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1 Introduction

Triangulated categories were introduced independently in algebraic geometry by Verdier [1] and in algebraic
topology by Puppe [2]. These constructions have since played a crucial role in representation theory, algebraic
geometry, algebraic topology, commutative algebra and even theoretical physics. Let n be an integer greater
than or equal to 3. Geiss et al. [3] introduced “higher dimensional” analogues of triangulated categories, called
n-angulated categories. The classical triangulated categories are the special case n = 3. Other examples of
n-angulated categories can be found in [3-5]. The fourth axiom for n-angulated categories is a generalization of
the octahedral axiom for triangulated categories. Bergh and Thaule [6] discussed the axioms of n-angulated
categories systematically and showed that the higher octahedral axiom is equivalent to the higher mapping
cone axiom. They also proved that TR3 is redundant under the presence of TR4 and the other axioms also in
the higher setting. Lin and Zheng [7] used homotopy cartesian diagrams to give several new equivalent
statements of the higher mapping cone axiom.

The aim of this note is to introduce the higher base change, higher cobase change, higher mapping cone
axiom and the higher octahedral axiom, and show all these axioms are equivalent in pre-n-angulated
categories.

2 Some basic facts of pre-n-angulated categories

This section is devoted to recalling some notions and basic consequences of pre-n-angulated categories. For
terminology, we shall follow [3,6].

Let 7 be an additive category with an automorphismX : . — .7 and n an integer greater than or equal
to 3. A sequence of morphisms in 7

@ -1

A a,
X:5X->X- .- X~ L
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is an n-Z-sequence. Its left and right rotations are the two n-Z-sequences

a, ag Q -D'Zay
X=X . S5 S L,

(“DnZ_lan Q -2 -1
—

-1 @
L7X X=X = X Xy,

respectively. A trivial n-E-sequence is a sequence of the form
1
(IX). : X>X-0-..» 02X
or any of its rotations for X € 7. An n-Z-sequence X. is exact if the induced sequence
Homs (-, X.) : ...~ Homs (-, X;) —...~ Homs(-, X;;) = Homs (-, ZX))—...

of representable functors .7 °° — Ab is exact.
A morphism of n-I-sequences is given by a sequence of morphisms ¢, = (¢;, ¢,, ...,¢,) such that the
following diagram

a1 g Qn—1 Qn

X. X1 XQ Xn E)(1
Pe 1 P2 Pn X1
i il B1 }£ B2 o Br-1 J,n Bn ElYJp

commutes. It is an isomorphism if ¢,,..., ¢, are all isomorphisms in .7, and a weak isomorphism if ¢; and ¢;,,
are isomorphisms for some 1 < i < n (with ¢,,, = Z¢,).
The category . is pre-n-angulated if there exists a collection ./ of n-E-sequences satisfying the following

three axioms:
(N1) (@) .4 is closed under direct sums, direct summands and isomorphisms of n-E-sequences.

(b) For all X € 7, the trivial n-X-sequence (TX). belongs to ./".

(c) For each morphism ¢; : X; —» X; in .7, there exists an n-Z-sequence in .4” whose first morphism is q;.
(N2) An n-E-sequence X. belongs to ./" if and only if its left rotation belongs to ./".
(N3) Each commutative diagram with rows in A~

X, X, 2 x, = Tl x, O vX,
Bn— n
v ey, ey B By Py

can be completed to a morphism of n-E-sequences.

In this case, the collection .4" is a pre-n-angulation of the category 7~ (relative to the automorphism Z),
and the n-X-sequences in ./~ are called n-angles.

Let X. and Y. be two n-X-sequences and ¢, ¥ be two morphisms from X. to Y.. A homotopy 0 from ¢ to
is given by diagonal morphisms 6;

X2 X, 2o X, 2 L X, v,
yd e P
‘Plu/’lb1/@1 SDQu’L/)i/@Q %3“}03 Sﬁnu/’ljln/@n Ecplulxdq
Yi Y, Y3 Y, XY)
B1 B2 B3 Bn-1 Bn

such that
0, - Y, =0 + B,_0;q fori=23, ..,n,
Z(pl - Zl/)l = Z@lZal + ﬂn®n.

In this case, we say that ¢ and ¥ are homotopic. A morphism homotopic to the zero morphism is called null-
homotopic.
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Remark 2.1. Let
bED RIS P

be an n-E-sequence in 4",

(1) One checks that if you change the sign on anyn — 1 of @, ..., ap, then the resulting n-E-sequence is still in .4".

(2) It follows from (N2) that the following n-Z-sequence

(_1)€n2€a1

D"fay (D Zap- -D"%an
e e e g

X XX, X, ey

is still in A4~ for any ¢ € Z.
(3) All n-angles are exact by [3, Proposition 2.5].

-1

Lemma 2.2. Let X — X 5 .5 X, 35X, € A". Then,
...~ Homs(ZX;, Y) - Homs(X,,, Y) —...—~ Homs(X;, Y)—...

is exact in Ab for anyY € 7.

Proof. This is almost verbatim the dual argument as the corresponding statement for pre-triangulated cate-
gories, see for example [8, Section 1.1.10]. O

Let ¥ be an additive category and f: A — B a morphism in ¢. A weak cokernel of f is a morphism
g : B — C such that for all C’ € ¥ the sequence

Hom(C, C) R Hom(B, C*) N Homy(4, C)

is exact in Ab. Equivalently, g is a weak cokernel of f if gf = 0 and for each morphism h : B —» C’ with hf = 0
there exists a morphism p : C — C’ such that h = pg. The concept of weak kernel is defined dually.

a @i . . . . .
Lemma2.3.Let X, — .. > X; bea sequencein 7 . If aj-1 is a weak kernel of a; for 2 < j < i — 1, then there exists an
n-angle

Q Q-1 -1

a; an
X - 2 X- o X - X

Proof. This follows directly from (N1) for i = 2. Assume that 3 < i < n - 2. Applying (N1) and (N2) for a,, there
exists an n-angle

-1

, a; @ ] a, ,
X~ X%->X- ..~ X~ XX.

Since ayay = 0, there is ¢, : X{ — X such that the following diagram

!

XA x, 2 x, I y Y vy

l“” H H H l&“
o o e QU — Se1)a

Xy 2 X, 2 xSl x P

commutes. By the higher analogue of the 5-Lemma, ¢, is an isomorphism. We thus obtain the desired n-angle.
Assume that i = n — 1. There exists an n-angle as follows by induction:
() -1

, a @ “nl ,
XX .= X > Xy LX].

By analogy with the preceding proof, we obtain the desired n-angle. O
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Lemma 2.4. Each commutative diagram with rows in A"

a a9 Q1 [e%] Q41 On—1 Qn

X, - X, X - X X, - vX,
ltm lwz lw é%ﬁi+1 vson lE(pl
Y, B1 Y, B2 o Bi—1 Y, Bi Y_iJrl Bit+1 o Bn—1 Y, Bn 2y,

can be completed to a morphism of n-L-sequences, where 2 < i < n - 1. In particular, the sequence constructed
is homotopic to the one obtained by (N3) from (¢,, ¢,).

Proof. If i = 2, then we are done. Assume thati > 2. By (N3), we may choose ¢;,..., ¢, such that (¢;, 9,, 9, ...,0,)

a; Qa._
is a morphism of n-X-sequences. Since Homy(X;.1, Y}) = Hom(X;, Y)) N Homy(Xj1, Y)) is exact by Lemma 2.2,
there is ©; : Xj; ~ ¥; such that (¢; - o ) = Bi-18j-1 = ©ja; for 3 <j <1, where ©; = 0. Set ¢,,; = B;6; + ¢,
9 = (pj’ fori+2<j<n and ©;=0 for i +1<j<n. Then, (¢;, 95, @, ...,0,_1, ®,) is a morphism of n-Z-

sequences. O

Next we show that if an n-Z-sequence looks like it might admit one of these n-angles as a direct summand,
then it actually does (loosely speaking).

Lemma 2.5. Suppose we have an n-angle of the form

a B

Y s 1 a3 -1
- e d

[a a
AeXy, - AdX, - X

b
X, [1] (A & X).

If a € Aut(A), then it is isomorphic to a direct sum of n-angles
1
A-A-0-.-0~-ZA
a @G Op-q an
Xi-> X - .2 X 2 LK,

where a; = § - ya’IB.

Proof. Since the composition of maps in an n-angle is zero, we have that a = ~aya™ and (Za)b + (ZB)a, = 0.
This yields an isomorphism of n-X-sequences

a f b
k) a az « (o7} Qn— Qn
A@XluA@Xg[ L x, % X, X, Lo S(AS X))
| | [
a B 1 0 Ya 28
[Ovl] [(1) 091] [—’qul 1] (0 aa] H o H . oy H (0] [ 0y1 ]
A@XlﬁA@XQ X3 X4 Xn “ Z(A@Xl),
where a; = § - ya'B. The proof is complete. O

Use the same arguments as above, we have the following lemmas.

Lemma 2.6. Suppose we have an n-angle of the form

)

fori=2,..,n -1 Ifa € Aut(4), then it is isomorphic to a direct sum of n-angles

a B
y 8
N

X Q-2

X = .o X

[b aj+1] Qi

ABX, ~ A®Xu1 " Xz B > X 31X

1
0-.-0-A-A-0~-.~-0,
@G Qpq

Q an
X~ X - Xy o LK,

where ;= § — ya™'B fori=2,..,n - 1.
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Lemma 2.7. Suppose we have an n-angle of the form

b ap
[a @] M O [an'l] y é
AdX - X- .~>Xp- » ZA®X, - LA®X).

If a € Aut(A), then it is isomorphic to a direct sum of n-angles

1
A-0-.-0-2XA- XA,

QG Uy

a O
x8%%. % x %rx,

where a, = § - ya™'B.

3 Additional axioms

The aim of this section is to introduce some possible additional axioms for a pre-n-angulated category, which
are inspired by works of Hubery [9]. A pre-n-angulated category (7, £, ./") is called n-angulated if it satisfies
any of these extra axioms. We briefly describe the axioms before giving the precise formulation.

(N4) The following commutative diagram with rows in A~
a1

a2 a3 Qn—1 On

X, X, X, X, Y X,
B B B Bn—1 Bn
Vi —=Y, —= Y — .. ==Y, —= 3V
can be completed to a morphism of n-angles such that the mapping cone
-a; 0 -az 0 -a, 0 -Zay 0
0, B 03 By O Pua oy By
Xxeohn - "XeoYn - . - XYeY, - IXxolY
isin A"
Axiom A. The following commutative diagram with rows in .4
aj—1 o Qi1 Qp—1 n
X s X, 2 X, Xifg —> - X, 2 X,
l%@l ls&z l% Pit+1 ©n l&pl
B B Bi—1 Bi V' B Brn-1 B
Y)Yy — - Y; Vi — -+ Y, oY,
for 2<i<n-1can be completed to a morphism of n-angles such that the mapping cone
-a; 0 -a3 0 -an 0 -Zay 0
[ ﬁl] ?3 ﬁzl Pn IBn—ll Zo ﬁn}
XXeV - X0, - .. - XeY, - "IXoIh
isin A"
Axiom By. The following commutative diagram with rows in .4~
: Qp—1 n
X, —> Xy 2 Xy — X, %X,
- .
B B " B Bt L Ba

Xi Y; Y3 Ya xXy
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can be completed to a morphism of n-angles such that the n-Z-sequence

-y —as 0] —Qn-1 0 }

@ v3 By On-1 Bz
X2 - X3 (%) Y2 - - Xn D Yn—l

[(pn _ﬁ:n—l] Yn (Ea_lzﬁn

isin A"

Axioms By is a special case of Axiom (N4) when one of the maps is known to be an isomorphism. Axiom By
can be thought of as analogous to the existence of (n - 2)-pushout diagrams and (n — 2)-pullback diagrams
in an (n - 2)-abelian category [10].

Axiom B;. The following commutative diagram with rows in A4~
a9 An—2 Qn—1

Xn—l > Xn O‘ne EXl

N
/anl v

X, —= X,
| e
Xl 51

52 Bn72 Bn
Yy Yoo —=Y, — 32X,
can be completed to a morphism of n-angles such that the n-X-sequence
-y -a3 0] -ap-1 0 }
2 ¢ B On-1 By- [on Bp-1l  CapB,
% Bl eyp! L My gy Oy Gy
isin A"
Axiom C. Given an n-Z-sequence in A4~
_— a3 0] ~n-1 0}
2 93 B On-1 Bu- [Pn Bpal 6
X o %ol - L "X e Y ST Y, S X
a ap—q ﬁ

\ . BB
%353 . “x,Swerox,5n3 ..
with rows in A~

n-. BVI . . .
'Y, 3 £X, € ./, then there exists a commutative diagram

a1

X, X, 2o 2 x, v,
[ LR L
X, Yy Y, X,

such that § = (Xa)B,.

Axiom C is a kind of converse to Axiom B; and Axiom B, and can be thought of as analogous to the fact
that parallel maps in an (n - 2)-pullback/(n - 2)-pushout diagram, ay, B, have isomorphic kernels and
0p-1, B, have isomorphic cokernels.
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Axiom D. For any n-X-sequence X; 3 X 3

p-1
e d

a commutative diagram of n-angles

The higher mapping cone axiom = 7

Xn & LX; € /" and any morphism ¢, : X, — Y,, there exists

>z, >z,
(-5, (~1)rmly,
Xl (a5} X2 g X3 (6%} X4 oy X5 s Qp—1 X,n Qn ZXl
#2 [Sf’g] [54] ‘L “r
B1 [lgz] {(1) Bos \L [0 B4] l Bs Brn-1 i Bn
X Y, X, ®Ys X,0Y Y; Y, XX
—as 0
2 [ %a —ﬂs]
Pa 03
0
H
Z3 X;0Y,® Zs
—as 0 O
3 {*505 —B4 0 ]
l Y5 01 3
—Qn—1 0 0
Tn—3 {(—1)”’15%71 —Bn—2 O ]
Pn—1 On—2 Yn—3
0
1]
Zn—2 Xn D Yn—l S5 Zn—2
(=D)™pn —fn- 0
T2 [ Un 9n711 'Yn72:|
9]
Zn—l KL ©® Zn—l
Tn—1 [0n Yn—1]
Zy, Zn,

such that y,0, = (Za)B,.
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. B B, B, B, ) .
Axiom D’. For any n-E-sequence Y 33 . 5y, 3y e and any morphism ¢,_; : X,-1 = Y;-4, there
exists a commutative diagram of n-angles
7 =17
[3:] (!
l [10]
Zy® Xy Zy
Y2 0
[d)z —a } 2
02 (=1)" Ty
[100]
Zs® Xod Y Z3
v3 0 0
FEAN.
3 (—=1)"p2 —f1
; |
Yn—3 0 0
{l&bnfii —an—4 0 ] Yn—3
On—3 ¢Yn—a —Bn-s
[100]
Z7L72 @ X7L73 @ }/n74 - ZTL*Q
Pp—2 —Qn_: 0
[9"722 —son—; —511,74] 2
- 30
L (=nrETla Qn_s [an 4} [tho 3 l] [an—2 0] Qp
b 1YLn Xl = Xn74 Xn73 b Y;L73 Xn72 2] Yn73 n—1 : Yn
©1 Pn—a [on—3 1] [Yn—2 Bn-3] Pn—1
-1)"elg n—5 l B l i3 B n—
E_ly(vn, ) 3/1 o ’ }/71—4 - Yn—3 P Yn—? ’ Yn—l b Yn
T m
NI, ———————=%7,

such that (X)), = @B,-;-

Axiom D and Axiom D’ can be thought to be “higher dimensional” analogues of cobase change and base

change for triangulated categories [11].

4 Equivalence of the additional axioms

In this section, we prove that all possible axioms in the above section are equivalent, which can be applied

to explain the higher mapping axiom (N4).

(N4) implies A. Suppose that (N4) holds and that we are given a diagram as in A. We may choose ¢, ..., ¢, such

that the mapping cone

—Qay 0
o, B
—

xen Xs0Y

—as 0
05 By

—

-a, 0 ] -Ia; 0
(0"/ ﬁn—l (pl Bnl (T)
- XXeYy - LXein
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is in 7. It follows from Lemma 2.4 that (¢, 05, @5, ...,0,) and (¢, ¢,, o5, ...,(p,;) are homotopic. Hence,
[4, Lemma 2.1] implies that the mapping cone

-a 0] -az Ol -a, 0 l -y 0}
0, B 03 By On P Lo, B, ®
Xxeyh - X5y, - ... - XieVYV, - XLy

is isomorphic to (f), and so (f) belongs to /.

A implies (N4). Suppose that A holds and that we are given a diagram as in (N4). Then, there is a morphism
(@1, 9y5 . 03, @/, -..,0,) of n-angles by (N3), and so we have a diagram as in A. Hence, A yields ¢,,,..., ¢, such
that the mapping cone

-a; 0 -az3 0 -a, 0 -Zag 0
P2 ﬁl ?3 BZ Pn an—l Z(Dl ﬁn
Xxeohh - "Xz507% - . IXie Y, d XX @ I

isin A,
(N4) implies B,. Suppose that (N4) holds and that we are given a diagram as in B;. We may choose ¢, ..., ¢,
such that the following n-Z-sequence

0 -a -as 0 -ap 0 1 B,
B 0, o3 By On Bua Loy 0
XX, - X0, - .. - IXeY - IXoIX

is in /7. Thus, by Lemma 2.7, this has the following n-Z-sequence

-0 -~ 0] ~tn-1 0 ]
(% 93 B Op-1 Br- [P0 Bn-al _ Ca)B,
% Bxen M Ly ey, iy Gy

as a direct summand. Hence, B, holds.
B, implies (N4). Suppose that By holds and that we are given a diagram as in (N4). We begin by considering an
isomorphism of n-E-sequences

[0 81] B B [5as] [51/?}
X0V Y, e — Y1 XX ® =YX, @YY,
| |
{7}#’1 ?] ‘ ‘ [ 0 ] H [ -1 0 ] [—éfl (1)]
X, BY, [p201 Bl]Y2 B2 o Brn—2 Y, . Br-1 X, @Y, S Y1 Bn YX, & YY,.

Since the top row is in ./, so is the bottom row. Applying By, the following commutative diagram with
rows in A~

ai 0 an
0 « n— n—
Xiov ey, g ey ey T oy o,
TSI e [2) ) [5o1 6]
X1@Y1 w201 P1 Y,2 2 ng 3 n—2 Yn_l n—1 EXlEBY L;EXlEBEYi
can be completed to a morphism of n-angles and such that the n-E-sequence
-a; 0 -as 0 -a 0 -Za; 0
2 /31‘ (%) ﬂz] Pn Brrl] Loy ﬁn‘
XZEBYl - XY, - .. - "IXeY - IXeLy
is in /. Note that ] [ ] and so a = a,. Hence, (N4) holds.
Z(P1 Bn

The proof of A & B; is similar to that of (N4) & B,.

B; implies C Suppose that 31 holds and that we are given an n-angle asin C. Suppose further that we fix the
an 1 an 1 E )

n-angle X1 Xz o Xn & XX It is easy to verify that X, = X3 — .. Xn g XX, - XX, e .
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Applying Bj, the following commutative diagram

[52] AN [on Buo1]
P2 w3 P2 n—1 Pn-2 ®n Pn—1 )
Xo X3 Y, s X, @Y, Y, %X
\ \
H [10] [10] ~Bn H
—Q v —as3 —Qn—1 v —an v —Yaq
X5 X3 X, X ¥ Xo
can be completed to a morphism of n-angles and such that the n-E-sequence
1 0 -as 1 0 —Qn-2 1 0
a 0 0 a; 0 0 apr1 O - 1 0 ]
~03 =B, 0 -9, —B 0 ~Ppg Bus 0 -9, B
X3€9Y2 - X3@X4®Y3 - - Xn_leBXnan,,_l - XnQBYn
s
[~an =Byl —Z(p,a1)
SR TR /0.3 )
is in ./". Note that § = (X)), and a, = B,¢,. By Lemma 2.5, this has the n-E-sequence
1 0 -as 1 0 —Qp-2 1 0
0 a 0 l 0 a O 0 ap1 O - 1 0 ]
[‘132] ~9 ~PBs 0 -5 —B, 0 =0y B 0 ~¢p B
Yz—’X4@Y3 - X4@X5@K1 - - Xn—1®Xn®YrI—1 - Xn®le
—Qn _ﬁn -z
[ ‘1_’ 1 5X, (ﬂzal) 5y,

as a direct summand. Rotating the above n-angle and using Lemma 2.5 again, we obtain the following n-angle:

1 0 —Gpp 1 0
[ 0 ] a 0 0 ap1 O -t 1 0 ]
B 95 =P 0 “On- _ﬂ"‘ 0 ~0n _ﬂn— [-an _ﬁn] =X(p,a1)
Y3 _’3 X5®Y4 5_’ ! _’1 ZXn—l@Xn@Yn—l - 1AXn@Yn - Z:X1 —>21 ZYZ

(DM
i By Y,
Continuing this process, rotating the n-X-sequence and setting 8, = ¢,a;. We obtain the required commutative

diagram with rows in /",

. B B, B B, .
Suppose instead we had fixed an n-angle X, > ¥, = .. >' ¥, > 5X;. We apply the above construction to

obtain n-angles X — X, = .. X, 3 £X; and X; it Y, B P Y, B LX; satisfying Axiom C. By Lemma 2.4,

we have the following commutative diagram of n-angles

B Bn— B
X, 1 Y, B2 1 Y,

a Ya
)L B1 }Ué B2 .“ﬁn—l J/‘.n Bn Ei(l.

12X,
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By the higher analogue of the 5-Lemma, a € Aut(X;). Set a; = Ga™! and a, = (Za)a@,. Then, we have
a commutative diagram with rows in A"

a9 [o %} « Qn

X, X, X; " X, X,
e b e
X, X, Xs X, Y X,
@ ® #n
[ Y
U U R B
X, Y, Ys Y, NX,.

We obtain the required commutative diagram of n-angles.
C implies B;. Suppose that C holds and that we are given a diagram as in B;. Let A € 7. Applying the
functor Homy(4, —) to the commutative diagram in B;, we obtain the following exact sequence of abelian
groups:

— -a3 0] -1 0 l
® 9 B Op-1 Bp-
Homs(4,X) - HomyAX% @Y%) - .. -  Homs(A X, ® Yy
Hence, Lemma 2.3 yields an n-angle:
—a -a3 ol ~p-1 0 }
(2] 935 By Pn-1 Buaz [a D] c
XX - ey - . - Xn® Y1 » W- XX,
We can apply C to obtain a commutative diagram of n-angles
«@ «a Qn—2 Qn—1 n
Xi— > Xy —2= Xoot X, —=2X,
| S L
b1 B Br—2 b d
Xy Y, E Y1 W XXy
such that ¢ = (£a;)d. By Lemma 2.4, we have a commutative diagram of n-angles
B1 B2 Bn—2 b d
X Y, o Y, w XXy
. e
/3 B /8n—2 /Bn—l v Bn
X) Yy — Y1 Y, S X,

Clearly, 0 is an isomorphism. Set ¢, = 6a. Then, (1, ¢, ...,9,_;, ¢,) is a morphism of n-angles. Thus, the
following diagram is an isomorphism of n-Z-sequences

—ag —a3 0 —an-1 0
n— an a c
X, il X;8Y; [W’ 62] -~-L0 : 2L(n@Y,Ll Lo b} %4 > X5
H —og H —as 0 D H La H
n— an n n—1 Ea n
X, il X;58Y; [% 62] ---{w : 2L(,LGBY,Ll o B Y, (o) > Xs.

Since the top row is in .4/, so is the bottom row. Hence, B; holds.
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B, implies D. Suppose that By holds and that we are given an n-angle and a morphism as in D. By (N1), there are
two n-angles

B . B

B B
X503

=Y, S I,
[ . Vs Ve o
X5 %S 235 L5 Zy S LK,
@ a —-as —Qn-1 (“D"ﬂan .
where B, = ¢,a. One can check that X; - X, = X3 - ... = X; = = LX; belongs to ./". Applying B, the
following commutative diagram
a1

a2 —Q3 —Qn—2 —Qn-—1 (71)n+1a

X, X5 X; X, 1 X, 53¢
| b s v |
X1 51 }/2 B2 Y:r; B3 o Brn—2 Yn,1 Bn-1 Yn Bn ZXl

can be completed to a morphism of n-angles and such that the n-E-sequence

-
P2
i

as 0} Ap-1 0 ]

03 By D01 Buz
Xz, - .. - Xy @ Y

(D™, Bra] _ Ca)B,
X, & foly, 620

LX

is an n-angle. Again applying By, the following commutative diagram

[_990;2] {gi /802} [702;‘4 ﬁod} [(_32;1'171 ﬁ"O*Q [(_1)W'+1<Pn Br— (Za1)Bn
X2 Xg@Yé : X4@YE’, Xn@Yn—l ?ln ZXZ
H [0‘1] [v4 63] [¥n On_1] On H
¥2 v Y2 v 3 Tn—2 v Yn—1 v Tn
Xo Ys Zs EE Zn— Zy, XX,

can be completed to a morphism of n-angles and such that the mapping cone is in ./". Hence, Lemma 2.5
implies that the following n-Z-sequence

—Qy 0 —as 0 0 —Qn-1 0 0
as o B 95 By 0 D"y Bz O D'y Ppg 0
03 U 6 Us 601 3 Ynq On-2 Vy-3 U On-1 Vpp
X5 > X0 - X0V, 07 - - Xn® Y19 7 - Y, ® Z

0 ) .
[n_}:n 1] Znﬁzxg

is in .47, where y; = (Zap)y,. Note that y,6, = (Za;)B,. Hence, D holds.
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D implies By. Suppose that D holds and that we are given a diagram as in B,. Then, we have a commutative
diagram of n-angles

Xo X
(2] (5]
al ¢ [az 0] i [a3 0] oy as Qn—1 an
Xi —> Xz Yo —X38Y; Xy X5 X XXy
: | J
H w 1 (55 62 [2.] i o
A A I I A
X8V —= X4 8Y, Ys Y, XX,
[‘““| 8a]
P4 ‘Vﬁ 3
—Qp—1 | 0
[(—1)”‘1%4 —Bn—2 0]

0 Xn 5] Ynfl
[(=D)"pn —Bn-1]

0 Y,
(=)™ (Ba1)hn

One can check that the following n-X-sequence
-y a3 0] p-1 0 l
" n— n- -y n Pn- n
X, ﬂz} X% 0 ¢3_)B2 <P_)1 B2 X, ® Y4 (-1 10) B4l Y, (Z@ﬁ %X,

is an n-angle. We also have an isomorphism of n-Z-sequences

[ 5] I e W 5 4]
XX~ Xy, 2 T X e, X @ Y, T N (Xs @ X))
| | | | |
B f [éf] [“3)1“ ] 5 ff'} B j}

—a2 0 az 0 _a,:;] 0 0 0 0 (Za1)Bn
X, 8 X, [ ©2 0] X, 8 Y, {ws ﬂz] [( 1)"pn—1 57753;@}/71[7(1—%—&%(1 @Yn[l 0 ]E(XQ@Xl).

Note that the lower row is an n-angle, it follows from Lemma 2.7 that

-ty -a3 0] -ap-1 0 ]
% 03 B On1 Ba- [P0 Boal _ Car)B,
L o %oy - . o ey Y - I

is an n-angle. Hence, By holds.
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