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Abstract: In this paper, we introduce ideal versions of semi-𝛼 convergence, semi-exhaustiveness and semi uni-

form convergence of nets of functions between two fuzzy metric spaces, and obtain some properties of them.

Let  be a D-admissible ideal on the directed set (D,≥), X and Y be two fuzzy metric spaces, ( fd )d∈D be a net

of functions in YX and f ∈ YX . We mainly show that: (1) If ( fd )d∈D is a net of continuous functions and -semi

uniformly convergent to f , then f is continuous; (2) The following are equivalent: (a) the net ( fd )d∈D is -semi-

exhaustive and pointwise -convergent to f ; (b) the net ( fd )d∈D is -semi-𝛼 convergent to f ; (c) the net ( fd )d∈D
is -semi uniformly convergent to f and the function f is continuous.

Keywords and phrases: fuzzymetric spaces; I-semi-𝛼 convergence; I-semi-exhaustiveness; I-semi uniform con-

vergence; nets of functions
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1 Introduction

Fuzzy sets were initially introduced by Zadeh [1]. After that, fuzzy sets have been applied in many fields of

mathematics. The concept of fuzzymetric spacewas introduced bymany authors in differentways. In particular,

George and Veeramani [2] modified the concept of fuzzy metric space introduced by Kramosil and Michálek [3]

with the help of continuous t-norms and defined a Hausdorff topology on this modified fuzzy metric space.

Moreover, the topology induced by this fuzzy metric is first countable [2] and metrizable [4]. It is worth noticing

that numerous concepts and results from classical metric spaces have been generalized to fuzzy metric spaces

[2,4–7].

The idea of statistical convergence is an extension of usual convergence, which was first given by Zygmund

in the first edition of his monograph [8] in 1935. In 1951, Fast [9] and Steinhaus [10] independently gave the con-

cept of statistical convergence of real number sequences based on the asymptotic density of subsets of positive

integers. Although statistical convergence was introduced over nearly the last 90 years, it has become an active

area of research for 40 years with the contributions of several authors, Šalát [11], Fridy [12,13], Di Maio and

Kočinac [14]. Statistical convergence has been widely applied in different fields of mathematics. See [14–19] etc.
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The idea of statistical convergence has been extended to -convergence by Kostyrko et al. in [20] with the

help of ideals. -convergence includes usual convergence and statistical convergence when  is, respectively,

the ideal of all finite subsets of the set of positive integers and the ideal of all subsets of the set of positive integers

with natural density zero. Over the last 20 years, a lot of work has been done on -convergence and associated

topics, and it has turned out to be one of the most active research areas in Topology and Analysis. For more

details see [21–28].

It is well known that the pointwise limit of a sequence of continuous functions is not necessarily a con-

tinuous function. So one of the central questions in analysis is what precisely must be added to pointwise

convergence of a sequence of continuous functions to preserve the continuity of the limit function. In 1841,

Weierstrass gave a sufficient condition called uniform convergence which yields the continuity of the limit func-

tion. In 1878, Dini [29] gave another sufficient condition, weaker than uniform convergence, for continuity of the

limit function. In 1883–1884, Arzelà [30] discovered a necessary and sufficient condition under which the point-

wise limit of a sequence of real valued continuous functions on a compact interval is continuous. He called this

condition “uniform convergence by segment”, which was called “quasi-uniform convergence” by Borel [31]. The

concept of 𝛼-convergence (also named as continuous convergence) has been known at the beginning of the 20th

century. Later, around 1950, Arens [32], Hahn [33], Stoilov [34] and Iséki [35] gave some characterizations of 𝛼-

convergence. One of the interesting facts about 𝛼-convergence (proved by Stoilov [34]) is that it preserves the

continuity of the limit function for sequences of functions in metric spaces. In 2008, Gregoriades and Papanas-

tassiou [36] introduced the concept of exhaustiveness and established a connection between 𝛼-convergence

and pointwise convergence by this concept. Based on the relevant concepts of statistical convergence, Caserta

and Kocinač [16] considered statistical versions of exhaustiveness and 𝛼-convergence of sequences of functions

between two metric spaces. Papachristodoulos, Papanastassiou and Wilczynski [37] introduced ideal versions

of exhaustiveness and 𝛼-convergence, and Megaritis [38] studied ideal version of uniform convergence.

Recently, Papanastassiou [39] introduced the concepts of semi-𝛼 convergence, semi-exhaustiveness and

semi uniform convergence of sequences of functions between metric spaces, which are strictly weaker than

𝛼-convergence, exhaustiveness and almost uniform convergence, respectively. Let (X, d) and (Y , 𝜌) be two met-

ric spaces, ( fn )n∈ℕ be a sequence of functions in YX and f ∈ YX . The following facts are proved in [39]: (1) If

( fn )n∈ℕ is semi-𝛼 convergent to f , then f is continuous. (2) If ( fn )n∈ℕ is pointwise convergent to f and semi-

exhaustive, then f is continuous. (3) For a pointwise convergence of sequence of functions ( fn )n∈ℕ, the concepts

of semi-𝛼 convergence and semi-exhaustiveness are equivalent. (4) The sequence of functions ( fn )n∈ℕ is semi-𝛼

convergent to f if and only if ( fn )n∈ℕ is semi uniformly convergent to f and f is continuous.

Based on the analysis above, it is natural to consider ideal versions of semi-𝛼 convergence, semi-

exhaustiveness and semi uniform convergence of nets of functions between two fuzzy metric spaces (in the

sense of George and Veeramani), which is the main purpose of this paper. The outline of this paper is as follows.

In Section 2, we review some necessary definitions and results. In Section 3, we define ideal versions of semi-𝛼

convergence, semi-exhaustiveness and semi uniform convergence of nets of functions, and clarify their rela-

tions with related concepts. Let  be a D-admissible ideal on the directed set (D,≥), X and Y be two fuzzy metric

spaces, ( fd )d∈D be a net of functions in Y
X and f ∈ YX . We mainly show that: (1) If ( fd )d∈D is a net of continuous

functions and -semi uniformly convergent to f , then f is continuous; (2) The following are equivalent: (a) the

net ( fd )d∈D is -semi-exhaustive and pointwise -convergent to f ; (b) the net ( fd )d∈D is -semi-𝛼 convergent to

f ; (c) the net ( fd )d∈D is -semi uniformly convergent to f and the function f is continuous. These results extend

the corresponding results in [39].

2 Preliminaries

Throughout this paper, all fuzzy metric spaces are in the sense of George and Veeramani. ℕ denotes the set of

all positive integers with the natural ordering and YX (resp. C(X, Y )) denotes the set of all functions (resp. all

continuous functions) from X to Y . Readers may consult [40] for notation and terminology not given here.
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We begin with some basic concepts about the fuzzy metric spaces.

Definition 2.1. [2] A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is called a continuous t-norm if

(1) ∗ is associative and commutative;

(2) ∗ is continuous;

(3) for all a ∈ [0, 1], a ∗ 1 = a;

(4) for all a, b, c, d ∈ [0, 1], a ≤ c, b ≤ d ⇒ a ∗ b ≤ c ∗ d.

Typical examples of continuous t-norms are a ∗ b = ab, a ∗ b = min{a, b}, and a ∗ b = max{0, a+ b− 1}.

Definition 2.2. [2] A triple (X,M, ∗ ) is a fuzzy metric space if X is a set, ∗ is a continuous t-norm, and M is a

function

M:X × X × (0,∞)→ [0, 1]

satisfying the following conditions for all x, y, z ∈ X and all s, t > 0:

(1) M(x, y, t) > 0;

(2) M(x, y, t) = 1 if and only if x = y;

(3) M(x, y, t) = M(y, x, t);

(4) M(x, y, t) ∗M(y, z, s) ≤ M(x, z, t + s);

(5) M(x, y, ⋅): (0,∞)→ [0, 1] is continuous.

The adjective “Fuzzy” in the above definition comes from the fact that the function M is a fuzzy set. The

value ofM(x, y, t) is usually understood as the degree of certainty that the distance between x and y is less than

t. It was shown in [41] thatM(x, y, ⋅) is non-decreasing for all x, y in X.

Definition 2.3. [2] Let (X, d) be a metric space and a ∗ b = ab for any a, b ∈ [0, 1]. Define

Md(x, y, t) =
t

t + d(x, y)
.

Then (X,Md, ∗ ) is fuzzy metric space. We call this fuzzy metric space the standard fuzzy metric space and Md

the standard fuzzy metric induced by the metric d.

It is worth noticing that there exist fuzzy metric spaces which are not standard fuzzy metric spaces for any

metric (see [2, Example 2.11]).

In this paper,ℝ denotes the set of all real numbers,ℝM|⋅|
denotes the standard fuzzy metric space (ℝ,M|⋅|, ⋅)

where | ⋅ | is the Euclidean metric in the real line.

Definition 2.4. [2] Let (X,M, ∗ ) be a fuzzy metric space. Then the ball B(x, 𝜀, t) with center x ∈ X and 𝜀 ∈ (0, 1),

t > 0 is defined by

B(x, 𝜀, t) = {y ∈ X ∣ M(x, y, t) > 1− 𝜀}.

It was shown in [2] that the collection of all balls in a fuzzy metric space (X,M, ∗ ) induces a first countable

andHausdorff topology 𝜏M onX. In fact, this topology is alwaysmetrizable (see [4]).When the fuzzymetric space

is the standard fuzzy metric space induced by the metric d, the topology induced by fuzzy metric coincides with

the topology induced by the metric d [2].

A sequence in a fuzzy metric space (X,M, ∗ ) is said to be convergent if it is convergent in (X, 𝜏M ), where

𝜏M is the topology induced by the fuzzy metricM [2]. The following proposition gives a characterization of the

convergent sequences in fuzzy metric spaces.
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Proposition 2.5. [2] Let (X,M, ∗ ) be a fuzzy metric space. A sequence (xn )n∈ℕ in X converges to x ∈ X if and only

if lim
n→∞

M(xn, x, t) = 1 for all t > 0.

From Proposition 2.5, it is clear that (xn )n∈ℕ converges to x if and only if for each 𝜀 ∈ (0, 1) and t > 0, there

is n0 ∈ ℕ such thatM(xn, x, t) > 1− 𝜀 for all n ≥ n0.

We now recall the concept of -convergence of nets. For more details we refer the readers to [23,24].

Definition 2.6. [40] Recall some basic concepts about nets.

(1) Let D be a non-empty set and “≥” be a binary relation on D. The pair (D,≥) is said to be a directed set if:

(a) “≥” is reflexive and transitive; (b) for any two elements d1, d2 ∈ D, there is an element d0 ∈ D such that

d0 ≥ d1, d0 ≥ d2.

(2) Let (D,≥) be a directed set and X be a non-empty set. A mapping s:D→ X is called a net in X, denoted by

(sd: d ∈ D) or (sd )d∈D.

(3) A net (sd )d∈D is said to be eventually in A ⊆ X if there is d0 ∈ D such that sd ∈ A for each d ∈ Dwith d ≥ d0.

(4) A net (sd )d∈D in a topological space X is said to converge to x ∈ X if (sd )d∈D is eventually in every neighbor-

hood of x and we write lim sd = x or (sd)→ x.

Definition 2.7. [20] Let D be a non-empty set and  be a non-empty subfamily of the power set of D.  is said to

be an ideal on D if:

(1) A,B ∈  implies A ∪ B ∈ ;

(2) A ∈ , B ⊆ A implies B ∈ .

An ideal  is said to be non-trivial if  ≠ {∅} and D ∉ . A non-trivial ideal  is called admissible if it contains

all finite subsets of D. Clearly, every non-trivial ideal  defines a dual filter  ( ) = {A ⊆ D:D∖A ∈ } on D.

Definition 2.8. [23,24] Let  be an ideal on a directed set D. A net (sd )d∈D in a topological space X is said to be

-convergent to a point x ∈ X if for each neighborhood U of x, we have {d ∈ D: sd ∉ U} ∈ . In this case we

write -lim sd = x or (sd )


←←←←←←←←←←→x;

Actually, it is easy to verify that (sd )d∈D -converges to x if and only if for each neighborhood U of x, there

exists A ∈  ( ) such that sd ∈ U for all d ∈ A.

Remark 2.9. [23,24] Let (D,≥) be a directed set. For each 𝛼 ∈ D, define D𝛼 = {𝛾 ∈ D: 𝛾 ≥ 𝛼}.
(1) A non-trivial ideal  of D is said to be D-admissible if D𝛼 ∈  ( ) for each 𝛼 ∈ D.

(2) Let 0 = {A ⊆ D:D∖A ⊇ D𝛼 for some 𝛼 ∈ D}. It is easy to check that 0 is a D-admissible ideal on D.
(3) If  is a D-admissible ideal on D, (sd )d∈D is a net in a topological space X and x ∈ X, then (sd)→ x implies

(sd )
I
←←←←←←←←→x and the converse holds if  = 0.

(4) If D = ℕ, then the concepts of D-admissibility and admissibility coincide. In this case, 0 is the ideal of all
finite subsets of ℕ.

Analogous to the definition of convergence of sequences in fuzzymetric spaces, a net in a fuzzymetric space

(X,M, ∗ ) is said to be -convergent if it is -convergent in (X, 𝜏M ), and a net of functions ( fd )d∈D from a non-

empty set X to a fuzzy metric space (Y ,M, ∗ ) is said to be pointwise -convergent to f ∈ YX if for each x ∈ X the

net ( fd(x))d∈D is -convergent in (Y , 𝜏M ). In this case, we write ( fd )d∈D


←←←←←←←←←←→ f or simply ( fd )


←←←←←←←←←←→ f and f is called

the -limit function of ( fd )d∈D.

Finally, we recall the definitions of semi-exhaustiveness, semi-𝛼 convergence, and semi uniform conver-

gence of sequences of functions defined in [39], which are the main concepts discussed in this paper.
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Definition 2.10. [39] Let (X, d), (Y , 𝜌) be metric spaces, ( fn )n∈ℕ be a sequence of functions in Y
X and f ∈ YX .

(1) The sequence ( fn )n∈ℕ is said to be semi-exhaustive at x ∈ X if for each 𝜀 > 0, there exists 𝛿 = 𝛿(𝜀, x) > 0

such that for every n ∈ ℕ there existsm ∈ ℕ,m > n such that 𝜌( fm(y), fm(x)) < 𝜀 for each y ∈ B(x, 𝛿). The

sequence ( fn )n∈ℕ is said to be semi-exhaustive if it is semi-exhaustive at each x ∈ X.

(2) The sequence ( fn )n∈ℕ is said to semi-𝛼 converge to f at x if

(a) ( fn(x))→ f (x);

(b) for each 𝜀 > 0 there exists 𝛿 = 𝛿(𝜀, x) > 0 such that for every n ∈ ℕ there existsm ∈ ℕ, m ≥ n such

that 𝜌( fm(y), f (x)) < 𝜀 for each y ∈ B(x, 𝛿).

The sequence ( fn )n∈ℕ is said to be semi-𝛼 convergent if it is semi-𝛼 convergent at each x ∈ X. A sequence of

functions ( fn )n∈ℕ is said to have the semi-𝛼 property with respect to f if ( fn )n∈ℕ satisfies the condition (b).

Definition 2.11. [39] Let X be a topological space, (Y , 𝜌) be a metric space, ( fn )n∈ℕ be a sequence of functions in

YX and f ∈ YX . The sequence ( fn )n∈ℕ is said to semi uniformly converge to f at x ∈ X if

(1) ( fn(x))→ f (x);

(2) for each 𝜀 > 0 there exists a neighborhoodO of x such that for every n ∈ ℕ there existsm ∈ ℕ,m ≥ n such

that 𝜌( fm(y), f (y)) < 𝜀 for each y ∈ O.

The sequence ( fn )n∈ℕ is said to be semi uniformly convergent if it is semi uniformly convergent at each

x ∈ X.

3 Main results

In this section, D denotes the directed set (D,≥),  denotes a D-admissible ideal, and (X,N, ⋄) and (Y ,M, ∗ )

denote fuzzy metric spaces, which are simply denoted as X and Y . Nets of functions are always in YX , unless

stated otherwise. A mapping from (X,N, ⋄) to (Y ,M, ∗ ) is called continuous if it is continuous from (X, 𝜏N ) to

(Y , 𝜏M ).

3.1 -semi-𝜶 convergence

In this subsection, we define the ideal version of semi-𝛼 convergence and clarify their relation. Firstly, the semi-𝛼

convergence of nets of functions in fuzzy metric spaces can be naturally defined as follows.

Definition 3.1. A net of functions ( fd )d∈D is said to semi-𝛼 converge to f at x if

(1) ( fd(x))→ f (x);

(2) for each 𝜀 ∈ (0, 1) and t > 0, there exists r ∈ (0, 1) and s > 0 such that for every d ∈ D there exists m ∈
D,m ≥ d such thatM( fm(y), f (x), t) > 1− 𝜀 for each y ∈ BN (x, r, s).

A net of functions ( fd )d∈D is said to be semi-𝛼 convergent if it is semi-𝛼 convergent at each x ∈ X. A net of

functions ( fd )d∈D is said to have the semi-𝛼 property with respect to f if ( fd )d∈D satisfies the condition (2).

Similarly, we can define the semi-exhaustiveness and semi uniform convergence of nets of functions in

fuzzy metric spaces.

Let (X, d) and (Y , 𝜌) be metric spaces. Papanastassiou proved that if a sequence of functions ( fn )n∈ℕ in YX

is pointwise convergent to f and satisfies the semi-𝛼 property with respect to f at x ∈ X, then f is continuous

at x [39, Proposition 4.3]. It is easy to prove that [39, Proposition 4.3] still holds when X and Y are fuzzy metric

spaces and ( fd )d∈D is a net of functions in Y
X . We may define -semi-𝛼 convergence by replacing ( fd)→ f with

( fd )


←←←←←←←←←←→ f in Definition 3.1. However, the following example shows that it fails to preserve the continuity of the

pointwise -limit function in this case.
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Example 3.2. Let D = ℕ and  ≠ 0. Then there exists a sequence of functions which is pointwise -convergent

to a function f and satisfies the semi-𝛼 property with respect to f , but f is not continuous.

Proof. Since D = ℕ and  ≠ 0, there exists an infinite set A ∈ . Consider the sequence of functions ( fn )n∈ℕ,

where fn: ℝM|⋅|
→ ℝM|⋅|

for each n ∈ ℕ, defined as follows:

fn(x) =

⎧
⎪
⎪
⎨
⎪
⎪
⎩

1, if n ∈ A;

1, if n ∉ A, x = 0;

1∕n, if n ∉ A, x ≠ 0.

Let f (x) =
{

1, x = 0;
0, x ≠ 0.

It is clear that the sequence of functions ( fn )n∈ℕ is pointwise -convergent to f .

Next we show that ( fn )n∈ℕ satisfies the semi-𝛼 property with respect to f . For each x ∈ X, if x = 0, fix arbitrarily

𝜀 > 0, t > 0 and take r = 1

2
, s = 1. For every n ∈ ℕ, since the set A is infinite, there existsm ∈ Awithm ≥ n such

thatM|⋅|( fm(y), f (0), t) = M|⋅|(1, 1, t) = 1 > 1− 𝜀whenever y ∈ BM|⋅|
(x,

1

2
, 1). If x ≠ 0, then for each 𝜀 > 0 and t >

0, there is r ∈ (0, 1) and s > 0 such that 0 ∉ BM|⋅|
(x, r, s). For every n ∈ ℕ, since the set ℕ∖A is infinite, there is

m ∈ ℕ∖A with m ≥ max{[ 1−𝜀
𝜀⋅t
]+ 1, n} such that M|⋅|( fm(y), f (x), t) = t

t+ 1

m

> 1− 𝜀 for each y ∈ BM|⋅|
(x, r, s). It

follows that ( fn )n∈ℕ satisfies the semi-𝛼 property with respect to f . However, f is not continuous at x = 0. □

For this reason, we define the ideal version of semi-𝛼 convergence of nets of functions in fuzzymetric spaces

as follows.

Definition 3.3. A net of functions ( fd )d∈D is said to -semi-𝛼 converge to f at x if

(1) ( fd(x))


←←←←←←←←←←→ f (x);

(2) for each 𝜀 ∈ (0, 1) and t > 0, there exists r ∈ (0, 1) and s > 0 such that for every A ∈  ( ) there exists

m ∈ A such thatM( fm(y), f (x), t) > 1− 𝜀 for each y ∈ BN (x, r, s).

A net of functions ( fd )d∈D is said to be -semi-𝛼 convergent if it is -semi-𝛼 convergent at each x ∈ X. A net

of functions ( fd )d∈D is said to have the -semi-𝛼 property with respect to f if it satisfies the condition (2).

For an arbitrary directed setD,-semi-𝛼 convergence coincideswith semi-𝛼 convergencewhenever = 0.

However, there exists a directed set D such that for each  ≠ 0, they are different. As the following examples

show.

Example 3.4. Let D = ℕ and  ≠ 0. Then there exists a sequence of functions which is semi-𝛼 convergent but

not -semi-𝛼 convergent.

Proof. Since D = ℕ and  ≠ 0, there exists an infinite set A ∈ . Consider the sequence of functions ( fn )n∈ℕ,

where fn: ℝM|⋅|
→ ℝM|⋅|

for each n ∈ ℕ, defined as follows:

fn(x) =

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

1∕n, if n ∈ A;

0, if n ∉ A, x ∈ (−∞,−1∕n] ∪ [0,+∞);

2nx + 2, if n ∉ A, x ∈ (−1∕n,−1∕2n];

−2nx, if n ∉ A, x ∈ (−1∕2n, 0).

Let f (x) = 0 for each x ∈ ℝ. For each 𝜀 ∈ (0, 1) and t > 0, there exists n1 ∈ ℕ such thatM|⋅|(
1

n
, 0, t) > 1− 𝜀

for every n ≥ n1. For each x ∈ ℝ, if x ≥ 0, then for every n ≥ n1 we haveM|⋅|( fn(x), f (x), t) > 1− 𝜀; if x < 0, then
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there exists n2 ∈ ℕ such that x < − 1

n
for every n ≥ n2. Take n3 = max{n1, n2}. Then for each n ≥ n3 we have

M|⋅|( fn(x), f (x), t) > 1− 𝜀. It follows that ( fn )n∈ℕ is pointwise convergent to f , which implies that it is pointwise

-convergent to f .

In addition, let x ∈ ℝ, 𝜀 > 0 and t > 0 be given. Choose r ∈ (0, 1) and s > 0. For every n ∈ ℕ, since the
set A is infinite, there existsm ∈ A withm ≥ n such thatM|⋅|( fm(y), f (x), t) = M|⋅|(

1

m
, 0, t) > 1− 𝜀 for each y ∈

BM|⋅|
(x, r, s). Thus, ( fn )n∈ℕ is semi-𝛼 convergent to f .

However, ( fn )n∈ℕ does not -semi-𝛼 converge to f at x0 = 0. Indeed, take 𝜀0 = 1∕2 and t0 = 1. Then for

each r ∈ (0, 1) and s > 0, there exists n0 ∈ ℕ such that−1∕2n ∈ BM|⋅|
(0, r, s) for every n ≥ n0. For every n ∈ B =

(ℕ∖A) ∩ {n ∈ ℕ: n ≥ n0} ∈  ( ), pick y = −1∕2n ∈ BM|⋅|
(0, r, s). Then we haveM|⋅|( fn(y), f (0), t0) = 1∕2 ≤ 1∕2.

It follows that ( fn )n∈ℕ does not -semi-𝛼 converge to f at x0 = 0. □

Example 3.5. Let D = ℕ and  ≠ 0. Then there exists an -semi-𝛼 convergent sequence of functions which is

not semi-𝛼 convergent.

Proof. Since D = ℕ and  ≠ 0, there exists an infinite set A ∈ . Consider the sequence of functions ( fn )n∈ℕ,

where fn: ℝM|⋅|
→ ℝM|⋅|

for each n ∈ ℕ, defined as follows:

fn(x) =
⎧
⎪
⎨
⎪
⎩

1, if n ∈ A;

1∕n, if n ∉ A.

Let f (x) = 0 for each x ∈ ℝ. It is easy to check that ( fn )n∈ℕ is pointwise -convergent to f . For each x ∈ ℝ,
𝜀 ∈ (0, 1) and t > 0, there exists n0 ∈ ℕ such thatM|⋅|(

1

n
, 0, t) > 1− 𝜀 for every n ≥ n0. Fix arbitrary r ∈ (0, 1) and

s > 0. For every B ∈  ( ), let B1 = B ∩ (ℕ∖A) ∩ {n ∈ ℕ: n ≥ n0}. Since B1 ≠ ∅, we can choosem ∈ B1. Then for

each y ∈ BM|⋅|
(x, r, s),M|⋅|( fm(y), f (x), t) = M|⋅|(

1

m
, 0, t) > 1− 𝜀. It follows that the sequence ( fn )n∈ℕ is -semi-𝛼

convergent to f . However, since the setA is infinite, the sequence of functions ( fn )n∈ℕ is not pointwise convergent

to f . Thus it is not semi-𝛼 convergent. □

Remark 3.6. Example 3.4 also shows that a net of functions pointwise -converging to a continuous function is

not necessarily -semi-𝛼 convergent.

3.2 -semi-exhaustiveness

In this subsection, we consider the ideal version of semi-exhaustiveness.

Definition 3.7. A net of functions ( fd )d∈D is said to be -semi-exhaustive at x ∈ X if for each 𝜀 ∈ (0, 1) and t > 0,

there exists r ∈ (0, 1) and s > 0 such that for every A ∈  ( ) there exists m ∈ A such that M( fm(y), fm(x), t) >

1− 𝜀 for each y ∈ BN (x, r, s). The net ( fd )d∈D is said to be -semi-exhaustive if it is -semi-exhaustive at each

x ∈ X.

For an arbitrary directed set D, it is easy to check that -semi-exhaustiveness implies semi-exhaustiveness,

and -semi-exhaustiveness coincides with semi-exhaustiveness whenever  = 0. However, there exists a

directed set D such that for each  ≠ 0, there is a net of functions which is semi-exhaustive but not -semi-

exhaustive.

Example 3.8. Let D = ℕ and  ≠ 0. Then there is a semi-exhaustive sequence of functions which is not -semi-

exhaustive.
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Proof. Since D = ℕ and  ≠ 0, there exists an infinite set A ∈ . Consider the sequence of functions ( fn )n∈ℕ,

where fn: ℝM|⋅|
→ ℝM|⋅|

for each n ∈ ℕ, defined as follows:

fn(x) =

⎧
⎪
⎪
⎨
⎪
⎪
⎩

1, if n ∈ A;

1, if n ∉ A, x < 0;

1∕n, if n ∉ A, x ≥ 0.

Let x ∈ ℝ, 𝜀 > 0 and t > 0 be given. Choose r ∈ (0, 1) and s > 0. For every n ∈ ℕ, since the set A is infinite,
there is m ∈ A with m ≥ n such that M|⋅|( fm(y), fm(x), t) = 1 > 1− 𝜀 for each y ∈ BM|⋅|

(x, r, s). It follows that

( fn )n∈ℕ is semi-exhaustive. However, take 𝜀 = 1∕2 and t0 = 1∕2. For each r ∈ (0, 1), s > 0 and n ∈ ℕ∖(A ∪ {1}),
pick y0 ∈ BM|⋅|

(0, r, s) ∩ (−∞, 0). Then, M|⋅|( fn(y0 ), fn(0),
1

2
) = n

3n−2 ≤ 1∕2. Since the set ℕ∖(A ∪ {1}) ∈  ( ), it

follows that ( fn )n∈ℕ is not -semi-exhaustive at x0 = 0. □

The following example shows that there is a net of functions which is pointwise -convergent to a continu-

ous function but not -semi-exhaustive.

Example 3.9. For an arbitrary ideal, there is a net of functionswhich is pointwise-convergent to a continuous

function but not -semi-exhaustive.

Proof. Let D = ℕ, consider the sequence of functions ( fn )n∈ℕ, where fn:ℝM|⋅|
→ ℝM|⋅|

for each n ∈ ℕ, defined as
follows:

fn(x) =

⎧
⎪
⎪
⎨
⎪
⎪
⎩

1∕4n, if x ≤ 0;

n, if x = 1∕n;

1∕n, if x > 0, x ≠ 1∕n.

It is easy to check that ( fn )n∈ℕ is pointwise -convergent to f ≡ 0. However, take 𝜀 = 1∕4 and t0 = 1. For each

r ∈ (0, 1) and s > 0, there is n0 ∈ ℕ such that
1

n
∈ BM|⋅|

(0, r, s) for each n ≥ n0. Let A = {n ∈ ℕ: n ≥ n0}. Then for
each n ∈ A, there is y = 1

n
∈ BM|⋅|

(0, r, s) such that

M|⋅|( fn(y), fn(0), t0 ) =
1

1+ n− 1

4n

≤
3

4
.

It follows that ( fn )n∈ℕ is not -semi-exhaustive at x0 = 0. □

Let be the class of allD-admissible ideals on (D,≥). The class is partially ordered by inclusion. If0 ⊆ 

is a non-empty linearly ordered subset of , then it is easy to verify that ∪0 is a D-admissible ideal on (D,≥)

which is an upper bound of0. It follows from the Zorn’s Lemma that there is a maximal D-admissible ideal on

(D,≥). The following lemma gives a characterization of a maximal D-admissible ideal.

Lemma 3.10. Let  be a D-admissible ideal on (D,≥). Then  is a maximal D-admissible ideal if and only if

(A ∈  ) ∨ (D∖A ∈  )

holds for each A ⊆ D.

Proof. (⇐) Let a D-admissible ideal  fulfill the condition for each A ⊆ D. We show that  is a maximal D-

admissible ideal. On the contrary, let  be a proper subset of 1 where 1 is a D-admissible ideal on D. Then,

there is A ⊆ D such that A ∈ (1∖ ). Since A ∉ , by assumption we have (D∖A) ∈ . Consequently A ∈ 1 and

(D∖A) ∈ 1, so D ∈ 1, which is a contradiction.
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(⇒) Let  be a maximal D-admissible ideal. If possible, let A ⊆ D be such that

(A ∉  ) ∧ (D∖A ∉  ).

Define = {E ⊆ D: E ∩ A ∈ }. For each B ∈ , since B ∩ A ⊆ B ∈ , it follows that B ∩ A ∈ , and hence B ∈
. Thus  ⊆ . Obviously D ∉ . It follows immediately that  is a non-trivial D-admissible ideal containing

. However,  is maximal, so  = . Now since (D∖A) ∩ A = ∅ ∈ , this shows that (D∖A) ∈  which is again a

contradiction. This proves the lemma. □

The ideal version of exhaustiveness of sequences of functions is defined in [37] between metric spaces, and

it can be extended to nets of functions between fuzzy metric spaces naturally as follows.

Definition 3.11. Anet of functions ( fd )d∈D is said to be-exhaustive at x ∈ X if for each 𝜀 ∈ (0, 1) and t > 0, there

exists r ∈ (0, 1), s > 0 and A ∈  ( ) such that for every m ∈ A and y ∈ BN (x, r, s) we have M( fm(y), fm(x), t) >

1− 𝜀. The net ( fd )d∈D is said to be -exhaustive if it is -exhaustive at each x ∈ X.

Next we show that -exhaustiveness and -semi-exhaustiveness are equivalent when  is a maximal D-

admissible ideal.

Theorem 3.12. If  is a maximal D-admissible ideal, then a net of functions ( fd )d∈D is -semi-exhaustive if and

only if it is -exhaustive.

Proof. (⇐) It is clear by the definition of -semi-exhaustiveness and -exhaustiveness.

(⇒) Since ( fd )d∈D is -semi-exhaustive, for each x ∈ X, 𝜀 ∈ (0, 1) and t > 0, there exists r ∈ (0, 1) and s > 0

such that for every A ∈  ( ) there existsm ∈ A such thatM( fm(y), fm(x), t) > 1− 𝜀 for each y ∈ BN (x, r, s). Let

H = {d ∈ D:M( fd(y), fd(x), t) > 1− 𝜀 for each y ∈ BN (x, r, s)}.

Then M( fd(y), fd(x), t) > 1− 𝜀 for each d ∈ H and y ∈ BN (x, r, s). We claim that H ∈  ( ). Suppose that

H ∉  ( ), since  is maximal, this means that D∖H ∈  ( ). Therefore, there exists m ∈ D ∖ H such that

M( fm(y), fm(x), t) > 1− 𝜀 for all y ∈ BN (x, r, s). By the construction of H, we can conclude that m ∈ H, which

is a contradiction. Hence, ( fd )d∈D is -exhaustive at x, and then ( fd )d∈D is -exhaustive. □

3.3 -semi uniform convergence

In this subsection, we define the ideal version of semi uniform convergence of nets of functions, and prove the

main results of this paper.

Definition 3.13. A net of functions ( fd )d∈D is said to -semi uniformly converge to f at x if

(1) ( fd(x))


←←←←←←←←←←→ f (x);

(2) for each 𝜀 ∈ (0, 1) and t > 0, there exists r ∈ (0, 1) and s > 0 such that for every A ∈  ( ) there exists

m ∈ A such thatM( fm(y), f (y), t) > 1− 𝜀 for each y ∈ BN (x, r, s).

The net ( fd )d∈D is said to be -semi uniformly convergent if it is -semi uniformly convergent at each x ∈ X.

For an arbitrary directed set D, from the definitions of -semi uniform convergence and semi uniform

convergence, it is easy to check that when  = 0, -semi uniform convergence coincides with semi uniform

convergence.

Next we will show that -semi uniform convergence preserves the continuity of the pointwise -limit of a

net of continuous functions.
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Theorem 3.14. Let ( fd )d∈D be a net of functions in C(X, Y ) and f ∈ YX. If ( fd )d∈D is -semi uniformly convergent

to f , then f is continuous.

Proof. For each 𝜀 ∈ (0, 1), there is 𝜀1 ∈ (0, 𝜀) such that (1− 𝜀1) ∗ (1− 𝜀1) ∗ (1− 𝜀1) > 1− 𝜀. For each x ∈ X and

t > 0, since ( fd )d∈D is -semi uniformly convergent to f at x, there exists r1 ∈ (0, 1) and s1 > 0 such that for

every A ∈  ( ) there existsm ∈ A such that for each y ∈ BN (x, r1, s1) we have

M
(
fm(y), f (y),

t

3

)
> 1− 𝜀1.

As the net of functions ( fd )d∈D pointwise -converges to f at x, there is A
′ ∈  ( ) such thatM( fd(x), f (x),

t

3
) >

1− 𝜀1 for every d ∈ A′. Thus there ism ∈ A′ such that

M
(
fm(y), f (y),

t

3

)
> 1− 𝜀1, M

(
fm(x), f (x),

t

3

)
> 1− 𝜀1.

By the continuity of fm, there exists r2 ∈ (0, 1) and s2 > 0 such that

M
(
fm(y), fm(x),

t

3

)
> 1− 𝜀1

for each y ∈ BN (x, r2, s2). Let r = min{r1, r2} and s = min{s1, s2}. Then for each y ∈ BN (x, r, s) we have

M( f (y), f (x), t) ≥ M
(
fm(y), f (y),

t

3

)
∗M

(
fm(x), f (x),

t

3

)
∗M

(
fm(y), fm(x),

t

3

)

≥ (1− 𝜀1 ) ∗ (1− 𝜀1 ) ∗ (1− 𝜀1 ) > 1− 𝜀.

Hence f is continuous at x, and then f is continuous. □

The condition ( fd )d∈D in C(X, Y ) is necessary in Theorem 3.14 as the following example states.

Example 3.15. For an arbitrary ideal , there is a net of functions ( fd )d∈D -semi uniformly converging to a

function f , which is not continuous.

Proof. Let D = ℕ. Consider the sequence of functions ( fn )n∈ℕ, where fn:ℝM|⋅|
→ ℝM|⋅|

for each n ∈ ℕ, defined as
follows:

fn(x) =
⎧
⎪
⎨
⎪
⎩

1, if x = 0;

1∕n, if x ≠ 0.

Let f (x) =
{

1, x = 0;
0, x ≠ 0.

It is clear that ( fn )n∈ℕ is pointwise convergent to f , which implies that it is pointwise

-convergent to f . For each x ∈ X, 𝜀, r ∈ (0, 1), t, s > 0 and A ∈  ( ), since A is infinite, there existsm ∈ A such

thatM|⋅|(
1

m
, 0, t) > 1− 𝜀. Then for each y ∈ BM|⋅|

(x, r, s), if y = 0,we haveM|⋅|( fm(y), f (y), t) = 1 > 1− 𝜀; if y ≠ 0,

we haveM|⋅|( fm(y), f (y), t) = M|⋅|(
1

m
, 0, t) > 1− 𝜀. Thus, ( fn )n∈ℕ is -semi uniformly convergent to f . However,

f is not continuous. □

The following result reveals the relations among -semi-exhaustiveness, -semi-𝛼 convergence, and -semi

uniform convergence of a net of functions.

Theorem 3.16. Let ( fd )d∈D be a net of functions in Y
X and f ∈ YX. Then the following are equivalent:

(1) The net ( fd )d∈D is -semi-exhaustive and ( fd )


←←←←←←←←←←→ f .

(2) The net ( fd )d∈D -semi-𝛼 converges to f .

(3) The net ( fd )d∈D -semi uniformly converges to f and the function f is continuous.
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Proof. (1) ⇒ (2) For each 𝜀 ∈ (0, 1), there is 𝜀1 ∈ (0, 𝜀) such that (1− 𝜀1) ∗ (1− 𝜀1) > 1− 𝜀. For each x ∈ X and

t > 0, since ( fd )d∈D is -semi-exhaustive at x, there exists r ∈ (0, 1) and s > 0 such that for every A ∈  ( ) there

ism ∈ A such that

M
(
fm(y), fm(x),

t

2

)
> 1− 𝜀1

for each y ∈ BN (x, r, s). By assumption, ( fd )d∈D is pointwise -convergent to f , then there exists A
′ ∈  ( ) such

that

M
(
fd(x), f (x),

t

2

)
> 1− 𝜀1

for every d ∈ A′. Hence, for every A ∈  ( ), since A ∩ A′ ∈  ( ), there ism ∈ A ∩ A′ such that

M
(
fm(y), fm(x),

t

2

)
> 1− 𝜀1, M

(
fm(x), f (x),

t

2

)
> 1− 𝜀1

for each y ∈ BN (x, r, s). It follows that

M( fm(y), f (x), t) ≥ M
(
fm(y), fm(x),

t

2

)
∗M

(
fm(x), f (x),

t

2

)

≥ (1− 𝜀1 ) ∗ (1− 𝜀1 ) > 1− 𝜀

for each y ∈ BN (x, r, s). Therefore, the net ( fd )d∈D is -semi-𝛼 convergent to f at x, and then it is -semi-𝛼

convergent to f .

(2) ⇒ (3) First we prove that f is continuous. For each 𝜀 ∈ (0, 1), there is 𝜀1 ∈ (0, 𝜀) such that (1− 𝜀1) ∗ (1−
𝜀1) > 1− 𝜀. For each x ∈ X and t > 0, since the net ( fd )d∈D satisfies the -semi-𝛼 property at x with respect to f ,

there exists r1 ∈ (0, 1) and s1 > 0 such that for every A ∈  ( ) there ism ∈ A such that

M
(
fm(y), f (x),

t

2

)
> 1− 𝜀1

for each y ∈ BN (x, r1, s1). Since ( fd )d∈D pointwise -converges to f , there exists Ay ∈  ( ) such that

M
(
fd(y), f (y),

t

2

)
> 1− 𝜀1

for every d ∈ Ay. Let A ∈  ( ). Then, for each y ∈ BN (x, r1, s1), there ism1 ∈ A ∩ Ay such that

M( f (y), f (x), t) ≥ M
(
fm1

(y), f (x),
t

2

)
∗M

(
fm1

(y), f (y),
t

2

)

≥ (1− 𝜀1 ) ∗ (1− 𝜀1 ) > 1− 𝜀.

It follows that f is continuous at x, then f is continuous.

It remains to prove that the net ( fd )d∈D is -semi uniformly convergent to f . Clearly, (2) implies that

( fd )


←←←←←←←←←←→ f . For each x ∈ X and t > 0, since the net ( fd )d∈D satisfies the -semi-𝛼 property at x with respect to

f , there exists r1 ∈ (0, 1) and s1 > 0 such that for every A ∈  ( ) there ism ∈ A such that

M
(
fm(y), f (x),

t

2

)
> 1− 𝜀1

for all y ∈ BN (x, r1, s1). By the continuity of f , there exists r2 ∈ (0, 1) and s2 > 0 such that

M
(
f (y), f (x),

t

2

)
> 1− 𝜀1

for each y ∈ BN (x, r2, s2). Let r = min{r1, r2} and s = min{s1, s2}. Then for each y ∈ BN (x, r, s) we have

M( fm(y), f (y), t) ≥ M
(
fm(y), f (x),

t

2

)
∗M

(
f (y), f (x),

t

2

)

≥ (1− 𝜀1 ) ∗ (1− 𝜀1 ) > 1− 𝜀.

It follows that the net is -semi uniformly convergent to f at x, then it is -semi uniformly convergent to f .
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(3) ⇒ (1) It is clear that (3) implies that ( fd )


←←←←←←←←←←→ f . For each 𝜀 ∈ (0, 1), there is 𝜀1 ∈ (0, 𝜀) such that (1−
𝜀1) ∗ (1− 𝜀1) ∗ (1− 𝜀1) > 1− 𝜀. For each x ∈ X and t > 0, since ( fd )d∈D is -semi uniformly convergent to f at

x, there exists r1 ∈ (0, 1) and s1 > 0 such that for every A ∈  ( ) there existsm ∈ A such that

M
(
fm(y), f (y),

t

3

)
> 1− 𝜀1

for all y ∈ BN (x, r1, s1). By the continuity of f , there exists r2 ∈ (0, 1) and s2 > 0 such that

M
(
f (y), f (x),

t

3

)
> 1− 𝜀1

for all y ∈ BN (x, r2, s2). Let r = min{r1, r2} and s = min{s1, s2}. Then for each y ∈ BN (x, r, s) we have

M( fm(y), fm(x), t) ≥ M
(
fm(y), f (y),

t

3

)
∗M

(
f (y), f (x),

t

3

)
∗M

(
fm(x), f (x),

t

3

)

≥ (1− 𝜀1 ) ∗ (1− 𝜀1 ) ∗ (1− 𝜀1 ) > 1− 𝜀.

Thus the net is -semi-exhaustive at x, then it is -semi-exhaustive. □

Remark 3.17. By Theorem 3.16, Example 3.4 also shows that there exists a directed set D such that -semi uni-

form convergence and semi uniform convergence are different whenever  ≠ 0.

Let D = ℕ and  ≠ 0. The sequences of functions ( fn )n∈ℕ defined in Example 3.8 is semi-exhaustive and

pointwise -convergent to f (x) =
{

1, x < 0;
0, x ≥ 0.

Clearly, f is not continuous at x0 = 0. This shows that semi-

exhaustiveness is too weak to preserve the continuity of the pointwise -limit function. However, by Theo-

rems 3.16, we have the following corollaries.

Corollary 3.18. If a net of functions ( fd )d∈D is -semi-exhaustive and ( fd )


←←←←←←←←←←→ f ∈ YX, then f is continuous.

Corollary 3.19. If a net of functions ( fd )d∈D -semi-𝛼 converges to f ∈ YX, then f is continuous.

4 Conclusions

Recently, N. Papanastassiou [39] introduced the concepts of semi-𝛼 convergence, semi-exhaustiveness and

semi uniform convergence of sequences of functions between metric spaces. Since fuzzy metric spaces can be

regarded as a generalization of metric spaces in a certain sense, it is natural to consider whether these new

concepts can be extended to fuzzy metric spaces and which properties of them remain invariant. Note that -

convergence of nets implies convergence of sequences, when the directed set is ℕ and  = 0. This motivates

us to define appropriate ideal versions of semi-𝛼 convergence, semi-exhaustiveness and semi uniform conver-

gence for nets of functions such that they imply the classical one when the directed set is ℕ and  = 0, and to

study them in the modified way.

Thus, in this paper, we define and study ideal versions of semi-𝛼 convergence, semi-exhaustiveness and

semi uniform convergence of nets of functions in fuzzy metric spaces. Our work extends some corresponding

results in [39].We also prove that when  is amaximalD-admissible ideal, then a net of functions is -exhaustive

if and only if it is -semi-exhaustive. However, ideal versions of 𝛼-convergence and almost uniform convergence

of nets of functions in fuzzy metric spaces have not been considered in this paper. Thus, one can define ideal

versions of 𝛼-convergence and almost uniform convergence of nets of functions in fuzzy metric spaces, and

study their properties or their relations with the corresponding concepts.
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Concluding this section, we briefly mention another related study on -convergence. In 2024, the first

and third authors studied the properties of -convergence in cone metric spaces [42]. The paper discusses -

sequential compactness, -sequential countable compactness, and -completeness in cone metric spaces, and

provides a negative answer to an open problem posed by P. Das [24, Open Problem 2.3]. Both reference [42] and

this paper concern -convergence, but they focus on different specific aspects. As a direction for future research,

we can study -sequential compactness, sequential countable compactness, and completeness in fuzzy metric

spaces.

Acknowledgments: The authors sincerely thank the reviewers for their careful reading and valuable sugges-

tions in improving this manuscript.

Research ethics: Not applicable.

Informed consent: Not applicable.

Author contributions:All authors have accepted responsibility for the entire content of thismanuscript and con-

sented to its submission to the journal, reviewed all the results and approved the final version of themanuscript.

All authors contributed equally to this work.

Use of Large Language Models, AI and Machine Learning Tools: None declared.

Conflict of interest: The authors state no conflicts of interest.

Research funding: This research was supported by National Natural Science Foundation of China

(No.∼11901274), the Fujian Provincial Natural Science Foundation of China (Nos.∼2025J01360,∼2024J02022,
∼2024J01804), the Natural Science Foundation of Jiangsu Province (No. ∼BK20200834), the Institute of Fujian
Key Laboratory of Granular Computing and Applications, the Institute of Meteorological Big Data-Digital Fujian,

Fujian Key Laboratory of Data Science and Statistics, and President’s fund of Minnan Normal University

(KJ18007).

Data availability: Data sharing is not applicable to this article as no datasets were generated or analyzed during

the current study.

References

[1] L. A. Zadeh, Fuzzy sets, Inf. Control 8 (1965), no. 3, 338−353..
[2] A. George and P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets Syst. 64 (1994), no. 3, 395−399..
[3] I. Kramosil and J. Michálek, Fuzzy metric and statistical metric spaces, Kybernetika 11 (1975), no. 5, 336−344.
[4] V. Gregori and S. Romaguera, Some properties of fuzzy metric spaces, Fuzzy Sets Syst. 115 (2000), no. 3, 485−489..
[5] A. George and P. Veeramani, On some results of analysis for fuzzy metric spaces, Fuzzy Sets Syst. 90 (1997), no. 3, 365−368..
[6] C. Li and K. Li, On topological properties of the Hausdorff fuzzy metric spaces, Filomat 31 (2017), no. 5, 1167−1173..
[7] C. Li and Y. Zhang, On p-convergent sequences and p-Cauchy sequences in fuzzy metric spaces, Fuzzy Sets Syst. 466 (2023), 108464..

[8] A. Zygmund, Trigonometric Series, Vol. I, II, 3rd ed., With a foreword by Robert A. Fefferman, Cambridge University Press,

Cambridge, 2002.

[9] H. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951), 241−244..
[10] H. Steinhaus, Sur la convergence ordinaire et la convergence asymptotique, Colloq. Math. 2 (1951), no. 1, 73−74.
[11] T. Šalát, On statistically convergent sequences of real numbers, Math. Slovaca 30 (1980), no. 2, 139−150.
[12] J. A. Fridy, On statistical convergence, Analysis 5 (1985), no. 4, 301−314..
[13] J. A. Fridy, Statistical limit points, Proc. Am. Math. Soc. 118 (1993), 1187−1192..
[14] G. Di Maio and L. D. R. Kočinac, Statistical convergence in topology, Topol. Appl. 156 (2008), no. 1, 28−45..
[15] H. Çakallı, On statistical convergence in topological groups, Pure Appl. Math. Sci. 43 (1996), no. 1−2, 27−31.
[16] A. Caserta and L. D. R. Kočinac, On statistical exhaustiveness, Appl. Math. Lett. 25 (2012), no. 10, 1447−1451..
[17] C. Li, Y. Zhang, and J. Zhang, On statistical convergence in fuzzy metric spaces, J. Intell. Fuzzy Syst. 39 (2020), no. 3, 3987−3993..
[18] K. Li, S. Lin, and Y. Ge, On statistical convergence in cone metric spaces, Topol. Appl. 196 (2015), 641−651..
[19] Z. Tang and F. Lin, Statistical versions of sequential and Fréchet-Urysohn spaces, Adv. Math. 44 (2015), no. 6, 945−954.
[20] P. Kostyrko, T. Šalát, and W. Wilczyński, -convergence, Real Anal. Exchange 26 (2001), no. 2, 669−686.
[21] M. Balcerzak, M. Poplawski, and A. Wachowicz, The Baire category of ideal convergent subseries and rearrangements, Topol. Appl. 231

(2017), 219−230.
[22] P. Das, Certain types of open covers and selection principles using ideals, Houston J. Math. 39 (2013), no. 2, 637−650.
[23] B. K. Lahiri and P. Das,  and ∗-convergence of nets, Real Anal. Exchange 33 (2008), no. 2, 431−442.



14 — L. Zhong et al.: On -convergence of nets

[24] P. Das, Summability and convergence using ideals, in: H. Dutta and B. E. Rhoades (eds), Current Topics in Summability Theory and

Applications, Springer-Verlag, Singapore, 2016, pp. 77−140.
[25] S. Lin, On -neighborhood spaces and -quotient spaces, Bull. Malays. Math. Sci. Soc. 44 (2021), no. 4, 1979−2004..
[26] Z. Tang and Q. Xiong, A note on -convergence in quasi-metric spaces, Filomat 37 (2023), no. 4, 1133−1142..
[27] X. Zhou and S. Lin, On -covering images of metric spaces, Filomat 36 (2022), no. 19, 6621−6629..
[28] X. Zhou, S. Lin, and H. Zhang, sn-sequential spaces and the images of metric spaces, Topol. Appl. 327 (2023), 108439..

[29] U. Dini and T. Tipografia, Fondamenti per la teoria delle funzioni di variabili reali, Nistri e Compagni, Pisa, 1878.

[30] C. Arzelà, Intorno alla continuità della somma di infinite di funzioni continue, Rend. R. Accad. Sci. Istit. Bologna (1883−1884), 79−84.
[31] É. Borel, Leçons sur les functions de variables réelles et les développements en séries de polynômes, Gauthier-Villars, Paris, 1905.

[32] R. F. Arens, A topology for spaces of transformations, Ann. Math. 47 (1946), no. 3, 480−495..
[33] H. Hahn, Reelle Funktionen, Chelsea Publishing Company, New York, 1948.

[34] S. Stoilov, Continuous convergence, Rev. Math. Pures Appl. 4 (1959), 341−344.
[35] K. Iséki, A theorem on continuous convergence, Proc. Japan Acad. 33 (1957), no. 7, 355−356..
[36] V. Gregoriades and N. Papanastassiou, The notion of exhaustiveness and Ascoli-type theorems, Topol. Appl. 155 (2008), no. 10,

1111−1128.
[37] Ch. Papachristodoulos, N. Papanastassiou, and W. Wilczyński, -exhaustive sequences of functions, in: Selected Papers of the ICTA,

2010.

[38] A. C. Megaritis, Ideal convergence of nets of functions with values in uniform spaces, Filomat 31 (2017), no. 20, 6281−6292..
[39] N. Papanastassiou, A note on convergence of sequences of functions, Topol. Appl. 275 (2020), 107017..

[40] R. Engelking, General Topology (revised and completed edition), Heldermann Verlag, Berlin, 1989.

[41] M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets Syst. 27 (1988), no. 3, 385−389..
[42] L. Zhong and Z. Tang, Some properties of -convergence in cone metric spaces, Filomat 38 (2024), no. 16, 5819−5826..


	1 Introduction
	2 Preliminaries
	3 Main results
	3.1  I-semi-α convergence
	3.2  I-semi-exhaustiveness
	3.3  I-semi uniform convergence

	4 Conclusions


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Euroscale Coated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 35
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1000
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.10000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /DEU <>
    /ENU ()
    /ENN ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName (ISO Coated v2 \(ECI\))
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 300
        /LineArtTextResolution 1200
        /PresetName <FEFF005B0048006F006800650020004100750066006C00F600730075006E0067005D>
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 8.503940
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [595.276 841.890]
>> setpagedevice


