DE GRUYTER Open Mathematics 2025; 23: 20250172 a

Research Article

Kemal Toker*

Two-sided zero-divisor graphs of orientation-
preserving and order-decreasing
transformation semigroups

https://doi.org/10.1515/math-2025-0172
received November 1, 2024; accepted June 6, 2025

Abstract: For n > 4, let OP D, be the orientation-preserving and order-decreasing transformation semigroup
on the finite chain X, = {1 < ...< n}. First, we determine the set of two-sided zero-divisors of OPD,, and its
cardinality. Then, we let T(OPD,) be the graph whose vertices are the two-sided zero-divisors of OPD,
excluding the zero element 6 and distinct two vertices a and § joined by an edge in case a8 = 6 = Ba. In this
study, we prove that [(OPD,) is a connected graph, and we find the diameter, girth, domination number,
minimum degree, and maximum degree of I'(OPD,). Moreover, we give a lower bound for clique number
of [(OPD,) and we prove that I(OPD,) is an imperfect graph.
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1 Introduction

In the literature, the zero-divisor graph of a commutative ring was defined by Beck [1]. In Beck’s definition, the
zero element is a vertex. Later, Anderson and Livingston redefined the zero-divisor graph without the zero
element [2], which is now the standard definition of the zero-divisor graph of a commutative ring. Let R be a
commutative ring, 0 be the zero element of R, and Z(R) be the set of zero-divisors of R. The zero-divisor graph
of R is an undirected graph I'(R) with vertex set Z(R)* = Z(R)\{0} and distinct two vertices x and y in Z(R)* are
adjacent vertices in I'(R) if and only if xy = 0. Similarly, the zero-divisor graph of a commutative semigroup
was defined, and some properties of this graph were investigated [3,4]. Since then, zero-divisor graphs of some
special commutative semigroups have been investigated (for example [5]). Redmond [6] defined four different
zero-divisor graphs on a non-commutative ring. Those graphs can also be considered on a non-commutative
semigroup with a zero element. Note that every zero-divisor graph is simple, meaning it has no loops or
multiple edges. Let S be a non-commutative semigroup with 0. We assign the following subsets on S:

T(S) ={x € S:xy=0=zx forsome y,z € S\{0}},
Z(S)={x€S:xy=0 or yx = 0 for some y € S\{0}},
T(S)* = T(S)\{0} and Z(S)* = Z(S)\{0}.

We define four different zero-divisor graphs on S as follows:
* T(S) = I4(S) is the undirected graph with vertices T(S)* and distinct two vertices x and y are adjacent if and
only if xy = 0 = yx;
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* T)(S) is the undirected graph with vertices Z(S)* and distinct two vertices x and y are adjacent if and only
if xy =0=yx;

¢ I5(S) is the undirected graph with vertices Z(S)* and distinct two vertices x and y are adjacent if and only if
xy =0 or yx = 0; and

* T4(S) is the directed graph with vertices Z(S)* and for distinct two vertices x and y, x — y is a directed edge
if and only if xy = 0.

In this study, we only consider the zero-divisor graph given in the first definition above.

For n € N, let 7, denote the full transformation semigroup on the chain X, = {1, ...,n} under its natural
order. An element a € 7, is called order-preserving if x <y implies xa < ya for all x,y € X,, and order-
decreasing if xa < x for all x € X,,. Then, the subsemigroup consisting of all order-preserving transformations
in 7, is denoted by O,, and the subsemigroup consisting of all order-decreasing transformations in 7,
is denoted by D, and the subsemigroup consisting of all order-preserving and order-decreasing transforma-
tions in 7, is denoted by C,. Higgins [7] proved that the cardinality of C, is the nth Catalan number, namely,

1
n+l

C, = [2:], that is why C,, is also known as the nth Catalan monoid. For a sequence (), X, ...,X;) on Xp,, if there

exists no more than one subscript i such that x; > x;.;, where x..; = X, then (x, X, ...,X;) is called a cyclic.
An element a in 7, is called orientation-preserving if (1a, 2a, ...,na) is a cyclic. Then, the subsemigroup
consisting of all orientation-preserving transformations in 7 is denoted by O%, and the subsemigroup
consisting of all order-decreasing transformations in O%, is denoted by OP D,. I1(Cp,) was investigated [8].
Let #, be the partial transformation semigroup on X,, and let S, = $,\7,. The undirected graph I'(#,)
was studied [9], the undirected graph I3(S%,) and the directed graph I;(S%,) were studied [10]. Recently,
Korkmaz defined two undirected graphs on 7, and investigated some properties of these two graphs [11].
We refer to [12-14] for other terms in semigroup and graph theories, which are not explained here.

In this study, we investigate some properties of I(OPD,). Since OP D, = C, for n = 1, 2, we suppose that

n
1l
And the identity element of OP D, will be denoted by 1,. In this study, we prove that T(OPD,) is a connected
graph, and we find the diameter, girth, domination number, minimum degree, and maximum degree
of I(OPD,). Moreover, we give a lower bound for clique number of I(OPD,) and prove that I(OPD,)
is an imperfect graph.

_ . . . 12 -
n =3 and note that OPD, is a non-commutative semigroup with the zero element 0 = [1 1 -

2 Zero-divisors of OP D,

Forn 2 3, let OP D} = OPD,\{0}, and then we define the following sets:

L=LOPD,) ={a € OPD, : aB = 6 for some B € OPD}},
R=R(OPD,) ={a € OPD, : ya =0 for some y € OPD}}, and
T=T(OPD;)={a €EOPD,:aB =0=ya forsome B,y € OPD;}=LNR,
which are called the set of left, right, and two-sided zero-divisors of OP D, respectively. In this section, we

determine the left, right, and two-sided zero-divisors of OPD,, and then, find their cardinalities. Let us
remember known result from Korkmaz [11].

Proposition 2.1. [11, Proposition 1] For any a, B € T, aB = 0 if and only if im(a) C 187L. In particular, a* = 6
if and only if im(a) C la™%.

Let us now define some specific mappings that will be useful throughout this study. For each 2 < k < n, let

1 n-1n

Bk = [1 1 k and (1)
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@

Foreachl<rs<n-11etOPD(n,r) = {a € OPD, : |im(a)| < r}, and recall that Narayana number N(n, r)

is defined by N(n, r) = %['rl][r'_lll It is known that Y;-;N(n, ) = C, (for example [15]). It is shown [16, Lemma 1
@] that [OPD(, )| = -n + 1+ Ypo1Cn + Ymerir2rtN(m, k). Moreover, since OPD(n, n - 1) = OPD,\{1,},

we conclude that [OPD,| =1 - n + Y,-,Cn for n > 3. Thus, we have the following result.
Lemma 2.2. Forn > 3, L = OPD,\{1,}, and so |L| = -n + Y, -1Cn.

Proof. For any a € OPD,\{1,}, let A = X;\im(a). Since A # & and 1 € im(a), we have max(4) = k for some
2 < k < n.If we consider y, as defined in (2), then it is clear that y, € OP D5, and ay, = 0, and so a is a left-zero

divisor element of OP D, Since 1, is the identity, we have L = OPD,\{1,}, and so |L| = -n + Y—1Cn. O

Foranya € 7,and @ # Y C X, we denote the restriction map of a toY by qy,. For any a € O%,, the order-
preserving degree of a is defined by

opd(a) = max{m : a;, € On}.

Thus, opd(a) = n for all a € C, and 2 < opd(a) <n -1 for all a € OPD,\C, since la =1 for all a € D,.
For any a € OPD,\Cy, if opd(a) = m, then it is clear that a has the following tabular form

11 2 - m m+1 .. n

1120 - ma 1 .1

with the property that1 < 2a <...< ma < m.

Lemma 23. For n23, R={a € OPD, : |la’!| 2 2}, or equivalently, R = (OPD,\C») U {a € C,: 2a =1},
and so,
n-2
Rl=1-n+C+  Cn

m=1

Proof. Let A = {a € OPD, : |la’!| 2 2}, and for any a € A, let opd(a) = m and suppose that m # n. If we
consider 8, as defined in (1), then since na = 1, we have B,a = 0, and so « is a right-zero divisor element of

OPD,. Suppose thatm = n. Since a € C, and [1a™| = 2, we must have 1a = 2a = 1. If we consider B, as defined
in (1), then we have B,a = 0, and so a is a right-zero divisor element of OPD,.

For any a € OP Dy, let [la™l| = 1, that is 1a™ = {1}. If Ba = 9 for some B € OPD,, then it follows from
Proposition 2.1 that im(8) € 1a™! = {1}, and so B = 6. Thus, a cannot be a right-zero divisor. Therefore, we have

R={a € O0OPD, : |la’!| 22} = (OPD,\C)) U {a € Cy: 2a = 1}.
Moreover, if we define the mapping ¥ : {a € C,, : 2a = 2} = Cy-1 by

1 2 3 - n-1
1 3a-14a-1 - na-1

ayp =
foralla € {a € C; : 2a = 2}, then it is clear that ) is a well-defined mapping. For any @, @; € {a € Cy, : 2a = 2},

suppose that ;¥ = apy. Then, since 1oy =1 = 1ay, 2a = 2 = 2a; and ka; = ka, for 3 < k < n, it follows that
a1 = ay, and so Y is one to one. For any 8 € C,-, define

5 |1 2 3 n
12 286+1 - (m-DB+1f
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Then, it is clear that f € {a € C, : 2a = 2}, and that Sy = B. Thus, ¥ is onto, and so ¥ is a bijection. Moreover,
since {a € C, : 2a = 1} = C;\{a € G, : 2a = 2}, it follows that

fa€Cph:2a=1} =|Ch - fa €Cpn:2a=2} =C,— Cyr.
Therefore, from [16, Lemma 1 (i)], we have

IR| = |0PD,\Cyl + l{a € Cp : 2a = 1]

n-1 n-2
=1_n+ZCm+(Cn_ n—1)=1_n+Cn+ZCm,
m=1 m=1
as required. O

Since R C L, we have the following immediate corollary.

Corollary 2.4. Forn 2 3,T =R.

3 Zero-divisor graph of OP D,

We denote the vertex set and the edge set of a simple graph G by V(G) and E(G), respectively. For any n + 1
different vertices u = vy, vy,..., v, = v in V(G), if there exists an edge v; — vj+1 in E(G) for each 0 <i<n-1,
thenu = vy — v; —...— Vp-1 — v, = v is called a path between u and v, and n is called the length of the path. The
length of a shortest path between u and v in G is denoted by dg(u, v). If there exist a path for all two distinct
vertices in G, then G is called a connected graph. The eccentricity of a vertex v in a connected simple graph G,
denoted by ecc(v), is defined by

ecc(v) = max{dg(u,v) : u € V(G)}.
The diameter of a connected simple graph G, denoted by diam(G), is defined by
diam(G) = max{ecc(v) : v € V(G)}.

and E(T(OPD3)) contains only one edge, namely,

Observe that V(l"(OPDg)):l[1 2 3], [1 2 3]’ [1 23

11211131121

TN

113 1 9 1]. Next we let

ak=[} CokTR KRl rasksn, ®
Ak=ﬁ - ? i:i:: | forzsksn-i @
pelits [ np ®
cha ) ®

For convenience, we use the notation I' instead of [(OP D). For any v € V(G), the neighborhood of v
is denoted by N(v) and defined by

NW)={uev(G) :u-veEWG)
Moreover, for a € V(I'), we let
Ni(a)=N(a)NC, and Ny(a)=N(a) N (OPD,\Cp.

Then, we state and prove one of the main results in this study.
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Theorem 3.1. For n 2 4, T is connected and diam(T) = 4.

Proof. For any distinct a, § € V(I'), we consider three cases; both of them in Cy, just one of them in C, and none
of them in C,,.
Case 1: Suppose that a, § € C,. First note that 2a = 1 = 28 since a, § € V(I) = (OPD,\Cp) U{a € C, : 2a = 1}.
Then, we consider three subcases; none of the image sets contains n, just one of the image sets contains n, and
both the image sets contain n.
Subcase (i). Suppose that na, np < n.If one of them is 3, as defined in (1), then we have the path a - f; and if
none of them is f3,, then we have the patha - g, - .
Subcase (ii). Without loss of generality, suppose that na = n and nf < n. If k = min(X,\im(a)), then since
2 <k <n-1, we consider y,, B,, and B, as defined in (1), and (2). Suppose that § & {B,, B}. If k # 2, then
a-y.-PB,-PBisapathinT, and if k=2, thena -y, - ;- B, - B is a path in I, and so, dr(a, B) < 4. If
B € {B,, B3}, then it is similarly shown that a and § are connected, and dr(a, ) < 3.
Subcase (iii). Suppose that na =n and nf = n. If k = min(X;\im(a)) and [ = min(X;\im(B)), then since
2<k,1<n-1, we consider &, y,, ¥, and B, as defined in (1), (2), and 3). f k=1=2,thena-6,- B isa
path in T since 1a = 2a = 1 = 18 = 2. Without loss of generality, suppose that k # 2 and I = 2. Similarly, if
a,p & {B,} thena -y, - B, - 6, - PisapathinT andifa = B, or B = B,, then it is clear that dr(a, f) < 2. Now,
suppose k,[ > 3. If k=1, thena -y, - fisapathinTl, and ifk # [, thena - y, - y,— B is a path inT.
Case 2: Suppose that a € C, and B € OPD,\Cy. Let k = min(X,\im(a)). If na = n, a # B, and B # y,, then
a-Y,-pB,-PisapathinT.Ifna = nanda = B, orna = nand = y,, then itis clear that @ and f are adjacent
verticesinT. Ifna < n,a # B, and B # &3, thena - B, - 65— B, - PisapathinT.Ifna < nanda = B,orna <n
and f = &3, then it is also clear that dr(a, ) < 3.
Case 3: Suppose that both @ and § in OPD;\C,. Since na = 1 = np, it follows that a - , - f is a path in T.
Therefore, T is a connected graph and dr(a, B) < 4 for alla, § € V(I'). If we consider p and 7 as defined in
(5) and (6), then we note that p and 7 are non-adjacent vertices in I'. Moreover, if pn = np = 6 and i = ut = 6,
then we have n = 6, and u = f,. Finally, since 8,6, # 0, it follows that dr(p, 7) = 4, and so diam(') = 4. [

For any simple graph G and v € V(G), the degree of v, denoted by deg.(v), is defined as the number of
adjacent vertices to v in G. Moreover, the minimum degree of G, denoted by §(G), is defined by

6(G) = min{deg,(v) : v € V(G)},
and the maximum degree of G, denoted by A(G), is defined by
A(G) = max{deg,(v) : v € V(G)}.

Thus, if G is connected, then §(G) = 1. Moreover, since deg(p) = degy(7) = 1, we have the following immediate
corollary.

Corollary 3.2. Forn > 4, §(T) = 1.

To find A(T'), we need some preliminary results. Let U; = {a € C, : 2a = 2} and U, = {a € Cy, : na = n}.
As shown in the proof of Lemma 2.3 that |Uj| = C,-1, one can easily show that |U;| = C,-; and |U; N Uy
= {a € C,: 2a =2 and na = n}| = C,-. Since {a € C, : 2a = 1 and na < n} = C,\(U; U U,), we conclude that
the cardinality of the set {a € C, : 2a = 1 andna < n} is G, — 2C,-1 + Cy-2 (see, also [8, proof of Lemma 3.3]).

For2<m<n,letQ, ={a € OPD, : opd(a) = m}. Then, it is shown [16, Lemma 1] that

@O OPDp= UQy,
m=2

(i) Q,NQ, = forall 2<m=m’<n, and
(iii) Q, Y {6} andC,, are isomorphic for each 2 <m < n.

By using these results, we prove the following lemma.
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Lemma 3.3. Forn = 4,deg(B,) = G, - Co-1+ Gz - n - 1.

Proof. For n = 4, let
A={a€VI)NCy:na<n}, B={a€0PD,\Cn:2a=1}, and
C={a € OPD,\Cn: 2a = 2}.

Then, it is clear that , € A, B U C = OPD,\Cp, and B N C = . Since A U {0} ={a €C,:2a =1 and na
<n}, it follows that [A| = G, = 2C-1+ G2 — 1. For 2sm<n -1, if @, = {a € OP D, : opd(a) = m and 2a
=2}, then C is a disjoint union of Q,,..., @;_,, and that for each 2<m <n-1, @, and {a € Cy : 2a = 2} are
isomorphic semigroups, and [{a € Cp : 2a = 2}| = Cp_y, it follows that |C] = ¥ 5Cnot = Y o2 Cn. Moreover,
from the proof of Lemma 2.3, we have |8| = |OPD,\Cy| - |C| = Cp-1 — n + 1. Therefore, since any a in V(I')
is an adjacent vertex to 5, if and only if a € (A U B)\{B,}, it follows that deg,(B,) = |A| -1+ |B| = G, — G4
+Cp-n-1 O

It is known that the Catalan numbers satisfy the recurrence relation G, = Z"m_zloCan_l_m, where Cy = 1 [17].
Therefore, we have the following proposition.

Proposition 3.4. For n = 4, deg.(8,) > YNG - D).

Proof. For n 2 4, since C,-, 2 2, it follows from Lemma 3.3 that

n-1
degp(B,) = Z CnCo-1-m| ~ Ci-1+ Gz —n -1

m=0
n-1 n-1

= z CnCn-1-m| * G2 —n-12 Z CnCn-1-m| —n + 1
m=1 m=1
n-1 n-1 n-1

> 2 Cuf-n+1= 3 (Cu-D= 2 (Cu- D),
m=1 m=1 m=2

as required. O

Proposition 3.5. For n > 4 and 3 < k < n, degy(B,) < deg(f,).

Proof. First, we show that deg.(8,) < degy(B,). It is clear that N;(8,) = @ and Ny(B,) = OPD,\Cy, and so from
Proposition 3.4, deg (8,) = Y1-5 (C; - 1) < deg,(B,).

Foralla € V(I') N Cp, werecall 2a = 1, and we let 3 < k < n - 1. Since Ax-1 € Ni(B,)\N1(B,), it follows that
[Ni(B)l < IN:(B,)|. Moreover, if a € Nyo(B,), then a has the following tabular form

12 - k-1 k k+1 - n-1 n
12 - (k-Da 1 (k+Da - (n-Da 1

a=

If we let

~_[ 3 k k+ n n| @

11120 - (k-Da (k+Da - (n-Da 1

then we have @ € Ny(B,). If we define the mapping ¢, : No(B,) = No(B,) by ag, = @ for all a € Ny(B,), thenitis
clear that ¢, is a well-defined one to one mapping, and so |[Ny(B,)| < |Ny(B,)|. Therefore, we conclude that
deg(B,) < degy(B,) for each3 < k < n. O

Proposition 3.6. Forn = 4 and 2 < m < n - 1, we have degy(y,,) < degy(B,).
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Proof. Let 2 <m < n - 1. It is clear that Ny(),) € Ny(B,) for all 2 < m < n - 1. Moreover, since ), € Nx(f,)

123 n-1n

if m>2, and since 112 9 1

€ No(B)\N2(y,), it follows that [Na(y,)| + 1 < [Ny(B,)| for all

2<ms<sn-1.
For 2<m<n, let J(m)={a € C,: 2a =1 andm & im(a)}. Then, we show that [J(m)| < |[J(n)| for all
2<msn-1LFor3<m<nanda€j(m-1),leta:X, — X, be defined by

xa Xa*m

xa =
m-1 xa=m

for all x € X,. Similarly, the mapping ¢,, : J(m - 1) - J(m) defined by ay,, = @ for all @ € J(m - 1) is one
to one, and so |[J(m - 1)| < |[J(m)| for all 3 < m < n. Moreover, if we consider the transformation

B=[1 23 n-1 n

113+ n-1n-1)

then itis clear that 8 € J(n)J(n - 1) and p # a for alla € J(n - 1), and so ¥, is not onto, i.e., [J(n — 1)| < [J(n)|.
Therefore, we have |J(m)| < |J(n)| for all 2 < m < n - 1. Since

Ni(y,) = J(m)\{6} and Ni(B,) U {B,} = J(m)\{6},

it follows that [Ny(y,)| — 1 < |N(B,)| for all 2 <m < n - 1. Therefore, degy(),,) < degy(B,) for all 2<m
<n-1 O

Theorem 3.7. AT) = G, - G-y + Cu2 — n -1 forn 2 4.

Proof. Let a € V(T'). For a € V(I') N Cy, let k = min(im(a)\{1}), consider B, and suppose a # B,. For any ¢
€ N(a), it follows from Proposition 2.1 that im(§) € 1a™! C X,; = 1B, T and im(B,) € im(a) € 1£7, and so &B,
=0 = B&. Thus, if ¢ # B, then { € N(B,), and if ¢ = B, then a € N(B,). Therefore, degr(a) < deg.(8,),
and so from Proposition 3.5, degi(a) < deg(B,).

Ifa € V(I') N (OPD;\Cy) and opd(a) = m, then a has the following tabular form

1 2 - m-1 m m+1 - n

1 2a ~ (m-Da k 1 - 1

with the property 1<2as<.<(m-Da<k<m<n-1 and k=22. If we consider a-=

1 m 1_ 1 rl? m 1+ 1 rll , then we similarly have deg(a) < degy(a). Now, consider y,. If k = 2, then
a =y, and so suppose k = 3. If { € Ny(a@), then it is clear that { € Ny(y,,), and so, Ni(a) € Ny(),,). Moreover,
123 n

we have ] € Ni(),,)\N1(@) since m 2 k = 3. Thus, |N(@)| < [Nyl - 1.

112 - 2
If { € Ny(@), then k¢ = 1, and so, { has the following tabular form:

12 - k-1 k k+1 - n-1 n
120~ (k-1D¢ 1 (k+DC = (-1 1f

(=

Thus, we havei{ # mfori € {2,3, ...,k - 1,k + 1, ...,n — 1} since { and & are adjacent vertices inT. If we define
5_12 3 - k k+1 - n-1 n

112 -« (k-DC (k+DC - (n-1C 1
and so, { € Ny(y,) if { # y,. If we define the mapping f: No(@) — Na(y,) U {3, by & = { for all { € Ny(@), then
itis clear that f is a well-defined one to one mapping, and so, [No(@)| < [N2(),,)| + 1. Thus, from Proposition 3.6,
degi(a) < degp(a) < deg(y,,) < degy(B,). Therefore, from Lemma 3.3, we have A(I) = degi(B,) = G, — G
+Cp—n-1 O

asin (7), then we have im(¢) C 1y;" and im(y,) € 1¢ .
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The length of a shortest cycle contained in a graph G is called the girth of G and it is denoted by gr(G).
Moreover, if G does not contain any cycles, then its girth is defined as infinity. Thus, if G is a simple connected
graph, then the length of a shortest cycle must be at least 3, and so gr(G) = 3. Then, we have the following
corollary.

Corollary 3.8. Forn > 4, gr(I') = 3.

Proof. If we consider a = 1 i M I 2.n ; 1 rzl , B, and y; as defined in (1) and (2), thena - B, - y; - a

isacycle in T, and so gr(I') = 3. O

Let D be a non-empty subset of the vertex set V(G) of a graph G. For each v € V(G), if v € D, or if there
existsu € D such thatu — v is an edge in E(G), then D is called a dominating set for G. The domination number
of G, denoted by Y(G), is defined by

Y(G) = min{|D| : D is a dominating set for G}.

To find Y(T'), we also consider the following vertices in V(T'):

(123 . n
=113 .0
123 .. k+1k+2 .. n
= <l <n-—
M0 19 . Kk k+2 . n GSksn-2),
(123 . n nd
U111 1 2 . n-1)
=12.n—1n
b=l 2 on-1 1)

With these notations, we have the following theorem.
Theorem 3.9. Forn 2 4,Y(T) = n.

Proof. For each 1<k<n-1, it is easy to check that ga =au =0 if and only if a = y,,,, and that
up,a = au, = 6 if and only if a = ,. Thus, deg.(y,) =1 for each 1< k < n. Now, let U = {y,, Vs, ...V Br}-
If D is a dominating set for I', then either g, or its unique adjacent vertex in D, and so Y(T') = n.

Next we show that ¢ is a dominating set for I'. For any a € V(I')\U, we consider two cases: either
a € OPD,\Cp or a € Cy. In the first case, since na = 1, it is clear that a and B, are adjacent vertices in T.
In the second case, we have two subcases, either na < n or na = n. If a € C, and na < n, then a and y, are
adjacent vertices inT. If a € C, and na = n, then there exists at least one k € X;\im(a) such that2 < k<n - 1.
Then, it is easy to see that a and ), are adjacent vertices in I'. Therefore, ¢/ is a dominating set of I', and so
Y() = n. O

Let G be a simple graph and C be a non-empty subset of V(G). If every two distinct vertices in C are
adjacent, then C is called a clique in G, and moreover, the subgraph whose vertex set is C and edge set contains
all edges of G, which have endpoints in C is called the subgraph of G induced by C. Thus, C is a clique if and
only if the subgraph of G induced by C is a complete graph. Moreover, the number of vertices of any maximal
clique in G is called the clique number of G, and it is denoted by w(G).

For any real number x, we denote the smallest integer greater than or equal to x by[x7. For any p, q,r € N
with p < g, let

Yip={p+1Lp+2 ..,¢ and X, = {1,2, ...,r}
under their natural order. Moreover, let O* denote the set of all order-preserving mappings from ¥; , to X..
For any a € O%, it is clear that (J1a™Y|, |2a7Y|, ...,|ra™]) is a solution of the equation

Xx+X+t..tXx=q-p, whereall x; €N U {0}.
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Conversely, for each solution of this equation (g, ¢, ...,¢), there exists unique a € O* such that |ia™)| = ¢; for
each1 < i < r. Therefore, since the number of solutions of the above equation is the same with the cardinality
of O*, we have

r-1

[17]. Now, we give a lower bound for clique number of T' in the following theorem.

Theorem 3.10. For n 2 4, if F%"I = s, then w(T) 2

n
N

-(n-s+1).

Proof. For 2 < r < n - 2, if we let
Vi ={a € OPD, : {1} # im(a) C X, C 1la™1},

then it is clear that @ # V, C V(TI'). Moreover, let A be the subgraph of I induced by V. Then, for any distinct
two vertices @ and B in V;, since im(a) € 187! and im(B) C 1a’!, it follows from Proposition 2.1 that
aB = 6 = Ba, and so A is a complete graph.

Moreover, for any a € V;, if opd(a) = m, then we observe thatr + 1<m <n, xa =1forallx € X, U ¥, p,,

m-1
r-1

and that the restriction a;,, , is an order-preserving transformation from ¥, , to X;. From (8), there exist
many order-preserving mappings from ¥, » to X;, and one of them is 6}, , and so

=3[0

m=r+1 k=0

-(n-r+1).

—(n—r+1)=[:

If I'%'I=s, then it is clear that ['r’]—(n—r+1)5[: -(n-s+1) for all 2<r<n-2, and so

w(r)z[’;]—(n—sn). O

4
2

For n = 4, it is easy to see that w(T') = [ - (4 -2 +1) = 3. In particular, the subgraph of I' induced by

123 4|12 3 4
1112112 1f

() = [2] - (n-s+1)in general.

1234
1122

]’ is a maximal complete subgraph of I'. However, we have not proved

If we color all the vertices in G with the rule of no two adjacent vertices have the same color, then the
minimum number of colors needed to color of G is called the chromatic number of G, and it is denoted by y(G).
If w(H) = y(H) for every induced subgraph H of G, then G is called a perfect graph, otherwise it is called
imperfect graph.

Theorem 3.11. T is an imperfect graph for n > 4.

12 ..n-2n-1n
11.. 1 n-21

of I induced by H, then it is a routine matter to check that I is a cycle graph with the cycle
An-z — Y2 ™ Bn - &= ﬁn—z = M-z

Proof. Forn > 4, let & = € V(D) and H = {¢, Y-y, Au-2, B_p» B} IF 1 is the subgraph

Therefore, since w(IT) = 2 and y(II) = 3, T is an imperfect graph. O
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