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Abstract: Let G be a simple graph of order n with eigenvalues ≥ ≥ ≥λ λ λ… .n1 2

The resolvent energy of G is
a spectrum-based graph invariant defined as ( ) ( )= ∑ −=

−G n λER .i

n

i
1

1 In this work, we propose some new
bounds for ( )GER . As a direct consequence of these bounds, we present some ( )n m, -type results for tri-
angle-free graphs.
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1 Introduction

Let ( )=G V E, , { }=V v v v, , …, n1 2

, be a simple graph possessing n vertices and m edges, where ∣ ∣ =V n and
∣ ∣ =E m. The ( )0, 1 -adjacency matrix of G is denoted by ( )=A A G . Eigenvalues ≥ ≥ ≥λ λ λ… n1 2

of A form the
spectrum of G [1]. Some well-known properties on graph eigenvalues are [1]

∑ ∑ ∑= = =
= = =

λ λ m λ t0, 2 , and 6 ,
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where t is the number of triangles of G. In [2], the (ordinary) energy of the graph G is defined as

( ) ∣ ∣∑=
=

E G λ .

i

n

i

1

(2)

This spectrum-based graph invariant originated from theoretical chemistry [3,4]. There exists an exhaustive,
mathematical, and mathematico-chemical literature on ( )E G . For details on the theory and applications of

( )E G see the monograph [5] and references cited therein.
For an ×n n matrix M , its resolvent matrix is defined as [6]

( ) ( )= − −R z zI M ,M n
1

where In is the ×n n identity matrix and z is a complex variable, which differs from the eigenvalues of M .
Then, the resolvent matrix of A, denoted by ( )R z ,A is defined as [7]

( ) ( )= − −R z zI A .A n
1

Clearly, the numbers
−z λ

1

i

, =i n1, 2,…, , are the eigenvalues of ( )R zA [7]. Since the eigenvalues of A cannot be

greater than −n 1 [1], the matrix ( )R nA is surely invertible [7]. Therefore, the matrix ( ) ( )= − −R n nI AA n
1 has the
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eigenvalues
−n λ

1

i

, =i n1, 2,…, , and its determinant is ( ( )) = ∏ = −R ndet A i

n

n λ1

1

i

[7,8]. Motivated by the definition

of graph energy, the resolvent energy of G is introduced as [7]

( ) ∑=
−=

G
n λ

ER

1

.
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n

i
1

(3)

Gutman et al. [7] showed that ( )GER can be defined through the characteristic polynomial and the spectral
moments of graph as well. The validity of some of the conjectures put forward in [7,9] on the resolvent energy
of unicyclic, bicyclic, and tricyclic graphs was confirmed in [10]. Recently, in [11,12], relationships between
ordinary and resolvent graph energy were demonstrated. Various mathematical properties and the bounds
of ( )GER can be found in [7,8,12–14]. For more information on ( )GER , refer [15–19].

In this study, we establish some new bounds for the resolvent energy of graphs. As a direct consequence
of these bounds, we also give some ( )n m, -type results for triangle-free graphs.

2 Preliminaries

For positive real numbers p p p, ,…,

r1 2

, it is well known that the kth elementary symmetric mean is the number

=
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Obviously, Q
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r1 are, respectively, the arithmetic mean and the geometric mean of p p p, ,…,

r1 2

.
This result is generalized in the following lemma [20]:

Lemma 2.1. (Maclaurin’s symmetric mean inequality) [20] Let p p p, ,…,

r1 2

be positive real numbers. Then,
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The equality holds if and only if = = =p p p… .

r1 2

Lemma 2.2. (Newton’s inequality) [21] Let p p p, ,…,

r1 2

be positive real numbers and letQ
k
, =k r1, 2,…, , be given

as in Lemma 2.1. Then,

≤− +Q Q Q ,

k k k1 1

2

where = −k r1, 2,…, 1 and =Q 1

0

. Moreover, the equality holds if and only if = = =p p p… .

r1 2

The following inequality can be found in [12].

Lemma 2.3. [12] Let G be a simple graph of order n with m edges. Then,

( ( ( )))
−

≥ ∕n

n m
R n

2

det .A
n

2

1

Let Kn denote the complement graph of the complete graph Kn on n vertices.

Lemma 2.4. [12] Let G be a simple graph of order n with m edges. Then,

( ) ( )≤ −E G n GER 1 .

2

The equality holds if and only if ≅G K .n

Lemma 2.5. [1] A graph has one eigenvalue if and only if it is totally disconnected.
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3 Main results

In the following theorem, we present an upper bound on ( )GER in terms of n, m, t, and ( ( ))R ndet .A

Theorem 3.1. Let G be a simple graph of order n with m edges and the number of triangles t. Then,

( ) ( ( ))
( )( )

( )

≤ ⎡
⎣⎢

− + − + −
− −

⎤
⎦⎥

− ∕

G n R n
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n n n
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n
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(4)

The equality in (4) holds if and only if ≅G K .n

Proof. Let us choose =r n and = −p n λ
i i, =i n1, 2,…, in Lemma 2.1. Then, we have
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and

( ) ( )

( ( ))
( )∑=

∑ ∏ −
=

∏ −
−

=−
= = ≠ − + =

=
Q

n λ

n

n λ

n n λ n R n
G

1 1

det

ER .

n

i

n

j j n i

n

i i

n

i

i

n

i A
1

1 1, 1

1

1

(7)

On the other hand, by the identities given in (1), we have that
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Considering the above results with (5)–(7), we arrive at

( ( ))
( )
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From the above, inequality (4) is obtained. By Lemma 2.1, the equality in (4) holds if and only if
− = − = = −n λ n λ n λ… n1 2

, that is, if and only if = = =λ λ λ… .n1 2

In view of Lemma 2.5, we deduce that
≅G Kn. □

Considering the relation between ( ( ))R ndet A , n, and m given in Lemma 2.3 with Theorem 3.1, we obtain
the following upper bound on ( )GER involving the parameters n, m, and t.
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Corollary 3.1. Let G be a simple graph of order n with m edges and the number of triangles t. Then,
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Remark 3.1. Although the upper bound (4) is stronger than the upper bound (8), we think that readers will
prefer to use (8) for practical purposes.

For triangle-free graphs, inequality (8) leads to the following ( )n m, -type upper bound on resolvent energy.

Corollary 3.2. Let G be a triangle-free graph of order n with m edges. Then,
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Considering the relation between ordinary and resolvent graph energy given in Lemma 2.4 with (9),
we have the following upper bound for the energy of triangle-free graphs.

Corollary 3.3. Let G be a triangle-free graph of order n with m edges. Then,
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In the next theorem, we determine a lower bound on ( )GER involving the parameters n, m, and t.

Theorem 3.2. Let G be a simple graph of order n with m edges and the number of triangles t. Then,
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The equality in (10) holds if and only if ≅G K .n

Proof. The following result was determined in [22] via Newton’s inequality given in Lemma 2.2
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From the proof of Theorem 3.1, we also have that
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from which inequality (10) follows. By Lemma 2.2, the equality in (10) holds if and only if − =n λ
1

− = = −n λ n λ… n2

, which implies that = = =λ λ λ… .n1 2

Then, from Lemma 2.5, we conclude that ≅G Kn. □

For triangle-free graphs, the inequality (10) yields the following ( )n m, -type lower bound on resolvent
energy.

Corollary 3.4. Let G be a triangle-free graph of order n with m edges. Then,

( )
( )

≥ +
− −

G
m

n n m
ER 1

4
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.

3

Example 1. Let us consider the triangle-free graph G with vertex set { }=V v v v v v v v v, , , , ,
1 2 3 4 5, 6, 7 8

and edge set
{ }=E v v v v, .

1 7 1 8

Then, ( ) ≈GER 1.008. For this graph, at rounded three decimal places, the upper bound in
Corollary 3.2 gives ( ) ≤GER 1.662 while the lower bound in Corollary 3.4 gives ( ) ≥GER 1.002.

4 Conclusion

Resolvent energy of a graph is a type of graph energy pertaining to its resolvent matrix. Recently, in [8,12],
various lower and upper bounds for the resolvent energy, which depend on the parameters n, λ

1

, λn, and
( ( ))R ndet A have been presented. In this work, we have found some new estimates for the resolvent energy

of graphs involving the number of vertices ( )n , the number of edges ( )m , and the number of triangles ( )t .
For graphs possessing limited number of triangles, our bounds are more convenient than the bounds involving
graph spectrum.

Acknowledgements: This study was supported by Necmettin Erbakan University BAP Unit with the project
number 24GAP12002.

Author contributions: All authors contributed equally to this work. All authors read and approved the final
version of the manuscript.

Conflict of interest: The authors state no conflict of interest.

Some new bounds on resolvent energy of a graph  5



References

[1] D. Cvetković, M. Doob, and H. Sachs, Spectra of Graphs-Theory and Application, Academic Press, New York, 1980.
[2] I. Gutman, The energy of a graph, Ber. Math. Statist. Sekt. Forschungsz. Graz 103 (1978), 1–22.
[3] I. Gutman, Total π -electron energy of benezoid hydrocarbons, In: Gutman, I. (Ed), Advances in the Theory of Benzenoid Hydrocarbons

II, Topics in Current Chemistry, vol. 162, Springer, Berlin, Heidelberg, (1992), pp. 29–63, DOI: https://doi.org/10.1007/BFb0018562.
[4] I. Gutman, A. V. Teodorović, and Lj. Nedeljković, Topological properties of benzenoid systems. Bounds and approximate formulae

for total π -electron energy, Theoret. Chim. Acta 65 (1984), 23–31, DOI: https://doi.org/10.1007/BF00552296.
[5] X. Li, Y. Shi, and I. Gutman, Graph Energy, Springer, New York, 2012.
[6] T. S. Shores, Linear Algebra and Matrix Analysis, Springer, New York, 2007.
[7] I. Gutman, B. Furtula, E. Zogić, and E. Glogić, Resolvent energy of graphs, MATCH Commun. Math. Comput. Chem. 75 (2016), no. 2,

279–290.
[8] E. Zogić and E. Glogić, New bounds for the resolvent energy of graphs, Sci. Publ. State Univ. Novi Pazar Ser. A: Appl. Math. Inf. Mech. 9

(2017), no. 2, 187–191, DOI: https://doi.org/10.5937/SPSUNP1702187Z.
[9] I. Gutman, B. Furtula, E. Zogić, and E. Glogić, Resolvent energy, in: I. Gutman and X. Li (Eds), Graph Energies-Theory and Applications,

Univ. Kragujevac, Kragujevac, 2016, pp. 277–290.
[10] L. E. Allem, J. Capaverde, V. Trevisan, I. Gutman, E. Zogić, and E. Glogić, Resolvent energy of unicyclic, bicyclic and tricyclic graphs,

MATCH Commun. Math. Comput. Chem. 77 (2017), no. 1, 95–104.
[11] I. Redzepović and B. Furtula, On relationships of eigenvalue-based topological molecular descriptors, Acta Chim. Slov. 67 (2020),

312–318, DOI: https://doi.org/10.17344/acsi.2019.5520.
[12] E. Zogić, B. Borovićanin, E. Glogić, I. Milovanović, and E. Milovanović, New bounds for some spectrum-based topological indices

of graphs, MATCH Commun. Math. Comput. Chem. 86 (2021), no. 3, 685–701.
[13] M. Bianchi, A. Cornaro, J. L. Palacios, and A. Torriero, Lower bounds for the resolvent energy, MATCH Commun. Math. Comput. Chem.

80 (2018), no. 2, 459–465.
[14] G. K. Gök and A. R. Ashrafi, Some bounds for the resolvent energy, Appl. Math. Comput. 397 (2021), 125958, DOI: https://doi.org/

10.1016/j.amc.2021.125958.
[15] K. C. Das, Conjectures on resolvent energy of graphs, MATCH Commun. Math. Comput. Chem. 81 (2019), no. 2, 453–464.
[16] Z. Du, Asymptotic expressions for resolvent energies of paths and cycles, MATCH Commun. Math. Comput. Chem. 77 (2017),

no. 1, 85–94.
[17] M. Ghebleh, A. Kanso, and D. Stevanović, On trees with smallest resolvent energy, MATCH Commun. Math. Comput. Chem. 77 (2017),

no. 3, 635–654.
[18] S. Sun and K. C. Das, Comparison of resolvent energies of Laplacian matrices, MATCH Commun. Math. Comput. Chem. 82 (2019), no. 2,

491–514.
[19] Z. Zhu, Some extremal properties of the resolvent energy, Estrada and resolvent Estrada indices of graphs, J. Math. Anal. Appl. 447 (2017),

957–970, DOI: https://doi.org/10.1016/j.jmaa.2016.10.043.
[20] P. Biler and A. Witkowski, Problems in Mathematical Analysis, M. Dekker, New York, 1990.
[21] S. Rosset, Normalized symmetric functions, Newton’s inequalities and a new set of stronger inequalities, Am. Math. Mon. 96 (1989), no. 9,

815–819, DOI: https://doi.org/10.1080/00029890.1989.11972286.
[22] K. C. Das, On the Kirchhoff index of graphs, Z. Naturforsch. 68a (2013), 531–538, DOI: https://doi.org/10.5560/zna.2013-0031.

6  İlkay Altındağ and Şerife Burcu Bozkurt Altındağ

https://doi.org/10.1007/BFb0018562
https://doi.org/10.1007/BF00552296
https://doi.org/10.5937/SPSUNP1702187Z
https://doi.org/10.17344/acsi.2019.5520
https://doi.org/10.1016/j.amc.2021.125958
https://doi.org/10.1016/j.amc.2021.125958
https://doi.org/10.1016/j.jmaa.2016.10.043
https://doi.org/10.1080/00029890.1989.11972286
https://doi.org/10.5560/zna.2013-0031

	1 Introduction
	2 Preliminaries
	3 Main results
	4 Conclusion
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


