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1 Introduction

Let Q‘; be the d-dimensional p-adic vector space over the field Q, of p-adic numbers. Let f € Ll(Qg) be
a complex-valued Haar-integrable function, and let T C QZ be a discrete set. We define

f+T=2fx-0.

teT
We say that f is a translational sub-tiling of Q‘; with a discrete set T C Q¢, if we have

f+T<1, ae x€ QZ. (1.D

In this case, we say that f+ T is a sub-tiling. Note that if f = 15, the indicator function of a Borel set Q@ C Qg
with positive finite Haar measure, then condition (1.1) means that the sets {Q + ¢ : t € T} are pairwise disjoint
up to Haar measure zero set. In this case, we say that Q + T is a sub-tiling.

We say a function f € L'(Q4%) tiles Q§ at level one by translation with T C Q4, if we have

f+T=1, ae x€ QZ. 1.2)

When f=1g, equation (1.2) implies that, up to a set of Haar measure zero, the collection of sets
{Q + t: t € T} forms a partition of Qg. In this case, Q is called a translational tile. The set T is called a tiling
complement of Q, and the pair (2, T) is called a tiling pair.

We can extend the concepts of tiling and sub-tiling to measures. Consider u as a positive, finite Borel

measure on Qg, and f € Ll(Qg). Define the convolution of f and y as

feu= o= yau).

Qp
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We call f + u atiling (respectively, sub-tiling) of Qg if f*u = 1 (respectively, f+ y < 1) almost everywhere with
respect to the Haar measure. It is clear that when f=1g (the characteristic function of the set Q) and
U =81 = 2,76 (the Dirac measure concentrated at points t € T), f+u =1 is equivalent to (Q, T) being a
tiling pair.

We say function f € Ll(QZ) tiles at level ¢, or multi-tiles, by a discrete translation set T C Qg, if for almost

all x € QY, we have
f*8T= €.

Tilings are classical problems in the geometry of the Euclidean space. Compact sets with positive measure
that can tile the real number line R through translations have been thoroughly investigated in [1,2]. The most
straightforward scenario involves compact sets made up of a finite number of unit intervals, where all end-
points are integers. This tiling problem can be restated in terms of finite subsets of the set of integers Z that tile
the group Z. As a result, there have been extensive studies of tiling problems on the discrete group Z¢ for
d € N. Coven and Meyerowitz [3] proposed conditions (T1) and (T2) that are sufficient for a finite set A C Z to
tile Z, and necessary when the cardinality of A has at most two distinct prime factors. Laba and Londner [4,5]
proved that the Coven-Meyerowitz tiling conditions (T1) and (T2) that are sufficient for a finite set A to tile, and
necessary when the cardinality of A is of the form p?q?r? for distinct primes p, g, and r. Bhattacharya [6]
proved that any finite set A C Z? that tiles Z? by translations admits a periodic tiling. Greenfeld and Tao [7]
obtained structural results on translational tilings of periodic functions in Z¢ by finite tiles. They proved that
any level one tiling of a periodic set in Z? must be weakly periodic. Grebik et al. [8] extended the tiling
problems to a measure space X, and they studied the structure of measurable tilings of X by a measurable tile
A C X translated by a finite set T. They also established a “dilation lemma” and “structure theorem” for
Abelian measurable tilings.

On the other hand, tilings by translates of functions on the Euclidean spaces have also been extensively
studied (see [9] for surveys on the tilings of functions by translation on the Euclidean space).

LetQ C Qg be a Borel set of positive and finite Haar measure. The Hilbert space L?(Q) of square Haar-
integrable functions is equipped with the inner product

(f. 8% = [f00g00dx,  Vf,g € IXQ).
Q

We call Q a spectral set when there exists a set A C 6", consisting of continuous characters of Qg, that forms
an orthogonal basis for the space I?(Q). The set A is then called a spectrum of Q, and the pair (Q, A) is known as
a spectral pair.

In the Euclidean space R¢, Fuglede put forward the following conjecture in [10].

Spectral set conjecture: A Borel setQ C R< of positive and finite Lebesgue measure is a spectral set if and only
if it is a translational tile.

We can formulate the generalized Fuglede conjecture for any locally compact Abelian groups (either finite
or infinite) G, and we simply call the generalized spectral set conjecture.

Generalized spectral set conjecture: A Borel set Q@ C G of positive and finite Haar measure is a spectral set if
and only if it is a translational tile.

Both the initial and the generalized spectral set conjecture have drawn significant attention in the past
few decades.

In the case of R it was proved to be true when the spectra or tiling sets are lattices [10]. But this
conjecture was eventually disproved by Tao et al. for dimensions d > 3 in both directions [11-15]. These
counterexamples constructed are non-convex sets, and it is generally believed that the Fuglede conjecture
should be true for convex domains. And it was eventually proved that spectral conjecture is true for convex
domains in all dimensions [16,17]. However, the conjecture is still open in dimensions d = 1, 2 in general.

In order to disprove this conjecture on R¢ counterexamples were first constructed in finite Abelian
groups. So, there has been some increasing interest in the tiling to spectral direction in p-groups [18-22].
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The spectral set and spectral measure problem for local fields were considered in [23], and we proved
the conjecture in local fields when spectra or tiling sets are quasi-lattices [24]. Recently, this conjecture
completely settled down in the one-dimensional p-adic space Q,. In [25], it is proved that any bounded
tile of Q, is an almost compact open set. Let Q C Q, be Borel set of positive finite Haar measure. In [26,27],
it is shown that Q is a spectral set if and only if Q is a tile if and only if Q is an almost-compact open
p-homogeneous set. Additionally, a class of singular spectral measures in Q, was constructed, some of which
are self-similar measures. Shi [28] characterized all spectral measures in Q. It was proven in [29] that for all

odd primes p, there are spectral sets in [Fg that are not tiles. This means that for d = 4, there are compact open
spectral sets in Qg that are not tiles. There also exists a compact open spectral set, which is not a tile in Q3.

However, this conjecture is still open in Qf,.

One of the aims of this article is to study the relationships between sub-tilings, tilings, and orthogonal sets,
spectral sets over the d-dimensional p-adic vector space Qg.

Let Q, be the field of p-adic numbers, and any x € Q, can be written as

X= Zanp” vez, a,€{0,1,..,p -1} and a, # 0).
n=v
The fractional part of x is defined as
-1
{x} = z app™.
n=v
For X = (X, ....Xa), ¥ = Oy, -..Y;) € QY, the scalar product in Q9 is defined as
Xy =Xyt t X
The dual group @ﬁ of Q‘; consists of all x,(-) with A € Qg, where
XA(X) =X(X . )l) = eeri{x-/\}.
Given a discrete set A C Qf,, and Vx € Qg, we set
E() = {);(x) = eZiX ) € AL

For a Borel set Q C QZ with 0 < |Q| < o, the following theorem gives a criterion for the orthogonality and

orthogonal basis property of the exponential system E(A) in L*(Q) by sub-tiling and tiling conditions,
respectively.

Theorem 1.1. Let Q C QY be a Borel set with 0 < |Q| < o, and let f(x) = [1o00))/|QF.
(1) The system of exponential functions E(A) is orthogonal in I?(Q) if and only if f + A is a sub-tiling.
(2) The system of exponential functions E(A) is orthogonal basis in I*(Q) if and only if f+ A is a tiling.

This theorem in the Euclidean case R¢ is due to Kolountzakis [30]. A open set A € QZ is called a orthogonal
packing region for @ C Qf, if
(A - A) n Zg = @,
where Zo = {x: 1g(x) = 0}, and A - A = {x - y : Vx, y € A}. We say that an orthogonal packing region A for
Q is tight if we have that |A| = 1/|Q].
The following theorem provides a very useful criterion to decide whether a sub-tiling of function is
actually a tiling of function on Q¢, which is the extension of the result in the Euclidean setting [31] to the

non-Archimedean setting. Actually, we have proved a special case of this theorem on the vector space K¢
over the general local field K [24].
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Theorem 1.2. Assume that f,g € Ll(Qg) are two functions with f,g =0, and IQdf(x)dx = deg(x)dx =1.
p 14

Assume that y is a positive Borel measure on Q‘; such that f+ u and g+ p are sub-tilings. Then, f+ u
is a tiling if and only if g + u is a tiling.

Suppose that E(A) is an orthogonal set in L*(Q), and A is a tight orthogonal packing region for Q. As a
consequence of Theorem 1.2, it is easy to see that (Q, A) is a spectral pair if and only if (4, A) is a tiling pair.

The following theorem provides a sufficient condition and a necessary condition on tiling of functions by
translation on Q%.

Theorem 1.3. Let f € Ll(QZ) be a Haar-integrable complex-valued function. Assume that T is an uniformly
discrete subset of Qg. Let 87 = Y ,e76; be the distribution, and, 3} be its Fourier transform.
() If f+ T is a tiling of level ¢, then

supp(87)\{0} € Z;. (13)

@ If 8y is a measure, then (1.3)implies that f+ T is a tiling of constant level.

The article is structured as follows. In Section 2, we present fundamental definitions and preliminaries
regarding the field Q, of p-adic numbers, the Fourier transform of Ll(Qg) functions, quasi-lattices in Qg, p-adic
Bruhat-Schwartz distributions, and the Colombeau-Egorov algebra of p-adic generalized functions. Mean-
while, the proofs of our main theorems are given in Section 3.

2 Preliminaries

In this section, we shall present some basic preliminaries on the field Q, of p-adic numbers, the Fourier
transformations of integrable functions Ll(Qg), quasi-lattices in Q,, p-adic Bruhat-Schwartz distributions, and
Colombeau-Egorov algebra of p-adic generalized functions, a criterion of spectral sets and uniformly discrete-
ness of spectra in Qg, mostly based on the books [32,33].

2.1 p-adic space Qj

We begin by briefly reviewing p-adic numbers. Let p > 2 be a prime number and Q be the field of rational
numbers. For any non-zero rational number x € Q, it can be expressed as x = p"%, where v, a, b € Z and the
greatest common divisor of p, a and b is 1. Due to the uniqueness of factorizations in Z, the integer v depends
solely on x. We define v,(x) = v for x # 0 and v,(0) = +, and the p-adic absolute value of x as |x]|, = P,
Then, the p-adic absolute value |-|, is a non-Archimedean absolute value. This implies:

(@) |x], = 0 and equality holds if and only if x = 0;

i) Povlp = Iyl
(iii) |x + yl, < max{|xp, [ylp}.

The field Q, of p-adic numbers is the completion of Q under the p-adic absolute value |-|,. Any nonzero p-adic
number x € Q) is uniquely represented in the canonical form

x= ) ap" (VEZ,a,€{0,1,..p-1}and a, # 0), 2.1

n=y



DE GRUYTER Tilings, sub-tilings, and spectral sets on p-adic space == 5

where, v(x) = v is called the p-valuation of x, and |x|, = p™. Since the p-adic norm has a discrete set of
values {p¥:y € Z}U {0}, we need only consider balls of radiuses r=p’, y € Z. We denote by
Z,=1{x € Qp : x|, <1} the ring of p-adic integers of Q,. Due to the definition of the p-adic absolute value,
Z, consists of p-adic numbers

X = Z app".

n=0
The fractional part of a p-adic number x € Q, is denoted by
-1
X} = 2 ap".
n=v
Denote the closed ball of radius p” with the center at a € Q, by
By(a) ={x€Qp: Ix—al=p

and B)(0) = p7Z,. It is the ball centered at 0 of radius p?.
We fix the character y € Q,:

x(x) = e,
From this character, we can obtain all characters of Q, by defining for any 1 € Q,:
X2 () = x(Ax).

We note that each y,(-) is uniformly locally constant, meaning
. 1
00 = 000), if - X, £ W
p

Actually, the map y = y, from Q, onto @p is an isomorphism. We thus identify a point A € Q,, with

X € Qp, and we write Q, = Q.

Because Q,, is a locally compact Abelian group with respect to addition, there is an additive Haar measure
on Q,, denoted by m or dx. This dx is a positive measure that is invariant under translations, i.e., d(x + a) = dx
for all a € Q,. When we normalize the Haar measure such that m(Z,) = 1, the Haar measure m is unique.

Let Q‘; denote the d-dimensional p-adic vector space. We endow QZ with the norm

x|, = max |xl,, forx = (x, ...,.xz) € QY.
1sj<d

This norm is non-Archimedean. The space Q‘; is a complete metric locally compact and totally disconnected
space. For x = (X, ...,Xq), ¥ = (V;, -...);) € Qd, the scalar product in Qg is defined as
Xy =Xyt Xy
We have
X Ylp < IX|plylp,  for x,y € Q5.

Denote by Bf(a) = {x € Q¥: |x - al, < p’} the closed ball of radius p’ with the center at a=

(a, ...,aq) € QY. It is clear that
Bf(a) = By(@) x...xB)(ay),

where By(ax) = {Xx € Qp : |xx — axl, < p’} is a ball of radius p” with the center at ax € Qp, k=1,2,..., d.

The Haar measure on QZ is the product measure dx ... dxg, which is also denoted by dx.
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The dual group @Z of QY consists of all x,(-) with A € QY, where
() = x(x - 2) = e?mix A,

2.2 Quasi-lattices on Qj

In the space Q¢ unlike in R, there are no lattice groups. This is because finitely generated additive groups
in Qg are bounded. We define quasi-lattices, which will serve as the analogues of lattices in R4,
The unit ball Z¢ is an additive subgroup of Q% Let 14 C Qf be a complete set of coset representatives
of Z¢. Then,
=14+ 2z%= U (y+2z9.

We call 1 a standard quasi-lattice in Qj. Recall that Z¢ is the standard lattice in R¢, which is a finitely
generated subgroup of R
IfL is a standard quasi-lattice in Q, then L4 is a standard quasi-lattice of Qz. If 14 is a standard quasi-

lattice of QY so is {y + n,:ye€ L4, where {n,},ere is any set in Zg.
Now, we present a standard quasi-lattice in Q,. For any n = 1, let
Vi={1<k<p*:(kp) =1

The set V;, is precisely the set of invertible elements of the ring Z/p"Z, ie., V, = (Z/p"Z)*. Then,
{0} U p™'V U P2V, LU P, UL,

is the standard quasi-lattice of Q.

Lemma 2.1. [34] The set of characters of the group Z,, is {(yx)},e, where y(x) = e}, Moreover, it is an
orthonormal basis for L(Z ).

As a result, we can directly obtain the characters of Z4, i.e., the set {y(y - X)},er¢ constitutes the characters

of Z4. It serves as a Fourier basis for L*(Z$) and also for I*(Z{ + a) for any a € QY. In essence, (Z§ + a,19)
forms a spectral pair.
For the group p™Z, (n € Z), its characters are represented by p"L. More generally, if M € GL;(Q,)

is a non-singular d x d matrix, the characters of the group MZ? are given by (M™% We term the set
(M1)14 a quasi-lattice of Q4.
AsetE C Qg is said to be uniformly discrete when E is countable, and there exists a § € Z such that for

any two distinct points x,y € E, the p-adic absolute value |x - y|, 2 pS. The largest constant § with this
property is known as the separation constant of E, denoted as §(E).
Quasi-lattices are separated sets. Standard quasi-lattice 1. in Q‘; has a separation constant §1L%) = p [23].

2.3 Fourier transform of Ll(Qg)-functions

We denote by Ll(Qf,) the space of Haar-integrable complex-valued functions on Qg and by LZ(Qf,) the space
of Haar-square integrable complex-valued functions on QZ.
The Fourier transformation of f € Ll(Qg) is defined as

f@ = [fook00 dx, (e Q).
Q
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Note that

F@ = [foox@0dx = [foox-¢- x)dx.
Q) Q)

The Fourier transform has the following properties:
(1) The map f— f is a bounded linear transformation of Ll(Qg) into Lw(Qg), and ||f llo < |If]la-

@ If f€ L{(QY), then f is uniformly continuous.
(3) If f € L(Q)) N IXQY), then [If [l = [Ifll.

2.4 Convolution and Fourier-Stieltjies transform of finite measures on Qg

Let us denote by M(Qg) the set of all finite regular measures on Q‘;. It is obvious that M(Qf,) is a normed
linear space. For u,v € M(Qg), let u x v be their product measure on the product space Qg x Qg, and

associate with each Borel set A in Qg the set
A ={(x,y) EQIxQf:x+y €A}
Then, the set A, is a Borel set in Q% x Q4. For any Borel set A in Q{, we define the convolution of 4 and v by
(u=v)(A4) = (u x v)(A.,).

It is well known that (1 + v) € M(Qf,) and that if 4 and v are the probability measures, then so is 1 * v. Let 14 be
the characteristic function of the Borel set A in Qg, then the definition of (u = v)(4) is equivalent to the equation

J1adquv) = [ [1a00+ yducodvey).
Q) Q)

Every function f € Ll(Qg) generates a measure /i € M(Qg), defined by

@ = [foodx,

A

which is absolutely continuous with respect to the Haar measure of QZ. Hence, for an f€ Ll(Qg) and
ue M(QZ), we define the convolution of f and u by

(Fo00 = [£0x = y)duw).

Q)
The Fourier-Stieltjies transform of a measure y € M(Qg) is defined as

@ = [0, (€@ =Y.

Q)

2.5 Bruhat-Schwartz distributions on Qg

Here, we give a brief introduction to the theory of Bruhat-Schwartz distributions in Qg, which mainly follows
from the literature [32,33].

Definition 2.2. A complex-valued function ¢ defined on Qg is said to be uniformly locally constant if there is an
integer y € Z such that for all x € Q§ and all y € B/(0), we have

P(x +y) = p(x).
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It is evident that uniformly locally constant functions are continuous. Let S(Qf,) be the set of uniformly
locally constant functions on Qg. By definition, the space D(Qf,) of Bruhat-Schwartz test functions consists of
uniformly locally constant functions that have compact support. In fact, a test function ¥ € Z)(Qg) can be
written as a finite linear combination of indicator functions of the form 1, yd(x)(')’ wherey € Z and x € Qg. The
largest such y is denoted by ¢ = €(¥) and is called the constancy parameter of 1. Since ) € Z)(Qg) has compact

support, there exists a smallest integer m = m() such that the support of ¥ is contained in B%(0), and this m
is called the compactness parameter of ¥.
It is clear that we have the relation D(Qg) C S(Qg). The space D(Qg) is endowed with the topology

as follows: a sequence {,} C Z)(Qg) is called a null sequence if there is a fixed pair of y, y’ € Z such that:
(1) For every ball Byd(x) of radius p?, the function ¥, is constant on it;

(2) The support of each 1, is contained within the ball B;i,(O);
(3) The sequence 1, converges uniformly to the zero-function.
With this defined topology, the space D(Qg) is a complete locally convex topological vector space.

A Bruhat-Schwartz distribution f on Qg is a continuous linear functional on Z)(QZ). The value of f at
Y E Z)(Qg) will be denoted by (f, ¥). Note that linear functionals on O are inherently continuous.

Denote by Z)’(QZ) the space of Bruhat-Schwartz distributions. The space Z)’(Qg) is provided with the weak
topology induced by D(QY), which means limy...f, = 0 in D(QY) if

lim (f, ¥) = 0, vy € D(Qp).
Every function f € L{(Q{) defines a distribution f € D'(QY) by the formula
. 0) = [rooweodx, vy € D@Y.
Q)

The correspondence between functions f € Ll(Qg) and distributions f€ D’(QZ) is one-to-one, and such
distributions are called regular distributions.
LetT C Qg be a discrete set such that #(T N K) < » for any compact subset K C Q¢, then

Sr= 26 2.2)

teT

determines a discrete Radon measure, which is also a distribution: for any ¢ € D(Qg),

(6r,9) = 2 ¥(O).

teT

Here, for each ¢ € D(Qg), the sum is finite because each compact set contains at most a finite number of
points in T, and the test functions in Z)(QZ) are uniformly locally constant with compact support.

Proposition 2.3. ([32], Theorem 4.8.2) The Fourier transform f — f is an isomorphism from D(Qf,) onto Z)(Qg).

Due to the fact D(Q}) C &(QY), we have that fe &(QY). The Fourier transform of a distribution
fe Z)’(QZ) is another distribution f € D’(QZ), which is defined by the relation

F.0y=(. ), VyeDQI.

Proposition 2.4. [32, Proposition 4.9.1] The Fourier transform f —>f is an isomorphism from Z)’(QZ) onto
D(QY) under the weak topology.



DE GRUYTER Tilings, sub-tilings, and spectral sets on p-adic space =— 9

2.6 Zeros of distribution

Let f € D(QY) be a distribution. A point x € Q4 is said to be a zero of f if there is an integer y, € Z such that
, 13;100;)) =0, Vye Bf(x), Yy <),

Denote by Z; the set of all zeros of f € D’(Q‘;). Note that Zy is the largest open set O, where f vanishes,

meaning that (f, ) = 0 for all ) € D(Qf,) whose support is contained in O.
The support of a distribution f is defined as the complementary set of Z; and is denoted by supp(f).

2.7 Convolution and multiplication of distributions

Denote 4y = 1p4(, the characteristic function of the ball Bf(O) and 9, = LTV = p" B4(0) the Fourier transform

of the characteristic function of the ball B;’(O).

For two distributions f, g € Z)’(Qg), we define the convolution of f and g by
(2, ¥) = lim (00, (90, 4, (000x + ),

if the limit exists for all € D(QY).

Proposition 2.5. [32, Proposition 4.7.3] Let f be a distribution in the space D’(Qg). Then, when f'is convolved with
8y, the resulting function f* 0, belongs to the space S(Qg), and it has a constancy parameter of at least —).

We define the product of two distributions f and g as follows. For a test function i € D(QZ), the action
(f- g, ¥) is given by the limit lim, (g, (f* 6,)y), provided that this limit exists for all such test functions .
This definition of convolution aligns with the standard convolution of two integrable functions, and the
definition of multiplication aligns with the standard multiplication of two locally integrable functions.
Additionally, the following proposition will show that both convolution and multiplication of distributions
are commutative when they are well defined, and the convolution of two distributions is well defined precisely
when the multiplication of their Fourier transforms is well defined.

Proposition 2.6. [33, Sections 7.1 and 7.5] Let f, g € D’(Qg) be two distributions. Then,

(1) If f+g is well defined, sois g*f, and f+xg=g=f.

(2) If f- g is well defined, sois g-f,and f-g=g"f.

(3) f*g is well defined if and only if f - g is well defined. In this case, we have fxg =f-g and f-g = f *g.

Proposition 2.7. [27, Proposition 2.12] Let f and g be two distributions in D’(QZ). If the intersection of their
supports is empty, i.e., supp(f) N supp(g) = G, then the product g - f is well defined, and it equals zero.

The product of certain special distributions can be expressed in a straightforward manner. This is
particularly true when multiplying a uniformly locally constant function by a distribution.

Proposition 2.8. [33, Section 7.5, Example 2] Suppose f € S(QZ) and g € D’(Qg). Then, for any test function
¢ € D(QY), the dudlity relation (f - g, 9) = (g, fo) holds.
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2.8 Colombeau-Egorov algebra of p-adic generalized functions

Let fV be the regularization of the distribution f € D’(Qg), ie.,
f, =4y - (f*6)) € D@p).

Then, we have the following proposition.

Proposition 2.9. [32, Lemma 14.3.1] Let fV be the regularization of the distribution f€ D’(QZ). Then,
lim, .o, fV =fin D’(Qf,). Additionally, for any test function ¢ € Z)(Q‘;), when y = —¢ (where ¢ is the constancy
parameter of the function @), {f,, ) = {f, 0).

By approximating distributions with test functions, we can create a space that exceeds the space of
distributions. This expanded space is the Colombeau-Egorov algebra. Remember that in the space of
Bruhat-Schwartz distributions, convolution and multiplication are not universally well defined for all pairs
of distributions. However, in the Colombeau-Egorov algebra, both convolution and multiplication are well
defined and are associative operations.

Let us take into account the set P(Q‘;) that consists of all sequences { fy}yeN of test functions. We define an

algebraic structure on P(Qg), where the operations are defined componentwise as
Fy+igh=1,+g}
S8 =1, g
where {f},{g,} € P(Q}). Define M(QY) as the subalgebra consisting of elements { filyen € P(Q4) with the
following property: for every compact set K in Qg, there exists a natural number N such that for ally > N and

for all x in K, f,(x) = 0. Clearly, N(Q}) is an ideal within the algebra £(Qf).
Now, we introduce the p-adic Colombeau-Egorov algebra

G@Q)) = P@QYINQY).

The elements f of this algebra will be called the p-adic Colombeau-Egorov generalized functions. The equiva-
lence class of sequences that defines the element f will be denoted by f = [ J,]. For any f=1 5l g = [gy],
the addition and multiplication are defined as

f+8=U,+gl f &=1f gl

Clearly, (g(Qg), +,-) is an associative and commutative algebra.

Theorem 2.10. [32, Theorem 14.3.3] There is a linear embedding
D'Q}) € 6(Qp)
i.e., any distribution on Qg is a generalized function on Qg. This linear embedding is given by the map
D@3 f~F =14y (f+6)] € GQp.

Any distribution f in the space Z)’(Qg) can be embedded into Q(QZ) through a mapping. This mapping
links f to a generalized function that comes from the regularization of f. As a result, we can conclude that the
multiplication defined on D’(QZ) is associative in the sense described in the following.

Lemma 2.11. [27, Proposition 2.16] Suppose f, g, and h are the elements of D’(Qg). When (f-g) - h and
f- (g h) are well defined as products of distributions, we have (f- g) -h=f-(g- h).
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2.9 Spectral set criterion

We denote by |Q| the Haar measure of a set Q. Here is a criterion for a Borel set @ C Q%, with 0 < |Q| < o being
a spectral set [23]. Recall that

E(A) = {e2T2X}: ) € A

Lemma 2.12. [23] A Borel set Q C Qg with positive finite Haar measure is a spectral set with A as a spectrum
if and only if

2 HoPE-1 =107, VvEeQl 2.3)

AEA

3 Proof of theorems

For a function f: Q§ — C, we write
Nr={x€Qj: f(x) =0}

Let f be a continuous function in Qg. Then, the set Ny is closed, and Zy consists of the interior points of
Ny. Moreover, the support of f considered as a continuous function is the same as the support of f considered

as a distribution.
The following lemma confirms the conditions that the points of an orthogonal set A must satisfy.
Lemma 3.1. IfQ C QZ is a Borel set with 0 < |Q| < o, then the set E(A) is orthogonal in I*(Q) if and only if
A-AC Nj, U {0} 3.1

Proof. For distinct A, A” € A, we have
iQ(A _ A/) — J‘e—Zﬂi{(A—A')x)}:lg(X)dX
d
QP

- Ie-zm{u,x»ezm{ucx»dx 3.2)

Q
= <X/11 X)L’>§2'
If (3.1 holds, then (x;, x;.)e = 0, for distinct A, A’ € A, which means that A is an orthogonal set. Conversely,
if A is an orthogonal set in L*(Q), then (s Xa)e = 0, for distinct A, A” € A, which is equivalent to (3.1). O

Lemma 3.2. Let Q C Qg be a Borel set with 0 < |Q| < . If(Q, A) is a spectral pair, then A is uniformly discrete.

Proof. By taking into account the fact that 1(0) = |Q| > 0 and the continuity of the function ig(x), there exists
a ng € Z, such that ig(x) # 0 for all x € B(0, p™). This, together Lemma 3.1, implies that |A - AN =z po
for different A, A’ € A, which means that A is uniformly discrete. ]

We set
yo = mln{y . HE S B(O, PV), iQ(E) = 0}

Then, Lemma 3.2 indicates that if A is a spectrum for Q, then it is a uniformly discrete set with separation
constant §(A) = y,.
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Proof of theorem 1.1. (1) By the Bessel inequality, we have that the set E(A) is orthogonal in L*(Q) if and only if
2 fOc-M= 3 Holx - DP/IQP < 1. (33)

AEA AEA

For every x € Q% inequality (3.3) holds if and only if f+ A is a sub-tiling.
(2) By Lemma (2.12), we have that (@, A) is a spectral pair if and only if

2 fOc-2 = Y ol - DE/QP =1 (3.4)
AEA 1€A
For every x € QY, Equation (3.4) holds if and only if f+ A is a tiling. O

Proof of theorem 1.2. It suffices to prove one side of the equivalence. Assume that f*u =1. Since g > 0,
J'ng(x)dx =1, and convolution is associative, we have
14

1=f*y=>1=1*g=g*f*‘u :f*g*y.
Let h = gy, and we have that 0 < h <1 and f*h = 1. We need to show that h = 1.
Let M ={x € Qg : h(x) <1}, N = M¢ be the complement of M. Then, we have

F2h@) = [RC0fE - x0dx = [ROfE - x0dx + [ROOFEE - x)dx.
Q) M N

If|M| > 0, then, by the Fubini theorem, we have

[ [ - xoaxag = [ £ - xagax = i > 0.
QdM MQd
Hence, there exists a subset O C M, with |O| > 0, such that
_[f(f - x)dE>0, Vxeo.
M

So, if x € 0, we have

[neorce - xax + [reofE - xdx < [ - xdx + & - xdx
M N M N

3.5)
= Jf(f— X)dx =1%f=1.
Q
Thus, we obtain a contradiction to the fact that f*h = 1 is almost everywhere. So |0| = 0, and h = 1. O

Before proving Theorem 1.3, we give the following lemma, which is very useful to prove it.
Lemma 3.3. Consider a continuous function g € C(QZ) and a distribution f € D’(QZ). Assume that the product
F = g - f is well defined. Then,
ZF\Zg c Zf
Proof. Take an arbitrary Bruhat-Schwartz test function i € D(QY), with supp(¥) C Zp\Zg. Since supp(y) C
Zr\Z,, we can find a function h(x), which is defined on supp(y), such that for Vx € supp(y), we have
h(x) - £(0) = Lsuppy)-
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Define

1
heo) = 1200" X € supp(¥),

0, elsewhere.

Then, h is the required function, and bounded and compactly supported, so h € Ll(QZ). Thus, by taking into
account Proposition 2.8, we obtain that

0 = > Louppwy - ¥) = Qsuppy f> ¥) = (- &~ f, ).
Since supp(h) C Zr, by Proposition 2.7, the product h - F is well defined and h - F = 0. By Proposition 2.11,
;) =<h-F, ) =0.

We note that supp(h) C Zr, by Proposition 2.7, the product k - F is well defined and h - F = 0. Taking into
account Proposition 2.11, we obtain that

:9) =<h-F, ) =0.

Thus, we obtained the desired result. O

Proof of Theorem 1.3. (1) Let f+ T be a tiling of level ¢, which means

dfx-t)=¢, ae x€ Q. (3.6)

teT
By the definition of convolution of discrete measures with Ll(Qg) functions, equation (3.6) is equivalent to

f* (ST = €, (37)

where &7 = Y76 is the Dirac measure concentrated at pointst € T.
Taking Fourier transform of two sides of equation (3.7), we have, by Proposition 2.6, that

f/*?T = f - 8p = 06,

Since the Fourier transform of f € Ll(QZ) is continuous and Zs, = Qg\{O}, by Lemma 3.3, we obtain
Qi\Z5 € Z5 U0},

which is equivalent to
supp(8p)\{0} € Z;.

(2) Lety € Z)(Qg) be a Bruhat-Schwartz test function, then by definition of the Fourier transform of the
distribution, and by Propositions 2.6 and 2.8, we have

(F*8r,0) = F - 81, 9) = (61, 9F ).
Since supp(?S‘\T)\{O} € Zp and 3‘} is a measure, any continuous function vanishing on supp(?S\T) becomes

zero under §T Thus, we have that
(61, 9f ) = Ag(0),

where A = 87({0})f (0). This means that (f* 8, 1) = AP (0).
On the other hand, (/11@;, Y) = A$ (0). So, we have that

fx6r =N,

We obtained the desired result. O
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