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1 Introduction

It is well known that if B is a bounded linear operator in a Banach space (X, ||*||), then the family of operators
(P(0))e=0 given by
P(t) = e = Z(%)k, t20,
k=0

forms a strongly continuous semigroup of bounded operators in X [1, pp. 67, 251]. This means that it satisfies
P(t +s) = P(t)P(s), for all¢t, s = 0, and lim,-¢.P(t)x = x, for every x € X. P(0) denotes Ix, the identity operator
in X. Moreover, the semigroup so defined is in fact uniformly continuous, that is lim,_.||P(t) - Ix|| = 0, and B
is its infinitesimal generator, see p. 251, ibid.

In this article, we provide a family of bounded linear operators (B;)nen, defined on I*(N), such that the
corresponding family of semigroups (Py(t))nen, Where By(t) = e, satisfies the following conditions:

ROl <1, Ba(O)B(S) = B(S)Ba(0), an

for any m,n € N and t, s = 0. Throughout we use the convention that N = {1,2, 3, ...}.
In other words, (B(t))nen is a sequence of commuting contraction semigroups on [}(N). The reason for
considering such semigroups is that then the product I'I,,N=1Bl(t), for any N > 2, is also a semigroup of contrac-

tions and its generator equals ZnN=1Bn [2, p. 24]. We also give conditions under which the infinite product of
those semigroups exists and its generator A = Y._B, is bounded, i.e.,

L] N
[1B.(t) = lim []B(t) = e, t=0. 1.2)
n=1 Noe g
The limit in (1.2) is in the strong topology. An explicit formula for A is given in Theorem 3.3, which follows from

a general convergence theorem for semigroups satisfying (1.1) proved in [3]. Some results, based on this
theorem, have been obtained recently, see [4,5] and [6, p. 85].
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This article is organized as follows. In Section 2, we summarize the previous results and define operators
(Bn)nen- Two specific examples are also provided. Main results of this article are contained in Section 3. Section
3.1is devoted to the proof of (1.1). The Lumer-Phillips theorem is used to show that the B;s generate semigroups
of contractions, see Lemma 3.1. In Section 3.2, we prove (1.2), and in Section 3.3, an analogous result is obtained
for (P,(t))nen, Where P;(t) denotes the adjoint semigroup to B,(t). An auxiliary lemma is proved in Section A.

2 A family of operators (B,),en

2.1 Motivation from the theory of Markov chains

Recall that ['(Y) is the Banach space of all absolutely summable sequences. This means that x = (&);ey is an
element of I'(N) if and only if Y en|&| < o and then [[X||zpy) = 2ienl&l- It is a separable space and any x € I'(N)
can be written as Y ;cy&e;, Where {e;};en is the standard Schauder basis in this space, i.e.,, ¢; = (...,0, 1, 0, ...) with
11in the ith coordinate. For more details about I*(N), see [7, Chapter 7].

In [4,5], the sequence of operators (By),en, defined in [Y(N), was considered, where

-B.&i + i1, if imod 2" € S},
Box=(nen=) "0 T ; @1
~p§; + By, if imod 2" € S

The sets S}, SZ in (2.1) partition the set {0, 1, 2, ...,2" - 1} and are given by
St=1,23 ..2"1, SZ={0, 201+ 1,201+ 2 20 -1}, (2.2)

The sequences (B, )neny and (ap)ney are assumed to be sequences of real positive numbers. The operators
(Bnnen are in fact isomorphic images of the operators from [6, p. 83] and are generators of the transition
semigroups associated with two-state Markov chains. These were used by Blackwell [8] to construct a Markov
chain whose all states are instantaneous. To be more precise, he considered a Markov process (X(t)):( defined
as follows:

X() = (X(0), X%((t), X5(b), ...), t=0, 2.3

where X(t), X,(t), X5(t),... is an infinite sequence of mutually independent, two-state Markov chains. The set of
states of every component of X(t) is {0, 1} and the transition semigroup e, associated with X(t), is thus
characterized by g, and a,. An explicit formula for this semigroup exists [6, p. 83].

Let S denote the state space of X(t). Then S C {0, 1}, and this last set is uncountable by the known
Cantor’s diagonal argument. So in general $ may be uncountable. However, if we assume that the sequences
(B )nen, (apnen satisfy (the first condition by Blackwell)

Z By < 400, (2.4)
n=1 an * ﬁn
then, with probability one, elements of § are sequences with only a finite number of 1’s. Therefore, S is
countable and a bijection between S$ and N exists, and it is given in [5]. Moreover, the condition (2.4) also
guarantees that the transition semigroup P(t), associated with X(t), is well defined. This means that it is
a strongly continuous semigroup of contractions, and it is given by
N
P(t)x = lim [|e®x, x€l(N),t20. (2.5)

=0 -1
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The fact that [1,_,e® is the transition semigroup of X(t) follows from the independence of its components.
The second condition introduced by Blackwell requires that

2 B, =+, 2.6)
n=1

and it implies that all states of X(t) are instantaneous, i.e., the Q-matrix of the process has - in all the
diagonal entries. Incidentally, the condition (2.6), together with (2.4), implies also that ¥ ,_;a, = +o.

From these two conditions, it follows the generator of P(t), denoted as Age, is densely defined and
unbounded. In [5], it was found, by the application of [3, Proposition 2.7], that Age, = A, where

N
Ax = lim 2 B, x €D(A) C I'(N). @7
~%®n=1
Here, D(A) denotes the domain of A. Because A is not bounded, D(A) # [}(N). For example, any x with a finite
number of non-zero components does not belong to D(A). It should be added that in this case, the operator A*
defined as the limit of ZnN=1B,’[, when N — o, is not densely defined in [®(N). Thus, we cannot apply the
proposition from [3] and conclude the continuity of the adjoint semigroup P*(¢).

Blackwell was interested in the case in which all states of (2.3) are instantaneous, and his example is one of
the few such known, see [6, p. 82] and the references contained therein. This chain is so interesting because
some explicit calculations, just described earlier, can be carried out that are related to it.

If instead of (2.6) we assume that (8, )ney and (a,)nen satisfy (in addition to (2.4))

Y (@ + B,) <+, 2.8)
n=1

then all states of X(t) are stable, which means the Q-matrix of the process has finite values in all its diagonal
entries. Moreover, the operator A determined by (2.7) is then bounded, D(A) = IX(N), and it generates the
transition semigroup of X(¢t) [4]. This also follows from [3, Proposition 2.7], and the semigroup is defined by
(2.5). Let us also emphasize that the condition (2.8) (or (2.6)) does not contradict (2.4).

The application of [3, Proposition 2.7] in the stable case also shows that (2.8) overrides (2.4). In other words,
the condition (2.8) is sufficient for A to be bounded. Recall that (2.4) ensures that the set of states of X(t)
is countable, i.e., it is a Markov chain.

Therefore, when the condition (2.8) holds true, we can omit (2.4). The operator A and the semigroup P(t)
are still well defined and P(t) = e*4. However, because we no longer assume (2.4), the connection between P(t)
and Markov chains is lost. The state space of (2.3) could be uncountable, and X(¢t) would be a Markov process.
It is not clear what P(t) then describes. Currently, I am not able to provide any interpretation. Similarly,
the meaning of B, from definition 1, as well as A in Theorem 3.3, is unclear. Nevertheless, from the point of view
of semigroups, these objects are well defined.

2.2 Definition of the B,’s

This special form of the operators given by (2.1) suggests how to generalize them so that they still commute and
generate semigroups of contractive operators. The goal of this article is to prove that this generalization works
and the construction is based on a finite collection of sequences of numbers, so we begin with them.

Let an integer d > 2 be fixed and suppose that there are given d - (d — 1) sequences of positive numbers,
denoted by (Bif})neN, ie.,

B:>0, nz1ij=12..,dandi#]. 29)

These numbers, for fixed n, can be thought of as off-diagonal entries in ad x d matrix, see Examples 1, 2. Based
on (2.9), define (ﬁﬁ-)new as follows:

d
Bli= - > Bl i=12..,d (2.10)
j=tji
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The numbers l"l are diagonal entries, in the matrix analogy. It should be added that the matrix analogy is only
perfect for n = 1. From (2.10), it follows that if n is fixed, then Z‘;zlﬁi’;. =0, foreveryi=1,2,..,d.

The sets S,}, S,f, determined by (2.2), partition the set Z,»_; = {0, 1, 2, ...,2" — 1} into two parts of equal size.
In a similar way, we introduce a partition of Z gy = {0,1, 2, ...,d" - 1}, denoted as S}, S2,..., SZ, into d parts
of equal size. Namely, define

Sk=fk-Ddv + 1, (k - DA™ + 2, . kd™, k=12, .,d-1,

d_ _ n-1 _ n-1 n_ 211)
SE={0,d-Dd"1+1,(d-Dd" 1 +2 ..,d" -1}

In other words, |SX| = d*! for k = 1,2,...,d and
d
Zyi=USF and Shnsk=@, gk,
k=1

The sets S, SZ, ..., S can also be defined recursively and in order to do this let us first introduce some
notation. If S is a subset of Z, where Z stands for the set of integers, and a € Z, then S + a denotes the set
{s+a:s €S} So{l,2}+3={4,5} With a little abuse of notation, we also introduce

[a,b] ={a,a+1,a+2, ..,b-1,b}, a<b,abeZ”Z.

This should not lead to misunderstandings, since all indices in a vector () or in a sum Z;‘Z:jlfj are assumed
to be integers. With this notation, we write

(Ei)iE[l,dn] = (El) 52) -'-sEd")) Srll( = [(k - l)dn_l + 1) kdn_l]-
The recursive definition of (2.11) would be to assume S,} =1{1,23, ..,d"1} and
Sk=(S}+ (k- Dd*) modd", k=23,..,d,

where the sum taken modulus d" ensures that 0 € S%. We can now give the following definition.

Definition 1. For n > 1 define B, : I'(N) - [}(N) as follows: for x = (&)ien let ByX = (1),)ien, Where

k-1 d-k
= 2B alija + Br&i+ 2 B i, if imod d™ € S (212)
j=1 j=1
where the set S¥ is determined by (2.11). O

In this article, we use the convention that if in a sum Z;i,-lfj we have j, <j,, then the sum equals zero.
For example, taking i = 1 in (2.12), since S,} ={1,2, ...,d"1}, we obtain

d-1
n= .Blr,llfl + Z.B{i]‘,lfhjd"_l'
j=1

Furthermore, it is worth noting that if i € [1, d] with i mod d" € S¥, then both i - jd"! € [1, d"], for j =1,
2,...,k -1, as well as i +jd"! € [1,d"], for j=1,2,..,d - k. This follows from the fact that i lies between
(k - Dd™ 1 + 1 and kd™ L. Therefore, in the first case, we have

i—jdv 1tz k-Ddv1+1-(k-Ddv1=1
and, in the second case,
i+jd"v 1 < kdv + (d - k)dv! = dn.

In a similar way, if i € §;, where §; = [1, d"] + Id", for some integer > 1, and i mod d" € SX, theni - jd" ' € §,
for j=1,2..,k-1andi+jd"'e§, forj=12..,d-k.
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We draw an important conclusion from these observations. Namely, the one that the (infinite) matrix of
B, denoted by M(By), can be written in the following way:

M@B,) 0 0
M@By=| 0 M®B) 0 . @213)
0 0 M@GB ..

where 0 denotes the d" x d" matrix with all entries zero and M(B,) is the d" x d" matrix of B, truncated to the
first d" coordinates. In other words, it is the matrix of the map B, : R —» R defined as follows:

E,,x = (ﬁi)iE[Ld"] with m=n, i €[1,d,
where 1, is given by (2.12). In this case, x = (&)ief1,q7. The fact that M(B,) is the matrix of B, simply means
Bwx =x-M(B,, xe€l(N).

So it is clear that B, is a bounded linear operator on ['(N), and using the triangle inequality, we obtain an
estimate

[|BrX|lngyy < Cal X1 [y (214
where ¢, is given by
d
—J. n
a=d: 2 B
Lj=1; i#j

Example 1. For d = 2, the B,’s are given by (2.1), and two independent sequences (Bf SInens (ﬁ{fl)nem introduced
in (2.9), are denoted by (B,)nen and (ap)nen, respectively. This notation is used in [4, 5] and in [6, p. 83].

Rewriting (2.1) in terms of (ﬂfz)new and (52’}1)neN gives
Bl + BlEuye,  if imod 2" € S,

Bx = (n)ien =
n (r]l)IEN _Bzrflfi + szfi—Z"'l’ if imod2" € Sr%)

where the sets S, SZ are given by (2.2). In this case, Bl = -Bl', By, = —Byy, for n 2 1. In particular, St={1},
St =10}, ] = {1, 2}, 7 = {0, 3} and

_312, 2 0 ﬁlz, ; O
_Bll, 2 Bll, 2 _ 0 _ﬁlz, , 0 ﬁlz, 2
ﬁZl,l _B21,1 M) = 522,1 0 _ﬁzz,l 0
0 By 0 -B

M(By) =

For n = 3, we have Si = {1,2, 3,4}, $? = {0, 5, 6, 7}, and

- ﬂ13, 2 0 0 0 B 13, ;0 0 0

o -8, 0 0 0 B} 0 0

o o -g, 0o o 0 B, O

o o0 o -, o0 0 o0 pB,
N 0 0 0 -B5;, 0 0 0
o By, 0 0 0 -BF 0 0
o 0 By 0 0 0 -B 0
o o o g% 0 0 0 -B

M(B;) =
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Example 2. Consider d = 3. In this case, there are six independent sequences: (8", )nen, (Bl5)nen, (Byy)nen,
(B£ 3)nEN: (ﬁgr’ll)nENr (,Bgr’lg)nEN' Then

By = _(Blr,lz + 517,13)’

and (2.12) takes the form

nx1,

ﬁZ,Z = _(Bzrfl + Bil 3): ﬁ3,3 = _(Bgr,ll + .Bgr,lz)y

if i mod 3" € S},
if i mod3" € S,

if imod 3" € 7,

ﬁflfi + ﬁzr} Gisgr1 ¥ ﬁgrflfi+z-3"’1,
Byx = (rli)ieN = Bln 251'—3"'1 + Bz’fzfi + B’fzfiﬂ"'l’
ﬁ1?3fi—2~3"’1 + ﬁzr,l 361'—3”’1 + ﬁgrylggi:
where the sets S, S2, S3, for n > 1, are given by

$t=11,23,..,3"Y
SZ={3m141,3v1 42, 230
§3={0,2-3"1+1,2-3"1+2, 3" -1},

In particular, for n = 1, we have S{ = {1}, $? = {2}, S{ = {0} and M(B)) is as follows:

:311,1 /311,2 '811,3 _(511, 2t Bll,S) ﬁll, 2 511,3
M(By) = le,l le,z le, 3| = le,l _(ﬁzl,l + le 3) ﬁzl 3
Bgl,l B:iz ﬁég ﬁgl,l ﬁg,l)z _(Bgl,l-"ﬁgl,z)
For n = 2, we have S; = {1,2,3}, SZ = {4, 5,6}, S5 = {0, 7, 8} and M(B;) can be written as follows:
By, 0 0 B 0 0 BL 0 0
0 ﬁlz,l 0 0 ﬁlz,z 0 0 BIZ,S 0
0 0 B4 0 0 B 0 0 B4
Byy 0 0 B, 0 0 B 0 0
M@B,)=|0 ﬁfl 0 0 32%2 0 0 ﬁz%g 0 |,
0 0 BZZJ 0 0 ﬁzz,z 0 0 Bzz,s
2 2 2
,83’1 0 O [33’2 0 0 [33’3 0 0
0 B, 0 0 B, 0 0 B 0
0 0 B, 0 0 B, 0 0 B

where B = ~(By + B, B, = (B + By, and Bs; = ~(B3 + Py)-

3 Main results

3.1 Proofs of (1.1)

Lemma 3.1. The operator B,, given by (2.12), generates a semigroup of contractions, i.e.,
1B(OX] gy = 1e®nx]lingyy < [1X1 gy (31

for everyt = 0 and x € I'(N).



DE GRUYTER A family of commuting contraction semigroups on /' and [ — 7

Proof. We prove (3.1) using the Lumer-Phillips theorem, see [9, Theorem 2.1]. This theorem states that a
bounded linear operator B, defined in a Banach space (X, ||'||), generates a semigroup of contractive operators
if and only if it is dissipative, which means that it satisfies the condition [|(A — B)x|| = A||x||, for all A >0
[10, p. 75].

Dissipativity can be checked by somewhat simpler condition. Namely, if X is a real Banach space, then B
is dissipative if and only if for every x € X there exists j(x) € J(x) such that

(Bx, j(x)) < 0, (3.2)
where
JOO) ={x"€ X {(x,x) = || = [Ix*I[*},

see [10, Proposition 3.23]. It is worth to mention that J(x) is always nonempty by the Hahn-Banach theorem,
see [7, p. 181]. Recall that X* stands for the dual space of X consisting of the bounded linear functionals on X
and (x, x*) denotes x*(x). It is also a Banach space, see [7, p. 180].

We show (3.2) for B = B,.. In our case, X = I'(N). It is well known, see [7, p. 207], that X* can be identified
with the Banach space of all bounded sequences, denoted by I[*(N). If x* = (§)iey is an element of [*(N),
then |[x*|[i=gy) = Sup;enléil-

Let x = (&);en be any non-zero element of I'(N) and define x* € [®(N) as follows:

x* = ||xl gy (38N (&)ien, 33

where sgn(0) = 0 and sgn(a) = |a|/a for a non-zero a € R. Then x* € J(x), due to
06 x) = iy 26580 (@) = Il

The main tool used in proving (B,x, x*) < 0 is the following elementary inequality
a-sgn)<a-sgn(a)=lal, abé€ER. (3.4)
By (2.12) and (3.3), we need to prove

jrdt

(Box, x°) = |IXllpey 2| 2. mysgn(&)

JjEJ\i=j+1

<0, (3.5)

where J={md": m > 0,m € Z}. The outer sum in (3.5) is simply from j = 0 to +%, where j increases by
a multiple of d". From (2.13), it is clear that to prove (3.5), it is enough to show

dll
Q=Y psgn(&) < 0. 3.6)
i=1
By substituting for n; in (3.6), we can write Q = %; + Xy, where
dll
L1 = )0
i=1
with
k-1 d-k
0= ) B S8 Gijar)) + 2 By s8N Ginjr),  if imod d" € S,
j=1 j=1
and

dat da"
T, = ) n&isgn(&) = D wlél,

i=1 i=1
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with
=B, if imodd" € Sy
Applying (3.4) in X, gives
a a

Q=1 +1< )GE + D lél,
i=1 i=1

where
k-1 d-k
G= 2Bt 2Bikp If imodd" € Sy
=1 =1
The final step is to notice that G; = -7, see (2.10). Therefore, we have

dn
Q<@+ nlEl =0,
i=1

which completes the proof of (3.6) and (3.5). O

Lemma 3.2. Let By(t) = e®, for n = 1, where By, is given by (2.12). Then
Bn(O)B(s)X = B(S)Bn(0)X, (3.7

for any m,n €N, t,s 2 0, and x € I'(N).

Proof. Because the B;s are bounded, the condition (3.7) is equivalent to
By.Bnx = BpBnX, (3.8)

see e.g. [10, p. 19]. So we prove (3.8) and it suffices to consider the case for m < n. A consequence of this
assumption is that m < n - 1. Let x = (&)ieny € 1(N) be fixed and denote

(Mien = Bu(&iens  (Qien = Ba(ien,  (0))ien = Bu(§iens  (§ien = Bm(1 dien-
It can be seen from (2.13) that in order to prove (3.8), it is enough to show
G=¢, forielld. (3.9
Fix i € [1, d"]. Then, for some k, k, € [1, d], we have
imodd™ € SK,  imodd" € Sk. (3.10)
As a result, for some [ € {0, 1, ...,d" "™} we also have
i €8 =88+ 1dm+ (k— Dav™,

We begin to calculate ¢, i.e., the ith coordinate of B,B,x. From (2.12) and (3.10) we obtain

ko—1 d-ky
— n n n
G = Zlﬁkz_jz,kz’k—jzd"’l + B t 'zlﬁk2+j2,kzni+jzd"’1: (311
2= 2=

where

k-1 d—k1
n=2 Bisj, iSijuam * Broxi + 2 B, wSiipan-
Ji=1 Ji=1

What remains to be calculated in (3.1) is ;,; g1 and n;_; ;1. These should be expressed in terms of k; and k.
We achieve this from m < n - 1. Namely,

imodd™ € Sk = (i+jd"!) modd™ € Sk,



DE GRUYTER A family of commuting contraction semigroups on /' and [* — 9

where j is an integer. Therefore,

k-1 d-k
— m m m
rli*j dn_l - ﬁkfj ,klfi*'jzdnil_]‘ldm*1 + ﬁkbklfi*'/‘zd"?l + z ﬁkl*‘f :’ﬁfﬂjld"?l*'jld"ﬁl,
2 ! 1 ! 1
h=1 h=1
and, in a similar way,
k-1 d-ky
— m m m
I’]l-_jzdn—l = Z Bkl‘j ’klfi_jzdnfl_/»ldmfl + Bkl,klfi_jzdnfl + Z Bk1+j ’klfi_jzdnﬂ*_jldmfl.
. e .
1~ 1~

So (3.11) can be written as sum of nine terms, i.e.,

9
G=2T,
j=1
where T3, T,..., Ty are given by
k-1 k-1
— n m
L= Z Z ﬁkz—fz:kzﬁ kl—hykﬁi‘jzd"il‘/idmfl’
Jp=1 ji=1
kz—l
—_pm n
L= Bin _Z Bkz—jz,szi-jzd”‘l’
J=1
k-1 d-k
— n m
TS - Z z Bkz—fzykzﬁkﬁjl,klfi-l'zd"’lﬁld""l,
J=1 jp=1
k-1
—_ n m
Ti= By, Z Brsj, iiSi-ja™
Ji=1
—_pn m
TS - Bkz,kzﬁkl,klfi’
d-k
—_pn m
Té - Bkz,kz Z Bk1+j1’klfi+j1dm_l’
h=1
d-ky k-1
— n m
k= z Z Bkzﬁz,kzﬁkl‘flyklfi"jzd"?l‘hdmil’
J2=1 j=1
d—kz
—_pm n
Iy= ﬁkl,k1 Z Bkz+j2,szi+j2d"‘1,
J2=1
d-ky d-Kg
— n m
723 - z Z Bkz+jz,kzﬁkﬁjl,klfiﬁzd"’1+/'1dm*1-
J2=1 =1

Now we calculate {/, i.e., the ith coordinate of B,B,x. From (2.12) and (3.10), we have
k-1 d-k
- m 7 m 7 m 7
G = zlﬁkl—/a,kl”i—jld”’l * Browti * Zlﬁkﬁh,kﬂiﬁldm”’
h= =

J

where

k-1 d-ky
7 n n n
n; = z .Bkz_jz,szi—jzd"'1 + Bkz,szi + z Bkz+j2,szi+]'2d"_l'
Jp=1 J=1
Now notice that
(i - jd™) modd" € Sk, forje[1,k-1],
and, similarly,

(i + jd™ 1) modd" € S, for j € [1,d - K.

(312)

(313
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This allows to express 1, jydm and I1i’+j1 gm-1 in terms of kg and k;, see (3.10), and write ¢/ in a similar way as ¢,
i.e., as the sum of nine terms, cf. (3.12). The final form of (3.13) is such that
9

9
g = ZTf= sz:G-
j=1

j=1

In other words, T, ..., Ty and T7,..., Ty may only differ in order. This completes the proof. O

3.2 Convergence of I'ILP,,(t)

Suppose that i € N. Then, there exists ny such that for every n = ny
imodd" € S} ={1,2, ..., d"1}.
For the proof, from i < d""! we obtainn > log,(i) + 1 and n, can be written explicitly using the ceiling function,
ie.,
no = [log,(i) + 11. (3.14)
To recall, [xT=min{n € Z : n = x}.

In formula (2.12), which defines By, n was fixed, and it was not necessary to denote r; as n,(n). However,
in what follows, we sum these terms over n, see (3.15) and (3.19), so the latter notation is used.

As mentioned earlier, the product I'I,,Nle,(t), for any N = 2, is a semigroup of contractions and its generator
Ay equals ZnN=1B,, [2, p. 24]. In our case, it means that

N
Avx = Qien, G = 2 00, (3.15)
n=1

where x = (&)ien € I{(N) and ny(n) is given by (2.12). It turns out that Ay still has a manageable form even if
N = +oo, cf. [4, Theorem 3.1].

Theorem 3.3. Suppose that the sequences (ﬁ,»'})nerw satisfy

d 0
2 2Bl<w (3.16)
ij=1; i#j n=1
and let B, be given by (2.12). Then the strong limit of I'I,,N=1ef3n, denoted as (T(t))s=0, Le.,

N

T(t)x = lim [|eBx, x € IX(N), 3.17)
Noo g

is a semigroup of contractions, and its generator A is bounded and

N
Ax =lim ) Bx, x € I\(N).
Nowo g

Furthermore, denote ((})jen = Ax. Then

el d-1
(1 = Z (Blr,llfl + Zﬁlﬁj,lghjd"’l)’ (318)
n=1 j=1
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and for i 2 2, we have

no-1 o d-1
(i = z ni(n) + z [ﬁflfi + Zﬁlr:.jllfﬂjd"l’; (3.19)
n=1 n=ng j=1

where n,(n) and n, are given by (2.12) and (3.14), respectively.

Proof. We use [3, Proposition 2.7]. This proposition says that if (e®®"),ey is a family of commuting semigroups
of contractions, in a Banach space (X, ||]|), and the set

D1=

- +0
X € ND@By) : Y |IBuxl| < w}

n=1 n=1
is dense in X, then the semigroup given by (3.17) is well defined. Moreover, its generator is the closure of 4,
where A = liqumZanBn, with D(A) being D;. In this proposition, the generators may not be bounded,
so D(By) denotes the domain of Bj,.

In our case, X = I['(N) and D(B,) = X, since B, is bounded, see (2.14). Furthermore, D; = [Y(N), because by
(2.14) and (3.16), we have

+00 d )
2 IBuxllpgyy < dilliy 2 2B <,
n=1 ij=1; i#j n=1
for every x € IN). In particular, A is bounded and
d =)
lallsd- 3 B
ij=1; i#j n=1

Since the norm convergence in [*(N) implies convergence in coordinates, components of Ax are limits of
components of Ayx, where Ay is given by (3.15). Thus, (3.18) and (3.19) follow, and this completes the
proof. O

3.3 Convergence of [1\-,Px(t)

As mentioned earlier, the dual space of ['(N) can be identified with I*(N) [7, p. 207]. Since B, is bounded,
it induces a linear map B, : [*(N) = [*(N), called the adjoint of B, [11, p. 15]. Moreover, ||B,|| = ||B;]|, so if By
is a contraction, then B, is also a contraction, see also (Al).

Let (,)ien = BpX, where x = ({)ien € IY(N). In our case, we have

k-1 d-k
r]i* = Z:Bl?,k—jfi‘jd"_l + Bkt[,kfi + Z ,Bl?’k,rjfﬁjd"'l, if imodd" € S,{( (3.20)
j=1 j=1

This formula simply says that M(B,;) = MT(B,), i.e., the matrix of B, is equal to the transpose of M(B,),
see (2.13). Therefore, it can be written as follows:

M@B) 0 o .| [M'B) o 0
M@B)=| 0 MB) 0 .|=| 0 M@ 0
0 0 M(B,) .. 0 0  MT'B) ..

where M(B,) denotes the matrix of B, truncated to the first d" coordinates. Similar estimate to (2.14) can be
obtained for B,. Namely, we have

d
IBixlbeey < (@-D - 3 BlIxllegn- (321)
i,j=1; i#j
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Moreover, notice that the equality (B,Bnm)* = By,B,, together with (3.8), implies that the B,’s also commute.
In Lemma A.1, we prove that (e®)* = eB". This allows for a correct definition

Pi(t) = eBn = (eBn)* = (B(t))', n=1. (3.22)
In consequence of (3.22) and (1.1), we obtain
PRIl <1, Pr(t)Py(s) = P(s)Py (1), (3.23)

for any m,n € N and ¢, s 2 0. So we are in a similar situation as in Section 3.2. In other words, the product
l—InNzng(t), for any N 2 2, is a semigroup of contractions and its generator Ay equals Z,,Nle,’{, which means

N
Ayx = (e, G = 20/, (3.24)
n=1
where x = (§)ien € ["(N) and n;’(n) is given by (3.20). We have the following theorem, cf. [4, Theorem 3.2].

Theorem 3.4. Suppose that the sequences (BS),,EN satisfy (3.16) and let B, be given by (3.20). Then the strong limit
of T\ etBx, denoted as (T*(t))eo, i.e.

N
T*(t)x = lim []e®ix, x € 1°(N) (3.25)

=01

is a semigroup of contractions, and its generator A* is bounded and

N
A'x = lim ) Byx, x € I*(N).
Nowo g
Furthermore, denote ({;)ien = A'x. Then
o d-1
(1* = z Blr’llfl + ZBlr’llﬂ'Elﬁd"’l ’ (3.26)
n=1 j=1
and for i =z 2, we have
no-1 © d-1
G=2 n;(n) + 2 Bll,llgi + Zﬁlr,lujfi‘fjd"’l ) 3.27)
n=1 n=ng j=1

where 1)/ (n) and ny are given by (3.20) and (3.14), respectively.

Proof. The proof is analogous to that of Theorem 3.3, i.e.,, we use [3, Proposition 2.7]. By (3.21), for every
x € [”(N), we have

+00

d o
2 1Bl < (@ = Dlxlrey 2 2Bl < o,

n=1 i,j=1; i#j n=1
Thus, D; = [”(N), A" is bounded and
d 0
Al <@-1- Y 3B
ij=1; i#j n=1

As in [Y(N), the norm convergence in I°(N) implies the coordinate-wise convergence, so components of A*x
are limits of components of Ayx, where Ay is given by (3.24). Thus, (3.26) and (3.27) follow, and this completes
the proof. O
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Appendix

It is well known [1, p. 163] that if B and C are bounded linear operators, given in a Banach space X, then
[1BI| = [IB*|l, (B+C)y=B"+C, (BC)=CBH, (A1)

where B* and C* are adjoint operators to B and C, respectively. Recall also that £(X) denotes the space of all
bounded linear maps on X. To justify (3.22), we prove the following lemma.

Lemma A.1. Let X be a Banach space and suppose that B € L(X). Then

(eB)" = P, (A2)
Proof. For N > 1 denote
N N
Bt BH"
Sv=—, Sy=2 .
n=0 n! n=0 n!

These operators converge uniformly to e? and e?’, respectively [1, p. 251]. This means

lim||eB - Sy|| =0, lim|le® - Sy|| = 0.

N-o N-o
By (A1), we have (Sy)* = Sy, for N = 1, which implies

[I(e®)" = Syll = 11(e® = Sn)'ll = Ile® - Swll.
Therefore, for any x € X*, we have

]lvimoll(eB)*X - Suxll < }Viﬂ”(eB)* = Syll - [Ixll = 0.
In consequence,
(eByx = eBx, xe€X*,

and this concludes the proof of (A2). O
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