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Abstract: Let f be a g-starlike mapping of complex order A such that x = 0is a zero of order k + 1 of f(x) — x. By
utilizing the geometric properties of f, we characterize its growth theorems and coefficient bounds. The estab-
lished results yield a unified representation for the growth theorems and coefficient bounds of the subfamilies
of normalized biholomorphic mappings with distinct geometric interpretations, respectively. In particular, the
estimates are sharp when 1 < 0.
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1 Introduction and preliminaries

Let C be the complex plane. The unit disk is denoted by D={{€C:|{|<1}. Let C'=
{z =(zy,...,2) 2z, €Ck=1,... ,n} denote the space of n complex variables equipped with Euclidean

norm ||z|]| = \/Zzzﬂlﬂz- Let X be a complex Banach space with respect to the norm || - |y. Let
% = {x € X:||x|lx <1} be the open unit ball in X. Let Q C X be a domain that contains the origin. The
set of holomorphic mappings from Q into X is denoted by H(€2).

If f € H(Q), then

[se]

1) = ¥, 20 F00((y =07

n=0 """

for all y in some neighborhood of x € Q, where D™ f(x) is the n th Fréchet derivative of f at x, and
D™ FO((y —x)") =D™ Y = X, ...,y —X)

for n > 1. In particular, the 1st Fréchet derivative D f(x) = Df(x). We note that D™ f(x) is a bounded symmetric
n-linear mapping from H;.‘:lX into X.

A mapping f € H(Q) is said to be normalized if f(0) = 0 and Df(0) = I, where [ is the identity operator on
X. A mapping f € H(Q) is said to be biholomorphic if the inverse £~ exists and it is holomorphic on the open

*Corresponding author: Xiaofei Zhang, School of Mathematics and Statistics, Pingdingshan University, Pingdingshan, 467000, China,
E-mail: zhxfei@mail.ustc.edu.cn

Wei Han, School of Mathematics and Statistics, Pingdingshan University, Pingdingshan, 467000, China,

E-mail: hw15837572682@outlook.com

3 Open Access. © 2025 the author(s), published by De Gruyter. (T2 This work is licensed under the Creative Commons Attribution 4.0 International
License.


https://doi.org/10.1515/math-2025-0210
mailto:zhxfei@mail.ustc.edu.cn
mailto:hw15837572682@outlook.com

2 = X.Zhang and W. Han: Sharp growth theorems and coefficient bounds DE GRUYTER

set f(€2). Amapping f € H(L) is said to be locally biholomorphic if each x € € has a neighberhood V such that
f |y is biholomorphic. We denote by .£(€2) the family of normalized locally biholomorphic mappings on €.
Let T: X — C be a continuous linear functional. Then

[IT|| = sup{|Tx|:x € 048}.

For each x € X\ {0}, we define T(x) = {l, € X*:|||| =1, (x) = ||x||}, where X* denotes the dual space of X.

According to the Hahn-Banach theorem, T(x) is nonempty. For any fixed x € X, { € C\{0}, we have [, = mlx.

If for any x € Q,t € [0,1], 1 — O)x € Q holds, then Q is said to be starlike (with respect to the origcin).
A domain £ C X is said to be convex if given x;, x, € Q, tx; + (1 — O)x, € Q, for all t € [0,1].

Let f € H(L2) be biholomorphic mapping with 0 € f(€2). If f(€2) is starlike (with respect to the origin), then
f is said to be starlike. If f(€2) is convex, then f is said to be convex.

If f, g € H(£), and there exists a holomorphic mapping v: 2 - 28 with v(0) = 0 such that f = gov, then
we say that f is subordinate to g, denoted by f < g. If g is biholomorphic on 43, then f < g is equivalent to
requiring that f(0) = g(0) and f(2) C g(2A).

The growth theorem is one of the central research topics in the geometric function theory of several complex
variables. In 1991, Barnard, Fitzgerald, and Gong [1] using the analytical characterization of the normalized
biholomorphic starlike mappings showed that both the growth theorem and the Koebe 1/4-Theorem hold, and
the same results were demonstrated by Kubicka and Poreda [2] using the method of Loewner chains.

Theorem A. [1,2] Let f be a normalized biholomorphic starlike mapping on B, = {z € C":||z|| < 1}. Then

Iz -l .
@ iy < WOV Gz 2 € B

Moreover, f(B,,) contains a ball of radius 1/4, and the above estimates are sharp.

If f is k-fold symmetry, that is, exp (—% ) f (ezTﬂx) = f(x), then Theorem A can be strengthened:
Theorem B. [1]If f: B, — C" is normalized biholomorphic and is starlike with a k-fold symmetric image for k > 1,
fher Izl Iz
z z
— = < S — 5575 € B,.
(e fapre <O G e 2 € B

Moreover, f(B,) contains a ball of radius 2-%/%, and these estimates are sharp.

Let f be a convex mapping. Then the following growth theorem and Koebe’s type theorem are due to Honda
[3] using the analytical characterization of convex mappings.

Theorem C. Let f: 28 — X be a k-fold symmetric normalized biholomorphic convex mapping. Then, for any point

X € 2B, we have
[Ix]I

Ix
<IfOON S G e

A+ lIxlFe =

And f(2B) contains a ball of radius 2-1/¥ centered at the origin.

For further results on the growth theorem and Koebe’s type theorem for convex mappings, we refer to [4-7].

Let f € H(2). If f(0) = 0,Df(0) = ... = D* D £(0) = 0, but DX £(0) # 0, we say that x = 0 is the zero of
order k of f(x), where k =1, 2, ....Itis easy to deduce that x = 0 is a zero of order m of f(x) — x for some m with
m > k + 1if f is k-fold symmetric and f(x) # x.

Let g: D — C be a holomorphic univalent function such that g(0) = 1 and $Rg(¢) > 0. Suppose that g(z) =
(@ and satisfies the conditions
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|r?|i=1} Rg(¢) = min{g(r), g(-n)};
max Rg(l) = max{g(r), g(-n)}.

We denote by G(D) the set of all functions g defined as above. It is well known that all functions which are
convex in the direction of the imaginary axis and symmetric about the real axis are contained in G(D) (see [8]).
Let g € G(D). And let

1

M\ B) = {h € H(Z):1(0) = 0, Dh(0) =1,
X

L{h(x)} € g(D), 1, € T(x),x € B\{0} }
Ifg() = %, ¢ € D, then the Carathéodory family . (%) = .# ,(%) on the unit ball 8 can be obtained,
ie.
AM(B) = {h € H(A):h(0) = 0,Dh(0) = I, R{L{h(x)}} > 0,1, € T(x),x € B\{0} },

which plays a crucial role in the function theory of several complex variables.
Using .7 ,(28) and .7 (98), we can also construct some unified representation for subfamilies of normalized
biholomorphic mappings. We denote by

S\ B) = {f € L(B):.(DFON ) € M ((B)}

and
S B ={f € L(B):A-DDFONfX) + Ax € A (B)}

the families of g-starlike mappings and almost starlike mappings of complex order A, respectivelly, for g €
G(D), A € C with $RA < 0. We note that the family 5”;(%’) introduced by Hamada and Kohr [9] provided a
unified representation for the subfamily of spirallike mappings, the family .#;(23) introduced by Béldeti and
Nechita [10] established a unified formulation for the subfamilies of spirallike mappings. Based on the definition
of 5’;(93’), Hamada and Honda [9] used the parametric representation method to obtain the sharp growth and
covering theorems, as well as the sharp coefficient bounds for fe yZ(@), where x = 0 is the zero of order
k +1 of f(x) — x. Moreover, in 2020, Graham, Hamada, and Kohr [11] established some coefficient bounds for
g-starlike mappings on the unit ball of a complex Hilbert space as an application of the estimation of || Df (z,)||
on the holomorphic tangent space for homogeneous polynomial mappings f between Hilbert balls.

The main purpose of this paper is to establish unified formulations for both growth theorems and coefficient
limits concerning fundamental subfamilies of normalized biholomorphic mappings, respectively. Building upon
these unified representations, we can derive numerous classical results on growth theorems and coefficient
bounds for normalized biholomorphic mappings that are well-established in the literature. To develop these
results, we shall recall the family of g-starlike mappings of complex order A, denoted by 5”; (), originally
introduced by the first author of this paper in [12], where

7% (B)={f € L(B):(1- DDFON () + Ax € M (B},

g € G(D), A € CwithR4 < 0. Clearly, when A = 0, we have 5’;’1(@): 5”:,(,%’); and when g(¢) = %,C € D,

we have 5”; (B)= yj(,@). Furthermore, as established in [9,12,13], we derive the analytic characterization
for: (i) the family of starlike mappings of order « when 4 =0 and g({) = 1 _ v eD,0<a<1; (i the

1+(1-2a)¢°
family of strongly starlike mappings of order « when 4 = 0 and g({) = 8;8 ,CEDO<a <L, (A=) =
1+ )¢ = 1; (iii) the family of almost starlike mappings of order « when 4 =0 and g(¢{) = (1— a)% +
a,{ €D,0 < a < 1; (iv) the family of Janowski-starlike mappings of complex order A when g(¢) = e

14B¢
D, -1 < B < A £1; (v) the family of spirallike mappings of type f € (—%, Z) when g(¢) = % feDand A=
itan f.
Another motivation for studying the family YZ,’ ,(AB) stems from their intrinsic relationship with quasi-
convex mappings. As a natural generalization to the higher dimensions of convex functions in the plane, Roper
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and Suffridge [14] introduced the family of quasiconvex mappings of type A. Let f be a normalized local
biholomorphic mapping on 43, and u € X with ||u|| = 1. If

2a a+p
N . - >0, |fl<lal <1 w1
L] (ftaw) ™ (flaw - fepw)| @ =P

Then f is called a quasi-convex mapping of type A. The set of those mappings is denoted by Q,(28). Hamada and
Kohr [15] not only showed that convex mappings were also quasi-convex mappings of type A, but also proved
that the growth result for the family of convex mappings was also valid for the family of quasi-convex mappings
of type A on the unit ball £ in complex Banach spaces. At the same time, Zhang and Liu [16] introduced the
family of quasi-convex mappings on the unit ball £ in complex Banach spaces, which is denoted by Q(23), i.e.

QB = { f € L(B:R{L D) () = FE0)]} 2 0,x € B,¢ € ﬁ}.

And they proved the inclusion relation K(%) ¢ Q,(%) = Q(A), where K(28) denotes the set of convex map-
pings on 2. Furthermore, if X = C", the “quasi-convex mapping” is exactly the “quasi-convex mapping of type
A” introduced by Roper and Suffridge in [14].

If § = 01in (1.1), then the follwing relation holds

Il 1
%{l {@f00) 1f(x)}} y XEA\(0),

which is equivalent to

L ofe o) - 1‘ <1, x € B\{0}.

IIXII

Therefore, we have the following inclusions:
K(AB) C Qu(AB) =Q(AB)C 5”:,’/1(%), g)y=1-¢, Ai=0.

It is precisely these inclusion relations among the family of convex mapping, quasi-convex mapping and
the subfamilies of starlike mappings that motivate our investigation into the family of SZ ().
Below we first construct a general normalized biholomorphic mapping f € S* 1(By).

Example1.1. Leta, A € C, SRA <0, g € G(D). Assume that f(z) = (z; + az,2,,2,, ... ,z,)T is a holomorphic
mapping on the unit ball B,. If |a| < %H,where l= %ﬁ'{f’” then f € S* A(By).

714
Proof. By direct calculation, we obtain
1 _az 0
1+ az, 1+ az,
0 1 0 ... 0
(Df@)™" = 0 0 1 ... 0}
0 0 0 1

Thus
a(l— A)|z,*z,

1z + 2+ -+ 1z P A+ azy)

Iz II2<(1— ADf@)Nf(2) + Az,z) =
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Since |a| < 1%1 and the function ﬁ is increasing on [0, 1), it yields that

a(l— Az %z, a(l — Az )%z, 2 la| .
< ——1-4 < dist(1, 9g(D)).
(|Zl|2+|Zz|2+' : '+|Zn|2)(1+azz) (|Zl|2+|zz|2)(1+azz) 3\/§| ll— |al &
This implies
a(l— Az, %z,
1- € g(D).
(122 + 12> + - - - + |2, 1) 1 + azy) §

Thus f €57 ,(B,). O

In this paper, we will consider growth theorems and coefficient bounds for fe Y; ,(#) such that x = 0is
a zero of order k + 1 of f(x) — x. In particular, we recover the results in [9,12,13,15-19].

2 Growth theorems for normalized biholomorphic mapping
fe y;" ()

In the following subsection, we shall characterize the growth theorems for normalized biholomorphic mapping
fe y; ,(#) such that f(x) — x has a zero of order k + 1 at x = 0. To this end, several preparatory lemmas are
required.

2.1 Several lemmas

Lemma 2.1. [20] Let f be a spirallike mapping with respect to (1 — A)I on 98, where A € C with R A < 0. Suppose
that x(t) = f~(exp(—(1— A)t) f(0), t € [0, +00), then
() ||x(®)|| is strictly decreasing on [0, +o00) with respect to t;
i 1 ILfFann
(i) lim,_, +o ol = 1, and
dx -1 .
a(t) =-(1- ﬂ)[Df(X(t))] fx(®), Vte(0,+00);
(iii) WO = —(1 — R FOOI, Yt € (0, +00).

Lemma 2.2. [21] Let x:[0,+o0) — X be differentiable at the point s € (0, +o0). If ||x(t)| is differentiable at the
point s with respect to t, then

dx d||x(s)
%{Tx(s)[dt(s)] } = ”dt ”, s € [0, +00).
Lemma 2.3. [22] If f € H(D), h is a biholomorphic function on D, k is a positive integer,
f(0) = h(0), f'(0) = ... = f& Do) =0,

and f < h. Then
frD) C h(r*D),r € (0,1),rD = {{ € C:| ¢ |< 1}.

We now establish a Harnack inequality for fe y; ().
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Lemma 2.4. Let f€ 5”; ,(98) be a normalized biholomorphic mapping such that x = 0 is a zero of order k + 1 of
fx) — x. Then

—Ix[I934 + [Ix[l min{ g([Ix[1¥), g(=IIx1F)} < R{(A = DL[DFONT )] }
< —[IXIRA + |Ix]| max{ g(||x[1), g(—[Ix]*)}.

Proof. Fixing x € %\{0}, letx, = . Then

[1x1I

(A= DEl [N x| + 4 ¢ € D\{0},
Q) = ¢
1, £=0

is a holomorphic function on D.
Observe that

9 =0- A)l—éllm (DA x| + 4 ¢ #0,

and fe Y;J((@). We conclude that g(0) = g(0) =1,q(D) C g(D), i.e. q < g. Furthermore, ¢'(0) = ... =
q(k—l)(o) =0.
Lemma 2.3 immediately implies that g(rD) C g(rk D), r € (0,1). Hence

min{g(r), g(-r*)} < Rq(¢) < max{g(r*), g(-r*)}.
Let { = ||x||. Then

(X192 + [Ix min{ g(IxI), g~ 11X} < R{A— DL[DFONF00]}
< ~IXlIRA + IIx]) max{ g(lIx]|*), g(—[Ix[[)}.

2.2 Growth theorems for f€ y;“ ()

By utilizing the geometric properties of the family of g-starlike mappings of complex order A, we establish
growth theorems for normalized biholomorphic mapping f& Y; ,(8) on the unit ball 28 such that f(x) — x
has a zero of order k + 1 at x = 0. Specifically, sharp results are still obtainable when 4 is restricted to real
numbers. This result generalized the results in [9,12,13,15-17,19].

Theorem 2.5. Let fe y; ,(#) be a normalized biholomorphic mapping such that x = 0 is a zero of order k + 1
of f(x) — x. Then

Il

miexe) [ | e -1|¥
A max{g(yk), g(—y")} — R y
<Ol
I
1— R4 _]dy
S”X”exp{I:mln{g(yk)’g(_yk)}_mﬁ 1] y :

Proof. Note that f is also a spirallike mapping with respect to (1 — A)I, since f is a g-starlike mapping of complex
order A on 4. Fix x € \{0},let x(t) = f‘l(exp(—(l — A)t) f(0), t € [0, 400). It follows from Lemma 2.1 that
x(t) is differentiable on [0, +c0) and
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%(t) =—(1- i)[Df(X(t))] _1f(X(t)).
Furthermore, using Lemmas 2.2 and 2.4, we have

IX(OIRA — [Ix(©)]| max{ g(Ix(O[F), g(=Ix(®)]F)}
< —RTy, [A = DD LN X(0))]

(| _ dix|

=Rl | g ] dt

< IX@ONIRA — x| minf g([x(D)[F), g(=IX(O]I*)},

ie.

(1= RA) | [1 _ 1= max{g(Ix"), g(—nx(t)nk)}]

1-RA
< dixl
- dt
. ) )
< —(1-RA) X0l [1 _1- mm{g(||x1(t_)||%),ﬂg(—||x(t)|| )} ]
Note that
1 dIfelly ., [1 _ 1—max{g(Ix®|"), g(—llx(t)llk)}] -
ool de Ol ) 21)
< dixl
- dt
1 djfxpi 1= min{g(IxO), g(= X))}
Sireonn e O [1 ) : 22

since WD = (1 — RA)|| FxD)I.
By integrating inequality (2.1) on both sides over t € [0, 7], we obtain

/ 1 d||f(x(t))||dt
A 1 F | dt

</ 1-R4 1 d]ix@)]]
h A max{g(|[x(O)[X), g(=1x(OIF)} — RA |Ix(O)] dt

Hence

log || fOx(z )]l = log [ FOOII

T

g /[ 1-RA 1| L AIXON 40 4 1o 1x2))] - Log xll

max{g(|x(OI%), g(—=IxOIF)} = RA | x|  dt

0

ie.
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[ F&eN|
1 nJjAre 770
%8 X0l
e RA f)
1-— 1 [FOO
—1|2dy +1 .
ixi max{g(y"), g(=y")} — R4 ]y o lIx|
Let T — +00. Then il
1-RA 1
L FOOI > lIx|| exp / [max{g(yk)’ g(—y)} — RA —1]ydy :

0
Applying analogous arguments to inequality (2.2) yields conclusion

llxl

I FOOIl < llx|l exp /[

0

1-RA dy

-1
min{g(y"), g(—y")} — R ] Yy

O

Remark 2.6. Let k =1 in Theorem 2.5. We immediately deduce Theorem 3.6 in [12]. The proof of Theorem 2.5
strongly relies on the fact that fe 5”:,’ ,($) possesses the geometric properties of spirallike mappings with
respect to (1 — A)I. By utilizing these geometric properties, it is possible to avoid dependence on the reflexivity
of Banach spaces, thereby allowing the discussion of related issues in generalized Banach spaces. In a sense,
Theorem 2.5 generalizes the scope of Theorem 3.6 in [12].

Remark 2.7. Building upon the method introduced in [9], we establish the sharpness of Theorem 2.5 in the case
of A < 0. More precisely, by constructing particular normalized biholomorphic mappings, we demonstrate that
equalities hold in Theorem 2.5. We organize the proof as follows:

(Step1) Letb e YZ,J(ID) satisfy b(0) = b'(0)—1=0,and

_ .y b(&) _
( ’D(;b’(g)H g), ¢ eb.

1

For a positive integer k, let bi({)={(@(¢"))*, where @(¢)= % and (@(£")) C lg=o =1. Then
b () e YZ;J(D) such that { = 0is a zero of order k + 1 0f b, ({) — ¢.
(Step 2) For u € 0%, let
bk(lu(X))X
L)
Then F,(x)€ 5”; ,(2) such that x = 0 is a zero of order k + 1 of F,(x) — x. In indeed, let f,(x) = W Then
F,(x) = f,,(xx. Hence DF,(x)n = (Df,0Omx + f,00n, n € X, and

F,(x) = X E AB. 2.3

_ 1 (Df,00mx
DF Iy = - u X.
(DF,(x)™'n £.00 [n £.00 +Dfu(x)x]’ ne

Elementary operations give

o _ 1 _ (Df,)0x _ b,
(DF,(x)~'F,(x) 00 [x fu(x)+Dfu(x)X]f“(X) 7b2(lu(x))lu(x)x.
It yields that
1 -1 b (1,(x))
—T.{(1— A)DF, F == A) et :
iy L@ = APROTRO0 + A} = A= D) (5 05 + A< 8

(Step 3) Without loss of generality, we take

g}g{g(r), g(=r)} = g(n), g)rslgg{g(r), g(=n)} = g(=r).
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LetF,(x) = W}( be as in (2.3). Theorem 2.5 yields the following inequalities

[IxI [IxI

yh/o) _ 4|1 / <yb;(y) ) 1
x|l ex == —1 |=dy| < |[F,)| < |Ix]| ex —1)=dy|,x € £,
Il exp [( Ry )y st zies [ (G -1) e

where b~k( y) = e_”?ibk(e”?i y). After simple computations, we deduce that

il exp( 1og XD ) <y oo < exp(log ”“““") x€ .
I x|
This implies that v _
e Fhy(eF Ixll) < IR0 < bllixl),  x € 2. @24

Withx =ruorx = e”?iru, it follows that ||F,(rw)|| = |b (1), ||Fu(e”?i ru)|| = |bk(e”?i r)|, we obtain the equali-
ties in (2.4), as desired. This completes the proof.

Let A = 0. Theorem 2.5 and Remark 2.7 reduce to the sharp growth theorem for g-starlike mapping f on the
unit ball £ such that f(x) — x has a zero of order k + 1 at x = 0, it is due to Hamada and Honda [9].

Corollary 2.8. Let g € G(D), and let f: 8 — X be a g-starlike mapping such that x = 0 is a zero of order k + 1 of
f(X) — x. Then

Il

1 dy
—-11 =
e/ stz |
< FO
[1x1l q
1 Ly
-1]1—=\
S ”X” eXp { I:mln{g(yk), g(_yk)} ] y

Moreover; the estimates are sharp.

Letk=1,g() = :—g, ¢ € D. Theorem 2.5 reduces to the growth theorems for almost starlike mappings of
complex order A on the unit ball 28 due to Zhang, Lu, and Li [13].

Corollary 2.9. Let A € C withRA <0, and let f: 2 — X be a almost starlike mapping of complex order A. Then

ML < jreon < XL ;i
|1+ 25 | ™ 1= 25 |
Ixllexp(—lIxI) < [IFCOll < lIx|l explix]D), Ri=-1

Let A =0,8(f) =1—¢. Theorem 2.5 and Remark 2.7 immediately yield the following two sharp growth
theorems for normalized biholomorphic convex mapping or quasi-convex mapping f such that x = 0 is a zero
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of order k + 1 of f(x) — x (cf. [17,23]). Note that x = 0 is a zero of order m of f(x) — x for some mwithm > k + 1,
since f is k— fold symmetry. It follows naturally that Corollary 2.10 and Theorem C produce identical results.

Corollary 2.10. Let f: 28 — X be a normalized biholomorphic convex mapping such that x = 0 is a zero of order
k+1of f(x) — x. Then, for any point x € 98, we have

Il

Ix
P <IN S G e

A+ IxyY

Moreover; the estimates are sharp.

Corollary 2.11. Let f: 28 — X be a normalized biholomorphic quasi-convex mapping such that x = 0 is a zero of
order k +1 of f(x) — x. Then, for any point x € 28, we have

Ixl Ixl
At e < VO G nme

Moreover; the estimates are sharp.

Remark 2.12. Based on the fact in Page 4 concerning the relationships among the family of g-starlike mappings
of complex order A, subfamilies of starlike mappings and subfamilies of spirallike mappings, taking k =1 in
Theorem 2.5 leads to rigorous derivations of the classical results. For example, the growth theorems of strongly
starlike mappings of order a € (0, 1], Janowski-starlike mappings of complex order 4, almost starlike mappings
of order a € [0, 1), etc.

3 Coefficient bounds for f € ‘5”;,,1(‘@)

As is well-known in geometric function theory, the Bieberbach conjecture holds for normalized biholomorphic
functions on the unit disk D, which states that:
Bieberbach Conjecture. Let f({) = ¢ + Y ,a,{" be normalized biholomorphic function on D. Then

la,| <n, n=23,....

Equality |a,| = nfor a given n > 2 holds if and only if f({) = 0 eR.

¢
(1_eiﬂc)2 B

However, the corresponding result fails to hold for normalized biholomorphic mappings in higher-
dimensional complex spaces C",(n > 2). As a natural higher-dimensional generalization of the Bieberbach
conjecture, theoretically important research developments have been made for normalized biholomorphic map-
pings under additional constraints, such as starlikeness or the existence of parametric representations. The
specific achievements regarding coefficient bounds for subclasses of normalized biholomorphic mappings are
well-documented in [9,11,18,23,24]. We now present a unified representation of known coefficient bounds by
establishing the bounds for coefficients of f € 5”; ,(#) with x = 01is a zero of order k + 1 of f(x) — x.

As preparation for our main results, we first record the following fundamental lemma in one complex
variable.

Lemma 3.1. Let f € H(D), g be a biholomorphic function on D with f(0) = g(0). If f'(0) = ... = f* ) =
0, f®(0) # 0 and f < g, then

(k)
'fkﬂ <18'(0)].

Proof. Let f(0) = g(0) = a. And let f(&) = a+ ¢¥p(¢),¢ € D. Where p is a holomorphic function on a neigh-
borhood of 0 and p(0) # 0. Let h(¢) = g7 (f(£)). Since f < g, we know that h: D — D satisties h(0) = 0. Since
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g7 Y(a) = 0, there exists a holomorphic function G(w) on a neighborhood of a such that g='(w) = (w — @)G(w)

and G(a) # 0. Therefore, we obtain h($) = g7 1(f () = ¢ k p(&)G(f({)) on a neighborhood of 0. From the Schwarz

lemma it follows that | h“:fo) | <1, ie.

(k)
% <1g'(0)].

We use in our paper the following result due to Rogosinski.
Lemma 3.2. [25] Let f({) =1+ Zj;bjgf, gy =1+ Z]f’ilcjcf be holomorphic functions on the unit disk D, and
let g is convex on D. If f < g, then
bl <lcil, j=12....

Now, the bound for the (k + 1)th order coefficients of f € 5”; /1(93) is established as follows.

Theorem 3.3. Let f € 5”:; () be a normalized biholomorphic mapping such that x = 0 is a zero of order k + 1
of f(x) — x. Then

a1- ’“(kfnv LD™ FO)W )} < 1£°0), u€E .
Proof. Note that
J00 = x+ Gy DA SO 4L xe .

since x = 0 is a zero of order k + 1 of f(x) — x. Taking h(x) = (Df (x))~'f(x), Then

k

00 =x= G351

DFVFO)r* Y+, xe R

Fixu € 04,1, € T(u). Let

- Dl {hew) + 4, ¢ eD\{o},

p&) = ¢
1, =0
Then p € H(D) and has the Taylor expansion
p(C) =1-(1- A)(kfl)l lu{D(kH)f(O)(ukH)}Ck +--, é’ eD.

Straightforward calculation shows that
p(k)(o) =—(1- A)kLHlu{D(kH)f(O)(ukH)},

Since p(0) = g(0) =1and p < g, using Lemma 3.1, it holds

k
(k+1)!

()] L{D™ F(O)W )} < 1g'(0)).
O

Remark 3.4. Now, we establish the sharpness of Theorem 3.3 in the case of A < 0. In fact, let b, and F, be as
defined in Remark 2.7. A straightforward calculation shows that

b(&) = — ﬁ%g’(mgkﬂ .., ¢epD,
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and
Fuw=b({)u, {€D, ueiA.
Hence,
_ k (k+1) k+1 — 1o
a A)(k+ 1)!zu{p F 0@} = 1g'(0).

This completes the proof.

The convexity condition on g leads to significant improvements in our estimates, as demonstrated by the
following.

Theorem 3.5. Let g € G(D) be a convex function, and let f € Y; (&) be anormalized biholomorphic mapping
such that x = 0 is a zero of order k + 1 of f(x) — x. Then

1 m m 1 m
(l—A)MlX{D( 'FOM}| < m_1|g’(0)|||x|| ,

form=k+1,...,2k

Proof. Fixw € X\{0},letw, = - € 02 and

lwll

(a- A)%zwo{(Df(cwo))-lf((:wo)} +4. CeD\{o},
1, ¢=0.

p(&) =

Then p(0) = g(0) = 1and p < g. Using the convexity of g and Lemma 3.2, we obtain
p(m)(o)
‘T < |g'(0)|, m>1

For a given x € 43, let h(x) = (Df())~'f(x). Then f(x) = Df(x)h(x). Since f(x) — x has a zero of order k + 1
at x = 0, we have

(k+1)! m!
_ D(k+1)f(0)(xk, ) o D(m)f(O)(Xm_l, ) o
= <I+k! ot Tyt >
D(z)h(O)(XZ) o D(k+1)h(0)(xk+1) o D(m)h(O)(X’") o
X (Dh(O)x+ TR /i R A Sy )

Comparing the coefficients on both sides of the equation, we have

Dh(0)x =x, DPh0)x) =0, 1=2, ...,k 3.1
Thus (m) m (m) m (m) m
D™ £(0)(x )=D h(0)(x™) | D™ f(0)(x )’ m=k+1,....2k
m! m! (m-=1)!
ie.
D™ £(0)(x™) —_ 1 D'™h(0)(x™)

, m=k+1,...,2k

m! m-—1 m!
Furthermore, by the defifiniton of p and equations (3.1), p has the Taylor expansion

m
m!

om0 === AR, (DEV SO W)} m=k+ 1,2k
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ie. 1 1
m p—
PO = == D= SL DI OO /1™, m=k+ 1,2k
It yields that

1 1
A= D) LD FOOMY| < - O™, m=k+1,..., 2k

Let A = 0. We can get Theorem 4.2 in [9].

Corollary 3.6. Let g € G(D) be a convex function, and let f: 98 — X be a g-starlike mapping such that x = 0 is
a zero of order k + 1 of f(x) — x. Then

1 1
EIX{D(m)f(O)(Xm)} < mlg,(())“')(“m,
form=k+1,...,2k And the estimate is sharp whenm = k + 1.

If1=0,8(8) =1-{,{ € D, then the following result for normalized biholomorphic quasi-convex map-
ping can be obtained.
Corollary 3.7. Let f: 8 — X be a quasi-convex mapping such that x = 0 is a zero of order k + 1 of f(x) — x. Then

1
m-—1

%IX{D”‘“) FOOM}] < Ix™,

form=k+1,...,2k And the estimate is sharp whenm = k + 1.

Remark 3.8. Based on the fact in Page 4 concerning the relationships among the family of g-starlike mapping
of complex order A, subfamilies of starlike mappings and subfamilies of spirallike mappings, as an immediate
consequence of Theorem 3.5, we recover the known results in [9,18].
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