
J at)uo|”dx
Q

such that t(u,)u, € N*, and J(u) attains a minimum at ¢(u, ) u,. So

J(t(uo)tty) < J(ty) < lim J(uy) = inf Jw,

-_—9

which is impossible. So u,, — u, in W."”(Q) and u, € N*, this means u, is a minimizer for J(u) on N*, namaly,

uy) = inf ) < 0.

]( 0) ueN*J( )

Lemma 3.3. Every minimizing sequence {u,,} € N~ is bounded for J(u)on N~.
Proof. Let {u,,} € N~ be a minimizing sequence, then we have

/a(x)|um|pdx —>c,c>0.
Q

Assume by contradiction that {u,,} C N~ is not bounded in Wé’p (Q), that is, ||um||Wz,p(Q) — 00 asm— oo. Let
0

Uy = W, we may assume that v,, = v, in W, ?(Q), and s0 v, > v in L?(Q).
mlly2P(q)
0

Since u,, € N~, we have

/a(x)|um|pdx>0,/a(x)|vm|pdx>0,
Q Q

S0 /Qa(x)|vo|p dx > 0. On the other hand, u,, € N, we have
/|Aum|pdx - / Q00 [ti]” ity dx — /b(x)|um|pdx ~o.
Q Q Q

Then we have

/|Avm|pdx—/a(x)|vm|pln|vm|dx—/b(x)|vm|de
Q Q Q

= 0 27 | 0] > 0.
Q

Similar to (3.2), we can get

/|Aum|pdx—/a(x)|vm|p1n|um|dx—/b(x)|vm|de <c,
Q Q Q

(3.4

(3.5
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where c is independent of m. Because ||um||Wz,p(Q) — 00 as m — oo, it follows from (3.4) and (3.5) that
0

/ a()|ve|"dx = 0. (3.6)
Q

If v, » vy in WP (Q), by (1.6) and (2.4),

1 M,SP 2 (M A2 4 g »
J(vo) > (1_1pen (22220 nzp>||Auo||l{’p(Q) > 0.

p

Lemma 2.4, (3.4) and (3.6) imply

pJ(vy) :/|Avo|pdx—/a(x)|uo|pln|vo|dx—/b(x)|v0|pdx
Q Q

Q

<lim,_ /|Avm|pdx—/a(x)|vm|"ln|um|dx—/b(x)|vm|de
Q Q Q

=lim I fJu]|yzrq) / a0 vy|"dx =0,
Q

which is a contradiction.

If Uy — U in Wé’p(g), ||U0||W§~P(Q) = “AUOHfP(Q) =1, from (1.6) and (2.4),
Po2m 209l
J(vo) = 11)< ]\?’ei(né+ﬂ)—l—ln’d1"”> -

By Lemma 2.4, (3.4) and (3.6),

pI(eo) = [ 18vy|Pax= [ acofeo]? Injenfax— [ boojoy"ax
Q Q

Q

lim /|Aum|pdx—/a(x)|vm|p1n|um|dx—/b(x)|um|pdx
Q

m—oo
Q Q

m—oo

lim In ||um||W§,p(Q)/ a()|vy|Pdx = 0,
Q

which is also a contradiction.
This means that every minimizing sequence {u,,} C N~ is bounded for j(u) on N™.

Lemma 3.4. J(u) has a minimizer on N~.

Proof. From Lemma 3.3, a minimizing sequence {u,} C N~ is bounded for J(u) on N~, and lim J (um) =
m—-oo
inf J(u) > 0. Assume that i, — u, in WP (Q), and s0 u,, — Uy in L (Q).
u
Using u,, € N~, we have

/a(x)|u0|pdx=n%irllo/a(x)|um|pdx=n%irglopzj(um) > 0.
Q Q



DE GRUYTER T. Feng et al.: Multiple solutions for the p-biharmonic equation == 11

Suppose u,, - iy in W,? (), then

/|Au0|pdx—/a(x)|u0|p1n|u0|dx—/b(x)|u0|pdx
Q Q

Q

<lim /|Aum|pdx—/a(x)|um|p1n|um|dx—/b(x)|um|pdx
Q Q Q

=0
By the fibering maps @, (¢), there exists a

[ |Aug|Pdx — [ amo|ug|? Injug|dx — / boo)|up|”dx
Q Q

t(uy) = exp| & <1

/ a)|up| "dx
o

such that t(uy)uy € N, t(tg) Uy, — t(Ug ) g But t(ug )y, + t(Uy )ty in WP (). Then

J(t(ug)up) <lim,  J(t(tp)ty)-

Since the fibering maps @, (1) = J (tum) attains a maximum at t =1, so

h—mm—wo](t(uo)um) < hm](um) = uier}\;](u)’

m—oco

this implies J(t(up)uy) < inf J(w), which is a contradiction. Hence u,, — i, in WP (Q) and u, € N7, this
u

means that u, is a minimizer for J(w) on N~. Namaly, ] (uy) = g}vf J(u) > 0.
i

Proof of Theorem 1.1 From Lemmas 3.2 and 3.4, we obtain the energy functional J(u) has two minimizers on N*
and N~, respectively. By Lemma 2.3, we know J(u) has two critical points u; and u, in Wg‘p (Q) which means
the problem (1.1) has two nontrivial weak solutions.
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