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Abstract: In this paper, we introduce ideal versions of semi-a convergence, semi-exhaustiveness and semi uni-
form convergence of nets of functions between two fuzzy metric spaces, and obtain some properties of them.
Let T be a D-admissible ideal on the directed set (D, >), X and Y be two fuzzy metric spaces, (f;)4cp be a net
of functions in Y* and f € Y*. We mainly show that: (1) If (f;)4cp is a net of continuous functions and Z-semi
uniformly convergent to f, then f is continuous; (2) The following are equivalent: (a) the net ( f;);<p is Z-semi-
exhaustive and pointwise Z-convergent to f; (b) the net (f;) ¢p is Z-semi-a convergent to f; (c) the net (f)ep
is T-semi uniformly convergent to f and the function f is continuous.

Keywords and phrases: fuzzy metric spaces; I-semi-a convergence; I-semi-exhaustiveness; I-semi uniform con-
vergence; nets of functions
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1 Introduction

Fuzzy sets were initially introduced by Zadeh [1]. After that, fuzzy sets have been applied in many fields of
mathematics. The concept of fuzzy metric space was introduced by many authors in different ways. In particular,
George and Veeramani [2] modified the concept of fuzzy metric space introduced by Kramosil and Michélek [3]
with the help of continuous ¢t-norms and defined a Hausdorff topology on this modified fuzzy metric space.
Moreover, the topology induced by this fuzzy metric is first countable [2] and metrizable [4]. It is worth noticing
that numerous concepts and results from classical metric spaces have been generalized to fuzzy metric spaces
[2,4-T7].

The idea of statistical convergence is an extension of usual convergence, which was first given by Zygmund
in the first edition of his monograph [8] in 1935. In 1951, Fast [9] and Steinhaus [10] independently gave the con-
cept of statistical convergence of real number sequences based on the asymptotic density of subsets of positive
integers. Although statistical convergence was introduced over nearly the last 90 years, it has become an active
area of research for 40 years with the contributions of several authors, Salat [11], Fridy [12,13], Di Maio and
Kocinac [14]. Statistical convergence has been widely applied in different fields of mathematics. See [14—-19] etc.
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The idea of statistical convergence has been extended to Z-convergence by Kostyrko et al. in [20] with the
help of ideals. Z-convergence includes usual convergence and statistical convergence when 7 is, respectively,
the ideal of all finite subsets of the set of positive integers and the ideal of all subsets of the set of positive integers
with natural density zero. Over the last 20 years, a lot of work has been done on Z-convergence and associated
topics, and it has turned out to be one of the most active research areas in Topology and Analysis. For more
details see [21-28].

It is well known that the pointwise limit of a sequence of continuous functions is not necessarily a con-
tinuous function. So one of the central questions in analysis is what precisely must be added to pointwise
convergence of a sequence of continuous functions to preserve the continuity of the limit function. In 1841,
Weierstrass gave a sufficient condition called uniform convergence which yields the continuity of the limit func-
tion. In 1878, Dini [29] gave another sufficient condition, weaker than uniform convergence, for continuity of the
limit function. In 1883-1884, Arzela [30] discovered a necessary and sufficient condition under which the point-
wise limit of a sequence of real valued continuous functions on a compact interval is continuous. He called this
condition “uniform convergence by segment”, which was called “quasi-uniform convergence” by Borel [31]. The
concept of a-convergence (also named as continuous convergence) has been known at the beginning of the 20th
century. Later, around 1950, Arens [32], Hahn [33], Stoilov [34] and Iséki [35] gave some characterizations of a-
convergence. One of the interesting facts about a-convergence (proved by Stoilov [34]) is that it preserves the
continuity of the limit function for sequences of functions in metric spaces. In 2008, Gregoriades and Papanas-
tassiou [36] introduced the concept of exhaustiveness and established a connection between a-convergence
and pointwise convergence by this concept. Based on the relevant concepts of statistical convergence, Caserta
and Kocinac [16] considered statistical versions of exhaustiveness and a-convergence of sequences of functions
between two metric spaces. Papachristodoulos, Papanastassiou and Wilczynski [37] introduced ideal versions
of exhaustiveness and a-convergence, and Megaritis [38] studied ideal version of uniform convergence.

Recently, Papanastassiou [39] introduced the concepts of semi-a convergence, semi-exhaustiveness and
semi uniform convergence of sequences of functions between metric spaces, which are strictly weaker than
a-convergence, exhaustiveness and almost uniform convergence, respectively. Let (X, d) and (Y, p) be two met-
ric spaces, (f,),ey be a sequence of functions in Y* and f € Y*. The following facts are proved in [39]: (1) If
(f)nen 1S semi-a convergent to f, then f is continuous. (2) If (f,),cy 1S pointwise convergent to f and semi-
exhaustive, then f is continuous. (3) For a pointwise convergence of sequence of functions ( f;,),ex- the concepts
of semi-a convergence and semi-exhaustiveness are equivalent. (4) The sequence of functions ( f;,),cy is semi-a
convergent to f if and only if ( f;,),¢y is semi uniformly convergent to f and f is continuous.

Based on the analysis above, it is natural to consider ideal versions of semi-a convergence, semi-
exhaustiveness and semi uniform convergence of nets of functions between two fuzzy metric spaces (in the
sense of George and Veeramani), which is the main purpose of this paper. The outline of this paper is as follows.
In Section 2, we review some necessary definitions and results. In Section 3, we define ideal versions of semi-«
convergence, semi-exhaustiveness and semi uniform convergence of nets of functions, and clarify their rela-
tions with related concepts. Let 7 be a D-admissible ideal on the directed set (D, >), X and Y be two fuzzy metric
spaces, (f;)qep be a net of functions in Y* and f € Y*. We mainly show that: (1) If (f;)4cp is a net of continuous
functions and Z-semi uniformly convergent to f, then f is continuous; (2) The following are equivalent: (a) the
net (f;)4ep 1 I-semi-exhaustive and pointwise Z-convergent to f; (b) the net (f;),cp 1S Z-semi-a convergent to
f; (©) the net (f;)4ep 1S I-semi uniformly convergent to f and the function f is continuous. These results extend
the corresponding results in [39].

2 Preliminaries

Throughout this paper, all fuzzy metric spaces are in the sense of George and Veeramani. N denotes the set of
all positive integers with the natural ordering and Y* (resp. C(X, ¥)) denotes the set of all functions (resp. all
continuous functions) from X to Y. Readers may consult [40] for notation and terminology not given here.
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We begin with some basic concepts about the fuzzy metric spaces.

Definition 2.1. [2] A binary operation *:[0,1] X [0,1] — [0,1]is called a continuous t-norm if
(1) =« is associative and commutative;

(2) = is continuous;

(3) forallae[0,1],ax1 = a;

4) foralla,b,c,de[0,1,a<c,b<d=axb<cxd.

Typical examples of continuous t-norms are a+b = ab, a+b = min{a, b}, and a+b = max{0,a+ b — 1}.

Definition 2.2. [2] A triple (X, M, =) is a fuzzy metric space if X is a set, = is a continuous ¢t-norm, and M is a
function
M:X XX % (0,00) — [0,1]

satisfying the following conditions for all x, y,z € X and all s, t > 0:
1 Mkx,y,t)>0;

(2) MKx,y,t)=1ifand onlyif x = y;

B MK,y ,0)=MQy,x,t)

4 M, y,t)«M(y,z,5) <M,z t+Ss);

5) M(kx,y,-):(0,00) — [0,1] is continuous.

The adjective “Fuzzy” in the above definition comes from the fact that the function M is a fuzzy set. The
value of M(x, y, t) is usually understood as the degree of certainty that the distance between x and y is less than
t. It was shown in [41] that M(x, y, -) is non-decreasing for all x, y in X.

Definition 2.3. [2] Let (X, d) be a metric space and a = b = ab for any a, b € [0, 1]. Define

t

Md(X,ys t) = m

Then (X, M, =) is fuzzy metric space. We call this fuzzy metric space the standard fuzzy metric space and M
the standard fuzzy metric induced by the metric d.

It is worth noticing that there exist fuzzy metric spaces which are not standard fuzzy metric spaces for any
metric (see [2, Example 2.11]).

In this paper, R denotes the set of all real numbers, Ry, denotes the standard fuzzy metric space (R, M|, -)
where | - | is the Euclidean metric in the real line.

Definition 2.4. [2] Let (X, M, %) be a fuzzy metric space. Then the ball B(x, €, t) with center x € X and € € (0, 1),
t > 0is defined by
Blx,e,t) ={y € X | M(x,y,t) >1—¢}.

It was shown in [2] that the collection of all balls in a fuzzy metric space (X, M, =) induces a first countable
and Hausdorff topology 7,, on X. In fact, this topology is always metrizable (see [4]). When the fuzzy metric space
is the standard fuzzy metric space induced by the metric d, the topology induced by fuzzy metric coincides with
the topology induced by the metric d [2].

A sequence in a fuzzy metric space (X, M, =) is said to be convergent if it is convergent in (X, 7,,), where
T, is the topology induced by the fuzzy metric M [2]. The following proposition gives a characterization of the
convergent sequences in fuzzy metric spaces.
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Proposition 2.5. [2] Let (X, M, «) be a fuzzy metric space. A sequence (x,),cy in X converges to x € X if and only
if lim M(x,, x,t) =1for allt > 0.
n—-oo

From Proposition 2.5, it is clear that (x,,),cy converges to x if and only if for each € € (0,1) and t > 0, there
is ny, € N such that M(x,,, x,t) > 1— e foralln > n,.
We now recall the concept of Z-convergence of nets. For more details we refer the readers to [23,24].

Definition 2.6. [40] Recall some basic concepts about nets.

(1) Let D be a non-empty set and “>” be a binary relation on D. The pair (D, >) is said to be a directed set if:
(a) “>” is reflexive and transitive; (b) for any two elements d,, d, € D, there is an element d;, € D such that
dy > dy, dy > d,.

(2) Let (D, >) be a directed set and X be a non-empty set. A mapping s: D — X is called a net in X, denoted by
(S4:d € D) or (S4)gep-

(3) Anet(sy)yep issaid tobe eventuallyin A C X if thereisd, € D such thats; € Aforeachd € Dwithd > d,,.

(4) Anet(s;)yep in a topological space X is said to converge to x € X if (s;) 4¢p is eventually in every neighbor-
hood of x and we write lim s; = x or (s;) — x.

Definition 2.7. [20] Let D be a non-empty set and 7 be a non-empty subfamily of the power set of D. 7 is said to
be an ideal on D if:

(1) A,BeTIimpliessAUBET;

2) A€I,BCAimpliesBe T.

An ideal T is said to be non-trivial if T # {@} and D & I. A non-trivial ideal 7 is called admissible if it contains
all finite subsets of D. Clearly, every non-trivial ideal 7 defines a dual filter F(I) = {A C D:D\A € T} on D.

Definition 2.8. [23,24] Let 7 be an ideal on a directed set D. A net (s;)4<p in a topological space X is said to be
I-convergent to a point x € X if for each neighborhood U of x, we have {d € D:s; € U} € I. In this case we

. . l
write Z-lim s; = x or (s;)—X;

Actually, it is easy to verify that (s;),cp I-converges to x if and only if for each neighborhood U of x, there
exists A € F(I)suchthats; € Uforalld € A.

Remark 2.9. [23,24] Let (D, >) be a directed set. For each @« € D, defineD, = {y € D:y > a}.

(1)  Anon-trivial ideal 7 of D is said to be D-admissible if D, € F(I) for each @ € D.

(2) LetI,={ACD:D\A2D, for some a € D}.Itis easy to check that 7, is a D-admissible ideal on D.

(3) If Iisa D-admissible ideal on D, (s;)4¢p is a net in a topological space X and x € X, then (s;) — x implies

I
(sg)— x and the converse holds if 7 = I,
(4) If D = N, then the concepts of D-admissibility and admissibility coincide. In this case, Z, is the ideal of all
finite subsets of N.

Analogous to the definition of convergence of sequences in fuzzy metric spaces, a net in a fuzzy metric space
(X, M, «) is said to be I-convergent if it is ZT-convergent in (X, 7)), and a net of functions ( f;);cp from a non-
empty set X to a fuzzy metric space (Y, M, ) is said to be pointwise I-convergent to f € Y* if for each x € X the

net (f;(x))4ep is I-convergent in (Y, 7,,). In this case, we write ( fd)dEDl—> f or simply ( fd)l—> f and f is called
the Z-limit function of (f;)cp-

Finally, we recall the definitions of semi-exhaustiveness, semi-a convergence, and semi uniform conver-
gence of sequences of functions defined in [39], which are the main concepts discussed in this paper.
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Definition 2.10. [39] Let (X, d), (Y, p) be metric spaces, (f;,),ey Pe a sequence of functions in Y¥ and fe Yx.

(1) The sequence (f;,) ey is said to be semi-exhaustive at x € X if for each € > 0, there exists 6 = 6(¢,x) > 0
such that for every n € N there exists m € N, m > n such that p(f,,(y), f,,(x)) < € for each y € B(x, 6). The
sequence (f,,),ey 1S said to be semi-exhaustive if it is semi-exhaustive at each x € X.

(2) The sequence (f;,),ey 1S said to semi-a converge to f at x if

@  (f,00) = f);
(b) foreach e > 0there exists 6 = 6(g, x) > 0 such that for every n € Nthere existsm € N, m > nsuch
that p(f,,,(y), f(x)) < € for each y € B(x, 0).
The sequence ( f;,),cn 1S said to be semi-a convergent if it is semi-a convergent at each x € X. A sequence of
functions (f;,),en is said to have the semi-a property with respect to f if ( f;,),ey satisfies the condition (b).

Definition 2.11. [39] Let X be a topological space, (Y, p) be a metric space, ( ),y be a sequence of functions in
Y* and f € Y*. The sequence (f,),y is said to semi uniformly converge to f at x € X if
D (f,00) = fO0;
(2) for each £ > 0 there exists a neighborhood O of x such that for every n € N there exists m € N, m > nsuch
that p(f,,,(y), f()) < e for each y € O.
The sequence (f;,),cy 1s said to be semi uniformly convergent if it is semi uniformly convergent at each
x €X.

3 Main results

In this section, D denotes the directed set (D, >), T denotes a D-admissible ideal, and (X, N, ¢) and (Y, M, =)
denote fuzzy metric spaces, which are simply denoted as X and Y. Nets of functions are always in Y%, unless
stated otherwise. A mapping from (X, N, ¢) to (Y, M, =) is called continuous if it is continuous from (X, z,) to
Y, 7).

3.1 I-semi-a convergence

In this subsection, we define the ideal version of semi-a convergence and clarify their relation. Firstly, the semi-a
convergence of nets of functions in fuzzy metric spaces can be naturally defined as follows.

Definition 3.1. A net of functions ( f;)¢p is said to semi-a converge to f at x if
D (f00) = fO0;
(2) for each £ € (0,1) and ¢ > 0, there exists r € (0,1) and s > 0 such that for every d € D there exists m €
D, m > d such that M(f,,(), f(x),t) > 1 — € for each y € By(x,T,5).
A net of functions ( f;)¢p is said to be semi-a convergent if it is semi-a convergent at each x € X. A net of
functions ( f;)4ep is said to have the semi-a property with respect to f if ( f;)4<p satisfies the condition (2).

Similarly, we can define the semi-exhaustiveness and semi uniform convergence of nets of functions in
fuzzy metric spaces.

Let (X, d) and (Y, p) be metric spaces. Papanastassiou proved that if a sequence of functions (f,),cy in ¥*
is pointwise convergent to f and satisfies the semi-a property with respect to f at x € X, then f is continuous
at x [39, Proposition 4.3]. It is easy to prove that [39, Proposition 4.3] still holds when X and Y are fuzzy metric
spaces and (f;),cp is a net of functions in Y*. We may define 7-semi-a convergence by replacing (f,) — f with

1
(f;)— f in Definition 3.1. However, the following example shows that it fails to preserve the continuity of the
pointwise Z-limit function in this case.
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Example 3.2. LetD = Nand 7 # ;. Then there exists a sequence of functions which is pointwise Z-convergent
to a function f and satisfies the semi-a property with respect to f, but f is not continuous.

Proof. Since D = N and T # I, there exists an infinite set A € . Consider the sequence of functions (f;,),en>
where f;: Ry, = Ry, for each n € N, defined as follows:

1, ifneA;
fu) =41, ifngA, x=0;
1/n, ifng A, x#0.

1, x=0;
0, x=#0.
Next we show that ( f;,),c satisfies the semi-a property with respect to f. For each x € X, if x = 0, fix arbitrarily

e>0,t>0andtaker = % s = 1.For everyn € N, since the set A is infinite, there exists m € A withm > nsuch
that My, (f ), f(0), ) = M (1,1,) = 1 > 1 — e whenever y € By, (x, 2,1).If x # 0, then for each & > 0 and t >
0, there isr € (0,1) and s > 0 such that 0 & BMH(X, r,s). For every n € N, since the set N\A is infinite, there is
m € N\A with m > max{[i—f] + 1,n} such that M| (f,,(y), f(0,t) = H% >1—¢eforeachye BMH(X, r,s). It

follows that ( f;,),cn satisfies the semi-a property with respect to f. Howe{"/er, fisnot continuous atx =0. []

Let f(x) = It is clear that the sequence of functions ( f;,),cy 1S pointwise Z-convergent to f.

For this reason, we define the ideal version of semi-a convergence of nets of functions in fuzzy metric spaces
as follows.

Definition 3.3;. A net of functions ( f;) ¢p 1s said to I-semi-a converge to f at x if
D (f,00)— f);
(2) for each € € (0,1) and t > 0, there exists r € (0,1) and s > 0 such that for every A € F(Z) there exists
m € A such that M(f,,(y), f(x),t) > 1 — € for each y € By(x, 1, 5).
A et of functions ( f;)4¢p is said to be T-semi-a convergent if it is 7-semi-a convergent at each x € X. A net
of functions ( f;),<p is said to have the I-semi-a property with respect to f if it satisfies the condition (2).

For an arbitrary directed set D, Z-semi-a convergence coincides with semi-a convergence whenever 7 = T,,.
However, there exists a directed set D such that for each T # I, they are different. As the following examples
show.

Example 3.4. Let D = N and 7 # I,. Then there exists a sequence of functions which is semi-a convergent but
not 7-semi-a convergent.

Proof. Since D = N and T # I, there exists an infinite set A € . Consider the sequence of functions (f;),en>
where f;: Ry, = Ry, for each n € N, defined as follows:

-

1/n, if n e A;

0, ifngA, x € (—o00,-1/n] U0, +00);
Jo00 =3

2nx + 2, ifngA, xe(-1/n,—1/2n];

—2nx, ifngA, x e (-1/2n,0).

Let f(x) = 0 for each x € R. For each € € (0,1) and t > 0, there exists n; € N such that MH(%, 0,t)>1—¢
for every n > n;. For each x € R, if x > 0, then for every n > n, we have Ml.l(fn(x),f(x), t) >1—¢;if x <0, then
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there exists n, € N such that x < —% for every n > n,. Take n; = max{n;,n,}. Then for each n > n; we have
M |~|( 200, f(),t) > 1 — €. It follows that (), 1S pointwise convergent to f, which implies that it is pointwise
T-convergent to f.

In addition, let x € R, € > 0 and ¢ > 0 be given. Choose r € (0,1) and s > 0. For every n € N, since the
set A is infinite, there exists m € A with m > n such that Ml,l(fm(y), f00,t) = MH(%, 0,t)>1—¢eforeachy €
By, (x,1,5). Thus, (f;)ney is sSemi-a convergent to f.

However, (f;)nen does not Z-semi-a converge to f at x, = 0. Indeed, take £, = 1/2 and t;, = 1. Then for
eachr € (0,1) and s > 0, there exists n, € Nsuch that —1/2n € BMH(O, r,s) for everyn > n,. For everyn € B =
(N\A)N{neN:n>ny} € F(I),picky=-1/2n e By, (0,1, 5). Then we have M|, (f,(y), f(0)., £,) = 1/2 <1/2.
It follows that ( f;,),en does not Z-semi-a converge to f at x, = 0. O

Example 3.5. Let D =N and I # I,. Then there exists an I-semi-a convergent sequence of functions which is
not semi-a convergent.

Proof. Since D =N and T # I, there exists an infinite set A € 1. Consider the sequence of functions ( f;,),en»
where f,: Ry, = Ry, for each n € N, defined as follows:

1, if n e A;
S0 =
1/n, ifné¢A.

Let f(x) = 0 for each x € R. It is easy to check that (f;),cy 1S pointwise Z-convergent to f. For each x € R,
€ € (0,1 and ¢ > 0, there exists n, € Nsuch that MH(%, 0,t) > 1— eforeveryn > n,. Fixarbitrary r € (0,1) and
s> 0.Forevery B € F(I),let B, = BN (N\A) N {n € N:n > n,}. Since B, # @, we can choose m € B;. Then for
eachy € BMH(x, r,8), My, (f(y), f(),0) = MH(%, 0,t) > 1 — &. It follows that the sequence ( f;,) ey IS Z-semi-a
convergent to f. However, since the set A is infinite, the sequence of functions ( f;,),c is not pointwise convergent
to f. Thus it is not semi-a convergent. |

Remark 3.6. Example 3.4 also shows that a net of functions pointwise Z-converging to a continuous function is
not necessarily Z-semi-a convergent.

3.2 7-semi-exhaustiveness

In this subsection, we consider the ideal version of semi-exhaustiveness.

Definition 3.7. A net of functions ( f;) ,¢p is said to be Z-semi-exhaustive at x € X if for each e € (0,1) and t > 0,
there exists r € (0,1) and s > 0 such that for every A € F(I) there exists m € A such that M(f,,,(y), f,,(0), ) >
1— € for each y € By(x, 1, ). The net (f;),cp 1s said to be I-semi-exhaustive if it is Z-semi-exhaustive at each
X €X.

For an arbitrary directed set D, it is easy to check that 7-semi-exhaustiveness implies semi-exhaustiveness,
and I-semi-exhaustiveness coincides with semi-exhaustiveness whenever I = 7,. However, there exists a
directed set D such that for each 7 # I, there is a net of functions which is semi-exhaustive but not Z-semi-
exhaustive.

Example 3.8. Let D = Nand 7 # I,. Then there is a semi-exhaustive sequence of functions which is not Z-semi-
exhaustive.
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Proof. Since D = N and T # I, there exists an infinite set A € . Consider the sequence of functions ( f;,),en>
where f;: Ry, = Ry, for each n € N, defined as follows:

1, if neA;
f00 =141, ifngA, x<O0;
1/n, ifngA, x>0.

Letx € R,e > 0and t > 0 be given. Choose r € (0,1) and s > 0. For every n € N, since the set A is infinite,
there is m € A with m > n such that M|, (f,,(), f,(),0) =1>1—¢ for each y € BMH(X, r,s). It follows that
(fi)nen is semi-exhaustive. However, take € =1/2 and ¢, = 1/2. For eachr € (0,1), s > 0 and n € N\(A U {1}),
pick y, € BMH(O, r,s) N (—o0,0). Then, M|, (f,(yo), f,(0), %) = ?"_2 <1/2. Since the set N\(A U {1}) € F(1), it
follows that ( f;,),ey is not I-semi-exhaustive at x, = 0. O

The following example shows that there is a net of functions which is pointwise Z-convergent to a continu-
ous function but not 7-semi-exhaustive.

Example 3.9. Foranarbitraryideal Z, thereis a net of functions which is pointwise Z-convergent to a continuous
function but not Z-semi-exhaustive.

Proof. Let D = N, consider the sequence of functions ( f;,) ey, Where f;: Ry, = Ry, for each n € N, defined as
follows:

1/4n, if x<0;
L) =4 n, if x=1/n;
1/n, ifx>0,x#1/n.

It is easy to check that (f,),cn is pointwise Z-convergent to f = 0. However, take € = 1/4 and ¢, = 1. For each
r € (0,1 and s > 0, thereis n, € Nsuch that% € BMH(O, r,s)foreachn > ny.LetA = {n € N:n > n,}. Then for

eachn € A, thereisy = % € BMH(O, r, s) such that
M|A|(fn(y)’ fn(0)7t0) = m <
It follows that ( f;,),ey 1S not I-semi-exhaustive at x, = 0. O

Let D be the class of all D-admissible ideals on (D, >). The class D is partially ordered by inclusion. If D, C D
is a non-empty linearly ordered subset of D, then it is easy to verify that UD, is a D-admissible ideal on (D, >)
which is an upper bound of D,,. It follows from the Zorn’s Lemma that there is a maximal D-admissible ideal on
(D, >). The following lemma gives a characterization of a maximal D-admissible ideal.

Lemma 3.10. Let T be a D-admissible ideal on (D, >). Then T is a maximal D-admissible ideal if and only if
(AeI)V(D\AETI)

holds for each A C D.

Proof. (<) Let a D-admissible ideal 7 fulfill the condition for each A C D. We show that 7 is a maximal D-
admissible ideal. On the contrary, let 7 be a proper subset of 7, where 7, is a D-admissible ideal on D. Then,
thereis A C Dsuch that A € (Z,\7). Since A ¢ T, by assumption we have (D\A) € T. Consequently A € 7, and
(D\A) € 1,,50 D € I,, which is a contradiction.
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(=) Let T be a maximal D-admissible ideal. If possible, let A C D be such that
(A€ TI)AD\A ¢ 1).

Define K ={ECD:ENA€ 1}.ForeachB € I,sinceBNA C B € 1, it follows that BN A € T, and hence B €
K. Thus I C K. Obviously D ¢ K. It follows immediately that K is a non-trivial D-admissible ideal containing
1. However, 7 is maximal, so Z = K. Now since (D\A) N A = §J € 1, this shows that (D\A) € T which is again a
contradiction. This proves the lemma. O

The ideal version of exhaustiveness of sequences of functions is defined in [37] between metric spaces, and
it can be extended to nets of functions between fuzzy metric spaces naturally as follows.

Definition 3.11. Anetof functions ( f;)¢p is said to be I-exhaustive at x € X ifforeache € (0,1) and t > 0, there
existsr € (0,1), s > 0 and A € F(I) such that for every m € A and y € By(x,1,s) we have M(f,,(y), f,,(0, ) >
1— &. The net (f;),¢p is said to be I-exhaustive if it is I-exhaustive at each x € X.

Next we show that Z-exhaustiveness and Z-semi-exhaustiveness are equivalent when 7 is a maximal D-
admissible ideal.

Theorem 3.12. If I is a maximal D-admissible ideal, then a net of functions (f;)4cp is I-semi-exhaustive if and
only if it is T-exhaustive.

Proof. («) Itis clear by the definition of Z-semi-exhaustiveness and Z-exhaustiveness.
(=) Since (f)4ep is IT-semi-exhaustive, for each x € X, € € (0,1) and ¢ > 0, there existsr € (0,1) and s > 0
such that for every A € F(I) there exists m € A such that M(f,,(y), f,,(x),t) > 1 — ¢ for each y € By(x,r,s). Let

H = {d € D: M(f,;(y), f;(x),t) >1— € for each y € By(x,T,5)}.

Then M(f;(y), f;(x),t) >1—¢ for each d € H and y € By(x,r,s). We claim that H € F(I). Suppose that
H & F(1), since T is maximal, this means that D\H € F(I). Therefore, there exists m € D \ H such that
M(f,, ), frn(),8) > 1— € for all y € By(x,r, ). By the construction of H, we can conclude that m € H, which
is a contradiction. Hence, (f;),4<p is Z-exhaustive at x, and then ( f;),<p is ZT-exhaustive. O

3.3 I-semi uniform convergence

In this subsection, we define the ideal version of semi uniform convergence of nets of functions, and prove the
main results of this paper.

Definition 3'113' A net of functions (f;) ;¢p is said to I-semi uniformly converge to f at x if
D (f00)— f00;
(2) for each € € (0,1) and t > 0, there exists r € (0,1) and s > 0 such that for every A € F(ZI) there exists
m € A such that M(f,,(y), f(y),t) > 1 — g for each y € By(x,T,5).
The net (f;) 4ep is said to be I-semi uniformly convergent if it is I-semi uniformly convergent at each x € X.

For an arbitrary directed set D, from the definitions of Z-semi uniform convergence and semi uniform
convergence, it is easy to check that when T = T, 7-semi uniform convergence coincides with semi uniform
convergence.

Next we will show that Z-semi uniform convergence preserves the continuity of the pointwise Z-limit of a
net of continuous functions.
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Theorem 3.14. Let (f,),p be a net of functions in C(X,Y) and f € Y. If (f,) 4ep is I-semi uniformly convergent
to f, then f is continuous.

Proof. For each € € (0,1), there is &; € (0,€) such that 1 — &)« (1 — &) +(1 — &) > 1— €. For each x € X and

t > 0, since (f;)4ep is I-semi uniformly convergent to f at x, there exists r; € (0,1) and s; > 0 such that for
every A € F(I) there exists m € A such that for each y € By(x,r;, s;) we have

M(fu) ), £) > 1=

As the net of functions ( f;),cp pointwise Z-converges to f at x, there is A’ € F(I) such that M(f;(x), f(x), %) >
1— ¢, for every d € A’. Thus there is m € A’ such that

t t
M(fu0) F9). ) > 1= 10 M(fu0. f00. 3) > 1= g5,
By the continuity of f,,,, there exists r, € (0,1) and s, > 0 such that
t
M( a0 ). 3) > 16,
for each y € By(x,1,,s,). Letr = min{r,,r,} and s = min{s,, s, }. Then for each y € By(x, r, s) we have

MO, F00,0 2 M(fu0, FO, 5 ) = M(fu00, 100, 5 )+ M( fu0s S0, 5 )

>(1—g)xA—¢g)x1—g)>1—¢

Hence f is continuous at x, and then f is continuous. O
The condition ( f;)4cp in C(X, Y) is necessary in Theorem 3.14 as the following example states.

Example 3.15. For an arbitrary ideal 7, there is a net of functions (f;)cp Z-semi uniformly converging to a
function f, which is not continuous.

Proof. Let D = N. Consider the sequence of functions ( f;,),en, Where f;: Ry, = Ry, for each n € N, defined as
follows:

1, if x=0;
fu) =
1/n, if x # 0.
Let f(x) = (1) i : 8 It is clear that ( f;),cx iS pointwise convergent to f, which implies that it is pointwise

I-convergentto f.Foreachx € X,e,r € (0,1),t,s > 0and A € F(I), since A is infinite, there exists m € A such
thatMH(%, 0,t) >1—e¢.Thenforeachy € BM|-|(X’ r,s),ify = 0,wehave M|, (f,,(0), f(). ) =1>1—¢;ify # 0,
we have M, (f,,(), f(y),t) = Ml-l(%’ 0,t) > 1 — &. Thus, (f;)pen 18 I-semi uniformly convergent to f. However,
f is not continuous. O

The following result reveals the relations among Z-semi-exhaustiveness, Z-semi-a convergence, and Z-semi
uniform convergence of a net of functions.

Theorem 3.16. Let (f,),cp be a net of functions in Y* and f € Y*. Then the following are equivalent:
(1)  The net (f) ep is I-semi-exhaustive and ( f;)— f.

(2) Thenet (f;)ep I-semi-a converges to f.

(3) Thenet (f;)sep I-semiuniformly converges to f and the function f is continuous.
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Proof. (1) = (2) For each € € (0,1), there is £; € (0, ¢) such that (1 — &) (1 — &) > 1 — €. For each x € X and
t > 0, since (f;)4ep is I-semi-exhaustive at x, there exists r € (0,1) and s > 0 such that for every A € F(I) there
ism € A such that

M(fm(y), T 00, %) >1—¢g

for each y € By(x, 1, s). By assumption, ( f;)4cp is pointwise I-convergent to f, then there exists A’ € F(I) such
that

t
M(fu0. 00, 1) > 1- &
foreveryd € A’ Hence, for every A € F(I),sinceANA’ € F(I),thereisme AN A’ such that
t t
M(fu0)s fn00. ) > 1= &0, M(fu0), f00, 5 ) > 1=y

for each y € By(x,r, s). It follows that
MU, 00,0 2 M( fu s f 0. 5 ) =M (0. £000. 7 )

>(1-¢g)xQ—g)>1-¢

for each y € By(x,r,s). Therefore, the net (f;)4cp iS I-semi-a convergent to f at x, and then it is Z-semi-a
convergent to f.

(2) = (3) First we prove that f is continuous. For each € € (0, 1), there is €; € (0, €) such that (1 — &) = (1 —
€) >1—¢€.Foreachx € X and t > 0, since the net (f;),cp satisfies the Z-semi-a property at x with respect to f,
there exists r; € (0,1) and s; > 0 such that for every A € F(I) there is m € A such that

t
M( S, 00,5 ) > 1€,
for each y € By(x, 1y, 5,). Since (f3)4ep pointwise Z-converges to f, there exists A, € F(Z) such that

M(fd(y),f(y), %) >1-g

foreveryd € A,. Let A € F(I). Then, for each y € By(x, 1y, s), there ism; € AN A, such that

M), 00,0 2 M( £, 0, 00, ) M £, ). FO). )

>(1-¢g)xQ—g)>1-¢

It follows that f is continuous at x, then f is continuous.
It remains to prove that the net (f;);ep is Z-semi uniformly convergent to f. Clearly, (2) implies that

1
(fz)— f. For each x € X and ¢ > 0, since the net (f;),cp satisfies the Z-semi-a property at x with respect to
f, there exists r; € (0,1) and s; > 0 such that for every A € F(7I) there is m € A such that

M(fu) f00,5) > 1-

for all y € By(x, 1y, $;). By the continuity of f, there exists r, € (0,1) and s, > 0 such that

M(fo). 0.3 ) > 1

for each y € By(x,ry,5,). Letr = min{r;,r,} and s = min{s,, s, }. Then for each y € By(x, 1, s) we have
t t
MUpO), 0.0 2 M( [, f00 3 ) = M(fO). f00. 7 )

>(1-—¢g)x1—g)>1—¢.

It follows that the net is Z-semi uniformly convergent to f at x, then it is Z-semi uniformly convergent to f.
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7
(3) = () It is clear that (3) implies that (f;)— f. For each € € (0,1), there is &, € (0, €) such that (1 —
g)+«(1—¢g)«1—¢g)>1—¢. For each x € X and ¢ > 0, since (f;) cp is I-semi uniformly convergent to f at
X, there exists r; € (0,1) and s; > 0 such that for every A € F(I) there exists m € A such that

M(fu) SN ) > 1=6

for all y € By(x, 1y, S). By the continuity of f, there exists r, € (0,1) and s, > 0 such that

M(f(y),f(x), %) >1-¢g

for ally € By(x,15,5,). Let r = min{r;,r,} and s = min{s,, s,}. Then for each y € By(x, 1, s) we have
t t t
MU fn00,0 2 M(fu0)s F). 5 )« M( O F00, 3 )+ M(fn0), f000, )

>(1-g)xQ—g)xA—g)>1—¢.

Thus the net is Z-semi-exhaustive at x, then it is Z-semi-exhaustive. O

Remark 3.17. By Theorem 3.16, Example 3.4 also shows that there exists a directed set D such that Z-semi uni-
form convergence and semi uniform convergence are different whenever I # I1,,.

Let D =N and I # I,. The sequences of functions ( f;),cy defined in Example 3.8 is semi-exhaustive and
1, x<0
0, x>0
exhaustiveness is too weak to preserve the continuity of the pointwise Z-limit function. However, by Theo-
rems 3.16, we have the following corollaries.

pointwise T-convergent to f(x) = > Clearly, f is not continuous at x, = 0. This shows that semi-

1
Corollary 3.18. Ifa net of functions (f;)cp is I-semi-exhaustive and (f;)— f € Y, then f is continuous.

Corollary 3.19. If a net of functions (f,),cp L-semi-a converges to f € Y*, then f is continuous.

4 Conclusions

Recently, N. Papanastassiou [39] introduced the concepts of semi-a convergence, semi-exhaustiveness and
semi uniform convergence of sequences of functions between metric spaces. Since fuzzy metric spaces can be
regarded as a generalization of metric spaces in a certain sense, it is natural to consider whether these new
concepts can be extended to fuzzy metric spaces and which properties of them remain invariant. Note that Z-
convergence of nets implies convergence of sequences, when the directed set is N and 7 = Z,. This motivates
us to define appropriate ideal versions of semi-a convergence, semi-exhaustiveness and semi uniform conver-
gence for nets of functions such that they imply the classical one when the directed set is N and 7 = I, and to
study them in the modified way.

Thus, in this paper, we define and study ideal versions of semi-a convergence, semi-exhaustiveness and
semi uniform convergence of nets of functions in fuzzy metric spaces. Our work extends some corresponding
results in [39]. We also prove that when 7 is a maximal D-admissible ideal, then a net of functions is Z-exhaustive
ifand only if it is Z-semi-exhaustive. However, ideal versions of a-convergence and almost uniform convergence
of nets of functions in fuzzy metric spaces have not been considered in this paper. Thus, one can define ideal
versions of a-convergence and almost uniform convergence of nets of functions in fuzzy metric spaces, and
study their properties or their relations with the corresponding concepts.
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Concluding this section, we briefly mention another related study on Z-convergence. In 2024, the first
and third authors studied the properties of Z-convergence in cone metric spaces [42]. The paper discusses -
sequential compactness, 7-sequential countable compactness, and Z-completeness in cone metric spaces, and
provides a negative answer to an open problem posed by P. Das [24, Open Problem 2.3]. Both reference [42] and
this paper concern Z-convergence, but they focus on different specific aspects. As a direction for future research,
we can study Z-sequential compactness, sequential countable compactness, and completeness in fuzzy metric
spaces.
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