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Abstract: We define the weighted Orlicz-Lorentz-Morrey and weak weighted Orlicz-Lorentz-Morrey spaces to
generalize the Orlicz spaces, the weighted Lorentz spaces, the Orlicz-Lorentz spaces, and the Orlicz-Morrey
spaces. Furthermore, necessary and sufficient conditions for the boundedness of the Hardy-Littlewood max-
imal operator, generalized fractional integral, and maximal operators on the weighted Orlicz-Lorentz-Morrey
and weak Orlicz-Lorentz-Morrey spaces are given, based on the exploration of properties of Young functions,
Bp weights, and ∞Bp,

weights. Specifying the weights and the Young functions, we recover the existing results
and we obtain new results in the new and old settings.
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1 Introduction

For a function ( ) ( )∞ → ∞ρ : 0, 0, , the generalized fractional integral operator Iρ is defined by
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where (1.2) is necessary for the integral in (1.1) to converge for bounded functions with compact support and
condition (1.3) was taken into account in [1]. The operator Iρ was studied in [2,3] to extend the Hardy-Little-
wood-Sobolev theorem to Orlicz spaces, and the boundedness of the operator Iρ on Orlicz-Morrey spaces was
considered in [4]. If ( ) =ρ r rα, < < ∞α0 , then Iα is the usual fractional integral operator Iα. Particularly, (1.3)
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holds if ρ satisfies the following doubling condition (2.15). Iα was studied in [5] on the Orlicz-Lorentz spaces.
For instance, the operator Iρ is bounded from Lexp

p to Lexp

q, where Lexp

p is the Orlicz space LΦ with
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< < ∞p q0 , , − ∕ + = − ∕p α q1 1 (see also [6]).
We also investigate the generalized fractional maximal operator Mρ. For a positive function ρ on ( )∞0, ,

the operator Mρ is defined by
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where the supremum is taken over all balls ( )B a r, containing x . The operator Mρ was studied in [7]
on generalized Morrey spaces, and the boundedness of Mρ on Orlicz-Morrey spaces was investigated in [4].
If ( ) ∣ ( )∣= ∕ρ r B r0,

α n, >α 0, then Mρ is the fractional maximal operator Mα. Mα has been investigated in [5] on
the Orlicz-Lorentz spaces. Specially, Mρ is the Hardy-Littlewood maximal operator M for =ρ 1, and M was
studied in [8] on the weighted Lorentz spaces. Although it is well known that

( )( ) (∣ ∣)( )≤M f x CI f xα α

and the boundedness of Mα can be obtained from one of Iα, we have a better estimate of Mρ than Iρ.
In this article, we consider the generalized fractional integral operator Iρ and the generalized fractional

maximal operator Mρ on weighted Orlicz-Lorentz-Morrey spaces ( )wΛ

ϕΦ, and weak weighted Orlicz-Lorentz-
Morrey spaces ( )∞ wΛ

ϕΦ, , . We give necessary and sufficient conditions for the boundedness of Iρ and Mρ on
( )wΛ

ϕΦ, and ( )∞ wΛ

ϕΦ, , . The Orlicz-Lorentz-Morrey spaces contain Lp spaces, Orlicz spaces, weighted Lorentz
spaces, generalized Morrey spaces, and Orlicz-Morrey spaces as special cases. The weak-type spaces have also
similar properties.

We organize this article as follows. In Section 2, we give some necessary definitions of the related func-
tions and function spaces. The main results, Theorems 3.1–3.3, are shown in Section 3. In Section 4, the
properties of Young functions, weighted Orlicz-Lorentz-Morrey, and weak weighted Orlicz-Lorentz-Morrey
spaces are given. The proof of the main results is stated in the Section 5.

Throughout this article, we agree on the convention that the expressions of the form ⋅ ∞0 , and 0

0

, ∞
∞
are

equal to zero. Given ≤ < ∞p1 , denote by ′p its conjugate index that is + =′ 1

p p

1 1 . The symbol ( )↓ ↑f resp.

indicates that f is a non-negative non-increasing (resp. non-decreasing) function in �+. Note that the constant
C , unless otherwise specified, may differ from one occurrence to another.

2 Preliminaries

Let ( )X μ, be a σ -finite measure space and � ( )X μ, be the space of all μ-measurable real-valued functions
on X . The decreasing rearrangement f *

μ
of � ( )∈f X μ, is defined by equality [9]

( ) { ( ) }= ≤ ≥f t s λ s t t* inf : , 0,

μ f

μ

where

( ) { ∣ ( )∣ }= ∈ > ≥λ s μ x X f x s s: , 0f

μ
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is a distribution function of f . The function � �→ +w :

n or � �→+ +w : is called a weight function, or simply
a weight, whenever w is Lebesgue measurable, not identically equal to zero, and integrable on sets of finite
measure. If w is a weight on �+, then we denote ( ) ( )∫=W t w s ds

t

0

, and we always have that ( ) < ∞W t , >t 0.
If �( ) ( )=X μ u x, , d

n or �( ) ( )= +X μ u x, , d , where u is a weight on �n or �+, then we denote = =λ λ f f, * *
f
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f

u

μ u
,

and ( ) ( )=μ E u E for every Lebesgue measurable subset E of �n or �+. Particularly, if �( )=X x, d
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=f f* *
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and =λ λf

μ

f .
Let ( )L w

p

dec
be the cone of all non-increasing functions in �( ) ( )= +L w L w x, d

p p , < < ∞p0 . For the Hardy
operator A defined by
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Ariño and Muckenhoupt [10] gave a characterization of the boundedness of ( ) ( )→A L w L w:

p p
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Carro and Soria [11] obtained similar characterization of boundedness of ( ) ( )→ ∞A L w L w:
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It is worth indicating that = ∞B Bp p,
if >p 1. Soria [12] found a characterization of the boundedness of

( ) ( )→∞ ∞A L w L w:

p p
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,
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For other characterizations of ∞B B,p p,
, we refer to [8,13,14].

Let < < ∞p q0 , . We say that � ( )∈f X μ, belongs to the Lorentz space ( )L Xp q, [9,15] if
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For < ≤ ∞p0 , the space ( )∞L Xp, is defined as a class of � ( )X μ, such that
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where we agree on the convention that =∕t 1

p1 for = ∞p . If �( ) ( ( ) )=X μ u x x, , d

n or �( ) ( ( ) )= +X μ u x x, , d ,
we use the notation ( ) ( )=L X L up q p q, , .
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and the weighted Lorentz space ( )
∞
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Denote ( ) ( )=w wΛ ΛX
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p p, . Note that if < < ∞p q0 , , then ( ) ( )=w wΛ Λ ¯X
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p . We know [8, The-
orem 2.2.5] that ( )wΛX
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p equivalent to the expression ‖ ‖ ( )⋅ wΛX

p ,
if and only if ≥p 1 and ∈ ∞w Bp,
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.
For an increasing function [ ] [ ]∞ → ∞Φ : 0, 0, , let

( ) { ( ) } ( ) { ( ) }= ≥ = = ≥ = ∞a t t b t tΦ sup 0 : Φ 0 , Φ inf 0 : Φ , (2.1)

with convention ∅ = ∞inf and ∅ =sup 0. Then,

( ) ( )≤ ≤a b0 Φ Φ .

Let Φ̄ be the set of all increasing functions [ ] [ ]∞ → ∞Φ : 0, 0, such that

( ) ( )≤ < ∞ < ≤ ∞a b0 Φ , 0 Φ , (2.2)

( ) ( )= =
→ +

tlim Φ Φ 0 0,

t 0

(2.3)

[ ( ))bΦ is left continuous in 0, Φ , (2.4)

( ) ( ) ( )= ∞ = ∞ = ∞
→∞

b tif Φ , then lim Φ Φ ,

t
(2.5)

( ) ( ) ( ( ))
( )

< ∞ =
→ −

b t bif Φ , then lim Φ Φ Φ .

t b Φ

(2.6)

In the following, if an increasing and left continuous function [ ) [ )∞ → ∞Φ : 0, 0, satisfies (2.3) and ( ) = ∞→∞ tlim Φt ,
then we always regard that ( )∞ = ∞Φ and that ∈Φ Φ̄ (see also [4]).

Definition 2.1. For ∈Φ Φ̄ and [ ]∈ ∞u 0, , let

( )
{ ( ) } [ )= ⎧⎨⎩
≥ > ∈ ∞

∞ = ∞
− u

t t u u

u
Φ

inf 0 : Φ , 0, ,

, .

1 (2.7)

Suppose ∈Φ Φ̄. Then, −
Φ

1 is finite, increasing, and right continuous on [ )∞0, and positive on ( )∞0, .
If Φ is bijective from [ ]∞0, to itself, then −

Φ

1 is the usual inverse function of Φ. Moreover, if ∈Φ Φ̄, then

( ( )) ( ( )) [ ]≤ ≤ ∀ ∈ ∞− −u u u uΦ Φ Φ Φ , 0, .

1 1 (2.8)

For its proof, see [17, Proposition 2.2].
The notation Φ ~ Ψ, for ∈Φ, Ψ Φ̄, indicates the existence of a universal constant >C 0 independent of all

parameters involved, so that

( ) ( ) ( ) [ ]≤ ≤ ∀ ∈ ∞−C t t C t tΨ Φ Ψ , 0, .

1

We write ≈Φ Ψ, for ∈Φ, Ψ Φ̄, if there exists a positive constant C such that

( ) ( ) ( ) [ ]≤ ≤ ∀ ∈ ∞−C t t Ct tΦ Φ Φ , 0, .

1

Then,

≈ ⇔ − −
Φ Ψ Ψ ~ Ψ

1 1 (2.9)

(see [17, Lemma 2.8].)
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Now, we recall the definition of the Young function and give its generalization.

Definition 2.2. A function ∈Φ Φ̄ is called a Young function (or sometimes also called an Orlicz function) if Φ

is convex on [ ( ))b0, Φ . Let ΦY be the set of all Young functions. Let Φ̄Y be the set of all ∈Φ Φ̄ such that ≈Φ Ψ

for some ∈Ψ ΦY .

The classes ΦY and Φ̄ \ΦY Y are nonempty. For instance, let
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< <

∞ > = − ≥t
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t t tΦ
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1 2
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t
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3
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where Φ
3
is not convex near =t 1. Then, Φ

1
and Φ

2
given by (2.10) are in ΦY , but Φ

3
given by (2.11) is in Φ̄ \ΦY Y .

Orlicz and weak Orlicz spaces on a measure spaces ( )μΩ, are defined as follows: for ∈Φ ΦY , let ( )L μΩ,

Φ

and ( )wL μΩ,

Φ be the set of all measurable functions f such that the following functionals are finite,
respectively:
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⎫
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L μ

wL μ

t

f s

μ

Ω,

Ω

Ω,

0,

Φ

Φ

Then, ‖ ‖ ( )⋅ L μΩ,

Φ and ‖ ‖ ( )⋅ wL μΩ,

Φ are quasi Banach spaces. If ∈Φ ΦY , then ( )L μΩ,

Φ is a Banach space. For

∈Φ, Ψ ΦY , if ≈Φ Ψ, then

( ) ( )=L μ L μΩ, Ω,

Φ Ψ

and

( ) ( )=wL μ wL μΩ, Ω, ,

Φ Ψ

with equivalent quasi norms, respectively.
For a Young function Φ, its complementary function is defined by

( )
{ ( ) [ ]} [ )

͠ =
⎧
⎨
⎩

− ∈ ∞ ∈ ∞
∞ = ∞t

tu u u t

t
Φ

sup Φ : 0, , 0, ,

, .

Then, Φ͠ is also a Young function, and ( )͠Φ, Φ is called a complementary pair. The following inequality holds:

( ) ( )͠≤ ≤ >− −
t t t t tΦ Φ 2 , 0,

1
1 (2.12)

which is [18, (1.3)]. We indicate that for ∈Φ Φ̄Y , the function Φ
˜ is defined to be the function Ψ

˜ , where ∈Ψ ΦY

and ≈Ψ Φ.

Definition 2.3.
(i) A function [ ] [ ]∞ → ∞G : 0, 0, is said to satisfy the Δ

2
-condition, denoted by ∈G Δ

2
, if there exists

a constant C such that

( ) ( )≤ ∀ >G t CG t t2 , 0. (2.13)

(ii) A function [ ) [ )∞ → ∞G : 0, 0, is said to satisfy the ∇
2
-condition, if there exists a constant >k 1 such that

( ) ( )≤ ∀ >t
k

kt tΦ

1

2

Φ , 0. (2.14)
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(iii) A function [ ) [ )∞ → ∞G : 0, 0, is said to satisfy the doubling condition if there exists a positive constant C

such that for all >r s, 0,

( )

( )
≤ ≤ ≤ ≤

C

θ r

θ s
C

r

s

1

, for

1

2

2. (2.15)

(iv) A function [ ) [ )∞ → ∞G : 0, 0, is said to be almost increasing (resp. almost decreasing) if there exists
a positive constant C such that for all >r s, 0,

( ) ( ) ( ( ) ( ))≤ ≤ <θ r Cθ s θ s Cθ r r sresp. , for . (2.16)

In this article, we take into account the following class.

Definition 2.4. [4] Let � dec be the set of all functions ( ) ( )∞ → ∞ϕ : 0, 0, such that ϕ is almost decreasing and
that ( )↦r ϕ r rn is almost increasing, i.e., there exists a positive constant C such that, for all ( )∈ ∞r s, 0, ,

( ) ( ) ( ) ( )≥ ≤ <Cϕ r ϕ s ϕ r r Cϕ s s r s, , if .

n n

Remark 2.1. [6, Proposition 3.4] Let �∈ϕ dec. Thus, there exists �∈ϕ˜ dec such that ϕ ~ ϕ and ϕ˜ is continuous
and strictly decreasing. Furthermore, if

( ) ( )= ∞ =
→ →∞

ϕ r ϕ rlim , lim 0,

r r0

(2.17)

then ϕ˜ is bijective from ( )∞0, to itself.
Given ∈Φ Φ̄Y and a weight w on �+, the Orlicz-Lorentz space ( )wΛX

G (resp. ( )
∞

wΛX

G, ) [19–25] is the set of
� ( )∈f X μ, such that for some >λ 0, we have ( ) < ∞I λfX w

G

,
(resp. ( ) < ∞∞

I λfX w

G

,

, ), where

( ) ( ( )) ( ) ( ( ) ( ( )) ( ))∫= =
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G

w X w
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X

G

X
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We will assume further, without loss of generality, that the weight w vanishes on the interval [ ( ) )∞μ X , if
( ) < ∞μ X . When ↓w and ∈Φ ΦY , ‖ ‖ ( )⋅ wΛX

G is a norm [26] and when ∈W Δ
2
, ‖ ‖ ( )⋅ wΛX

G and ‖ ‖ ( )⋅ ∞
wΛX

G, are quasi-
norms. If �( ) ( )=X μ x, , d

n , we denote ( ) ( )=w wΛ ΛX

G G , ( ) ( )=∞ ∞w wΛ Λ ,X

G G,
, and if =w 1 and �( ) ( ( ) )=X μ u x x, , d

n ,
then ( ) ( )=w L uΛX

G G , which are Orlicz spaces.
For a measurable set �∈G n, we denote by ∣ ∣G its Lebesgue measure. ( )B a r, is the open ball centered at
�∈a n and of radius r . In the following, we give the definitions of the Orlicz-Lorentz-Morrey spaces and the

weak Orlicz-Lorentz-Morrey spaces.

Definition 2.5. For ∈Φ Φ̄Y , a function ( ) ( )∞ → ∞ϕ : 0, 0, , a weight function w on �+, a function � ( )→ ∞f : 0,

n ,
and a ball ( )=B B a r, , let

‖ ‖
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⎪
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Φ, , ,
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B

1
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( )

⎪

⎪

⎪

⎪
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⎧
⎨
⎩
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⎝

⎞
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⎫
⎬
⎭∞

f λ
fχ

λ
inf 0 : Φ 1 ,ϕ w B

B

w

Φ, , , , weak

Λϕ
B

1,

where the weight ϕ
B
on �n is equal to

∣ ∣ ( )B ϕ r

1 . Let the weighted Orlicz-Lorentz-Morrey spaces ( )wΛ

ϕΦ, and the

6  Hongliang Li



weak weighted Orlicz-Lorentz-Morrey spaces ( )∞ wΛ

ϕΦ, , be the set of all measurable functions f on �n such that

‖ ‖ ‖ ‖( ) =f fsup
w

B

ϕ w BΛ Φ, , ,

ϕΦ,

and
‖ ‖ ‖ ‖( ) =∞f fsup

w

B

ϕ w BΛ Φ, , , , weak

ϕΦ, ,

is finite, respectively, where the supremum is taken over all balls B in �n.

Clearly, we have
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where r is the radius of the ball B and χ
B
is the characteristic function of B.

Obviously, ( )wΛ

ϕΦ, and ( )∞ wΛ

ϕΦ, , are quasi-Banach spaces if ∈W Δ
2
. Furthermore, we indicated that, for

∈Φ, Ψ Ψ̄Y , if ≈Φ Ψ and ≈ϕ ψ, then

( ) ( ) ( ) ( )= =∞ ∞w w w wΛ Λ , Λ Λ ,

ϕ ψ ϕ ψΦ, Ψ, Φ, , Ψ, ,

with equivalent quasi-norms.
If =w 1, then ( ) =w LΛ

ϕ ϕΦ, Φ, and ( ) =∞ w LΛ w

ϕ ϕΦ, , Φ, , which are Orlicz-Morrey and weak Orlicz-Morrey
spaces in [4]. If ( ) = ∕ϕ r r1

n, then ( ) ( )=w wΛ Λ

ϕΦ, Φ and ( ) ( )=∞ ∞w wΛ Λ

ϕΦ, , Φ, , which represent the Orlicz-Lorentz
and weak Orlicz-Lorentz spaces. If ( ) = ∕ − ∕ϕ r rλ q n p, ( ) =t tΦ

q and ( ) = ∕ −w t tq p 1, then �( ) =wΛ

ϕ
p q λ

Φ,

, ,
, which are

Morrey-Lorentz spaces in [27] and [28]. If ( ) = ∕ϕ r r1

n, ( ) =t tΦ

p, then ( ) ( )=w wΛ Λ

ϕ pΦ, and ( ) ( )=∞ ∞w wΛ Λ

ϕ pΦ, , , ,
which take the weighted Lorentz and weak weighted Lorentz spaces. If =w 1 and ( ) = ∕ϕ r r1

n, then
( ) =w LΛ

ϕΦ, Φ and ( ) =∞ w LΛ w

ϕΦ, , Φ, which stand for usual Orlicz and weak Orlicz spaces. If ( ) = =t t wΦ , 1

p ,
≤ < ∞p1 , then the spaces ( )wΛ

ϕΦ, and ( )∞ wΛ

ϕΦ, , are reduced to the spaces Lp ϕ, and wLp ϕ, , which are general-
ized Morrey and weak Morrey spaces, respectively. Orlicz spaces were investigated in [29,30]. Weak Orlicz
spaces were studied by, for example, [31–33]. Morrey spaces were introduced by [34] and were generalized in,
i.e., [35–38]. Morrrey-Lorentz spaces were studied in [27] and [28]. Orlicz-Morrey and weak Orlicz-Morrey
spaces were explored in [6,39–42]. For other kinds of Orlicz-Morrey spaces, see, e.g., [7,43–46]. Recently, a kind
of generalized Orlicz-Morrey space � v

u

Φ,
was defined in [47] and when =w 1, ( ) =v x r, 1 and ( ) ( )=u x r ϕ r r,

n,
then �( ) =wΛ .

ϕ
v

uΦ,

Φ,
Weighted Lorentz spaces and weak weighted Lorentz spaces were studied in, e.g.,

[10,11,14,16,48].

3 Main results

We first consider boundedness of the Hardy-Littlewood maximal operator on weighted Orlicz-Lorentz-Morrey
spaces and weak weighted Orlicz-Lorentz-Morrey spaces.

Theorem 3.1. Let ∈Φ Φ̄Y , �∈ϕ dec, and ∈ ∞w B
1,
, ( ) < ∞w 0 . Then, the Hardy-Littlewood maximal operator M

is bounded from ( )wΛ

ϕΦ, to ( )∞ wΛ

ϕΦ, , . Moreover, if ∈ ∇Φ
2
and

( )
( )

( )
( ) ( )͠ ͠∫ ∫⎜ ⎟ ⎜ ⎟

⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

≤ >
∞

t

W t
w t t

s

W t
w t t CW s sΦ d Φ d , 0,

s

s0

(3.1)
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then the Hardy-Littlewood maximal operator M is bounded from ( )wΛ

ϕΦ, to itself and if ∈ ∇Φ
2
,

( ) ( ( ))
∫ ⎜ ⎟

⎛
⎝

⎞
⎠

≤ < < ∞
∞

−W
t

t C
r

W r
r

1

Φ

d

Φ

, 0

r

1 (3.2)

and

( )= ⎛
⎝
⎞
⎠ < ∞

>

−J W r W
r

sup

1

,

r 0

1 (3.3)

then M is bounded from ( )∞ wΛ

ϕΦ, , to itself.

Remark 3.1. (1) Since Theorem 3.1 shows a sufficient condition of the boundedness of M on the weighted
Orlicz-Lorentz-Morrey spaces, it can be considered a kind of generalization of [10, Theorem 1.7], where
a characterization of the boundedness of the operator M on the weighted Lorentz spaces ( )wΛ

p is given.
(2) If =w 1 and ∈ ΔΦ

2
, then ∈ ∞w B

1,
and (3.1) hold. Indeed, (3.1) establishes from the fact that ͠ ∈ ∇Φ

2

which implies that there exists a >p 1
1

such that ( )͠∕t tΦ

p
1 is almost decreasing and the following estimate:

( )
( )

( ) ( ) ( ) ( )
( )͠

͠ ͠ ͠ ͠
∫ ∫ ∫⎜ ⎟

⎛
⎝

⎞
⎠

= = ≤
−

=
−

∞
−s

W t
w t t s

h

h
dh s

h

h
h dh C

p
s C

p
W sΦ d

Φ Φ Φ 1

1

Φ 1

1

.

s

p

p

0

1

2

0

1

2

1 1

1

1

It can also be explained by [49, Theorem 2.1]. If =w 1 and ∈ ∇Φ
2
, then (3.2) and (3.3) hold. Indeed, for the same

reason, in light of the fact that ∈ ∇Φ
2
which yields that there exists a >p 1

2

such that ( )∕t tΦ

p
2 is almost

decreasing, it follows that

( ) ( )

( )

( )

( ) ( ( ))

∫ ∫

∫

∫

⎜ ⎟
⎛
⎝

⎞
⎠

=

≤

≤

≤ =

∞
−

∞

∞

∞

W
t

t
t

t t
t

t

t t
t

C
r

r t
t

C
r

r
C

r

W r

1

Φ

d

Φ

1

d

Φ

1

d

Φ

1

d

Φ Φ

,

r r

p

p

r

p

p

r

p

p

1

2

2

2

2

2

2

which implies (3.2). Thus, Theorem 3.1 extends [4, Theorem 3.3] from Orlicz-Morrey spaces and weak Orlicz-
Morrey spaces to weighted Orlicz-Lorentz-Morrey spaces and weak weighted Orlicz-Lorentz-Morrey spaces,
respectively. The aforementioned theorem is also an extension of [6, Theorem 6.1].

The next theorem discusses sufficient and necessary conditions of the boundedness of the operator Iρ

on weighted Orlicz-Lorentz-Morrey spaces and weak weighted Orlicz-Lorentz-Morrey spaces.

Theorem 3.2. Let ∈Φ, Ψ Φ̄Y , �∈ϕ dec. Assume that ( ) ( )∞ → ∞ρ : 0, 0, satisfy (1.2) and (1.3).
(i) If ∈ ∞w B

1,
, ( ) < ∞w 0 and there exists a positive constant A such that, for all ( )∈ ∞r 0, ,

( ) ( )
( )

( )
( ) ( ) ( )

∫ ∫ ⎜ ⎟

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟
+ ⎛

⎝
⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

−
∞

− −ρ t

t
t

W

ρ t

t
ϕ t W

ϕ t
W

t A

W

d Φ

1 1

Φ

1

d Ψ

1

,

r

ϕ r
r

ϕ t ϕ r
0

1

1

1

1

1

1

(3.4)

then for any positive constant C
0
, there exists a positive constant C

1
such that, for all ( )∈f wΛ

ϕΦ, with
‖ ‖ ( ) ≠f 0

wΛ

ϕΦ, ,

�
( )

‖ ‖

( )

‖ ‖( ) ( )

⎜ ⎟ ⎜ ⎟
⎛

⎝

⎞

⎠
≤

⎛

⎝

⎞

⎠
∈

I f x

C f

Mf x

C f
xΨ Φ , .

ρ

w w

n

1 Λ 0 Λ

ϕ ϕΦ, Φ,

(3.5)
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Thus, Iρ is bounded from ( )wΛ

ϕΦ, to ( )∞ wΛ

ϕΨ, , . Moreover, if ∈ ∇Φ
2
and there exists a positive constant B such

that, for all ( )∈ ∞r 0, ,

( ) ( )
( ( ( )))

( ) ( )

∫ ∫
⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟
+ ≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

−
∞

− − −ρ t

t
t

W

ρ t

t
W ϕ r t B

W

d Φ

1

Φ d Ψ

1

,

r

ϕ r
r

ϕ r
0

1

1

1 1 1

1

(3.6)

then for all ( )∈ ∞f wΛ

ϕΦ, , with ‖ ‖ ( ) ≠∞f 0
wΛ

ϕΦ, , ,

�
( )

‖ ‖

( )

‖ ‖( ) ( )

⎜ ⎟ ⎜ ⎟
⎛

⎝

⎞

⎠
≤

⎛

⎝

⎞

⎠
∈

∞ ∞

I f x

C f

Mf x

C f
xΨ Φ , .

ρ

w w

n

1 Λ 0 Λ

ϕ ϕΦ, , Φ, ,

(3.7)

Hence, if ∈ ∇Φ
2
and (3.1) holds, then the operator Iρ is bounded from ( )wΛ

ϕΦ, to ( )wΛ

ϕΨ, by (3.5), and if ∈ ∇Φ
2
,

(3.2) and (3.3) hold, then Iρ is bounded from ( )∞ wΛ

ϕΦ, , to ( )∞ wΛ

ϕΨ, , by (3.7).
(ii) If ∈W Δ

2
and Iρ is bounded from ( )wΛ

ϕΦ, to ( )∞ wΛ

ϕΨ, , , then there exists a positive constant C such that,
for all ( )∈ ∞r 0, ,

( )

( ) ( )

∫
⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟
≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

− −ρ t

t
t

W

C

W

d Φ

1

Ψ

1

.

r

ϕ r ϕ r
0

1

1

1

1

(3.8)

Furthermore, under the assumption that there exists a positive constant C such that, for all ( )∈ ∞r 0, ,

( )
( ) ( ) ( )

( )

( )

∫ ⎜ ⎟ ⎜ ⎟

⎡

⎣
⎢
⎢

⎛
⎝

⎞
⎠

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎤

⎦
⎥
⎥

⎛
⎝

⎞
⎠

≤− −ϕ s W
ϕ s W

w
s

ϕ r r
s s Cϕ r rΦ

1

Φ

1

d ,

r

ϕ s

n

n

n n

0

1

1

1 (3.9)

if Iρ is bounded from ( )wΛ

ϕΦ, to ( )∞ wΛ

ϕΨ, , , then (3.6) holds.

Remark 3.2. The aforementioned theorem is an extension of [4, Theorem 3.4], which is corresponding to the
case of =w 1. It is also generalization of [6, Theorem 7.3].

The following theorem shows sufficient and necessary conditions of the boundedness of the operator Mρ

on weighted Orlicz-Lorentz-Morrey spaces and weak weighted Orlicz-Lorentz-Morrey spaces.

Theorem 3.3. Let ∈Φ, Ψ Φ̄Y , �∈ϕ dec, ( ) ( )∞ → ∞ρ : 0, 0, .

(i) Assume that ∈ ∞w B
1,
, ( ) < ∞w 0 , and ( ) =→ ϕ rlim 0r 0

, or that ( )

( )

−

−
t

t

Φ

Ψ

1

1

is almost decreasing on ( )∞0, . If there

exists a constant >C 0 such that, for all ( )∈ ∞r 0, ,

( )

( ) ( )

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟
≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟< ≤

− −ρ t

W

C

W

sup Φ

1

Ψ

1

,

t r

ϕ r ϕ r

0

1

1

1

1

(3.10)

then, for any >C 0
0

, there exists >C 0
1

such that for all ( )∈f wΛ

ϕΦ, with ≠f 0,

�
( )

‖ ‖

( )

‖ ‖( ) ( )

⎜ ⎟ ⎜ ⎟
⎛

⎝

⎞

⎠
≤

⎛

⎝

⎞

⎠
∈

M f x

C f

Mf x

C f
xΨ Φ , .

ρ

w w

n

1 Λ 0 Λ

ϕ ϕΦ, Φ,

(3.11)

Hence, Mρ is bounded from ( )wΛ

ϕΦ, to ( )∞ wΛ

ϕΨ, , . If, moreover, ∈ ∇Φ
2
and for all ( )∈ ∞r 0, ,

( ) ( ( ( ))) ( ( ( )))≤
< ≤

− − − −ρ t W ϕ r C W ϕ rsup Φ Ψ ,

t r0

1 1 1 1

(3.12)
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then for all ( )∈ ∞f wΛ

ϕΦ, , with ≠f 0,

�
( )

‖ ‖

( )

‖ ‖( ) ( )

⎜ ⎟ ⎜ ⎟
⎛

⎝

⎞

⎠
≤

⎛

⎝

⎞

⎠
∈

∞ ∞

M f x

C f

Mf x

C f
xΨ Φ , .

ρ

w w

n

1 Λ 0 Λ

ϕ ϕΦ, , Φ, ,

(3.13)

Consequently, if ∈ ∇Φ
2
and (3.1) holds, then the operator Mρ is bounded from ( )wΛ

ϕΦ, to ( )wΛ

ϕΨ, by (3.11), and if
∈ ∇Φ

2
, (3.2) and (3.3) hold, then the operator Mρ is bounded from ( )∞ wΛ

ϕΦ, , to ( )∞ wΛ

ϕΨ, , by (3.13).
(ii) If Mρ is bounded from ( )wΛ

ϕΦ, to ( )∞ wΛ

ϕΨ, , , then (3.10) holds.

Remark 3.3. (1) According to (1.3) and (3.4), we have that

( )
( )

( ) ( ) ( )

∫
⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟
≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟
≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟< ≤

− − −ρ t

W

ρ t

t
t

W

C

W

sup Φ

1

d Φ

1

Ψ

1

,

t r

ϕ r

K r

ϕ r ϕ r

0

1

1

0

1

1

1

1

2

which yields (3.10). If ( ) ( ( ))= ∕ −ρ t rln 1

α for small >r 0 or ( ) ( )=ρ r rln

α with ≥α 0, then (3.10) is strictly weaker
than (3.4).

(2) The aforementioned theorem is an extension from Orlicz-Morrey spaces [4, Theorem 3.5] to weighted
Orlicz-Lorentz-Morrey spaces. It generalizes the results in [17,50,51] as well.

4 Some properties of the Orlicz-Lorentz-Morrey spaces

In this section, we give some properties of weighted Orlicz-Lorentz-Morrey and weak weighted Orlicz-Lorentz-
Morrey spaces.

Lemma 4.1. Let ∈Φ ΦY and �∈ϕ dec. Then, for any ball ( )=B B a r, ,

‖ ‖ ‖ ‖( ) ( ) ( ) ( )

( )

⎛

⎝
⎜

⎞

⎠
⎟⎟

−
⎛
⎝

⎞
⎠

∞χ χ~ ~

1

Φ

.
B a r w B a r w

W

, Λ , Λ

1

1

ϕ ϕ

ϕ r

Φ, Φ, ,

1

Proof. First, we claim that if ( )∩ ≠ ∅B B a r, and ( )∩ ≠ ∅B B a r,

c , then

‖ ‖ ‖ ‖ ‖ ‖( )
( )

( )
( )

( )≤
⎧
⎨
⎩

⎫
⎬
⎭⊂ ⊃

χ χ χmax sup , sup .
B a r ϕ w B

B B a r

B a r ϕ w B

B B a r

B a r ϕ w B
,

Φ, , ,

,

,
Φ, , ,

,

,
Φ, , ,

(4.1)

Indeed, let ( )=B B x R, with ( )∩ ≠ ∅B B a r, and ( )∩ ≠ ∅B B a r,

c . Let ( )=B B a R,
1

, and thus, ∣ ∣ ∣ ∣=B B
1
.

If ≤R r , then by (2.18),

‖ ‖
( ) ( ( )∣ ∣ )

( )

( ) ( ( )∣ ∣ )
( )

‖ ‖

( )

( )

( )

( )

∫

∫

⎟

⎟

⎜

⎜

=
⎧
⎨
⎩

>
⎛
⎝

⎞
⎠

≤
⎫
⎬
⎭

≤
⎧
⎨
⎩

>
⎛
⎝

⎞
⎠

≤
⎫
⎬
⎭

≤

∞
∩

∞
∩

χ λ

χ ϕ r B t

λ
w t t

λ

χ ϕ r B t

λ
w t t

χ

inf 0 : Φ

*

d 1

inf 0 : Φ

*

d 1

.

B a r ϕ w B

B a r B

B a r B

B a r ϕ w B

,
Φ, , ,

0

,

0

,
1

,
Φ, , ,

1

1

Analogously, if >R r, we also have

‖ ‖ ‖ ‖( ) ( )≤χ χ .
B a r ϕ w B B a r ϕ w B

,
Φ, , ,

,
Φ, , ,

1
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So (4.1) follows. According to the definition of ‖ ‖ ( )⋅
wΛ

ϕΦ, and (4.1), we have

‖ ‖ ‖ ‖

‖ ‖ ‖ ‖

{[ ( )] }

( ) ( )

( )
( )

( )
( )

( )

( )

( )

( )

( )

( )

( )

( )
∣ ( ) ∣

( ) ∣ ( ) ∣

⎟⎜

⎪

⎪

⎪

⎪

⎪

⎪

⎪ ⎪

⎪

⎪ ⎪

⎪

=

=
⎧
⎨
⎩

⎫
⎬
⎭

=
⎧
⎨
⎩

⎧
⎨
⎩

⎧
⎨
⎩

⎛
⎝

⎞
⎠ ≤

⎫
⎬
⎭

⎫
⎬
⎭

×
⎧
⎨
⎩

⎧
⎨
⎩

⎛
⎝

⎞
⎠ ≤

⎫
⎬
⎭

⎫
⎬
⎭

⎫
⎬
⎭

=

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎛
⎝

⎞
⎠

⎫

⎬
⎪⎪

⎭
⎪
⎪

⊂ ⊃

⊂

∩

⊃

∩

< − − > −

χ f

χ χ

λ

χ

λ

λ

χ

λ

W

sup

max sup , sup

max sup inf : Φ 1 ,

sup inf : Φ 1

max sup

1

Φ

, sup

1

Φ

.

B a r w

B

ϕ w B

B B a r

B a r ϕ w B

B B a r

B a r ϕ w B

B B a r

B a r B

w

B B a r

B a r B

w

R r
ϕ R

R r

W

, Λ Φ, , ,

,

,
Φ, , ,

,

,
Φ, , ,

,

,

Λ

,

,

Λ

1

1

1

1

1

ϕ

ϕ
B

ϕ
B

B a r

ϕ R B a R

Φ,

1

1

,

,

Note that �∈ϕ dec, which implies

( ) ( )≤ <ϕ r r Cϕ s s r s, .

n n

Hence, for >R r ,

( ) ( )
∣ ( ) ∣

( ) ∣ ( ) ∣

∣ ( ) ∣

( )

( )

⎟ ⎜ ⎟⎜
⎛
⎝

⎞
⎠

≤
⎛
⎝

⎞
⎠

⎛

⎝
⎜

⎞

⎠
⎟⎟

− − −
⎛
⎝

⎞
⎠

1

Φ

1

Φ

~

1

Φ

.

W W

W

1

1

1

1

1

1

B r

ϕ R B a R

C B r

ϕ r rn

ϕ r

0,

,

0,

1

Therefore,

‖ ‖( ) ( )

( )

⎛

⎝
⎜

⎞

⎠
⎟⎟

−
⎛
⎝

⎞
⎠

χ ~

1

Φ

.
B a r w

W

, Λ

1

1

ϕ

ϕ r

Φ,

1

In view of (2.19), by the same token,

‖ ‖( ) ( )

( )

⎛

⎝
⎜

⎞

⎠
⎟⎟

−
⎛
⎝

⎞
⎠

∞χ ~

1

Φ

.
B a r w

W

, Λ

1

1

ϕ

ϕ r

Φ, ,

1

□

If �‖ ‖ ( ) [ ]⋅ → +∞X μ: , 0, is a positively homogeneous functional and �{ ( ) ‖ ‖ }= ∈ < ∞E f μ f, : ,
we define the associate norm by

�‖ ‖ ∣ ( ) ( )∣ ‖ ‖ ( )∫=
⎧
⎨
⎩

≤ ∈
⎫
⎬
⎭

∈′f f x g x μ g g E f X μsup d : 1, , , .E

X

The associate space of E is then �{ ( ) ‖ ‖ }′ = ∈ < ∞′E f X μ f, : E (see [8, Definition 2.4.1]).

Lemma 4.2. Let ( ) ( )∞ → ∞ϕ : 0, 0, and (3.1) hold. Then, there exists a positive constant C such that for all
( )∈f wΛ

ϕΦ, and for all ( )=B B a r, ,

∣ ∣
∣ ( )∣ ( )

( )
‖ ‖

( )

∫ ⎜ ⎟≤ ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

−
B

f x x Cϕ r W
ϕ r

W

f
1

d

1

Φ

1

.

B
ϕ r

ϕ B w
1

1

Φ, , ,

Maximal function and generalized fractional integral operators  11



Proof. By [52, Theorem 3.1], we know

( ( )) ͠′ =w MΛ ,X w
Φ

Φ,

where ‖ ‖⋅ M wΦ

*

,

is defined as

‖ ‖ ‖ ( )‖
( )

͠
͠ =f S f * ,M μ L ww

ϕ
Φ,

where for a weight w in �+, the operator S is defined on the nonnegative measurable functions on �+

as follows:

( )( )
( )

( )∫=S f x
W t

f s s
1

d .

t

0

If letting ( ) ( )
( ) ∣ ∣

=X μ B x, , d

ϕ r B

1 , we obtain

∣ ∣
∣ ( )∣ ( ) ( )

( )∣ ∣
( )‖ ‖ ‖ ‖

( )

( ) ͠∫ ∫= ≤
B

f x x ϕ r f x
ϕ r B

x ϕ r f χ
1

d

1

d .

B a r B

w B M

,

ΛX w
Φ

Φ, (4.2)

Note that

( ) ( ) ( )
⎪

⎪

=
⎧
⎨
⎩

< <
χ s

s
ϕ r*

1, if 0

1

,

0, otherwise .

B μ

Thus, by (3.1),

( (( ) )( )) ( ) (( ) ( )) ( )͠ ͠∫ ∫≤
∞ ∞

S χ t w t t C χ t w t tΦ * d Φ * d ,
B μ B μ

0 0

for all balls �⊂B n. Since the modular inequality is stronger than the norm inequality, we obtain that

‖ ‖ ‖( ) ‖
( )͠

͠≤χ C χ * ,
B M B μ L wϕ w,

Φ

for all balls �⊂B n. And thus by the fact that ‖ ‖ ‖ ‖( ) =f fw ϕ B wΛ Φ, , ,

X

Φ , we obtain that

( ) ( )‖( ) ‖ ‖ ‖

( ) ‖ ‖

( )
( )

‖ ‖ ( )

͠

( ) ( )

( )

( )

( )

͠

⎜ ⎟

≤

≤
⎛

⎝
⎜

⎞

⎠
⎟⎟

⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

−
⎛
⎝

⎞
⎠

−

Cϕ r χ f

Cϕ r f

ϕ r W
ϕ r

W

f

RHS of 4.2 *

1

Φ

~

1

Φ

1

, by 2.12 .

B μ L w w

W

w

ϕ r

ϕ B w

Λ

1 1

Λ

1

1

Φ, , ,

X

ϕ r

X

Φ
Φ

1

Φ

□

Lemma 4.3. Let ∈Φ ΦY , ( ) ( )∞ → ∞ϕ : 0, 0, and w satisfy (3.2). Then, there exists a positive constant C such that,
for all ( )∈ ∞f wΛ

ϕΦ, , and for all ( )=B B a r, ,

∣ ∣
∣ ( )∣ ( ( ( )))‖ ‖∫ ≤ − −

B
f x x C W ϕ r f

1

d Φ .

B

ϕ w B
1 1

Φ, , , ,weak

Proof. First, let ( ) ( )∈ ∪Y YΦ

1 2 . Assume that ‖ ‖ =f 1.ϕ w BΦ, , , ,weak
If ( ) < ∞b Φ and [ ( ) )∈ ∞t b Φ , , then ( ) =λ t 0f .

For a ball ( )B a r, , let

( ( ( )))= − −t W ϕ rΦ .
0

1 1

12  Hongliang Li



Then, ( ) ( ( )) ( )= ∈ ∞−t W ϕ rΦ 0,
0

1 . Thus, ( ( ) ( ))∈t a bΦ , Φ
0

. Hence,

∣ ( )∣ ( ) ∣ ∣ ( )

( ) ( )

∫ ∫ ∫= ≤ +f x x λ t t t B λ t td d d .

B

b

fχ

t

b

fχ

0

Φ

0

Φ

B B

0

(4.3)

But

( )
( )

( )∣ ∣ ‖ ‖

∣ ∣ ( )
( ( ))

( )

∣ ∣

( ) ( )

( )∫ ∫ ⎜ ⎟≤ ⎛
⎝

⎞
⎠

=

≤

≤

− ∞λ t t W
t

ϕ r B t f

C B ϕ r
t

W t

C B t

d

1

Φ

d , since 1

Φ

, by 3.2

.

t

b

fχ

t

b

w

Φ Φ

1

Λ

0

0

0

B
ϕ

0 0

Φ, ,

Combining this and (4.3) yields that

∣ ( )∣ ∣ ∣∫ ≤f x x t Bd .

B

0

Second, let ( )∈ YΦ

3 . By [4, Remark 4.2 (ii)], for any < <δ0 1, there exists ( )∈ YΦ
1

2 such that

( ) ( ) ( ) [ )≤ ≤ ∈ ∞δt t t tΦ Φ Φ , 0, .
1 1

Therefore,

( ) ( ) ( )≤ ≤− − −δ u u uΦ Φ Φ ,

1

1

1 1

and according to the definition of ‖ ‖⋅ ϕ w BΦ, , , , weak
, we know

‖ ‖ ‖ ‖ ‖ ‖≤ ≤δ f f f .ϕ w B ϕ w B ϕ w BΦ , , , , weak Φ, , , , weak Φ , , , , weak
1 1

By the first case, we obtain

∣ ∣
∣ ( )∣ ( ( ( )))‖ ‖ ( ( ( )))‖ ‖∫ ≤ ≤ ∕− − − −

B
f x x C W ϕ r f C W ϕ r f δ

1

d Φ Φ ,

B

ϕ w B ϕ w B1

1 1

Φ , , , , weak

1 1

Φ, , , , weak
1

which induces the conclusion by letting →δ 1. □

Lemma 4.4. Let �∈ϕ dec, ∈ ∞w B
1,
, and (3.1) hold. If ( )∈f wΛ

ϕΦ, , ∩ = ∅f Bsupp 2 , and ( )=B B a r, , then

( ) ( )
( )

‖ ‖

( )

( )
⎜ ⎟≤ ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

∈−Mf x Cϕ r W
ϕ r

W

f for x B
1

Φ

1

, ,

ϕ r

w
1

1

Λ

ϕΦ,

where C only depends on Φ, ϕ, and w.

Proof. Let ∈ ′x B with a radius ′r . If ′ <r
r

2

, then ∣ ( )∣
∣ ∣

∫ =′ ′ f y yd 0

B B

1 . Since ∈ ∞w B
1,
, the function

( )
( )

∕
⎛

⎝
⎜

⎞

⎠
⎟−tW t

W

1 Φ

1

t

1

1

is almost increasing and satisfies the doubling condition. Thus, if ′ > ∕r r 2, by Lemma 4.2 and �∈ϕ dec,

∣ ∣
∣ ( )∣ ( )‖ ‖

( ) ( )
( )

∫ ⎜ ⎟

′
≤ ′ ⎛

⎝ ′
⎞
⎠

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

′
′

−

′
B

f y y Cϕ r f W
ϕ r W

1

d

1

Φ

1

B

ϕ B w

ϕ r

Φ, , ,

1

1
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( )
( )

‖ ‖

( )

⎜ ⎟≤ ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

−
′Cϕ r W

ϕ r
W

f
1

Φ

1

.

ϕ r

ϕ B w
1

1

Φ, , ,

Hence,

( ) ( )
( )

‖ ‖

( )

( )
⎜ ⎟≤ ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

−Mf x Cϕ r W
ϕ r

W

f
1

Φ

1

.

ϕ r

w
1

1

Λ

ϕΦ,

The lemma is proved. □

Lemma 4.5. Let ∈Φ ΦY , �∈ϕ dec, and w satisfy (3.2) and ( )∈ ∞f wΛ

ϕΦ, , . For a ball ( )=B B a r, , if supp ∩ = ∅f B2 ,
then

( ) ( ( ( )))‖ ‖ ( )≤ ∈− − ∞Mf x C W ϕ r f for x BΦ , ,
w

1 1

Λ

ϕΦ, ,

where the constant C
3
depends only on Φ, ϕ, and w.

Proof. For any ball ′ ∈B x whose radius is s, if ≤ ∕s r 2, then ∣ ( )∣∫ =′ f x xd 0

B
. If > ∕s r 2, then by Lemma 4.3 and

�∈ϕ dec,

∣ ( )∣ ( ( ( )))‖ ‖ ( ( ( )))‖ ‖( ) ( )∫ ≤ ≤
′

− − − −∞ ∞f y y C W ϕ s f C W ϕ r fd Φ Φ ,

B

w w
1 1

Λ

1 1

Λ

ϕ ϕΦ, , Φ, ,

since ( ( ( )))− −W ϕ rΦ

1 1 is almost decreasing and satisfies the doubling condition. □

5 Proofs of main results

5.1 Proof of Theorem 3.1

Without loss of generality, we may assume that ∈Φ ΦY . Let ( )∈f wΛ

ϕΦ, and ‖ ‖ ( ) =f 1.
wΛ

ϕΦ, Let ( )=B B a r, ,
= +f f f

1 2

, =f fχ
B1 2

, and

�
∣ ∣ ( )

= ∈a
kB ϕ r

k
1

, .kB

For the weak case, we need to prove that

‖ ‖ ( ) ≤∞Mf C ,
wΛ

ϕΦ, ,

i.e., for any ball ( )=B B a r, ,

‖ ‖ ≤Mf C.ϕ w BΦ, , , , weak

First, prove that

‖ ‖ ≤Mf C.ϕ w B
1

Φ, , , , weak
(5.1)

Since Φ is convex, by Jensen’s inequality, we have

( ( )) ( ( ))( )≤Mf x M f xΦ Φ ,
1 1
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and thus,

‖ ( )‖ ‖ ( ( ))‖ [ ( ( )) ]( ) ( )

( )

⎜ ⎟≤ ≤ ⎛
⎝
⋅ ⎞
⎠

∞ ∞
∞

Mf M f C A f
a

Φ Φ Φ * .
w w

B
L w

1 Λ 1 Λ 1ϕ
B

ϕ
B

1, 1,

1,

The condition ∈ ∞w B
1,

implies that

( ) → ∞A L w L: ,
dec

1 1,

and we have

[ ( ( )) ] ( ( ))

( ( ))

( ( )‖ ‖ )

( ( ‖ ‖ ))

( ( ))

( ) ( )

( )

( )

( )

( )

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎛
⎝
⋅ ⎞
⎠

≤ ⎛
⎝
⋅ ⎞
⎠

= ⎛
⎝
⋅ ⎞
⎠

≤ ⎛
⎝
⋅ ⎞
⎠

≤ ⎛
⎝
⋅ ⎞
⎠

∈ ∈

≤ ⎛
⎝
⋅ ⎞
⎠

≤

∞

∞
A f

a
C f

a

C fχ
a

C fχ f
a

C fχ f
a

w B W Δ

C fχ
a

C

Φ * Φ *

Φ *

Φ *

Φ * , since yields that

Φ *

.

B
L w

B
L w

B
B

L w

B ϕ w B

B
L w

B ϕ w B

B
L w

B
B

L w

1 1

2

2
Φ, , ,2

2
Φ, , ,2

2

1, 2

2

2

1, 1

1

1

1

1

Thus, by convexity of Φ for >C 1,

( )

⎟⎜
⎛
⎝

⎞
⎠

≤ ≤
∞

Mf χ

C

C

C
Φ 1,

B

w

1

Λϕ
B

1,

if

≥C C ,

which deduces (5.1). Let

( )
( )

( )

⎜ ⎟= ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

−A ϕ r W
ϕ r

W

1

Φ

1

.r

ϕ r

1

1

Next, prove that

‖ ‖ ≤Mf C.ϕ w B
2

Φ, , , , weak
(5.2)

Since ∈ ∞w B
1,

and ( ) < ∞w 0 , we obtain

( )
≤ < < ∞

W r

r
C r, 0 .

1

(5.3)

Thus,

( )

( )

( ) ( )
( )

⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
=

⎛

⎝

⎜
⎜
⎜

⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

⎞

⎠

⎟
⎟
⎟

⎛
⎝

⎞
⎠

−A

C
W

ϕ r

ϕ r

C
W

ϕ r
W

W
ϕ r

Φ

1

Φ

1

Φ

1 1r

ϕ r

1 1

1

1
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( )
( )

( )
( )

( )

( )

⎜ ⎟

⎜ ⎟

≤

⎛

⎝

⎜
⎜
⎜

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

⎞

⎠

⎟
⎟
⎟

⎛
⎝

⎞
⎠

≤
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

=

−

W

W
ϕ r

W

W
ϕ r

Φ Φ

1 1

, by 5.3

1 1

, by 2.8

1.

ϕ r

ϕ r

1

1

1

(5.4)

Then, by Lemma 4.4, the fact ‖ ‖ ( ) ≤f 1
w2 Λ

ϕΦ, and (5.4),

( )

( )

( )∣ ∣

( )

( ) ( )

⎜ ⎟

⎟⎜ ⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

≤ ⎛
⎝

⎞
⎠

=
⎛

⎝
⎜

⎞

⎠
⎟

≤ ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

≤

>

∞ ∞

Mf χ

CC

CA χ

CC

t W

λ t

ϕ r B

A

C
W

ϕ r

Φ Φ

sup Φ

Φ

1

1.

B

w

r B

w

t

r

2

1

Λ

1

Λ

0

1

ϕ
B

ϕ
B

ArχB

C

1, 1,

1

Thus, by (5.1) and (5.2),

‖ ‖ (‖ ‖ ‖ ‖ )≤ + ≤Mf C Mf Mf C.ϕ w B ϕ w B ϕ w BΦ, , , , weak
1

Φ, , , , weak
2

Φ, , , , weak

For the strong case, let ( )∈f wΛ

ϕΦ, and ‖ ‖ ( ) =f 1.
wΛ

ϕΦ, We need to prove that

‖ ‖ ( ) ≤Mf C ,
wΛ

ϕΦ,

i.e., for any ball ( )=B B a r, ,

‖ ‖ ≤Mf C.ϕ w BΦ, , ,
(5.5)

First, prove

‖ ‖ ≤Mf C.ϕ w B
1

Φ, , ,
(5.6)

Indeed, since ∈ ∇Φ
2
, by [53, Theorem 1.2.1], there exists < <α0 1 such that Φ

α is quasi-convex. Thus,

∥ ( )∥ ∥( ( )) ∥

∥ ( )∥

∥ ( ( ))∥

[ ( ( )) ]

( ) ( )

( )

( )

( )

⎜ ⎟

=

=

≤

≤ ⎛
⎝
⋅ ⎞
⎠

∕

∕

∕

Mf χ Mf χ

Mf χ

C M f χ

C A f
a

Φ Φ

Φ

Φ

Φ * .

B w
α

B w

α

B
w

α

α

B w

α

α

B
L w

α

1 Λ 1 Λ

1

Λ

1

1
Λ

1

1

1

ϕ
B

α

ϕ
B

ϕ
B

α

ϕ
B

α

α

1

1

1

1

1

1

(5.7)

Noting that ∈ ∞w B
1,

which implies ∈ ∕w B α1
, we obtain

( ) ( )→∕ ∕A L w L w: .

α α
dec

1
1

Thus, we have

( ) ( ( ))

( )

⎜ ⎟≤ ⎛
⎝
⋅ ⎞
⎠

∕

∕
C f

a
RHS of 5.7 Φ *

α

B
L w

α

1

1

α1
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( ( ))

( ( ))

( ( )‖ ‖ )

( ( ‖ ‖ ))

( ( ))

( )

( )

( )

( )

( )

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

≤ ⎛
⎝
⋅ ⎞
⎠

= ⎛
⎝
⋅ ⎞
⎠

≤ ⎛
⎝
⋅ ⎞
⎠

≤ ⎛
⎝
⋅ ⎞
⎠

∈ ∈

≤ ⎛
⎝
⋅ ⎞
⎠

≤

∞

C f
a

C fχ
a

C fχ f
a

C fχ f
a

w B W Δ

C fχ
a

C

Φ *

Φ *

Φ *

Φ * , since yields that

Φ *

.

B
L w

B
B

L w

B ϕ w B

B
L w

B ϕ w B

B
L w

B
B

L w

1

2

2
Φ, , ,2

2
Φ, , ,2

2

1, 2

2

2

1

1

1

1

1

(5.8)

Thus,

͠ ͠
( )

⎟⎜
⎛
⎝

⎞
⎠

≤ ≤
Mf χ

C

C

C
Φ 1,

B

w

1

Λϕ
B

1

if
͠ ≥C C ,

which deduces (5.6). Similarly, to prove (5.2), we may verify

‖ ‖ ≤Mf C.ϕ w B
2

Φ, , ,
(5.9)

Hence, by (5.6) and (5.9),

‖ ‖ (‖ ‖ ‖ ‖ )≤ + ≤Mf C Mf Mf C ,ϕ w B ϕ w B ϕ w BΦ, , ,
1

Φ, , ,
2

Φ, , ,

which implies (5.5).
Next, assume that ( )∈ ∞f wΛ

ϕΦ, , and ‖ ‖ ( ) =∞f 1
wΛ

ϕΦ, , . Subsequently, we verify that the the norm inequality

‖ ‖ ( ) ≤∞Mf C ,
wΛ

ϕΦ, ,

i.e., for any ball ( )=B B a r, ,

‖ ‖ ≤Mf C.ϕ w BΦ, , , , weak
(5.10)

Let = +f f f
1 2

, =f fχ
B1 2

. Since ∈ ∇Φ
2
, there exists < <α0 1 such that Φ

α is quasi-convex. Thus,

‖ ( )‖ ( ( ))

‖ ( )‖

‖ ( ( ))‖

[ ( ( )) ]

( )
( )

( )

( )

( )

⎜ ⎟

=

=

≤

≤ ⎛
⎝
⋅ ⎞
⎠

∕

∞
∞

∞

∞

∕ ∞

Mf χ Mf χ

Mf χ

C M f χ

C A f
a

Φ Φ

Φ

Φ

Φ * .

B w
α

B
w

α

B
w

α

α

B
w

α

α

B
L w

α

1 Λ 1

Λ

1

Λ

1

1

Λ

1

1

1

ϕ
B

α

ϕ
B

ϕ
B

α

ϕ
B

α

α

1,

1

1,

1

,

1

,

1 ,

(5.11)

Noting that ∈ ∞w B
1,
, which implies ∈ ∕ ∞

∞
w B α1 ,

[12], we obtain

( ) ( )→∕ ∞ ∕ ∞A L w L w: .

α α
dec

1 ,
1 ,

Thus, similar to the estimate of (5.8), we have

( )

( )

⎜ ⎟⎟⎜ ⎜ ⎟≤
⎛
⎝
⎛
⎝

⎞
⎠
⎞
⎠
⎛
⎝
⋅ ⎞
⎠

≤
∞

C
f

C a
CRHS of 5.11 Φ

*

,

B
L w

1

Φ
1,
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which implies that

‖ ‖ ≤Mf C.ϕ w B
1

Φ, , , , weak
(5.12)

Next, consider Mf
2

. Let

( ( ( )))= − −D W ϕ rΦ .r
1 1

By Lemma 4.5,

( )

( ( ( ( ))))
( )

( ( ))
( )

( )

( ) ( )

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎟⎜
⎛
⎝

⎞
⎠

≤ ⎛
⎝

⎞
⎠

= ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

≤ ⎛
⎝

⎞
⎠

≤ ⎛
⎝

⎞
⎠

≤

≤

− −

−

∞ ∞

Mf χ

CI

CD χ

CI

D

I
W

ϕ r

I
W ϕ r W

ϕ r

I
W ϕ r W

ϕ r

J

I

Φ Φ

Φ

1

1

Φ Φ

1

1 1

, by 3.3

1,

B

w

r B

w

r

2

Λ Λ

1 1

1

ϕ
B

ϕ
B

1, 1,

if ≥I J . Thus,

‖ ‖ ≤Mf C J ,ϕ w B
2

Φ, , , , weak 3

which combining (5.12) concludes the proof. □

5.2 Proof of Theorem 3.2

We need the following lemmas to prove Theorem 3.2 (i).

Lemma 5.1. [43, Proposition 1] Let ( ) ( )∞ → ∞ρ τ, : 0, 0, . Assume that ρ satisfies (1.3) and τ satisfies the doubling
condition (2.15). Define

( )
( )

( )∫= ∈ ∞ρ r
ρ t

t
t r˜ d , 0, .

K r

K r

1

2

Then, there exists a positive constant C such that, for all ( )∈ ∞r 0, ,

( )
( )∫∑ ≤

=−∞

−

ρ r C
ρ t

t
t˜ 2 d

j

j

K r
1

0

2

(5.13)

( ) ( )
( ) ( )∫∑ ≤

=

∞ ∞

ρ r τ r C
ρ t τ t

t
˜ 2 2 .

j

j j

K r
0

1

(5.14)

Proof of Theorem 3.2. (i) By assumption (2.17), we may assume that ϕ is bijective from ( )∞0, to itself. By (3.4)
and the fact that ( ) =→∞ϕ tlim 0t , there holds that

( )
( ) ( )∫< ≤

∞
− −ρ t

t
t0 d Φ 0 Ψ 0 .

0

1 1 (5.15)
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Let ‖ ‖ ( ) =f 1
wΛ

ϕΦ, and �∈x n. We assume that

( ) ( )
⎜ ⎟< < ∞ ≤ ⎛
⎝

⎞
⎠
< ∞

Mf x

C

Mf x

C
0 and 0 Φ .

0 0

Otherwise, there is nothing to prove. If ( )
( ) =Φ 0

Mf x

C
0

, then by (2.8) it follows that

( )
( ) { ( ) }≤ = ≥ =−Mf x

c
u uΦ 0 sup 0 : Φ 0 .

0

1

Then, taking use of (5.13), (5.14), and (5.15), we obtain

∣ ( )∣
(∣ ∣)

∣ ∣
∣ ( )∣

( )
∣ ( )∣

( )
( )

( )
( ) ( )

( )

͠

∣ ∣

∣ ∣

∫

∫

∫

∫

∑

∑

⎟⎜ ⎜ ⎟

≤
−
−

≤

≤

≤ ≤ ≤
⎛
⎝
⎛
⎝

⎞
⎠
⎞
⎠

=−∞

∞

≤ − ≤

=−∞

∞

− ≤
∞

∞
− − −

+

+

I f
ρ x y

x y
f y y

C
ρ

f y y

C
ρ t

t
tMf x

C
ρ t

t
t C C

Mf x

C

d

2

2

d

d

d Φ 0 Ψ 0 Ψ Φ ,

ρ

j
x y

n

j

jn

j
x y

2 2

2

0

0

1 1 1

0

j j

j

1

1

which yields (3.5). If ( )
( ) >Φ 0,

Mf x

c
0

we can choose < < ∞r0 such that

( )

( )

⎜ ⎟

⎛
⎝

⎞
⎠

= ⎛
⎝

⎞
⎠

W

Mf x

c

1

Φ .

ϕ r

1 0

(5.16)

Let

( )

( )
∣ ( )∣

( )

( )
∣ ( )∣

∣ ∣

∣ ∣

∫

∫

∑

∑

=

=

=−∞

−

− <

=

∞

− <

+

+

J
ρ r

r
f y y

J
ρ r

r
f y y

˜ 2

2

d ,

˜ 2

2

d .

j

j

j n

x y r

j

j

j n

x y r

1

1

2

2

0

2

j

j

1

1

Then,
∣ ( )∣ ≤ +I f x J J .ρ

1 2

By (5.16) and (2.8), we have that

( )

( )

≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

−Mf x C

W

Φ

1

.

ϕ r

0

1

1

Then, using (5.13), we have

( )
( )

( )

( )

∫ ∫≤ ≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

−J
ρ t

t
tMf x

ρ t

t
t

W

d d Φ

1

.

K r K r

ϕ r

1

0 0

1

1

2 2

Thus, by Lemma 4.2,

( ) ( )
( )

( )

∑ ⎜ ⎟≤ ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟=

∞
+

+
−

+

J C ρ r ϕ r W
ϕ r

W

˜ 2 2

1

2

Φ

1

.

j

j j

j

ϕ r

2

0

1

1

1

1

2

j 1
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In view of �∈ϕ dec, ∈ ∞w B
1,
, and ∈Φ ΦY , it follows that the function

( ) ( )
( )

( )

⎜ ⎟= ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

−F t ϕ t W
ϕ t

W

1

Φ

1

ϕ t

1

1

satisfies

( )

( )
≤ ≤

C

F r

F s
C

1

,

if

∕ ≤ ∕ ≤r s1 2 2.

Thus, by (5.14),

( )
( )

( )
( )

∫ ⎜ ⎟≤ ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

∞
−J

ρ t

t
ϕ t W

ϕ t
W

t
1

Φ

1

d .

K r
ϕ t

2

1

1

1

Therefore, by (3.4), the doubling condition of
( )

⎛

⎝
⎜

⎞

⎠
⎟⎟

−
⎛
⎝

⎞
⎠

Ψ

W

1

1

ϕ r

1

and
( )

⎛

⎝
⎜

⎞

⎠
⎟⎟

−
⎛
⎝

⎞
⎠

Φ

W

1

1

ϕ r

1

and (5.16),

( )

( )

( )
( )

( )

( )

( )

⎜ ⎟

⎜ ⎟

⎟⎜ ⎜ ⎟

≤

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⋅

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

≤
⎛
⎝
⎛
⎝

⎞
⎠
⎞
⎠

−

−

−

−

−

J C

W

C

W

C
Mf x

C

Ψ

Φ

Φ

1

Ψ

1

Ψ Φ

W

W
ϕ r

ϕ r

1

1

1

1

1

1

1

1

1

1

0

ϕ K r

ϕ K r

1

2

1

2

and

( )
( )

( )

( )

( )

( )

( )

( )

∫

⎟⎜

⎜ ⎟

⎜ ⎟

≤ ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

≤
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

≤
⎛
⎝
⎛
⎝

⎞
⎠
⎞
⎠

∞
−

−

−

−

J C
ρ t

t
ϕ t W

ϕ t
W

t

C

W

C

W

C
Mf x

C

1

Φ

1

d

Ψ

1

Ψ

1

Ψ Φ .

K r
ϕ t

ϕ K r

ϕ r

2

1

1

1

1

1

1

1

0

1

1

Combining the estimate of J
1

and J
2

with (2.8), we have (3.5).
The proof of (3.7) is similar to the one of (3.5) except that we use Lemma 4.3 instead of Lemma 4.2 to

the evaluation of J
2

. We omit the details. □
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To prove Theorem 3.2 (ii), we need the following three lemmas.

Lemma 5.2. [54, Lemma 2.1] There exists a positive constant C such that, for all >R 0,

�
( )

( ) ( )( )( ) ( )∫ ≤ ∈
∕

∕
ρ t

t
tχ x CI χ x xd , .

R

B R ρ B R

n

0

2

0, 2 0,

Lemma 5.3. For ∈Φ ΦY , �∈ϕ dec, and ∈W Δ
2
, let

( ) ( )
( )

( )

⎜ ⎟= ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

>−g r ϕ r W
ϕ r

W

r
1

Φ

1

, 0.

ϕ r

1

1

(5.17)

If (3.9) holds, then

(∣ ∣) ( )⋅ ∈g wΛ .

ϕΦ,

Remark 5.1. When =w 1, (3.9) reduces to

[ ( ( ))] ( )∫ < < < ∞− −ϕ s s s Cϕ r r rΦ Φ d , 0 .

r

n n

0

1 1 (5.18)

Since ( ( )) ≤− s sΦ Φ

1 , for >s 0,Lemma 5.3 improves [4, Lemma 5.4].

Proof. For any ball ( )=B B a r, ,

( (∣ ∣) ) ( ( )∣ ∣ )
( )

( ( ) ) ( ( )∣ ∣ )
( )

( ( ) ) ( ( ) )
( )

( ( ))
( ) ( )

( )
( ( ))

( )

( )

( )

∫ ∫

∫

∫

∫

⎜

⎟⎜

⎜ ⎟

⎜ ⎟

⎜ ⎟
⎛
⎝

⋅ ⎞
⎠

≤
⎛
⎝

⋅ ⎞
⎠

=
⎛

⎝

⎞

⎠
⎟

≤ ⎛
⎝

⎞
⎠

≤ ⎛
⎝

⎞
⎠

≤ ≤

∞ ∞

∞ ∕ ∕ ∕ ∕

−

−

g χ ϕ r B t

δ
w t t

g χ ϕ r B t

δ
w t t

g ϕ r rt χ ϕ r rt

δ
w t t

δ
g s w

s

ϕ r r

ns

ϕ r r
s

n

δϕ r r
g s w

s

ϕ r r
s s

nC

δ

Φ

*

d Φ

*

d

Φ d

1

Φ d

Φ d

1,

B B r

n n

r

n n

r
n

n

n

n

n

r
n

n

n

0 0

0,

0

1 1

0,

1 1

0

1

0

1

0

if

>δ nC .
0

Thus,

(∣ ∣) ( )⋅ ∈g wΛ .

ϕΦ, □

Lemma 5.4. Let ∈Φ ΦY , �∈ϕ dec, and g be defined as in (5.17). Then, there exists a positive constant C such that,
for all >R 0,

�
( ) ( )

( ) ( (∣ ∣))( )( )∫ ≤ ⋅ ∈
∞

ρ t g t

t
tχ x CI g x xd , .

R

B R ρ
n

2

0,
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Proof. Note that ( ) ( )⋅ ⋅g g2 ~ and if ( )∈x B R0, , then ∣ ∣ ∣ ∣−x y y~ with ( )∉y B R0,2 . Therefore,

�

�

�

( (∣ ∣))( )
(∣ ∣) (∣ ∣)

∣ ∣

( ) (∣ ∣)

∣ ∣

(∣ ∣) (∣ ∣)

∣ ∣

( ) ( )

( )

( )

( )

∫

∫

∫

∫

⋅ ≥
−
−

=
−

∞

I g x
ρ x y g y

x y
y

ρ y g x y

y
y

ρ y g y

y
y

ρ t g t

t
t

d

d

~ d

~ d ,

ρ

B x R

n

B R

n

B R

n

R

n

\ ,2

\ 0,2

\ 0,2

2

n

n

n

which completes the proof. □

We continue to prove Theorem 3.2 (ii). On the one hand, by Lemma 5.2 and the boundedness of Iρ,
we obtain

( )
‖ ‖ ‖ ‖ ‖ ‖( ) ( ) ( ) ( ) ( ) ( )∫ ≤ ≤∞ ∞

ρ t

t
t χ I χ χd .

r

B r w ρ B r w B r w

0

0, Λ 0,2 Λ 0,2 Λ

ϕ ϕ ϕΨ, , Ψ, , Φ,

By Lemma 4.1 and the doubling condition of
( )

⎛

⎝
⎜

⎞

⎠
⎟⎟

−
⎛
⎝

⎞
⎠

Φ

W

1

1

ϕ r

1

, we obtain

( )

( ) ( )

∫
⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟
≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

− −ρ t

t
t

W

C

W

d Φ

1

Ψ

1

.

r

ϕ r ϕ r
0

1

1

1

1

On the other hand, by Lemma 5.4, the boundedness of Iρ, and Lemma 5.3, we achieve that

( ) ( )
‖ ‖ ‖ ‖ ‖ ‖( )∫ ≤ ≤ ≤

∞

∕ ∞ ∞
ρ t g t

t
t χ I g C g Cd .

r

n B r ρ
0, 2 Λ Λ Λ

ϕ ϕ ϕΨ, , Ψ, , Φ,

Taking into account Lemma 4.1, the doubling condition of
( )

⎛

⎝
⎜

⎞

⎠
⎟⎟

−
⎛
⎝

⎞
⎠

Φ

W

1

1

ϕ r

1

and (3.9), we have

( )
( )

( )
( ) ( )

∫ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

∞
− −ρ t

t
ϕ t W

ϕ t
W

t C

W

1

Φ

1

d Ψ

1

.

r
ϕ t ϕ r

1

1

1

1

We complete the proof. □

5.3 Proof of Theorem 3.3

(i) Let ‖ ‖ ( ) =f 1
wΛ

ϕΨ, and ( )< < ∞Mf x0 . To prove (3.11), we only need to show

( )
∣ ( )∣

∣ ( )∣
( )

( )

( )

∫ ⎟⎜ ⎜ ⎟≤
⎛
⎝
⎛
⎝

⎞
⎠
⎞
⎠

∈−ρ r
B a r

f y y C
Mf x

C
x B a r

1

,

d Ψ Φ , , .

B a r,

1

1

0

We consider two cases:

( )
( )

( )
( )

⎟⎜ ⎜ ⎟⎜ ⎟
⎛
⎝
⎛
⎝

⎞
⎠
⎞
⎠
≥

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

⎛
⎝

⎞
⎠

− −Mf x

C A
W

ϕ r W
ϕ r

Ψ Φ

1

Ψ

1 1

ϕ r

1

0

1

1

(5.19)
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or

( )
( )

( )
( )

⎟⎜ ⎜ ⎟⎜ ⎟
⎛
⎝
⎛
⎝

⎞
⎠
⎞
⎠
<

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

⎛
⎝

⎞
⎠

− −Mf x

C A
W

ϕ r W
ϕ r

Ψ Φ

1

Ψ

1 1

.

ϕ r

1

0

1

1

(5.20)

For (5.19), by Lemma 4.2, ‖ ‖ ( ) =f 1
wΛ

ϕΨ, , and condition (3.11), we obtain

( )
∣ ( )∣

∣ ( )∣ ‖ ‖ ( )
( )

( )

( )
( )

( )

( )
( )

( )

∫

⎟⎜

⎜ ⎟

⎜ ⎟

⎜ ⎟

≤ ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

≤ ⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

≤
⎛
⎝
⎛
⎝

⎞
⎠
⎞
⎠

−

−

−

ρ r
B a r

f y y f ϕ r W
ϕ r

ρ r

W

ϕ r W
ϕ r

W

A

Mf x

C

1

,

d

1

Φ

1

1

Ψ

1

1

Ψ Φ .

B a r

ϕ B w

ϕ r

ϕ r

,

Φ, , ,

1

1

1

1

1

0

For (5.20), since ( ) < ∞w 0 and ∈ ∞w B
1,
, we know ( )∕ ≤W t t C . Thus,

( )

( )

⎟⎜ ⎜ ⎟
⎛
⎝
⎛
⎝

⎞
⎠
⎞
⎠
≤

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

− −Mf x

C
W

Ψ Φ Ψ

1

,

ϕ r

1

0

1

1

i.e.,

( )

( )

⎜ ⎟
⎛
⎝

⎞
⎠
≤

⎛
⎝

⎞
⎠

Mf x

C
W

Φ

1

.

ϕ r

0 1
(5.21)

If ( ) =→ ϕ rlim 0r 0
, then since

( )

⎛

⎝

⎜
⎜⎜ ⎛

⎝
⎞
⎠

⎞

⎠

⎟
⎟⎟

−

W

Ψ

1

ϕ r

1

1

is almost decreasing with respect to ( )∈ ∞r 0, , by (5.21), there exists ( )∈ ∞t r,
0

such that

( )

( )
( )

⎟⎜ ⎜ ⎟
⎛
⎝
⎛
⎝

⎞
⎠
⎞
⎠
=

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

− −Mf x

C W

Ψ Φ Ψ

1

.

ϕ t

1

0

1

1

0

(5.22)

Hence,

( ) ( )
( ( ))

( ( ))

( ( ))( )
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If ( )
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−

−
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is almost decreasing, then by (3.10),
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Thus,

( )
∣ ∣
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⎞
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f y y AC
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To verify (3.13), it is enough to use Lemma 4.3 instead of Lemma 4.2 since other parts are similar to the
proof of (3.11).

To prove Theorem 3.3 (ii), we state the following lemma.

Lemma 5.5. [17, Lemma 5.1] Let ( ) ( )∞ → ∞ρ : 0, 0, . Then,

�( ) ( ) ( )( )( ) ( )≤ ∈ >
< ≤

ρ t χ x M χ x x rsup , , 0.

t r

B r ρ B r

n

0

0, 0,

Proof of Theorem 3.3 (ii). By Lemma 5.5 and the boundedness of Mρ from ( )wΛ

ϕΦ, to ( )∞ wΛ

ϕΨ, , , we obtain

( ) ‖ ‖ ‖ ‖ ‖ ‖( ) ( ) ( ) ( ) ( ) ( )
⎜ ⎟
⎛
⎝

⎞
⎠

≤ ≤
< ≤

∞ ∞ρ t χ M χ χsup .

t r

B r w ρ B r w B r w

0

0, Λ 0, Λ 0, Λ

ϕ ϕ ϕΨ, , Ψ, , Φ,

Thus, Lemma 4.1 yields (3.10). □
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