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1 Introduction

Let D be a convex subset of the Euclidean space R" and h : [0,1] - [0, ©) be a nonnegative function.
A function f: 9D — R is called an h-convex function if for any X = (X, X, ...,Xn), Y = V1, ¥, -..Y,) € D,
and a € [0, 1],

flaX + (1 - a)Y) < h(@)f (X) + h(1 - a)f (V).

This concept, introduced by Varosanec [1] in 2007, generalizes several well-known classes of functions,
including convex functions (h(a) = a), s-convex functions (in the second sense) (h(a) = a’(s € (0, 1), [2]),
P-functions (h(a) = 1, [3]), and Godunova-Levin functions (h(a) = 1/a(0 < a < 1), [4]).

In 1966, Polyak [5] introduced strongly convex functions, which since played a pivotal role in optimization
and mathematical economics, etc. Later, Angulo et al. [6] extended this notation to strongly h-convex functions.
Specifically, f: D — R is strongly h-convex with modulus A > 0, or f€ SX(h,A, D), if for all X, Y€ D
and a € [0, 1],

flaX + (1 - a)Y) < h(@)f (X) + h(1 - a)f (Y) - Aa(1 - a)|X - Y%, (W)
where

X-YP=0a-y)2+06-y,)%+.4 -y
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In particular, if f satisfies (1.1) with h(a) = a, h(a) = a5(s € (0, 1)), h(a) =1, and h(a) =1/a (0 < a < 1),
then f is said to be a strongly convex function, strongly s-convex function (in the second sense), strongly
P-function, and a strongly Godunova-Levin function, respectively. Moreover, it is not difficult to see that
h(1/2) >0 if f>0 and f€ SX(h, A, D). Many properties and applications of the aforementioned convex-
type functions can be found in the literature (see, e.g., [7-20]).

A celebrated result for convex functions is the Hermite-Hadamard inequality:

Theorem A. If f: [a,b] CR — R is convex, then

1
b-a

a+b
2

<

fla) +f(b)
o

b
f Jroox s

Dragomir et al. [21] extended this inequality to Godunova-Levin functions and P-functions, while Dra-
gomir and Fitzpatrick [22] derived analogous results for s-convex functions in the second sense. Sarikaya et al.
[23] further generalized these findings to h-convex functions. For strongly h-convex functions, the following
inequality holds:

Theorem B. [6] If f € SX(h, A, [a, b]) and h is Lebesgue integrable on [0, 1] with h(1/2) > 0, then

1
2h(1/2)

1
b-a

a+b
2

<

A
f ]*ﬁ(’"“)z

b 1

A
Jrooax s (7@ + r@)fnoat - < - ay.
a 0

Hermite-Hadamard-type inequalities for products of functions have also been widely studied. For
example, Pachpatte [24] established the following results for convex functions:

Theorem C. If f, g : [a, b] — [0, ) are convex and fg € L'([a, b]), then

a+b) (a+b) fla)ga)+f(b)g) [fla)gb)+f(b)g(a)
2 2 2 6 3
b
s - i - _[f(x)g(x) dx < f(a)g(a);f(b)g(b) N fla)g(b) ;f(b)g(a).

Subsequent works extended these results to s-convex [25] and h-convex functions [23] and later to strongly
h-convex functions [26].

Multidimensional analogs of these inequalities have also been explored. For instance, the authors [27-30]
studied Hermite-Hadamard inequalities for convex-type functions on rectangles. Dragomir [31,32] obtained
similar estimates for convex functions on disks and balls, while Matloka [33] generalized these to h-convex
functions. Recent works by [34,35] extended these results to ellipsoids and balls in R".

Motivated by these developments, this article aims to derive Hermite-Hadamard-type inequalities for
products of strongly h-convex functions on ellipsoids and balls in R" and to explore their applications.

2 Hermite-Hadamard-type inequalities for product of functions

In the sequel, |E| denotes the Lebesgue measure of a measurable set E C R™ and do(X) is the usual surface
measure. Given X = (4, X, ...,Xn), ¥ = (¥}, ¥,, ...,,) € R", and scalars a, b € R, define the linear combination
of vectors by

aX + bY = (ax; + by, ax, + by,, ...,ax, + by,),
the product of vectors by

X®Y=0ay, Xy, s XYy )s
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and the norm of X by

IX| = (X + X + ..+ X2

B, (C, ) and &,(C, r) denote the n-dimensional ball and its sphere centered at the point C = (¢, G, ...,¢;) € R?
with radius r > 0, respectively. E,(C, R) is the n-dimensional ellipsoid centered at the point C = (g, ¢, ...,¢p) € R"
with semiaxes R = (13, 1y, ..., I) € R, ie,

(4 - a)? N 06 = 6)* - (X0 = Cp)?

1"12 FZZ rr%

<1, 0<n,n., <o

and Sp(C, R) denotes the sphere of E,(C, R). Then,

mern nmzrn1
|Bn(C: r)l = > |6n(C: r)l = 1 (2 1)
r[E + 1] IS + 1] '
2 2
e T
IE(C, B = =, ISu(C, tR)] = Sy (C,R)l,  ¢> 0, 22
i |
2
where I'(-) is the Gamma function. For any 0 < p, q < «, we denote the beta function B(-,") by
1
B(p,q) = [tr11 - pyr-tde,
0
and then,
I(p)I(q) p
B(p,q) =B(q,p) = ————-, B(p+1lq)= B(p, q). 2.3)
@) =B, p) =77 gy BerLa)=m Bp.q)

In what follows, we also assume that 2(1/2) > 0 in the definitions of (strongly) h-convex functions and the
nonnegative function h € L([0, 1]). Now, we are in a position to state our main results.

Theorem 1. Let f € SX(hy, A, Eq(C, R)), g8 € SX(hy, A2, En(C, R)) be both nonnegative functions with 0 < Ay, Ay < o
and g be symmetric about the center C. Then,

L 0)g(C) + (AL f(C) + g(C IR +,1)(|R|4+22?:1ri4
T | O8O + Gaf(© + hg©) 55 + b5 T 9y
1
< — X)g(X)dX.
= ELC B) En({’mf *gX)

Furthermore, if

1
Ko(n) =1 - 4h1(1/2)h2(1/2)nIt"‘1h1(1 - DHhy(1 - t)dt > 0,
0

then we have

1
ECRI I fX)gX)dx
s En(C,R)
K 1 Knm) 1

[ r®e®ow - hogl it [ TR X0l

Ko(n) [6a(0, D] 500, 5200, 1)
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Kau(n) |RP 7(5(71) IR

7(3(71) 1
‘K(n)n+2f() ‘K(n)n+2

1Ko 16400, 1)

— 580

| e®IRe® XPaox) -4
6n(0, 1)
i) IRI* + 23 r
2%Ko(n) (n + 2)(n + 4)

K  CR) K E®) L
S e TC Sn({R)ﬂX)g(X)do(X) K 0 T.C B Sn({R)f(an CPdo(X) 25)
K _TR)
- C;d
TKom) 19:(C, B Snimg(x)'x o)
Ku(n)_|RP Kem) IRE g IR+ 23
‘K(n)n+2f( )- A‘K(n)n+2 80 szq,(n) (n+2)(n+4)’

where X =R ® X’ + C € S,(C, R) and

1 1
HG(n) = njt"-lhl(t)hz(t)dt ¥ znh1(1/2)jtn-1h1(1 ~ Ohy(t)dt + 2nh2(1/2)jtn-1h1(t)h2(1 - b,
0 0

1 1
Kn) = nIt"‘lhl(t)hz(l ~ bt + n_[t"(l - Oyt
0 0

Ko(n) = th”‘lhl(l — Ohy(t)dt + nIt”(l — Dbt
0 0

1

Kyn) = (n + 2)_[tn(1 — Oy(1 - tdt + th"‘lhl(l — Ohy(1 - D,
0 0

Ksn) = (n + Z)It"(l — Oyl - tdt + njtn-1h1(1 ~ Ohy(1 - D,
0 0

1
et 4 A 2
Kon) = n!'t (1 - Ohy(1 - t)dt EPTEL

_T(/2 + DISH(C, R)| _ ISx(C, R)|

CR) = nr'/2pn-1 T 18u(C, )|’
_ T(/2 + DISKC, R _ 1Sa(C, R

R = = y
C®) 21 16(C, 7|

withr = min{r, 1y, ...,1n}, ¥ = max{n, n, ...,lu}.

Proof. (i) First, we prove inequality (2.4). The facts of strongly h-convexity of f and g imply that
X N 2C-X X

2 2

1 2C-X
f(C)g(C)-m f[ lg

En(C,R)

< EC.R| E"(_[R)[hl(l/Z)f X) + h(1/2)f 2C - X) = X |X = CP]

x [h2(1/2)g(X) + hy(1/2)g(2C - X) = X |X - CPldX

IEn(C R E"(_[R){hl(l/z)hz(l/Z) fX) + f2C - X)][g(X) + g(2C - X)]

- A/2)[f(X) + f2C - X)X - CP
- Mhy(1/2)[g(X) + g(2C - X)IIX - CF + Ak X - C[*}dX.
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Since g is symmetric about the point C, we have
8X) = g(2C - X),
for any X € E,(C, R). Then, the basic property of Lebesgue integral means that

[ 1reo +rec-xlge) + gec-xdx =4 [ 00X

En(C,R) Ey(C,R)
and
[ r@+rec-omx-crax=2 [ rax - cpax,
Ey(C,R) Ey(C,R)
[ 1g@) + gac-xx - cpax=2 [ goix - cpax.
Eq(C,R) E,(C,R)
Therefore,
AU/ Dhy(1/2)
T X)g(X)dx
EC.R) E(_([R)f( )g(x)
2Ah(1/2)
2 f(C C—i X - Cl*dX + ————= X)|X - CPPdx
[ = 1 R)lfim' fOX + E B Enimf( WX -l
2A1hy(1/2)
P — X)X - CPdx.

Now, we will estimate the terms of right-hand side in the aforementioned inequality. Observe that

_ 2 2,2
J' X - Cl*dX = j OF + X2 + .. +x2)PdX = Z j xidx+2 Y J' KX,
En(C,R) En(O,R) =1E,(0,R) Isi<jsng o,R)

It follows from (2.2) that

(D12 " L%
I((n-1)/2+1) r}

[ xiax=2 dx,

2 ]("—1)/2
En(0,R)

4
n.. rn_ljxn
0

s ;| (-1
= 2N .. Tty | t*A - D)™ DAAL
RSO nln{ -t
1

7'[(”‘1)/2
Ti o TnoiTn It3/2(1 - H)DI2ge
0

“T((n+ D)
7'[(”‘1)/2
I'((n +1)/2)

— 5
=1 -1y

5 n+ 1]
2

We infer from (2.3) and the basic properties of the gamma function that

]'[(n‘l)/z

I'((n + 1)/2)

5 ne1)_
2

A D2 T(52)T((n + 1)/2) 312
TT((n+D/2) T(2+3)  (n+2)(n+DI(n/2+1)’

which means that

3m2r . ety 3IE,(0,B)|
[ = -

EOR) T DIz ) (D

and

< _3IE(0,R)| <

4 n 4
2 I XX = — =225
i=1g,{0 p) (n+2)(n+45

(2.6)

2.7

(2.8)

(2.9)

(2.10)
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On the other hand,

rll
I X2 x2dX = 2| x? I x2_1dx ... dxy-q [dxg,
En(0,R) 0 |Ex-1(0,R)

where R = \/1 - x2/r2(r, 1, ...,Tx-1). Using (2.2) again,

(n-2)/2
21 .. - 2(1 Xz/rz)(n 2)/2

2 I S L
| st b= 7550

En—l(oxﬁ)

R
21,2
-1y 1=X7 /Ty

(n-2)/2
2
x X - — s
0 (a1 = X2IT2)?
1
2 (n=2)/2
= Wﬁ rn—zr,?_l(l - Xr%/rr%)(n+1)/2Jt2(l _ tg)(n_z)/zdt
0
oo 3 n
= m o Tn- Zrn 1(1 Xz/rz)(nﬂ)lzB i
which implies that
(n- 2)/2 3 )"
'[ N dX = 27 r(n/Z)  Tn-ali- 13[5 9 J 21 - x2[r2)mDi2gy,
En(O,R)
M 3 r3B[3 EBB n+3]
T(nf2) W2 2 P2 2
il s ol BORL

n

T A2 + ) I T G oy )

and then,
EA(0, R)|
> 2y = ORI
Xi Xl (n + 2)(71 + 4) 1<1<]<nrl r] (le)

1Si<j5nEn(0,R)

Therefore, we infer from (2.7), (2.10), and (2.11) that

1

noa 2.2 n
3 zi=lri 2 1<i<jsnli 1) _ IRI* + zzi=1ri4
|Ex(C, R)|

(n+2)(n +4) S (n+2)(n+ 4

[ x-cpax= 212)

En(C,R)
And by similar arguments as (2.7)-(2.10) or equality (29) in [34], we have
1 R
- - -C ZdX
E(C.R)| I X -l NEADY (213)
En(C,R)

which yields that

IR ¥

- - 2
O ek )lE({R)f(cnx cpax
1

*IEC.B)] I [m(1/2)(f(X) + f(2C - X)) = 4 |X - C]IX - ClPdX

En(C,R)
n
RI* +2) _rf
[ reowx - cpax - » 2

_ 2h(1/2)
ECR (n+2)(n+4)°

|En(C, R)I



DE GRUYTER Hermite-Hadamard type inequalities for product of functions

This tells us that

2hy(1/2) PL 25 i
—_ X)|X - CPdX = O+ M—m——————.
EAC. BT, imf o= iz 0 AL
Similarly,
2hy(1/2) I I IRI* + 231
— X)|X - CPdX = C)+hy——————.
|En(C, R)lgn(J;R)g( )l | g( ) Z(n + 2)(". + 4)

Therefore, we complete the proof of inequality (2.4) by (2.6), (2.12), (2.14), and (2.15).
(ii) Next, we prove the second part of Theorem 1. Changing variables yields that

j FEOZX)AX = Firy ... 1y j FR® X+CgR® X+ C)dX
En(C,R) Bp(0,1)
1

i r,,J' J' FUX + (1- DO)g(EX + (1 - 0 da(X")dt,
08,0, 1)

here we recall the notation X = R ® X’ + C € S,(C, R). Thus,

1
| reogoax snn.nf [ Of @) + k- 0f©) - 1t - HIR © XP)
Eq(C,R) 06,(0, 1)
* [I(0g(T) + o1 = 0(C) = Aot(1 - OIR ® XPIdo(X)dt
1

e rnIt"‘lhl(t)hz(t)dt J' FX)g(X)da(X")

0 5n(0, 1)

* 1 rnjt" h(OR( - 0dt | FEgOdaCx)

8n(0, 1)

+ . r,,_[tn (1 - D@0t [ F(C0g@)do(x)
8n(0, D)

+ 1y T80, 1)|jtn-1h1(1 - Ohy(1 - DA (C)g(C)

— JoTil o rnIt”(l - Oy()dt _[ FX)IR ® X' Pdo(X")
6n(0, 1)

— ATy .. rnjtn(1 ~ Ohy(t)dt _[ IR ® X'Pda(X")
6n(0, 1)

1

= Jotiry oy [0 - O - 0dt R @ XPdo@IF(C)
0 6n(0, 1)
1
- MRy T jtn(1 — Ohy(1 - Ddt j IR ® X'Edo(X")g(C)
0 6n(0, 1)
1
+ Mol .. rnIt""l(l 02t j IR ® X'do(X").
6n(0, 1)

—_— 7

(214)

(2.15)

(2.16)
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Noting that

1
J' X - Cl*dX =1y, .. rnjt"+3dt J' IR ® X*do(X")
En(C,R) 0 520, 1)

nrn .. 4
=02 [ R @ X1Hdo(x),
(0, 1)

then, with the aid of (2.1), (2.2), and (2.12), we have

IRI* + 2% ir!

n+2 217

| Rex1do0r) = 180, 1)
8n(0, 1)

Similarly, by the same arguments as mentioned earlier, (2.1), (2.2), and (2.13) (or by (30) in [34]) imply that

[ 1R ®xPdo(x) = B0, DIIRE. 218)
85n(0, 1)

On the other hand,

_ _ (X 2c-%
[ r&g©doxy= | fo@g[; + ]da(X'>
8n(0, 1) (0, 1) (219)

< 2hy(1/2) J’ F@)gX)do(X") - J' FE)IR ® X'Pdo(X).
6n(0, 1) 8n(0, 1)

Analogously,

J' F(OgX)do(X’) < 2hi(1/2) J' FEgX)do(X) - A j gD)IR ® X'Rdo(X). 220)

8n(0, 1) 8n(0, 1) (0, 1)

Therefore, we infer from (2.16)-(2.20) that

—_— X)g(X)dx
EC, R>|E([R)f( B

Ki(n) )
16000, )| s &[Df(X)g(X)do(X) A 16,0, )] 6"(‘(')’ 1)f(X)|R X |2dO'(X)

Ks(n) =
- X)IR ® X'[Pdo(X”
5 0.1 M{Dg( IR ® X Pdo(X)

1 1
= 2o [t - Ol - Ode [REF(C) - & [0 - Dy(1 - 0)dt [REG(C)

0 0
1

+n [t - D1 - DALF(C)F(C) + 20y
0

Io(n

(2.21)

RI* +2) i
(n+2)* n+3)(n+4)

Due to (2.4), we have

4 (1/2)hy(1/2)

f(OgC)= E.(C. R)|

[ reogeodx

En(C,R)

IRP IR + 230
SV (©) + RGO = Mo

(2.22)

Thus, we complete the proof of inequality (2.5) by (2.21) and (2.22).
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Since f,g 2 0 and r = min{n, 1y, ...,1R}, T = max{n, n, ...},

[ reogadoce)

Sn(C,R)

= [ rx+ 0gx+ 0)dox)

Sn(0,R)
R R
2 I f[— QX+ C]g[— ® X + Cldo(X) (2.23)
6n(0,1) r r
= J' FR®X +CO)gR ® X'+ C)da(X")
6n(0, 1)
= 1 | f@)g@)do(x)
6n(0,1)
and
R R 2
| room-cpasens [ |% e x+c||Fox] dow)
Sn(C,R) 6n(0,7) (224)
=t [ FEIR © X'Pdo(x)
(0, 1)
I gROIX - CPdo(X) < 7 _[ EXIR ® X'Pda(X"). 2.25)
Sn(C,R) (0, 1)
Thus, the proof of Theorem 1 is completed by (2.5), (2.23), (2.24) and (2.25). O

Remark. By checking the proof of the preceding theorem, it is not difficult to see that Theorem 1 remains valid
if we replace the symmetry of the function g by f.

It is easy to check that €(R) = €(R) = 1 and the last inequality in Theorem 1 becomes equality if ellipsoids
reduce to balls. As a consequence, we immediately have

Theorem 2. Let f € SX(hy, A4, Bn(C, 1)), g8 € SX(hy, Ay, Bn(C, 7)) be both nonnegative functions with 0 < Ay, Ay < o
and g be symmetric about the center C. Then,

1
<
|Br(C, 1)

2 nr4

F(CIG(C) + G (€) + Mg(O) = + k="

[ reogeoax.

Bu(C,r)

1
4hy(1/2)hy(1/2)

Furthermore, if hy and h, satisfy the same assumptions as in Theorem 1, then we have

m Bn(.[ )f X)gX)dx
) 772)((71)) m M{ )f (X)g(X)do(X)
- Zg’g ﬁ (si)f (o) =4 ﬁg ﬁ Bn({r)g X)da(X)

where Ko(n)-Ke(n) and X are defined in Theorem 1.
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Particularly, if letting A, — 0, i.e., the function g reduces to the h-convex function in Theorems 1 and 2,
then we have the following concise results.

Theorem 3. Let f, g : E;,(C,R) — [0, +) and f € SX(hy, A1, E;(C, R)), g be an hy-convex function and be sym-
metric about the center C. Then,

R

m[}‘ (©)(©C) + 2g(C)-"

[ reogeoax.

|En<c R, 2

Furthermore, if hy and h, satisfy the same assumptions as in Theorem 1, then we have

[ reogeodx

mE(CR)
S e TR M{ J 0800
A T . (-0[ SEOIR @ X0t = A e ©
< 772%%5(& F0g0000)
i;ﬁz;% [ s - cpdox) - mfig R g0),

Su(C,R)
where Ko(n), Ki(n), Ks(n), Ks(n), X, €(R), and E(R) are defined in Theorem 1.

Theorem 4. Let f, g : By(C, 1) — [0, +®) and f € SX(hy, Ay, By(C, 1)), & be an hy-convex function and be sym-
metric about the center C. Then,

2

[ reogeoax.

Bp(C,r)

(©)g(C) + hg(C) n"r

1 [ ;
4hi(1/2)hy(1/2) +2 |Bn(C )|

Furthermore, if hy and hy satisfy the same assumptions as in Theorem 1, then we have

[ reogeoax

m Bu(C,r)
Kn) 1
) 18C. 0 d
Ko(n) 16x(C, 1) M.[ J)f X)gX)do(X)
o Ks(n) nr?

[ gtnom) - 4 g(0),

K 18,

Ko(n) n + 2
where Ky(n), Ki(n), Ks(n), and Ks(n) are defined in Theorem 1.

Subsequently, taking hy(t) = hy(t) = h(t) and A4 = A, = A in Theorems 1 and 2, we immediately yield the
following two conclusions.

Corollary 1. Let f, g : E,(C,R) — [0, +=) be both strongly h-convex functions with modulus A > 0 and g be
symmetric about the center C. Then, we have the same results as Theorem 1 with 4 = A, = A and

HKon) =1 - 4h2(1/2)n_[tn-1h2(1 - t)dt > 0, (2.26)
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1
HG(n) = njtn-th(t)dt + 4nh(1/2)_[t"-1h(t)h(1 - b,
0 0
1
%in) = Kx(n) = nfe IO - Ode + nfen@ - OR(oL,
0 0

1
Hu(n) = Ksn) = (n + 2)jtn(1 - OR(L - t)dt + njt"-1h2(1 - b,
0 0

1
Ke(n) = nIt”‘lhz(l - tdt -
0

2
(n+2)(n+3)

-_ 1"

(2.27)

(2.28)

(2.29)

(2.30)

Corollary 2. Let f, g : By(C,r) — [0, +0) be both strongly h-convex functions with modulus A > 0 on the ball
B,(C,r) and g be symmetric about the center C. Then, we have the same estimates as in Theorem 2 with

Ko(n)-Ke(n) being stated in Corollary 1.

Particulary, letting A — 0 in the aforementioned two corollaries, we have the following results for product

of h-convex functions.

Corollary 3. Let f, g : E;,(C,R) — [0, +) be both h-convex functions on E,(C, R) and g be symmetric about the

center C. Then,

f(©s©)
fX)gX)dX.
a1j2) |En(c R, ({ .
If h satisfies (2.26), then
Ka(n)
- dX < .
|En(C R)| . ('[R)f(X)g(X) Ko(n) |6n(0 D ) ({ 1)f(X)g(X) a(X")
Kn) &R)
< 7 d ’
S B SniR )f(x)g(x) a(X)

where Ko(n), Ki(n), X, and &(R) are defined in Corollary 1.

Corollary 4. Let f, g : By(C,r) — [0, +») be both h-convex functions on B,(C,r) and g be symmetric about the

center C. Then,

f (C)g(C)
Ba(C,r)
And if h satisfies (2.26), we have
1 K 1
-+ X < 1 : |
[Bo(C, )] Bn({, SO Sy et ({ g0

where Ky(n) and Ky(n) are defined in Corollary 1.

Furthermore, taking h(t) = t5(0 < s < ) in (2.26)—(2.30), by iteration properties of beta functions, a direct

calculation shows that

1 1
4 4-snl
Ko(n) = 1= ah/2)n [ - eyde = 1- Z—Z [ - opde=1 - ———,
0 0 |-|i=1(zs + l)

(2.3D)
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which means that Ky(n) > 0 holds for h(t) = t5(0 < s < ») is equivalent to
n
#[]@s + i) > 4n!, (2.32)
i=1

and, it is not difficult to check that

2nTy(s + - 1)

= 2.33
%(n) 251 1(2s + 0) Bls. )+ 25 +n’ (233)
_ Cnlli(s+i-1) n
Ko(n) = Ks(n) = —ZI'IL(ZS D B(s, s) + MrsTDn+s+2) (2.34)
B _ (n + 2)n! n!
Kai(n) = Ks(n) Mocr2+0) M) (2.35)
Ke(n) = n 2 (2.36)

M2s+i) @+2)(n+3)

Then, according to Corollaries 1-4, respectively, these facts yield the following two results.

Corollary 5. Let f, g : Ex(C,R) — [0, +=) be both strongly s-convex functions (in the second sense, 0 < s <1)
with modulus A > 0 and g be symmetric about the center C. If inequality (2.32) holds, then we have the same
results as Corollary 1 with h(t) = t* and Ko(n)-Ke(n) being defined by (2.31) and (2.33)-(2.36), respectively.

Particularly, if the ellipsoid E,(C, R) reduces to the ball B,(C, r), then we have the same results as Corollary 2,
where h(t) = t* and Ky(n)-Ky(n) are also defined by (2.31) and (2.33)—(2.36).

Corollary 6. Let f, g : E;(C,R) — [0, +) be both s-convex functions (in the second sense, 0 < s < 1) and g be
symmetric about the center C. If inequality (2.32) holds, then we have the same results as Corollary 3 with
h(t) = t* and Ko(n), Ki(n) being defined by (2.31) and (2.33), respectively.

Particularly, if the ellipsoid E,(C, R) reduces to the ball B,(C, r), then we have the same results as Corollary 4,
where h(t) = t5 and Ky(n), Kq(n) are also defined by (2.31) and (2.33).

Additionally, choosing s = 1 in (2.31) and (2.33)-(2.36), inequality (2.32) holds obviously and
n(n +3) 2n

FKo(n) = Ka(n) = MrDn+2) F(n) = Ks(n) = mrDnT3) (2.37)
Haln) =960 = G Sgn:zf()n w3y M G m f 2)(n+3)’ 2.38)
and
Ka(n) _ Ky(n) _ Ks(n) _ 2(n +2) 2.39)
Kon) 7 Ko(m)  Ko(n) (n+3)
Kun)  Ks(n)  2(2n +5) Ke(n) _ 4 (2.40)

Kon)  Kon) nn+32  Kyn) nn+ 332

Using (2.37)-(2.40), we obtain more explicit results for strongly convex functions and convex functions as
follows.
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Corollary 7. Let f, g : E;(C, R) — [0, +) be both strongly convex functions with modulus A and g be symmetric

about the center C. Then,
4 noa
RI +23 0,

f(C)g(C)+A (f(C)+g(C)) AZW
j FOOgEAX

EA(C,R)
[ r@e@aocx)

6r(0, 1)

2D L [ @) + g IR © XPdo(x)

(n +3)* 16,(0, 1)
_,_2en+S)RP o, AR 23
An(n +2)(n + 3)? (FO) +g(C) - ¥ n(n + 2)(n + 3)%(n + 4)

C(R)
= s(C R Sn(.c[ . )f (X)g(X)do(X)

2n+2) &R)
W EC R U0 gl - chdox)

< —
IEn(C R)|

|6n (0 D

8n(0, 1))

Su(C.R)
n
A(RI* +2 zi=1rl4)

. 20n+ S)RP .
M+ m + 32O 8O — o 4

where X, ¢(R), and &(R) are defined in Theorem 1.

Corollary 8. Let f, g : By(C, 1) — [0, +) be both strongly convex functions with modulus A and g be symmetric
about the center C. Then,

£ + 17y + goy + B

I fDg)AX

|Bn(C A
_ 2n+2) r?
B M{ O8O = A e M{r)” ®) + gX)AoX)
et L At
/ (n+2)(n + 3)* (F(C) + (O - & (n+3%(n+4)

Corollary 9. Let f, g : E;(C, R) — [0, +) be both convex functions and g be symmetric about the center C. Then,

1
JOFO S o [ FE0R00MK

Eu(C,R)

C®)
| r®e®ao0e < 1 S ({R)f(X)g(X)dG(X),

<—F—
16 (o D, a .

where X, €(R) are defined in Theorem 1.
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Furthermore, if E,(C, R) reduces to B,(C, r), we have

GrGE [ rasenixs s | re0geniot)

IB"(C r)lﬂn(c r aCr)

3 Some mappings related to Hermite-Hadamard-type inequalities

The second purpose in this article is to give some applications of the Hermite-Hadamard inequalities for
product of strongly h-convex functions.

Theorem D. [34] Define the mapping $ : [0,1] = R by

J' FX + (1 - HC)AX.

En(C,R)

ﬁm'mwm

If f€ SX(h, A, E,(C, R)), then
(i) the function $) is a strongly h-convex function with modulus
(i) for anyt € (0,1],

+ IRP on [0, 1],

n+2

22 2
hw> "]<ﬁm<smmm+mmmmr%u L hy + - o

2h(1/2)

Next, we will extend the aforementioned theorem to product of functions as follows.
Theorem 5. Let § : [0,1] - [0, +) be defined as

ﬁo—Eﬂﬁanhﬁﬂ+ﬂ-0®ﬂﬂ+ﬂ-ooﬂ' (3

Let f€ SX(hy, A, Eq(C, R)), g € SX(hy, Ay, En(C, R)) be both nonnegative functions with 0 < A;, A, < % and g
be symmetric about the center C. Then, for any t € (0, 1],

L C C+t2—|R|2,1 C) + e (C +AAt4M
| O8O+ 5 RO+ Ae O+ Mt e
< H(0) < HOFL) - [Lf (OF D) + A (C)T(t)] IR |2 - 2 Mﬂt)
1 IO AL ECER (UE

where
Fi(t) = [h(t) + 2l (1/2)(A = )][ha(t) + 2hy(1/2)hy(1 - )],

1
Fut) = o 72) S () + 2172k - ][t - 0) + hy(1 - )],

Fs(t) = oo [ha(O) + 2ha(1/2)hy(1 =~ O][t(1 = ) + (1 - )],

2hy(1/2)

1
Falt) = o 1/2) S Ol =) + t(1 - )] + 2m/2)

ho(Olh(1 = 6) + t(1 = O] + k(1 = D1 - ©) - (1 - D)%
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Proof. For any fixed ¢ € (0, 1], taking the substitution Y = (y;,y,, ... ,J,), where y; = tx; + (1 - t)c;, we have

~ 1
50 = ey | X+ - 00+ - noxx

En(C,R)

- rem ] e

En(C,tR)

a(Xb X2, ---,Xn)
01> Yo weeYp)

_ d
" En(c Bl ('!tR)f(Y)g(Y) v

B m _[ f(X)g(X)dX On the other hand.

En(C,tR)

Then, (2.4) yields that

B> | f(C)g(C) + £ i uf(©) + (©)) + gt RE - 22 (32
= | % 2 18 e T DA :

Thus, we obtain the first part of the inequality.
It follows from the definition of strongly h-convexity that

GIGE

T Eﬂ({@[hla)foo+h1(1—t)f<6) ht(L - 01X - CP]

x [ROC) + Ryl - 0g(C) = Jat( = DX - CPAX

A |

. ﬁ%%%%%%éiflEngf(X)g(c)dxu+lﬂ%%ig?gﬁﬁzEngf(C)gCX)dx a5
- atowl [ o - cpax - At [ gOoi - cpax

En(C.R) E(C Bl e
(1 - Ohy(l - t) (1 - Ohy(L - )
- X - CPAXf(C) - M\————— X - CPdXg(C
SRR ) SOy | e crao
En(C,R) En(C,R)
(1 - t)?
+ (1 - Ol - OF(O(O) + daip o [ 1= cpax,
T ECR)

Then, with the aid of (2.12), (2.13), (2.14), (2.15), (3.2), and (3.3), we have

hy()hy(1 - t)
T IE(C R [ reogeax

Ex(C,R)

H(t) < M(O”(DHQ) +

h(1 = Ohy()
md = On() c .
" TIECR) En({ ’R)f (O)g(X)dX -
|R|* + 22111 IRP
“(n+2)(n+4) n+2g()

R +23 it |RP
Y+ 2)(n+4) taed©

t1 - Ohy(t)
2h,(1/2)

t(1 - tHhy(t)

BTNV

(3.4)
2
ot - o1t - 05 1(0) - et - ot - 0B gy

+ Iyl = Ol - t>{4h1<1/2)h2(1/z)s3(1> - B or0) + nacc)

n
IRI* +2) _rt
“m+2)(n+4)

4 o4
[RI* +2 2,41

l + hAt?(1 - t)zm



16 — Jinwen Song et al. DE GRUYTER

t(1 - (L)

= [h(Oh(t) + 412 (1/2)(1 = (1 = O1H() - ﬂzl +t1-ohA-10)

2hi(1/2)
+ 1 = Ohy(1 - D) lRlZ o (O - /h[% i1 -Dh( -0
(1= Ol - O -7 lRlz 8(C) = MA z%
xlﬂzééﬁﬁo'*“gééﬁgo'*ma_tmxl_”_t%l_oﬂ
 HOMIZD En({ jengieyers G En({R f©gx

On the other hand, inequality (2.14) shows that

[ reogeax

|En (C R)| E(CR)
< — X)[hy(1/2)(g(X 2C-X A |X - CPldx
G R)'E(L)ﬂ [r1/2)(E(X) + g(2C = X)) = A |X - CPIAX
o ) (3.5)
= 2M,(12H) - Azm E (_[R)f(X)IX Clrax
. 1 IRI* + ZZ?J IR
< A2V - by i mr e T e O)
and (2.15) means that
.[ O)g(X)AX < 2 (1/2)H(1) ~ Ay R+ 23 IR c (3.6)
E(C, R)lE(CR)f( )g(X)dX < 2hy(1/2)H(1) ' oh(1/2) 2(n+2)(n+4) W+ 28 80|, :
Thus, we complete the proof of theorem by (3.4)—(3.6). O

Remark. Letting 4, —» 0 and g = 1 in Theorem 5, then the result reduces to Theorem D (ii).
As a consequence of Theorem 5,

Corollary 10. Let $(t) be defined by (3.1). If f and g are both strongly convex functions with modulus A > 0 on the
ellipsoid E,(C, R) and g is symmetric about the center C, then, for any t € (0, 1],

0@ + 1R 0y + gy + e X
n+2 (n+2)(n+4)

< G <6 A |R|2 22 IRI" +2 ?:1ri4
< (0 < H) - AL - = (0 + g(O) - XA - th e o TS

Corollary 11. Let $(t) be defined by (3.1). If f and g are both nonnegative h-convex functions on the ellipsoid
E,(C,R) and g is symmetric about the center C, then, for any t € (0, 1],

f©s©)
4h2(1/2)

H(t) < HOF(),

where F4(t) is defined in Theorem 5 with hy(t) = hy(t) = h(t).



DE GRUYTER Hermite-Hadamard type inequalities for product of functions = 17

Acknowledgments: The authors would like to express their deep thanks to the referees for many helpful
comments and suggestions.

Funding information: The research was supported by the National Natural Science Foundation of China
(No. 11771358).

Author contributions: All authors have accepted responsibility for the entire content of this manuscript and
approved its submission.

Conflict of interest: The authors declare no conflicts of interest.

Data availability statement: Data sharing is not applicable to this article as no datasets were generated or
analyzed during this study.

References

[11 S. Varosssanec, On h-convexity, . Math. Anal. Appl. 326 (2007), 303-311.

[21 W. W. Breckner, Stetigkeitsaussagen fiir eine Klasse verallgemeinerter Konvexer funktionen in topologischen linearen Raumen, Publ. Inst.
Math. 23 (1978), 13-20.

[3]1 C.E.M.Pearce and A. M. Rubinov, P-functions, quasi-convex functions and Hadamard-type inequalities, |. Math. Anal. Appl. 240 (1999),
92-104.

[4] E.K.Godunova and V. 1. Levin, Neravenstva dlja funkcii sirokogo klassa soderzascego vypuklye monotonnye i nekotorye drugie vidy funkii,
Vycislitel, Mat. i. Fiz. Mezvuzov. Sh. Nauc. MGPI Moskva 9 (1985), 138-142.

[5] B. Polyak, Existence theorems and convergence of minimizing sequences in extremum problems with restrictions, Soviet Math. Dokl. 2
(1966), no. 7, 72-75.

[6] H. Angulo, ). Gimenez, A. Moros and K. Nikodem, On strongly h-convex functions, Ann. Funct. Anal. 2 (2011), no. 2, 85-91.

[71  P. Burai and A. Hazy, On approximately h-convex functions, ). Convex Anal. 18 (2011), no. 2, 1-9.

[8] J.L.Cardoso and E. M. Shehata, Hermite-Hadamard inequalities for quantum integrals: A unified approach, Appl. Math. Comput. 463
(2024), 128345.

[9] X.Jin, B.Jin, J. Ruan, and X. Ma, Some characterizations of h-convex functions, J. Math. Inequal. 16 (2022), no. 2, 751-764.

[10] M. ]leli and B. Samet, Weighted Hermite-Hadamard-type inequalities without any symmetry condition on the weight function, Open Math.
22 (2024), no. 1, 20230178.

[11] N. Merentes and K. Nikodem, Remarks on strongly convex functions, Aequationes Math. 80 (2010), 193-199.

[12] K. Nikodem and Zs. Péles, Characterizations of inner product spaces by strongly convex functions, Banach J. Math. Anal. 5 (2011), no.
183-87.

[13]1 K. Nikodem, J. L. Sdnchez and L. Sanchez, Jensen and Hermite-Hadamard inequalities for strongly convex set-valued maps, Math.
Aeterna 4 (2014), 979-987.

[14] E.R. Nwaeze, Set inclusions of the Hermite-Hadamard-type for m polynomial harmonically convex interval valued functions, Constr. Math.
Anal. 4 (2021), no. 3, 260-273.

[15] E. S. Polovinkin, Strongly convex analysis, Sb. Math. 187 (1996), no. 2, 103-130.

[16] M. Z. Sarikaya, E. Set, H. Yaldiz, and N. Basak, Hermite-Hadamards inequalities for fractional integrals and related fractional in
equalities, Math. Comput. Model. 57 (2013), no. 910, 2403-2407.

[171 J. E. N. Valdes, A Review of Hermite-Hadamard inequality, Partn. Univers. Int. Res. J. 1 (2022), no. 4, 98-101.

[18] J.E.N. Valdés, F. Rabossi, and A. D. Samaniego, Convex functions: Ariadneas thread or Charlotteas spiderweb? Adv. Math. Model. Appl.
5 (2020), no. 2, 176-191

[19] J. P. Vial, Strong convexity of sets and functions, ). Math. Econ. 9 (1982), 187-205.

[20] S. Xia, Y. Xing, J. Wan, J. Lu, and J. Ruan, Hermite-Hadamard inequalities of conformable fractional integrals for strongly h-convex
functions, J. Appl. Anal. Comput. 14 (2024), no. 6, 3610-3638.

[21] S.S. Dragomir, J. Pecari¢, and L. E. Persson, Some inequalities of Hadamard-type, Soochow J. Math. 21 (1995), 335-341.

[22] S.S.Dragomir and S. Fitzpatrick, The Hadamardas inequality for s-convex functions in the second sense, Demonstr. Math. 32 (1999), no.
4, 687-696.

[23] M. Z. Sarikaya, A. Saglam, and H. Yildrim, On some Hadamard-type inequalities for h-convex functions, . Math. Inequal. 2 (2008), no. 3,
335-341.

[24] B. Pachpatte, On some inequalities for convex functions, RGMIA Res. Rep. Coll. 6 (2003), no. 1, 1-9.



18 — Jinwen Song et al. DE GRUYTER

[23]

[26]

[27]

[28]

[29]

[30]

31
[32]

[33]
34]

[35]

U. Kirmaci, M. Bakula, M. Ozdemir, and J. Pecaric, Hadamard-type inequalities for s-convex functions, Appl. Math. Comput. 193 (2007),
no. 1, 26-35.

W. Hong, Y. Xu, and J. Ruan, Hermite-Hadamard-type inequalities for products of strongly h-convex functions on co-ordinates,
2022, preprint.

M. Alomari and M. Darus, The Hadamardas inequality for s-convex function of 2-variables on the co-ordinates, Int. J. Math. Anal. 2
(2008), no. 13, 629-638.

S. S. Dragomir, On the Hadamardas inequality for convex functions on the co-ordinates in a rectangle from the plane, Taiwanese J. Math.
5 (2001), no. 4, 775-788.

W. Hong, Y. Xu, J. Ruan, and X. Ma, Some new Hermite-Hadamard-type inequalities for strongly h-convex functions on co-ordinates, Open
Math. 22 (2024), 20240054.

M. A. Latif and M. Alomafi, On Hadamard-type inequalities for h-convex function on the co-ordinates, Int. ). Math. Anal. 3 (2009), no. 33,
1645-1656.

S. S. Dragomir, On Hadamardas inequality on a disk, J. Inequal. Pure Appl. Math. 1 (2000), no. 1, 2.

S.'S. Dragomir, On Hadamard’s inequality for the convex mappings defined on a ball in the space and applications, Math. Inequal. Appl.
3 (2000), no. 2, 177-187.

M. Mattoka, On Hadamard’s inequality for h-convex function on a disk, Appl. Math. Comput. 235 (2014), 118-123.

M. Feng, J. Ruan, and X. Ma, Hermite-Hadamard inequalities for multidimensional strongly h-convex functions, Math. Inequal. Appl. 24
(2021), no. 4, 897-911.

X. Wang, J. Ruan, and X. Ma, On the Hermite-Hadamard inequalities for h-convex functions on balls and ellipsoids, Filomat 33 (2019), no.
18, 5817-5886.



	1 Introduction
	2 Hermite-Hadamard-type inequalities for product of functions
	3 Some mappings related to Hermite-Hadamard-type inequalities
	Acknowledgments
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


